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dédié & Michel Mendés France a occasion de son 65%™¢ anniversaire

RESUME. Nous montrons que la fonction ‘somme de chiffres’ de
Zeckendorf sz(n) lorsque n parcourt ’ensemble des nombres pre-
miers ou bien une suite polynomiale d’entiers satisfait un théoréme
central limite. Nous obtenons aussi des résultats analogues pour
d’autres fonctions du méme type. Nous montrons également que
le développement de Zeckendorf et le développement standard en
base ¢ des entiers sont asymptotiquement indépendants.

ABSTRACT. In the first part of the paper we prove that the Zeck-
endorf sum-of-digits function sz(n) and similarly defined func-
tions evaluated on polynomial sequences of positive integers or
primes satisfy a central limit theorem. We also prove that the
Zeckendorf expansion and the g-ary expansions of integers are
asymptotically independent.

1. Introduction

Let ¢ > 2 be an integer. Then a real-valued function f defined on the
non-negative integers is called g-additive if f satisfies

£(0)=0 and f(n) = f(egr(n)q),
k>0

where €, (n) € {0,1,... ,q — 1} are the digits in the g-ary expansion

n = Z 6q,l&:('n’)qk

k>0

of the integer n > 0. For example, the sum-of-digits function

sq(n) = Z €g,k(n)

320

is a g-additive function. The distribution behaviour of g-additive functions
has been discussed by several authors (starting most probably with M.
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Mendés France [18] and H. Delange [3], see also Coquet [2], Dumont and
Thomas [10, 11}, Manstavi¢ius [16], and [6] for a list of further references).
Most papers deal with the average value or the distribution of g-additive
function. There are, however, also laws of the iterated logarithm and more
generally a Strassen law for the sum of digits function due to Manstaviius
[17]. (It seems to be difficult to generalize such a law to the Zeckendorf
sum-of-digits function since a corresponding Fundamental Lemma seems to
be out of reach at the moment, even the generalization to a joint law of
two g-ary sum-of-digits function is not obvious, see [8].)

The most general central limit theorem for ¢g-additive functions f is due
to Manstaviius [16], where the distribution of the values f(n) (0 < n < N)
is considered. In this paper we are interested in the distribution of f(P(n))
(0 < n < N), where P(z) is an integer polynomial. Here the best known
result is due to Bassily and K4tai [1].! (Here and in the sequel ®(z) denotes
the distribution function of the standard normal law.)

Theorem 1. Let f be a g-additive function such that f(bg*) = O (1) as
k — oo and b € {0,...,q— 1}. Assume that (TDOE(LNV)% — 00 as N — oo for

some 1 > 0 and let P(n) be a polynomial with integer coefficients, degree r
and positive leading term. Then, as N — oo,

i#{ <N'f(P(")‘ a(V7) <x}—)<I>(a:)

N Dy(NT)

and
1 P T
m# {pGIP’,p <N‘f( (p) — De(V) Mo(N") < :v} — &(z),
where
[log, N (logg N]
My(N) := Z Hk,g) Dy(N)? Z ak,q
k=0

and

Hkq =~ Z f(bg*),  ofg=- Z £2(64") = pi g-
7o 7 =0
This result relies on the fact that suitably modified centralized moments
converge.
The main purpose of this paper is to extend this result to certain G-ary
digital expansions. Let a > 1 be an integer and the sequence G = (Gk)r>0
be defined by the linear recurrence -

Gk = aGr-1 + Gg_o, Go=1 Gi=a+1.

1This theorem was only stated (and proved) for n = % However, a short inspection of the
proof shows that > 0 is sufficient.
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Now every integer n > 0 has a unique digital expansion

n=Y"ecx(n)Gy

k>0
with integer digits 0 < egx(n) < a provided that
J
Z €6,k(n)Gr < G
k=0

for all j > 0 (which means that eg_1(n) = 0 if egr(n) = a). A special
case of these expansions is the Zeckendorf expansion where ¢ = 1 and the

G, are the Fibonacci numbers.
A function f is said to be G-additive, if

£(0)=0 and f(n) = f(ear(n)Gy).

k>0

Alternatively we have

=Y frleck(n))
E>0
where fi(b) := f(bG).

