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An explicit formula for the Mahler measure
of a family of 3-variable polynomials

par CHRIS J. SMYTH

To Michel Mendés France on the occasion of his 65th birthday

RESUME. On montre une formule explicite pour la mesure de
Mahler du polyndme a + bz~1 + cy + (a + bz + cy)z en termes
de dilogarithmes et trilogarithmes.

ABSTRACT. An explicit formula for the Mahler measure of the
3-variable Laurent polynomial a + bz~ !+ cy + (a + bz + cy)z is
given, in terms of dilogarithms and trilogarithms.

1. Introduction

Over recent years there has been some interest in calculating explicit
formulae for the Mahler measure of polynomials. By an ezplicit formula I
mean, roughly, one not involving integrals or infinite sums, but involving
only standard functions (possibly defined by integrals!). For a polynomial
R(zy,...,zy,) its (logarithmic) Mahler measure, a kind of height function,
is defined as

1 27 27 " "
m(R)zzW/o /0. IOgIR(e"l’,,,,ein) del---don-
For a 1-variable polynomial R(z) = a[];(z — @;), Jensen’s Theorem

27
= | log |e®® — o] df = log, |al

shows that m(R) = log|a| + }_;log, |a;|. Here log, z = max(0,log z).
For 2-variable polynomials the situation is much more interesting, with
many examples of explicit formulae for their measures having been given
in terms of L-functions of quadratic characters — see Boyd [B1], [B2], [B4],
Ray [R], Smyth [Sm]. Such formulae can readily be re-cast in terms of
dilogarithms evaluated at associated roots of unity. Also, Boyd [B2], [B4],
Rodriguez Villegas [RV] have produced many formulae (many proved, but
some still conjectural) for 2-variable Mahler measures which are rational
multiples of the derivative of the L-function of the associated elliptic curve
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evaluated at 0. Further, Boyd and Rodriguez Villegas [BRV] have obtained
explicit formulae for 2-variable Mahler measures of polynomials of the form
p(z)y — q(z), where p and ¢ are cyclotomic polynomials; their formulae
involve the Bloch-Wigner dilogarithm evaluated at certain algebraic points.

For polynomials in four or more variables, no non-trivial explicit formulae
are known. For 3-variable polynomials, up till now there has been only one
non-trivial example m(1 + z + y + 2z) of an explicit formula-see Corollary
2 below.

In this paper the Mahler measure of the Laurent polynomial

Pope(@y,2) =a+bz™ +cy + (a+ b+ cy)z

is evaluated explicitly, for a, b and ¢ any real numbers. To give the
formulae for this measure, we need some definitions. We take Lip(z) to
be the classical n*® polylogarithm function (see also Lemma 1 below) and,
following Zagier [Z] put

= (~loglz|)” .
(1.1) Lo(z) =) ————Linr(z), (n=1,23,.)

r=0
a modified n*! polylogarithm function which for n > 2 is real for all real =
(Lemma 4). In particular

(1.2) Lo(z) = Liz(z) + log |z| - Log(1 — z)
(1.3) L3(z) = Lig(z) — log|z| - Liz(z) — %log2 |z| - Log(1 — )

where Log denotes the principal value of the complex logarithm, having
imaginary part in (—m, ).
Next, for z,y # 0 put

92(z,y) = Lo (1+++y)’

93(z,y) =Ls (l"'_;iﬂ) + L3 (H—Ziy') —Ls (1—-'__%%),

and for i =2 and 3
Gi(z,y) = gi(z,y) — gi(z, —y) — gi(—=x,y) + gi(—z, —y).

We can now state our main result, giving m(Pp1 ) and m(Pyp), from
which the formulae for general m(P,p ) follow as an immediate corollary.

Theorem. (i) Let 0 < ¢ < 1. Then
m(Po,1,c) = 7 (Lia(c) — Liz(—c)).
(ii) Let b> 0 and ¢ > 0. Then
m(Pyrpc) = (Gs(b,c) + logc- Ga(b, ) + logb - G2(c, b)).
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From the fact that m(\P) = log|\| + m(P) and m(P(+z, ty,+z2)) =
m(P) (see (3.13)) we obtain the following.

