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in several variables
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Dedicated to Michel Mendés France

RESUME. On considere la représentation d’un polynéme & plu-
sieurs variables comme une somme de polynémes a une variable
en combinaisons linéaires des variables.

ABSTRACT. One considers representation of a polynomial in sev-
eral variables as the sum of values of univariate polynomials taken
at linear combinations of the variables.

K. Oskolkov has called my attention to the following theorem used in
the theory of polynomial approximation (see [6], Lemma 1 and below,
Lemma 4): for every sequence of d + 1 pairwise linearly independent vec-
tors [au1, au2] € R2 (1 < p < d+1) and every polynomial F € C[z1, z2] of
degree d there exist polynomials f, € C[z] (1 < p < d+ 1) such that

d+1
F= Z fu (i1 + op22) .
p=1
He has asked for a generalization and a refinement of this result. The
following theorem is a step in this direction.

Theorem 1. Let n,d be positive integers and K a field with char K = 0
or char K > d. For every sequence S, (2 < v < n) of subsets of K
each of cardinality at least d + 1 there exist M = n:i; 1 vectors
[op1, 02, -y aun] € {1} X Sg X -+ x Sy, with the following property. For
every polynomial F € K|zy,...,z,] of degree at most d there ezist polyno-
mials f, € K[z] (1 < u < M) such that

M n
(1) F = pr (Z auuxu) .
n=1 v=1

Manuscrit regu le 2 mars 2001.



648 Andrzej SCHINZEL

It is not true that polynomials f,, satisfying (1) exist for every sequence
of vectors [o1, .. ., aun] (1 < p < M) such that each n of them are linearly
independent. See the example at the end of the paper.

Let P(n,d, K) be the set of all polynomials F € K[z,...,Zn] of degree d.
Let M(n,d, K) be the least number M such that for every F € P(n,d, K)
(1) holds for some sequence of vectors [a1,...,au] € K™ and some se-
quence of polynomials f, € K[z] (1 < 4 < M) if such sequences exist and
oo otherwise. For an infinite field K, let m(n,d, K) be the least number M
such that for a Zariski open subset S of P(n,d,K) and for every F € S,
(1) holds for some sequences of vectors and polynomials as before, if such
sequences exist and oo, otherwise. Theorem 1 implies

Corollary. M(n,d,K) < oo if and only if either n =1 or char K =0 or
char K > d. If K is infinite the same equivalence holds for m(n,d, K).

The problem of determination of m(n,d, K) is related to the problem,
much studied in the XIX th century (see [5], for a modern account), of
representation of a general n-ary form of degree d as the sum of powers of
linear forms. The two problems are not equivalent even for K algebraically
closed, since in our case neither F nor f, are supposed homogeneous.

Theorem 2. For every infinite field K such that char K =0 or char K > d
we have

(n+d—1

) 2 M, K) 2 min,d,K)

1 n+d n+e
> max —M8— - .
0<e<d n+d—1-—e n n

For K =F,, char K > d, we have

_ n+dy _ (n+e logq
(n+d 1)21‘4(n’d,1r{)2max [(n) )] |
n-—1 0<e<d lOg [(qd-—e — 1) 9;_;11 + 1]

In particular, every n-ary form of degree d over a field K of characteristic
0 is representable as a linear combination of (";‘;ﬁl) d-th powers of linear
forms over K. This has been first proved, but not explicitly stated by

Ellison [3].
Clearly M(1,d,K) = M(n,1,K) = 1 and one easily proves

Theorem 3. If char K # 2, then M(n,2,K) = n and if, in addition, K is
infinite, then m(n,2,K) = n.

Diaconis and Shahshahani asserted without a formal proof that
M(2,d,R) = d ([2], Application 2).
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We shall show

Theorem 4. For every field K such that either char K =0, or char K > d
and card K > 2d — 2 we have

M(2,d,K) =d.

In particular, every binary form F of degree d over a field K of charac-
teristic 0 is representable as a linear combination of d d-th powers of linear
forms over K, which slightly improves Theorem A of [4]. For K = C this
was proved by Reznick [8].

The following theorem shows that the condition card K > 2d — 2 in
Theorem 4 may be superfluous.

Theorem 5. For every field K such that
char K >d and card K < d+2

we have
M(2,d,K) =d.

Theorem 6. For every algebraically closed field K, if char K = 0 or
char K > d, then

m(2,d, K) = |'2d+5—\/8d+17].