First we will prove the following theorem concerning the distribution of
the sequence f(n), 0 < n < N. The proof essentially relies on the fact
that the possible G-ary digital expansions can be represented by a Markov
chain. Note that the sequence Gy is also given by

_ala+l) , a-1 1\*
(1.1) Gk = oZ+1 a2+1( E) ’

where a is the positive root of the characteristic polynomial of the linear
recurrence

x(z) =2? —az — 1.
Theorem 2. Let G be as above, f a G-additive function such that fi(b) =

O(1) ask — oo for b€ {0,...,a}. Then, for all n > 0, the expected value
of f(n),0<n< N, is given by

(1.2) N = Z f(n N) + 0 ((log N)),
n<N
where
(log, N]
M(N)=Mg(N)= > pm with pe=— 1ka(b 2+1 fe(a)-

k=0
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Furthermore, set
(log, N)
2
D(N)*=Dg(N)*= Y o}
J)k=0

with
a—1
0@ = sy bz_:l fk®? + g fe@)? —pi  ifi=k
.7: - ik _ .
(_El'f)l.7 ll"'min(j,k)/—“max(j,lc) ‘lfj # k,
where

a-1
By = —%H;fk(b) poa 1fk(a)

Assume further that there exists a constant ¢ > 0 such that a,(c ,)c > c for all

k > 0. Then, as N — oo,
(1.3) %#{mN)ﬁ’f)D;(%—@q}—»@(z)

and

(1.4) - Z ( N)) —>/_:xhd<1>(x)

for all positive mtegers h.

(1.3) has been shown by Drmota [5] for strongly G-additive functions f,

i.e.
=Y f(ex(n)).

k>0
Furthermore, it should be noted that (1.4) provides an asymptotic relation
for the variance, too, however, without an error term:

(L5) =—ZU ~ D(N)2.
n<N
We will use Theorem 2 and a method similar to Bassily and Katai’s to
prove Theorem 3.

Theorem 3. Let G, f be as in Theorem 2 and P(n) a polynomial with
integer coefficients, degree r and positive leading term. Then, as N — oo,

(1.6) %# {n <N f(P("l)))&f;l(NT) < x} — &(z),

1 f(P(p)) - M(N")

NT)
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Ly (f(P<n])))(;,r1;4(zvf))"_+ /°° o ().
n<N -

Z (f(P(pD(NTA)l(NT))h - /_: z" d®(z)

for all positive mtegers h, if we set f(P(n)) = —f(—P(n)) for P(n) <O0.

Note that definition of f(P(n)) for P(n) < 0 has no influence on the
result, because the number of non-negative integers n with P(n) < 0 is
negligible.

Our next results concern the indepence of different digital expansions.
For example, in [6] the following property is shown. Suppose that g;, g2 are
two coprime integers and fi, f2 q1- resp. gz-additive functions satisfying the
assumptions of Theorem 1. Then we have, as N — oo,

1 fi(n) — My, (N) z: (1= z1)®(z
=) D) ol 1’2)} = 2le)R(@)

i.e. the distribution of the pairs (f1(n), f2(n)), 0 < n < N, can be consid-
ered as independent.
We will extend this property to our more general situation.

and

{n<N

Theorem 4. Suppose that fi, fo are two functions satisfying one of the

following conditions.

(1) q1,92 > 2 are two positive coprime integers and fi, f2 q1- resp. qo-
additive functions satz'sfying the assumptions of Theorem 1. Further-
more set Mj(N) := My, (N) and D;(N) := Dg,(N) (i =1,2).

(ii) ¢ > 2 is an integer and fi(n) a g-additive function satisfying the
assumptions of Theorem 1. a > 1 is an integer and f2(n) is a G-
additive function satisfying the assumptions of Theorem 2. Further-
more set M1(N) := Mg(N), D1(N) := Dg(N) and Ma(N) := Mg(N),
Dy(N) := Dg(N).

2
(iii) a1,a2 > 1 are two different integers such that ”%&:—2 is irrational,
2

G = (Gj)j>0 and H = (Hj);j>0 the corresponding linear recurrent se-
quences, and f1, fo G- resp. H-additive functions satisfying the assump-
tions of Theorem 2. Furthermore set M1(N) := Mg(N), Di(N) :=
Dg(N) and M3(N) := Myx(N), D3(N) := Dy(N).
Let P (z), P;(z) be two polynomials with integer coefficients, degrees r1,72
and positive leading term. Then, as N — oo,

(1.8) %# {n <N 'fi(ﬂ(’gg(l‘\rf‘)"(Nri) <z (i= 1,2)} — ®(21)®(z2)
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and

fi(Pi(p)) — My(N™)
D;(NT)

<z; (1=12) }
- <I>($1)<I>(:z:2).

1
(1.9) ;(]—VS# {p <N

The paper is organized in the following way. Section 2 is devoted to the
proof of Theorem 2. Section 3 provides a plan of the proof of Theorem 3.
Sections 4-6 collect some preliminaries which are needed for the proof of
Theorem 3 in Section 7. Finally, the proof of Theorem 4 is presented in
Section 8.