Corollary 1. (i) For b and c real, not both 0, with |b| > |c|
m(Popc) = m(Pocy) =log [b] + % (Lis (|§]) — Lis (- [§]))-

(ii) For a,b,c real and all non-zero

m(Pasc) = log lal + 37 (Ga (2], |£]) +1og |§] - G2 (2] [3])
+log|z]- Gz (|5].121)) -

The case b or ¢ = 0 of (ii) is trivial: the 2-variable polynomials P, o . and
P, c,0 both have measure m(a + cy) = log(max(|al, |])).

Boyd [B1] has conjectured that the set of all m(R), for R a Laurent
polynomial in any number of variables and having integer coefficients, is
a closed subset of R.  Our theorem gives explicit formulae for two three-
variable Mahler measures in this set.

Corollary 2. We have
m(l+z+y+2z) = 55¢(3)
and
ml+z  +y+(1+z+79)2) = WC(?’)’
where ( is the Riemann zeta function.

The first of these results is not new - see [B1], Appendix 1. Two more
examples (specialisations of the Theorem) are given at the end of the paper.

The results of the Theorem are proved using two main auxiliary results.
The first (Proposition 1) enables us to replace certain integrals over a whole
torus by the same integral over part of the torus. The resulting integrals
can then be calculated with the aid of certain identities (Proposition 2).
These identities were derived by simplifying the results of computing the
indefinite integrals [ [ log(z + y)m and [ [log(l +z + y)M using
Mathematica. In particular, the Mathematlca result of the second integral
needed a great deal of simplification, Mathematica originally producing
screenfuls of output! The proofs of these identities are now independent
of Mathematica, though I would not have found them without its help.

For the proof we will also need some results about L,(z) and also about
An(z) (defined by (3.6) below), which is an analytic version of L,, and
related to Kummer’s n*® polylogarithm [K]. (The function Ly, (z) of the
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complex variable z is only real analytic in the two variables Rz, Sz-see
[Z].)

In Section 2 we state and prove Proposition 1. In Section 3 we give some
results concerning Li,, L, and a related function A, and the connections
between them. In Section 4 we state and prove Propositions 2 and 3, and
then prove the Theorem in Section 5. In Section 6 we prove Corollary 2.
Section 7 contains two further examples.

2. Restricting the integral to part of the torus

Suppose that we have a polynomial H of the special form

H($1, s Tny, Y1y -4y Yr, Z) = P(zlv "'1$ﬂ) + Q(yh ooy yr)
+ (P(zla '-'1$n) + Q(yl_la"',yr_l))z')

a polynomial in n + r + 1 variables. Here P and @Q are polynomials with
real coefficients. Then m(H) can be expressed in the following form.

Proposition 1. We have

m(H) = 4 (55)"" [1oIP(0) + Q)| &2 . dendl e

Tn Y1 T Yr

where the integral is taken over the region where |x| = |y| = 1 and SP(x) >
0, IQ(y) > 0.

Here for instance |x| = 1 denotes the torus |z;| =--- = |z,| = 1.

Proof. Applying Jensen’s Theorem to the z-variable we have

- -1 1 \n+r P(x) + Q(y)
m(H) = m(P(x) + Q™) + (&)™ [ logs | ot gt s
where y~! = (y;%, .., y7!), d0 = db;...d0y, dp = d1...ddr, z; = €% (j =
1,..,n), yx = € (k = 1,...,r), and the integral is taken over the whole
n+rtorus0<6; <2r(j=1,.,n), 0< ¢ <2n(k=1,..,r). Now
|[P+Q| > |P+G| for SP > 0 and SQ > 0 or SP £ 0 and SQ < 0,
but otherwise |P + Q| < |P+@| . So, as Q(y~!) = Q(y) on the r-torus
ly| = 1, we have

d0de

(27r)n+rm(H) = (27r)n+rm(P +§) + -/R_,. R log ii
+ -

9 ’ dldo,
Q
where

Riy ={(x,y) | SP(x) >0, SQ(y) > 0}
R__ = {(x,y) | SP(x) <0, SQ(y) < 0}.