2

The proof of Theorem 1 is based on two lemmas.

Lemmal. Letn > 2, T; (1 < i < n-—1) be a subset of K of cardinality d+1.
Then F =0 is the only polynomial in K[x1,...,Zn_1] of degree at most d in
each variable such that F(ay,as,...,an-1) = 0 for all [a1,a2,...,an-1] €
Ty X+ xTp_1.

Proof. See (1], Lemma 2.2.

Lemma 2. Let for each k =0,1,...,n — 2 elements fi; of K (0 <1< d)
be distinct and let for a positive integer ¢ < (d + 1)"!

n—2
q—1=>_cx(g)(d+1)¥, where ck(q) € Z, 0 < cx(q) < d
k=0

be the ezpansion of ¢ — 1 in base d + 1.
Define

A((Bk)) as the matriz (ars), where
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n—2

(2) ars = H 'Bl?:c(:()s) (1 <rs<(d+ 1)n—1) .
k=0

Then det A((Bx1)) # 0.
Proof. Let us put in Lemma 1: T; = {$;_1;: 0<1<d} (1 <i<n-1).
By the lemma the only polynomial F' € K|[z,...,Z,—1] of degree at most
d in each variable such that
(3)  F(Botgs---+Bn24n_,) =0 for all [ly,...,ln—2] € {0,1,...,d}" "
is F=0.

Now, all the vectors [lp,...,ln—2] € {0,1,...,d}""! can be ordered lex-
icographically, so that the vector [lo,...,l,—2] occupies the position 1 +

n—2 .
> li(d + 1)* and then the system of equations (3) reads
1=0

F (ﬂo,co(r)yﬂl,cl(r)a cee 1ﬂn—2,c,._g(r)) =0 (1 <r< (d + l)n—l) .
Also the polynomial F' can be written as

(d+1)" 1 n—1
Z H 7 l(s), where A; € K
s=1 j=1

and (3) can be rewritten as
(d+1)"" ! p-2

Z A H CJc(s()r) =0 1 < r < (d+ l)n—l)

The fact that the only solutxon of this system is
A;=0 (1<r<@d+1)™h),
corresponding to F' = 0, implies in view of (2) that
det (asr) #0.
But then also det A((Bki)) = det (a,s) # 0.

Proof of Theorem 1. Let us choose in S, distinct elements 8, _2,...,B8,-24
(2 <v <n). By Lemma 2

(4) det A((Br)) #0,

n—2
hence the matrix B consisting of the rows r of A((Bx;)) for which > cx(r) <

k=0
n+d- 1) . Therefore
n-—1

B has M linearly independent columns si, s2,...,sp. We put
5) au =1, o = ﬁu—2,c,,_2(s,,) (1<p<M,2<v<n).

d is of rank equal to the number of such rows M = (
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Let
. . n
_ 'lol + e + 7411, i R ’LJ
(6) F(a:l,...,:z:n)—. Z ( i in )azl_.,,nl:[xj
t1+i2+-in<d =1

(note that the multinomial coefficient is non-zero).
For each ! < d we determine by (1 < p < M) from the system of
equations

M n
(7 > bu [] @ = 6iyin G+ +in =1),

pu=1 v=2
which can be rewritten as

M n—2

bp,l H ,BCV (r)
1

=a n-
o v,eu(spu) l—ygzc.,(r),co(r),...,c.,,_z(r)

n—2
(1 <Sr<@+D)" 1 Y e () < l) :

v=0

I_L:

By the choice of si,...,sp the matrix of this system has rank equal to
the number of equations, hence the system is solvable for b,; € K. We set

d
fu= Z bulzl
=0

and (1) follows from (6) and (7).

Proof of Corollary. In view of Theorem 1 it is sufficient to show that
M(n,d,K) =00 if n > 1 and

0<p=charK <d.
Let us consider an arbitrary polynomial F' of the form (6) in whichaqyp, . o #

0 and ap—_1,10,...,0 # 0. If K is infinite such polynomials exist in every open
subset of P(n,d,K). If (1) holds, then the part Fy , of degree p of F

satisfies
M n p
pu=1 v=1

which is impossible, since w’l’-lzz occurs with a non-zero coefficient on the
left-hand side, but not on the right.