2. Proof of Theorem 2

Our aim is to study the distribution behaviour of f(n),0 < n < N, i.e.
the random variable Yy defined by

PrYy < z]:= %#{n < N: f(n) Lz}
If we define (x n by

Pr(yn < 7] := le#{n < N: fr(ex(n)) < z}
and & n by

1
Pr[éey =b] = N#{n < N : ¢(n) = b} (be{o,...,a}),
then we obviously have
Yv=Y CN= fillrn)
k>0 k>0

i.e. Yy is a (weighted) sum of & n. Therefore, we will first have a de-
tailed look at {,n. It turns out that { g; constitutes an almost stationary
Markov chain, as the next lemma shows. We want to mention that this
fact is also a consequence of results from Dumont and Thomas [10, 11]. In
our case this is a quite simple observation. Therefore we decided to present
a short proof of this fact, too. This procedure is simpler and shorter than
introducing the notation of [10, 11] and to specialize afterwards.

Lemma 1. For fized j, the random variables (§k,Gj)05k5j_1 form a Markov
chain with '

(2.1) Pr({kc; = 1] =Prlf,g; =2 =--- =Prlfg; =a - 1],
(2.2)  Prlépi1,6, = Uékg; =bl =+ =Pr(ékr1,6; = a — l|ék,q; = b],
(2.3)  Prléktr,6;, =blkg; = 1] = = Prlbxy1,6; = blék,c; = a — 1],
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(for all j,k,b) and

Pr(éki1,6, = 0] Pr{ék,c; = 0]
(2.4) Prllei1,6, =1] | = Prj | Prléeg; =1] |,

Pr(éxq1,6, = a] Prlé g; = a]
where
L+0(dw) et 10 (ody) = +0 (7dw)
Pyj= a—i-l-+oéaw,—1_—,;;§ aa;l+o(§(—,._—,=;) 1+0(mdw) |
a1 T O\ == 0 0

with initial states
Al Gj1 1 1
Préo,c, =0] = <, “at o (;27)
and

Pl'[fo,Gj = 1] = Pr[ﬁo,(;j = 2] P p— Pr[fO,GJ- — a] - - i - +0 (%) .

Remark. The matrices Py ; are no transition matrices of a Markov process,
but they describe transition matrices in view of the relations (2.1)—(2.3).
However, it turned out to be easier to work with 3 x 3-matrices instead of
(a+ 1) x (a + 1)-matrices.

Proof. A sequence (€;);>0 of non-negative integers is a G-ary digital expan-
sion of an integer n, if and only ife; < aforalli >0, ¢, =0 ife; = a and
€; # 0 only for a finite number of 7 (cf. e.g. Grabner and Tichy [13]). Let

Bj = {(60,...,Ej_1) r€i<a, .1 =0if ¢ =a}

be the set of G-ary digital expansions for n < G;. Then
1
Pr[flc,Gj = b] = _G—'-#{(eo, . ,Ej_l) € Bj L€ = b}
J

and it can be easily seen that (2.1) holds. For k = 0, even Pr{[{o,g; = a] is
equal to Pr[ép g; = 1].
We have
#{(60, cee ,ej_1) € Bj i€ = 0} = #{(eo,. . ,Ej_l) S Bj 1€j—1 = 0},

because we can take a block (0, €y, ...,€;_1) of the set on the left side of the
equation, shift it to the left, set €;_; = 0 and get a one-one correspondence
to the blocks on the right side. Therefore

—a~! —j
Pritoc. = 0] = Gj-1 _ ol - =epH ()t l+0 1
v G aflas — =t (—q)d

a2
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Since the other probabilities Pr[¢,g; = b], 1 < b < a, are equal, we have

Prléo,g, = 1] =---=Prlég, = a] = %(1 - Prléo,q; =0])
1 1
T +1 +0 (@) )

Now we show that we have a Markov chain.

Pr(ék+1,6;, = bk+1lék,c; = bk, - - -, €0,6; = bo]
_ Prléet1,6, = brt1, k.65 = bk, - - - 60,6, = bo
B Pré,c; = bk, - - -, €0,6; = bo]
_ #{(Eo, e ,€j_1) € Bj : (60, ves ,ek+1) = (bo, ey bk+1)}
- #{(60, ceey Gj_l) (S Bj : (€0, .- €k) = (boy. - ., b[c)}
_ #{(ek+15---,€5-1) € Bj_g—1: k41 = by}
B #{(ek, ce ,ej_1) € Bj_k L€ = bk}
_ Prfloc, ., =bks1] Gj—k—1
~ Pribog,_, =b] Gj—x '

where the third equation is valid only if (bg,...,bk+1) € Brto. Otherwise
the probability is O (for bg+1 = a, b # 0, (bo,...,bx) € Bx41) or undefined
(for (bo,-..,bx) & Bk4+1). If the probability is defined, we thus have

Pr(ék+1,6; = be+1lék,G; = b, - - -, €0,6; = bo)
= Pr{k+1,6; = bk+1lér,c; = bl

with the probabilities

J
=
i

R
+
&)