An ezxplicit formula for the Mahler measure 687
Hence, defining R4+, R_ similarly,

(2m)" " m(H) = / log |P + Q| dod¢
R4y4+UR4y _UR_UR__

+ / (log |P + Q| — log | P + Q|)d0d¢
RyyUR__
= / log |P + Q| d0d¢ + / log |P + Q| d0d¢
Ry +UR__ R_LUR,_
= 2/ log|P + Q| déd¢ = 4/ log |P + Q| d0d¢.
RyyUR__ Ry

Finally, as df; = -—%i, dor = —i—z-',f’i, we have the result.

3. Lin, A, and L,

In this section we discuss Li, A, and L, and the relations between them.
Not all of these results are needed for the proof of the Theorem. Many
are well-known, or minor variants of well-known results. We seem to need
these three varieties of polylogarithm. We have already used Li, and L, to
state the main theorem. Also, the function A, defined below, is analytic in
the cut plane C\(—0o0,0], and is therefore particularly convenient to work
with. Furthermore, its values can be given in terms of the L, (Lemma 5).

We first recall that forn > 1

(o o] xk
Lin(@) =) 1= (sl <),
k=1

that the principal value of Li; (z) is

Liy(z) = — Log(1 - z),
and that for n > 2
(3.1) Lij (z) = 218,

leading to the expression of Li, as an n-fold integral. It is useful here to
note that Li, can also be written as a single integral, as follows.

Lemma 1. The principal value of Lin(z) is given forn > 1 and allz € C
by

(32) Lin(s) = gy | (Loga/t)™' 25,

where the integral is say taken along a ray from 0 to z, unless  is real and
greater than 1, in which case the path 0 — z should pass just below the pole
att = 1.
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The function Liy is analytic in C\[1,00), and for = on the cut (1,00),
the discontinuity }i\r‘% Lin(z + 90) — Lin(z) is equal to Gz—LiF log™ (z).

Proof. We have Lij(z) = —Log(1 — ) and it is easily verified that (3.1)
holds for n = 2,3, ... . This integral form of Li,(z) shows that it is analytic
in C\[1,00). To evaluate the discontinuity at z > 1, one can, as noted in
[Z], use (3.1) and induction. One can also obtain it directly from (3.2) by
observing that, by Cauchy’s residue theorem,

. 2'*'16 dt .
Lin(z + 16) — Lip(z) = G—_{—ly/ (Log(z/t))"’ll—_; + G“’:"—;ﬁlog""l(x),
T

which gives the result on letting J “\, 0.
We next state some very simple facts that we need. Firstly, for the
principal value Log of log,
(3.3) Log(zy) = Logz + Logy
when —7 < argz + argy < 7. From this we have that
(3.4) Log(z/y) = Logz — Logy

when —7 < arg(z/y) +argy < =
Secondly, we need the following identity coming from the binomial the-
orem:

- dt n—1 b t n—r dt
(3.5) ('_T/ (a+b(t)) Z ,4/0 (n(l,-)v 1-t

where b is an integrable function of ¢, and a and b may also be functions of
z.
Now define A,, for all z € C by

(3.6) An(z) / (~ Log(t)" -2

which is a slight variant of Kummer’s n*® polylogarithm (See [L], p178,
and [K]). Then A;(z) = Li;(z), analytic in C\[1, 00), while for n > 2, A, is
analytic in the same region that Log is, namely in C\(—o0, 0], the mtegrand
of (3.6) then having no pole at t = 1.

The next result relates Li, and A,,.