Proof of Theorem 2. The dimension of the set of all n-ary polynomials
of degree not exceeding d and greater than e is ("}%) — ("*¢). On the
other hand, the dimension of the set of all polynomials of the form f(az),
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d
where f = 3 b2l is at most d — e + n — 1 since the vectors a can be
l=e+1
normalized by taking the first non-vanishing coordinate equal to 1. This

gives the upper bound m(n + d — 1 — e) for the dimension of the set of all
m
polynomials of the form ) f,(a,z) and, by the definition of m(n,d, K)
p=1

m(n,d,K)(n+d—1—¢) > (”';’d) _ ("+e>,

e

which implies the first part of the theorem.
In order to prove the second part let us observe that the number of nor-
malized vectors a € Fy is gq—l, while the number of non-zero polynomials

d n
Y. bzt € Fy[z] is ¢~° — 1. Hence we obtain at most (¢¢~¢ — 1)9‘1_;11 +1
l=e+1

polynomials of the form f(ax) and at most (( —€ — 1) ) polyno-
mials of the form Z fu(auz). On the other hand, the number of n-ary

IL_
polynomials over I, of degree not exceeding d and greater than e is

FevEey)

By the definition of M(n,d,F;) this gives

M(n,d,Fg)log ((q""e - 1) il _11 +1) ((n-;—d) - (n:—e)) log q,

which implies the second part of the theorem.

Proof of Theorem 3. Let Fy, the leading quadratic form of F, be of
rank r. By Lagrange’s theorem there exist linearly independent vectors
[@u1,. .. aun] in K™ (1 < p < 7) such that

2
r n
F=Ya, (zawxy) ek
p=1 v=1

We set a, = 0 for r < p < n and choose n — r vectors [oy,...,a,,] in
K™ (1 < p < r) such that det(ou)uv<n # 0. Then there exist b, € K
(1 < p < n) such that

n n
F-F-F(0,...,00=) b, auz,
p=1 v=1
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and (1) follows with M =n

fi(z) = 122 + bz + F(0, ... ,0),
fu(2) = ap® +buz (L<p<n).
On the other hand, the polynomial F = Z c,,:): where ¢, # 0 is clearly

=1
not representable in the form (1) with M < n.

For the proof of Theorem 4 we need

Lemma 3. We have the identity

l... 1 A
... T4 A1
= H (zj —zi) Z Ad—z'rz (T1;- .-, Za),
’ ’ 1<i<j<d

where 7; is the i-th fundamental symmetric function of z1,...,xzq4, 1o = 1.
Proof . See [7], p. 333.

Lemma 4. Let o, (1 < p < d) be arbitrary pairwise linearly independent
vectors in K2. If char K = 0 or char K > d, for every polynomial F €
K|[z),s] of degree at most d — 1 there ezist polynomials f,, € K[z] such
that

d

F= Z fulapiz1 + auoz2) .
p=1

Proof . Since o, are pairwise linearly independent we may assume that
either
(i) au =1, oy are all distinct (1 < p < d),
or (ii) au1 =1, ayo are all distinct (1 < p < d), a4 =0,a50 = 1.
Let now
i1+ i1 i
F= Y (M52 annstial
11+t2<d

(note that the binomial coefficient is non-zero). In the case (i) for each
l < d we can solve for b, in K the system of equations

d
@i =Y buak, (0<i <),
=1
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since the rank of the matrix of the coefficients equals the number of equa-
tions. Then we set

In the case (ii) for each ! < d we can solve for b, in K the system of
equations

d-1
Q5 = Z b“;afm (0 <1< l),
p=1
and then we set
d-1 d—1 d-1
fu(2) = bud (p<d), fa(z) =Y e — ) buacly | 2.
1=0 1=0 p=1

Proof of Theorem 4. In view of Theorem 3 we may assume d > 3. We shall
prove first that
M(2,d,K) <d.

Let F € P(2,d,K) and let Fy be the highest homogeneous part of F.
Supposing that we have represented Fy in the form (1) with M = d we
may assume that o, (1 < p < d) are pairwise linearly independent and
then apply Lemma 4 to represent F' — Fp in the form (1) with the same a,.
Therefore, it is enough to find a representation (1) for FF homogeneous of
degree d. By Lemma 1 there exist ¢;1,¢21 in K such that F(cy3,c9) # 0.
Replacing F' by F(c11z1 + c12%2,21Z1 + Cc22%2), where cj2,c2 are chosen
in K so that c¢j1c02 — ¢12¢21 # 0 we may assume that the coefficient of :z:‘f
in F(z,z2) is non-zero. Let then

d

d S
(8) F(z1,22) = Z <’L) a;izd7zh, ag #0
1=0
and let us consider the polynomial
d
Gyr,--nva-2)= [ @i—w)- D (-1 eaimi2(n,---,Ya-2)
1<i<j<d—2 i=2

d—2
H(ad 1+Z ) rag—i(Tica (91,- -+, Ya—2) + YiTic2 (41, - - -, Ya—2))
j=1 =2

+(=1)*agy;ma-2 (y1, - .- ,yd—2)> .

Since ag # 0 the polynomial G is not identically 0 and we have for each
1<d-2
deg,, G =2d - 3.
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Since card K > 2d — 2, by Lemma 1 there exist elements £, ..., B4-2 of K
such that

9) G (B1;---,Bi-2) #0.
We now put
-1
> (=)t ag—i7i-1(B1,- - -, Ba-2)
(10) a1 =-= :
;(—1)i“lad«i7’i—~2 (Brs--->Bi-2)

which makes sense, since by (9) the denominator is non-zero. Again by (9)
we have ; # B; for 1 <1 < j < d. Hence

1... 1
Br---  Ba-1
Dy = : .| = H (B; — Bi) #0.
. . 1<i<j<d
pi2... pi2
However, by (10) and Lemma 3,
1... 1 ag
Br--- Ba-1 a
D= : : :
Bt ,3,'::} ag-1
d
= I Gi-8)-D (-1 asimi1(Brs---,Ba-1)
1<i<ji<d =1

d—1
= Dy (ad—l + Y (1) ag_i (Ba-17i-2 (B, - - -, Ba2)
=2

+7ic1 (B1s- -5 Ba-2)) + (-1)* 'aoBa-17a-2 (Br, - .- ,ﬂd—z)) =0.

Hence the system of equations

d-1
(11) D buBl=a; (0<j<d)

p=1

is solvable for elements b, of K.
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We set
o =1, Qo = ﬂlh fu(z) = uzda (1 <p< d);

a1 =0, age =1, f4(2) = ad—zbuﬂ,, 2

and obtain (1) from (8) and (11).
It remains to show that M(2,d, K) > d. Let us consider the equation
d-1

(12) 1287 + azf = Zf“ (011 + ap2y) .
p=1
In order to prove that it is impossible for every a € K it is clearly
sufficient to cons1der fu = buz%, a1 = 1, o, distinct. Comparing the
coefficients of 27z} on both sides of (12) we obtain

d—-1
0= buody (0<j<d-1).
p=1

The determinant of this system is [] (aw2 — au2) # 0, hence b, =0
1<p<v<d
(1 < p < d) and by (12)

a;lxg_l +az§ =0,

a contradiction. This argument is valid without the assumption on card K.

For the proof of Theorem 5 we need

Lemma 5. Let ay,...,ax be distinct elements of Fy,, k > p — 3. Then
(

0 fk=p—-1,0<ji<k
) .. 0<j<k=p-2, and
(=r)! if -
7 (@1,-.-,ak) = 3 ) {r}=F \{a,...,ax}

0<j<k=p-3, and

(VT T 3 TR o)

Proof . If k = p — 1 we use the identity

Pl -1= H(a:—a).

a€F;,

If kK = p — 2 we argue by induction. For j = 0 the statement is true, for
k > 7 > 1 we have the identity

0=Tj (al,...,ak,r) =T; (a1,...,ak)+r'rj_1 (al,...,ak),
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hence, by induction
Tj (a1,...,ax) = —TTj-1 (a1,-..,ax) = "7"(‘7‘)7‘—1 = (‘T)j-

If £ = p — 3 we argue again by induction. If j = 0 the statement is true. If
k > j > 1 we have the identity

(—T)j =Tj (0,1, v ,ak,s) =T7T; (al, ve ,ak) + 87j1 (0,1, v ,ak),

hence, by induction

. . . . Tj — Sj
Tj(a1,...,ak) = (=r) —s7j-1(a1,...,a8) = (=1)r7 + (—1)s —
+1 _ i+l
- (=t
r—s