, dt dt

Lemma 2. For n > 1 we have

Lin(z) = Z(Logz Ap_r(z)

r=0
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and

Mnle) = 3 CLE 1 ().

r=0

Proof. From Lemma 1 and (3.4),

-1 dt
Lip(z) = F_l_)' / (Logz — Logt)™ 13

Z (Loga: Anr(z),

r=0
using (3.5) with @ = logz,b = — Logt. The second formula also follows
from (3.5), using (3.6) and (3.4) to write A,(z) as
_p dt
Mn(e) = grkpy [ (~Loga +Logla/t)™1 125,

and then using (3.2).
We also need some properties of A,,.
Lemma 3. Letn > 2. Then
(a) Forallze C\ —00,0] we have the functional equation

An (:’) (=)™~ lAn( )+ — (Log:l:)" +{ 2A,(1) Z :g‘:n )

(b) For z on the cut (—o0,0)

An(z) := limA ) - An(a) = 3 &1y )
n(z) = J% n(z —i0) — An(z) = ; oy n—r(Z).

Further, Ap(z) is imaginary (z < 0).

Clearly A;(z) = 2mi for = on the cut (1,00) of A;. It amusing to note
that for n = 1 (a) becomes

A1 (1) = Ai(z) + Logz =+ 2mi
where the + sign is taken if Sz < 0 or z > 1, and the — sign otherwise.
Proof. (a) Now one readily checks that
Logz)*~! 1 1
A (L)Y = ( et
)y = GBI (o4

= ()@ + (9;%’)

Then the result follows on integration, evaluating the constant by putting
=1
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(b) Take z < 0, and put u = — Logt. Then from the definition of An, Ap
is given by

: dt
Bn= oy / ((2im + )7t — un )=

_Z 2ur An—r(x),

using (3.5) with @ = 2z7r,b = —Logt. Also, as & = u + 2iw for t < 0, we see
that for z < 0

-n—1 n—l
z—rf )1_t

is imaginary. In particular

(3.7) Ag = 2irAy (z) = —2in log(1 — ) (z<0)
and
(3.8) Az =2imAy(z) — 2nlog(1l — ) = 2irRA2(z) (x <0)

since A3 has zero real part.
We now express L, as an integral.

Lemma 4. We have forn > 2 and all z

dt
Ln(z) (—5'/ —log |t|)"“1 —

This is real for all real z.

Proof. Using Lemma 1 and the definition of L,, we have

n—1
(—log|z|)” [* (Log(z/t))" """ dt
; r! 0o @m=-r-=1) 1-t¢

z dt
= rrr:ITr/O (Log(z/t) — log|a)" ' 7—

using (3.5). Then, as z/t is real and positive when we integrate along the
ray from 0 to z, (3.4) gives the result. For n > 2 the integral has no pole
at t = 1, so the integral is then real for all z.

Ln(z) =

We can now compare Ay, and L,,. Clearly L,(z) = An(z) for z real and
positive.

Lemma 5. For 0 = argz € (—n, n] we have

n-—1
An(z) —La(z) =Y E L, . (z) = Z GO ()

r=1
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Proof. Put v = —log|t|. Then for argt =argz =6, —Logt = v — 6, so
that

An(@) = La(@) zm/ (v — i)t —on1) 2

n—-1 .
= Z K;‘;QL Ln_r(2),
r=1
using (3.6). Similarly, for w = —Logt = —log|t| — i@
T
Lo@) —An(®) = i /0 ((w +i8)" - wl) 2

n-1 .
= Z Sz—f'PAn—r(x)a
r=1
giving the second result.

In particular, for £ < 0 we have

(3.9) Ag(z) — Ly(z) = imlog(l — )
and
(3.10) As(z) — La(z) = —ir Ly(z) + % log(1 — z)

Remark. One can readily write down the generating function Li(z,T) :=
Y-ney Lin(z)T™ for the Li,, with similar generating functions L(z,T) and
A(z,T) for the L, and the Ay, respectively. Then, using the integral rep-
resentations (3.2), (3.6) and Lemma 4 for these functions we easily obtain

T rx\T dt
. =T z\t et _ 7 — 1T _
Li(z, T) /0 (t) —— =3"A8,T) = sl L(=, T)
By expanding these identities one gets alternative proofs of Lemmas 2 and
5, with Lemma 3(b) following similarly.

We next need the following identity for special values of L3 .
Lemma 6. We have 2L3(3) — L3(-3) = 1¢(3).