Proof of Theorem 5. By the last statement in the proof of Theorem 4 we
have M(2,d, K) > d, thus it is remains to prove the reverse inequality. Let
F € P(2,d,K). By Lemma 4 we may assume that F' is homogeneous. Let

d
d .
(13) F(zy,m9) =) (i)aﬂ‘f g2
i=0
and consider first cad K =p=d + 1.
Let us assume first that the mapping F, — F, given by t — f(t) =
p=1 .
ap—1—it* is not injective. Then there exist r, s € F}, such that r # s and
) P P
1=

f(r) = f(s), hence

p—2 ro_ i
14 —1—4 =0.
(14) ;ap i
Setting a1z =0, {@2,...,0p22} =F; \ {r,s} we have by Lemma 5
il _ ikl
Ti(02,. .., 0p22) = T (ae,...,0p22) = () i <p-3),
Tp—2(0u2,...,0p-22) =0,

hence, by (14),

p—1
D (—1)apo1oimioy (012, .- apo22) = 0
i=1

and, by Lemma 3,

1... 1 ag
a12... Qp--2.2 al

-2 -2
ofy .. p-2,2 dp-2
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Since det (o’ 2) 0<i<p-2 # 0, this suffices for solvability over I, of the system

<u<Llp-2
of equations
p—2 )
(15) D buy =a; (0S5 <p-1)
u=1

Then we obtain from (13) — (15) that

p—2 p—2
F (:1:1,.’1,‘2) = Zb" (331 + Ot,,z.'l:z)p_l + (a,,_l - Zbﬂa;’gl) .’L‘g_l
p=1

p=1

Assume now that the mapping F;, — F, given by ¢ — f(t) is injective.
We shall consider three cases

(i) ap € f ( p) )
(i) ap-1 € f (F),
(iid) a1 € f(F), a0 & f (Fp) -

In the case (i), let
ap = f(r), r€FE,
so that
p-2
(16) Y ap_1_irt=0.
i=0
Setting a2 = 0, {@22,...,0p-12} = F; \ {r} we have by Lemma 5
Ti (012, .., 0p_12) = Ti (@22, .., 0p—12) = (-1)(4 < p — 2),
Tp—1 (Q12,...,05-12) =0,

hence, by (16),

p—1
Z("l)zap—l—i'ri (@12,---,0p_12) =0
i=0
and, by Lemma 3,
1... 1 ag

a12... Qp—-1,2 a1

-1 -1
12 - ag_l’z ap_l
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Since det (cr,’lz) o<i<p—1 # 0, this suffices for solvability over F, of the system

1<p<p—-1
of equations
p—1 )
(17) D buady=a; (0<j<p-1).
pu=1
Then we obtain from (13) and (17) that
p—1
F (1171,.’172) = Z b,, (1171 + augxz)p_l .
pu=1

In the case (ii), let

ap—1=f (r'l), r € F,

p’
so that
p—2 p—1
(18) Z a;r' = Zap_l_,;r”_l_’ =0.
=0 1=1
Setting a1 =0, {a@21,...,0p-11} = F; \ {r} we have by Lemma 5
Ti(on1y- .., 0p-11) = Ti (@21, ., 0p-1,1) = (—7)* (i < p—2),
Tp—1(Q11,...,0p-11) =0,
hence, by (18),
p—-1
Z(—l)za,‘ﬂ; (au, e ,Olp_l,l) =0
1=0
and, by Lemma 3,
1 .o 1 ap._l
a1y ... Qp—-1,1 Gp-2
—1 21 ’
1 - az—l,l ao

Since det (afd) o<i<p-1 7 0, this suffices for solvability over F, of the system
1<pu<p-1

of equations

p—1 )

(19) bp,ail = ap—-1—j (0 <j<p- 1)
k=1

Then we obtain from (13) and (19)

p—1
F (.’1?1,11,‘2) = Zb" (a,da:l + :L'g)p_l .
=0
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In the case (iii), since
card f (F;) = cardF, = p—2
we have ag = a,—1. Hence the first and the last row of the determinant
1... 1 ag
1... p—1 a1
1"’_i N i)”‘l ap._l

are equal and the determinant vanishes.
Since det (u?)oci<p-1 # 0, this suffices for solvability over F, of the

,1<usp-1
system of equations

p—1

(20) Y b =a; (0<i<p-1).
s=1

Then we obtain from (13) and (20)

p—1
F (z1,12) = Zb,, (z1 + pza)? L.
p=1

Consider now the case, where
cardK =p=d+2.

Again, let us assume first that the mapping F; — F, given by ¢ +— f(t) =
g g b4 P

p—2 .

3 ap—p—it* is not injective. Then there exist r, s € I}, such that r # s and
i=0

f(r) = f(s), hence

p—2

- Fi_ gt
(21) Z ap2-i—— =0.
i=1
Setting {a2,...,0p-32} = F; \ {r,s} we have by Lemma 5
il _ gitl
Ti (g, .oy @p32) = (=)' ———— (i<p-3)

hence, by (21),

p—2

Z(—l)i_lap—2—i7i—1 (012,...,0p-32) =0
=1
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and, by Lemma 3,

1... 1 ag
Qz... Op-32 @1
. . |=0.
-3 -3
f2 - O3y 0p-3

Since det (asz) 0i<p=3 # 0, this suffices for solvability over F, of the system
of equations
p-3 )
u =a; (0<j<p-2)
p=1

Then we obtain from (13) and (22) that

(22)

p—3 p—3
F(z1,z2) = Z by (z1 + au2z2)p—2 + (ap_z - Z bﬂazf) zg_z.
7

p=1 =1

Assume now that the mapping F; — F, given by ¢+ f(t) is injective.
We shall consider two cases

(iv) 0€ef (]F;) ,

(v) 0¢f(F).

In the case (iv) let 0 = f(r), r € Fy, so that
p—2

(23) > apairt =0.
1=0

Setting {@12,...,0p-22} =F; \ {r} we have by Lemma 5

Ti (012, ..., 0p—22) = (-r)* (1 <i<p-2),
hence, by (23)

p—2

(24) Y (~1)'ap_a—i7i (12, - -, ¥p-22) =0
i=0

and by Lemma 3

1... 1 ag

a12... Qp—2,2 ai 0

9 o )
0‘1;2 O‘g—m ap—2



662 Andrzej SCHINZEL

Since det (ar,iﬂ) o<i<p-2 7 0, this suffices for solvability over F, of the system
1<u<p-2
of equations

p—2

(25) > by =a; (0<j <p-2).
p=1

Then we obtain from (13) and (25) that

p-2

F (z1,29) = Z by (21 + aaze)’ 2.
p=1

In the case (v) t — f(t) is a bijective mapping of F}, onto F;. If the mapping
t — tf(t) had the same property, we should obtain

-1=[Jtre=[I¢ [ O =(-1%=1,

teF, teF;  teF;

which is impossible. Hence there exist r,s € F, such that r # s and
rf(r) = sf(s):
p—2 i+l _ i+l

rtl — s
26 —9—j=———— = .
(26) T
Setting

a2 = Oa {022, cee aap—2,2} = ]F;; \ {7‘, 3}
we have by Lemma 5
pitl _ gitl
(r (a12, ey ap_z,z) =T; (a22, ey ap_z,z) = (—1)1—:—-,

Tp—2 (012,...,ap—22) =0,

hence, by (26), (24) holds and we conclude the argument as in the case
(iv). The proof of Theorem 5 is complete.

Proof of Theorem 6. We shall prove first that
[2(1 +5—+/8d+ 17]
2

(27) m(2,d,K) >

Let 2d + 4 = u? + v, where u, v are integers, |v| < u. We have

2d + 4\ 2 2
(u+_dL) = (2u+2) <4 + a0 +1=8d+17,
U u
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hence on taking e = d + 1 — u we obtain from Theorem 2

w2 (1) (1) -

_(u=-1)(2d+5-u) > 2d+5—+v8d+17
- 2u - 2 ’

which gives (27).
In order to show that

m(2,d,K) <m
we notice that y 0
p:=m-—< _T;H_ )20.

Let us consider independent variables a; j, where 4,7 >0, m <i+j <d
and the matrix B = (byy) 1<usm-», Where
0<v<m—p
Bu = B() s, (i) -1t

b = ap+(k,‘2+1)+u_u, m—p—(kz“)—1+u—v 1<v<m-yp),

k, being determined by the inequality

()0 ()

Let B, be the minor of the matrix B obtained by omitting the v-th
column and D be the discriminant of the polynomial
m—p
Byz™ + Z (-1)YB,z™P7".
v=1
Polynomials By and D in the variables a;; are not identically zero.
In order to see that By # 0 let us order all variables a;; linearly assuming
a;j < ay if either i+ j < k+lori+j=k+land j <l. Then all products
of a;; are ordered lexicographically. The product

m—p
+ H bﬂl/ =4 H am+(k,,2+1)+1_2“’2#_(k£,)_2
ptrv=m—p+1 p=1

occuring in the expansion of By precedes in the lexicographic order any
other term in this expansion, hence it does not cancel and By # 0. On the
other hand