Proof. For this somewhat ad hoc proof we use the following sequence of
results from Lewin [L], with his equation numbers and values of his variables
given:

For Lis :

(L1.10, y = 3) Liy(3) + Lig (

3= -—2- —Llog?3 —imlog3
(L1.31,z = 1) Liz(—3) +2Liz (3) = —log?3
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from which
(3.11) 2Lip(3) — Liy(-3) = — 2imlog 3.
For Lij :
From its definition we know that
(a) Liz(1) = ¢(3)
and also
(b) Lis(-1) = —3¢(3) (L6.5)
which from (1.3) also give L3(1) = {(3), L3(—1) = —3((3). Further
(c) Liz (}) — 4Li3z (-3) - 4Lig (3)=0 (L6.4,z=13)
(d) Lig(-3) — Lis (-3) = -% log3 - Lllog®3 (L6.6, z = 3)
() Liz(3) — Lis (3) = 2 log3 — L log? 3 ir 7 Jog? 3 (L6.7, y = 3)
(f) Lis (—-—) + Lig () + Lis (3 ) ¢@3) + ’—gilog (2) + Llog3log? (2) +
t1og® (2) (L6.10, z = })
() Li3 (3) +Lis (1) + Lis(=3) = ¢(3) — & log4 — L log3log® 4+
3log’4 (L6.11, z = -3)
(b) Lis (3)-Lis (—3)-2Lis (§)+5 Lis (§) = 2Lis (3)-§¢(3)+% log (2)~
1log® (3) (L6.33, z = 3)
where
(L6.12) Liz (1) = 2¢(3) - % log 2 + L 1og®(2).

Then (c) — 2 x (d) +6 x (e) +4 x (f) — (g9) +2 x (h) gives
(3.12) 2Lis(3) — Liz(—3) = 12¢(3) + 27 log 3 — imlog? 3.
Using (1.3) again, and (3.11), (3.12)
2L3(3) — L3(—3) = (2Li3(3) — Liz(—3)) — log3 - (2 Li2(3) — Liz(-3))
— 11og?3 - (2Log(—2) — log4)
- 8¢
as claimed.

Lemma 7. (Schinzel [Sc, Cor. 8, p. 226-7]) For an n-variable polynomial
P(x), and a non-singular n X n integer matriz V, we have

m(P(x)) = m(P(x")).

Here as usual x¥ denotes (I1 a:;f”, 1l z;"" ), where x = (z1,...,25,)7,
J J
V = ('U,'j).
Proof. For x = (e2™1, ..., e2™0n)T and @ = (4, ...,0,)T, 1 = VO we have
Vv = (e2m’¢1, .“’627ri1/1,.)T.
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Then the map 8 — 1 from R /Z" to itself is a |det V|-fold linear covering
of R*/Z™. On the other hand this map has Jacobian |det V|, so that

m(P(x")) = /R 2 log |P(e2™(VO e2mi(V6)n)|do, ... db,

dyy ...dYy

— P27 27 iYn
|det V| logl (e*™¥1,...,e ) et V|

R"/Zn
= m(P(x)).
In particular, the lemma immediately gives
(3.13) m(P(xz,ty, +2)) = m(P)

4. Two partial derivative identities

We now study functions g3 and f , which are bi-analytic versions of the
functions g3 and f (defined in (5.6) below). The hat denotes ‘lambdafica-
tion’.

Proposition 2. (a) The functions

as(erw) = s (H5) s (M522) — s (57)

f(z,4) = ga(=,y) + (Logy — im)Ap (L£2%2)
+ (Log z — imw)As (1—+:—t2) —1imLogz - Logy.

are both analytic for z and y in the upper half-plane H.
Furthermore we have the following identities.
(b) For z,y € H

% . —Log(l+z+1y)
(c) For z,y € H with |z| < |y| we have
9? Log(z + y)
— Lia(— -1 . 2y) = 222 T I
Proof. (a) First note that if Sz > 0,3y > 0 then none of Zt¥ li;iﬂ
or l—tzT';u can be real and negative. For if 424 = _)\ < 0, then 1 +
(1+ XNz +y =0 while SO+ (1 + Az +y) > 0. Ifl—t%H =-\<

0, then (1+1) (1 + %) = 1+ A On the other hand arg(1+ 1) and

arg (1 + %) € (-m,0) ,s0 (1+1) (1 + %) cannot be real and positive,
and hence is not 1 + A. This shows that the image of # x H under each of
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the maps (z,y) — b'—z-ﬂ, (z,y) — 1—4;:—'—"1, and (z,y) — B_—_ﬁi lies in the
cut plane C\(—o00,0] where A, A3 and Log are all analytic. Hence g3 and
f are both bi-analytic in H x H.

(b) We now assume for the moment that = and y are both near enough
to the positive imaginary axis so that arg(1+z+y) € (O, %) ,argT,argy €
(% -6, % + §) say, and so

arg (H2H) , arg (L242) € (5 - 4,0)

and arg (Mﬂ) € (-9, %+46). Then, writing £ = Log(l + z + y) and

using (3.4) we have
Log H'—:ﬂ‘ ={—Logz
Log H—;ﬂ‘ =¢-Logy
4oty ) _ _ .
Log (=£5,¥ ) = ¢ — Log(—zy) = £ — Logz — Logy + im.

Using these identities we readily calculate, using (3.3), that
8233 —(1+y)Logz — (1+z)Logy+ (1+z+y)l+in

ozdy 1+z+y)zy
0?2 . l+z+y Logz Logy ¢
—im)h, (ZFETYY) o - L
dzdy ((Logy im)Az ( z )) Ty z(l+z+y) =zy

Swapping = and y in the second identity and then adding all three identities,
we see that (b) is valid for z and y both near the positive imaginary axis,
as assumed above. In fact, as arg(1 + =z + y) € (0, 7] for z,y € H we see
that, by continuity, that (b) actually holds for all such z and y.
(c) Here, direct calculation using L, (z) = L,—1(z)/z gives
32
Oyoz

Now if |z| < |y| then arg (1+§) € (-3,%), arg (1+§) + argy €
(-%,3). But as

(Li (—z/y) + 3 Logz - Log?y) = % (Log (1 + -’yE) + Log y) .

arg (1 + -Z’;) + arg(y) = arg(z +y) mod 2w
and arg(z +y) € (0,7), arg (1 + %) + argy = arg(z + y), and so

Log (1 + %) + Logy = Log(z + ),

giving the result.
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Next, we need to study Rf(z,y) for z,y in the upper half plane, as they
each tend to points on the real axis. To do this, we need to define r(z,y)
for z and y real by

Rf(z,y) — 272 log 1—_51 ifz<0,y>0,14+z+y>0

r(z,y) = §Rf(x,y)—21r210g lé'y—z ifr>0,y<0,1+z+y>0

Rf(z, y) otherwise.

Proposition 3. Let zo, yo € R\{0}. Then for z,y € H,
zll)nmloﬁf(-’ﬂ, y) = r(z0,Yo)

y—y0

Proof. We separate the proof into three cases corresponding to the cases in
the definition of r above.

We first consider the case zo < 0, yo > 0, 1+ zo +yo > 0, and note that
for z = z¢ + 10, y = yo + i,

3 1+z+y\ _ zod — (1+y0)d
z - TT )

Then, as zo and —(1+ yo) are both negative, 1+:+y - 1+?o+y° from the
lower half plane. Hence
: — 1+z+y )| — —i : l+z+y
s (o e (22)) = R — )0 (255

y—yo v—vo

= logyo - A2 (l.ﬂon"‘lQ) + (—im)(—2i7) log (1 - H—?oim) using (3.7)
=logyo - A2 (————391"'“;‘:)"' ) — 272 log (l_i%q) .

This proves the first case of the Proposition.