D = BX™2D,,

where Dy is the discriminant of the polynomial
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Now, the discriminant of the polynomial

m—p

- tamee
v=1

is not identically O as a function of ¢, (it is different from 0 for ¢, = 0 for
v <m—p, tm—p = 1), hence Dy = 0 implies an algebraic dependence over
the prime field IT of K between (—-1)"'B, /By (1 <v < m —p). Let

Q=H(a,m+k_1_j,j: 1<k<d-m+1,0<i<m+k-1).
We assert that for 1 < k<d-m+1,0<i<m+k-1
B, Bm—p
By By )

This is obviously true for « < m — 1. Assume that it is true for all 7 < j,
where m < j < m + k — 1. Since, by the Cramer formulae, for y =
(3) +5-m+1< (’“{1)

m—p

@) > 1 1) B (41 e () bms = OE57) - el

(28) Qmtk—1-ii € (

= Ok—j+m—1,j

and all a’s occuring on the left-hand side have the second index at most

k k . ) .
m—p—(z)—1+(2>+]—m+1—1=]—p—1<3,

it follows that amqx—1-j; € O (%(1;, cee BLBO"&) and the inductive proof of
(28) is complete. But then
. Q1 —=,... Q -
tr degQ(BO, ' By )/ <m-p

implies
tr.deg .Q (amik-1-jj: 1<k<d—m+1, m<j<m+k-1)/Q
<m-p,

while the number of independent variables amix-1-j; (1 <k <d-—m+
1, m<j<m+k—1) equals

e mil (d m+2)
Z k= =m —p.

The obtained contradiction shows that Do # 0, and hence D # 0.
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We now assert that if for a polynomial
i1 + 2 i i
(30) F= ¥ ("1 onsliaf
intia<d N T

we have BoD # 0, then there exist f, € K[z] and o, € K(1 < p < m)
such that

m
(31) F (z1,79) = Z fu (@1 + apzs).

p=1
Indeed, using the notation introduced earlier we take for a, (1 < p < m)
the m distinct zeros of the polynomial

Boz™+ Y (~1)"B,a™ "™,
Now for each | < d we solve the system of equations

m
> buol, =a;_is (0 <4 < min(l,m — 1))
u=1
for b,; in K and assert that the solution satisfies the larger system

m
(32) > bucd = a; (0 <5 <1).

pu=1
The proof is by induction on j. We assume that (32) is true for all j < 1,
where [ > 1 > m and obtain

(33) Zbﬂla Zbl-daz mz u—1 Dy m p—v

u=1 =1

m—p m—p

= E(_ V lB prlaz—p—u Z( 1 _al—t+p+u,z—p—
v=1

However the sum on the nght-ha.nd side of (33) coincides with the sum on
the left-hand side of (29) on putting there k = l—-m+1, p = i—m+ (’5) +1<
(*+1). Hence by (29)

P

which proves (32).
Now, on taking

d
z) = Z bu,
=0
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we obtain (31) from (30) and (32).
Example. Each three of the vectors [1,0,0], [0,1,0], [0,0,1], [3,1,1],
[1,3,1], {3,3,2] are linearly independent over Q, nevertheless for all poly-
nomials f; € Q2] (1 <7 < 6) we have
3
3r120 + 23123 # Z fi (:L‘z) + fa (3.’1:1 + z0 + 273) +f5 (.’51 + 3o + :B3)
i=1
+ f6 (321 + 3z9 + 2z3) .
Indeed, it is enough to consider the case f; = b;z2 (1 < i < 6). Assuming
the equality in (33) we obtain comparing the coefficients of =1z, z;z3 and
Tols
6b4 + 6b5 + 18bg = 3,
6b4 + 2b5 + 12bg = 2,
2b4 + 6bs + 12bg = 0,
which is impossible, since
6 6 18 6 6
6 2 12|=0, [6 2
2 6 12 2 6

#0.

SN W

I conclude by expressing my thanks to U. Zannier for a remark helpful
in the proof of Theorem 5.

Note added in proof. M. Kula has checked that M(2,d,K) = d in the
simplest cases not covered by Theorems 4 and 5: d =7 or 8, K = [Fy;.
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