The second case comes from interchanging z and y. For the third case,
first note that since by Lemma 3 the jump A3 for A3 having argument on
the negative real axis is imaginary,

lim Rg3(z,y) = Rgs(zo,Yo)-
TT0

¥y—=y0

Also, as Logy — i7 is real for y < 0, and by Lemma 3 the jump A, for As
on the negative real axis is also imaginary, we have

i (Gony ~ i (222)) = (og - e (52)

To
y—yo

when yo < 0 or thonﬂ& > 0. A similar result holds for zo < 0 or HL;:-'& >
0. This proves the third case of the Proposition.
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5. Proof of the Theorem

We can now evaluate the Mahler measures of the Theorem and Corol-
lary 1. First of all, by Proposition 1 we have

—c -1
(5.) PPy == [ % [ Liogls+y
c 1

where the integrals are taken on the semicircles z = ce? (0 <0 < 7) and
y=e? (0<$<m),

(5.2) =R (— /c_c %’- 1_1 %‘ Log(z + y))

as Q_Qyu = —dfd¢ is real. Here cz has been replaced by z in the integrand.

T
We now apply Proposition 2(ii) for ¢ < 1, which gives
-1
(53) w’m(Poc1) =R ( (( — Lig(-z/y) — 3 Logz. Log?y )
y=1
= R (2Lis(c) — 2Lig(-c) - %(Log(—c) — log c) Log?(—1))

= 2Li3(c) — 2Lis(—c).

—C

T=C

Since the Mahler measure of a polynomial is a continuous function of its
coefficients [B3], this formula is also valid for ¢ = 1. Then we get the same
formula for m(Py,1,c), as m(Py1,c) = m(Po,,1) from (5.1).

We now evaluate m (P, ). From Proposition 1 we obtain the formula

(5.4) m(Pypc) = -—8\‘.// i‘zﬂyﬁ Log(l+z+1y)

in a similar manner to (5.2). Here we have replaced bz and cy by = and
y respectively, so that the integrals are taken over the semicircles z =
be®(0 < 6 < 7), y = ce*(0 < 6 < ). Since the right-hand side of (5.4)
is symmetrical in z and y, we can assume that b > ¢ > 0. Then from
Propositions 2(ii) and 3 we have that

(5.5) m(Prpc) =r(bc) —r(b,—c) — r(=b,c) +r(-b,—c).
Next, define for real z and y
(5.6)  f(z,y) = Gs(z,y) + log|y| - G2(z,y) + log |z| - G2(y, T).

Our aim is to derive a more computable form of (5.6), namely (5.11),
which is (5.6) with r replaced by f. To do this, we next compute the four
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terms r(£b, £c) of (5.5) in terms of f. Firstly, using (3.7) and (3.8)
(5.7) r(b,c) = R (Ag (LEFE2) + Ag (Libte) — gy (LiBe))
+ R ((log ¢ — im)Ag (12E€) + (log b — im) A, (142E))
-t 1 325~ (1 (25 + i (1 )
+logc- Ly (1E£€) + logb - Ly (1t24<)
= f(b,c) — ——log (@M) .

Next, for r(b, —c), we have 1 +b—c > 0, 1"’,’;“’ >0, “’_bc’c < 0, so that,
using (3.8) again, and the definitions of f and r,

r(b,—c) =Ls (142=¢) + (L (1<) + % log (1 — 1t=<) )
—Ls (445) + R ((Log(—c) — im)Az (14=2))
+R ((logb —im) Ag ( ) —imlogh- Log(—c)) - 2n% log (1£2).
Now as Log(—c) — im = logc is real, (3.7) gives
(5.8)  r(b,—c) = f(b,—c) + % log (L£t) — i (i7r log (1 - I—'ié’g—c))
+ 7% logb — 2n% log (1£2)
= f(b,—¢c) — Z log (1£t) + n%logb.

For r(—b, c), we distinguish two cases (i) b > c+1 and (ii) b < c+ 1.
In case (i), 1 —b+c <0, 1=5t¢ > 0, 1=t+¢ < 0, so that similarly

(5.9) r(=b,c) =Ls (1) + (Ls (1=2t2) + T log (1 - 1=bie) )
- (L3 (5%%) + %210g (l - 174'7)) + R(log ¢ — im) Ly (—ﬁeﬁ)
+ (Log(—b) — im) Ly (1=2£€) — R(iw Log(—b) - log c)
= f(=b,c) - ”2—210g (1) + n?logc.
In case (ii), 1 —b+c >0, 1=0¢ < 0, 1=b4¢ 5 0 50 that
r(=b,¢) = (Ls (1%2) + S log (1 - —_—+—)) +Lg (=5%2)
~ Ly (47252 ) + ® ((logb — im) (Lo (18t) + imlog (1 - 1<)

+ (Log(—b) — im) Lp (1=£¢) — R(im Log(-b) - logc) — 2n? log (1}¢)

which again gives (5.9) on simplification.
For r(—b, —c) we distinguish two cases (i) b+ ¢ > 1 and (ii)) b+c < 1.
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For (i), 1 —b—c <0, 1=5<¢ >0, 1=t=¢ > 0 50 that

(5.10) r(—b,—c) =Ls ( ) +1Ls ( ) Ls (_I:bb-_cc )
— (Log(—c) — im) Lq (1 b—c) (Log(—b) — i) Ly (1 b-—c)
— R(iw Log(—b) - Log(—c))
= f(—b, —c) + 7 log(bc).

For (ii), 1 —b—c >0, 1=5¢ <0, 1=t=¢ < 0 s0 that

r(=b,—¢) = (La (1252) + 5 log (1 - 1252) ) + (L (222)
+ B log (1- 122¢)) — (Ls (fbrey) + T o (1 - 55
—loge- L2( ) logh- Lo (1 =S ") R(im Log(—b) - Log(—c))

giving (5.10) again in this case.
Using (5.5), (5.7), (5.8), (5.9) and (5.10) we now get

(5'11) m(Pl,b,c) = f(ba C) - f(b, —C) - f(_b, C) + f(_bv —c)
which, from (5.6) gives the formula stated in the Theorem.

6. Proof of Corollary 2

Now by Lemma 7 with V = (; (1) (1)) we have
111
m(l+z+y+2) =m(l +zy + 222 + zy2)
=m(z  +y+ (z +y)2)
= % (Lis(1) — Lia(-1))
52((3)

using the Theorem for Py 1,1, and (a),(b) from the proof of Lemma 6.
For the second result

?m(l+z 4+ y+ (1 +z +1y)z) =Gs(1,1)
=g3(1,1) — g3(1,-1) — g3(-1,1) + g3(—-1,-1)
= 2Lj3(3) — L3(-3) — 2L3(—1) + L3(1)
= 1<),

using Lemma 6.
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7. Further examples
We have from the Theorem that
m(P112) = 4 (G5(1,2) +log 2 Go(1,2))
= (L3(4) +2 L3(2) — 2 L3(~2) + log2(L2(4) + L2(2) - L2(-2))) -
This can be re-written using polylogarithms with argument —— only by

m(Ppig) = & (2¢(3) + 2 Lis (=1) +log2- Liz (-1) + L10g°2) + L log2
= 0.9221164988

using (L6.4, z = 2), (L6.6, z = 2), (L6.7, y = 2) and (L6.12).
Similarly,

m(Pj23) = ;12- (G3(2,3) +log3 - G2(2,3) +log2 - G2(3,2))
= 4 (Ls(3) +2 Ls(2) —2 L3(~1) -2 L3 (2) + Ls (}) + L3 (3)
+log 3 (La(3) — La(—1) + L2(2)) + log2 (L2(2) — L2 (2) + L2 (%))

which can, again using standard formulae, be shown to be given in terms
of classical di- and trilogarithms by

m(Pg3) = -7;17 (3¢(3) - 2Lis (—3) +2Lis (}) +log6 - Liz (3) + 3 log 2
—log?2-log3 + Llog2-logZ3 + Llog®3) + 2 log2 + 21og3
2 6 12 3
= 1.388343758.

Acknowledgement. I am grateful to Harry Braden and John Byatt-
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thank David Boyd for the reference for Lemma 7.
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