P

Q

3

S|

=
N——

Prléki1,6, = 0lék,G; =

a+1 1

Pr(¢ki1,6, =O0lékg, = = = +0 (a2(j—k)> (1<ec<a),
1 1

Préi1,6; = blée,g; =0] = arl +0 <a2(j—k)> (1<b<a),

1 1 1<b<a-—1,
Prlék+1,6; = blék,g; = ¢ =2 +0 (az(j—k)) ( 1<c<a ) ’

Pr(éc+1,6, =alékg; =) =0 (1<c<a)
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Similarly to (2.1), (2.2) and (2.3) are easy to see. Hence

Pr[£k+1’Gj = b] = Zpr[§k+1,Gj = blgk,Gj = C]Pr[gk,Gj = C]

c=0
= Prlék+1,6; = blék,c; = O|Pr[ék,g; = 0]
+ Pr[é+1,6; = blék,g; = a]Pr[ék,c; = a
+ (a = 1)Pr(¢k41,6; = blék,; = 1|Pr[ék,; = 1]
and the transition from & g, to {k+1,G, is entirely determined by (2.4). O

Corollary 1. The probability distribution of {x.g; is given by

1
Priég, =b=p+0 <m)

with .

a y —

E‘;-:;—_l ifb=0

=< 7y Y1<b<a-1

3214_—1 ifb=a.

Proof. Let P be the matrix obtained by neglecting the O (WJI—-W) terms in

the matrix P ;. The eigenvalues of P are 1, 0 and —;12- and the eigenvector

t
to the eigenvalue 1 with pg+ (a — 1)p; +p, =1 is (:2111, D a21+1) . O

Lemma 1 suggests to approximate the digital distribution by a station-
ary Markov chain (Xg,k > 0), with (stationary) probability distribution
Pr[Xj = b] = pp, 0 < b < a, and transition matrix P, i.e.

1
Pr[Xi+1 =0 X, =0] = o
a+1

Pr{Xp41 = 0|Xg =] = —; (1<c<a),
1
. X1 =b|Xy =0 = —— 1<b<
(2.5) Pr{Xg41 = b| Xy = 0] o (1<b<a),
1
Pr{Xpp1 =bXk ==~ (1<b<a-1,1<c<a),

Pr[Xi+1 =a|lXg=¢]=0 (1<c<a).

The next lemma shows how we can quantify this approximation for finite
dimensional distributions.

Lemma 2. For every h > 1 and integers 0 < ky < kg < -+- < kp < j we
have

1
Pl‘[fkl,Gj = by,... aflch,Gj = bh] = Qky,....kp b1, by, T (@) (m)
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for allby,... by €{0,...,a}, where

Ty poorinsbr ety = PT[ Xy = b1, , X, = bp)-
Proof. For 0 < k <l < j we have

Py jPetrj - Pj=PF+0 (a'2(j"))

and consequently
(2.6) Prl&c, = bolék,; = b1] = Pr(X; = by| X = b1] + O (a—2(j—z)) ,
Since

Prlk,q; = b1, 1 &kn,G; = bal
= Pr[é‘kh,Gj = bhl&kh—th = bh_l]Pl‘[fkh_l’Gj = bh—1|§k;._2,G,- = bh—2] .
w PrEe, 6y = b2léry,6; = bi]Prié 6, = bil,

we just have to apply (2.6) and Corollary 1 and the lemma follows. O
The case of general N is very similar.

Lemma 3. The probability distribution of & n for Gj < N < Gjy1 with
j > k 1is given by

1
(2.7) Prié,y = b = Prltic; = b + O (aj_k)
for allb € {0,...,a}.
Furthermore, the joint distribution for 0 < k) < ke < --- < kp < j s
given by

Pr(ék, v = b1, -, &k, N = bp] = Pr[éx; 6, = b1, -+ -k ,6; = bal

1
v (k)

for allby,... ,bp€{0,...,a}.

J
Proof. For N = Y’ ¢;G;, we have
1=0

{n<N}={n<¢G;}U ({n <¢€-1Gj-1} + ejGj) U...

J
U <{n < €Go} + ZeiGi) .
i=1
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Therefore

1
Prié,n =0 = N(#{n <€Gj|ex =0} +#{n <e_1Gj-1 |ex =b} +---
k=1 ‘
+ #{n < €x4+1Gr41 | & = b} + { go €Gi ifep=>

0 otherwise

=% (ejGjPr[fk,Gj = b] +---+ f[k_;_'l]G[!:_%-J.]PrKk,G[E;J_] = b])

1
to (NG[*—?])
1
= Pr[{k,Gj = b] +0 (a-;-_—,;) s
where we have used
1 .
Pr(ék,c; = b = Pr[ékg,_, = b+ 0O (&7_—!—_—,:) fork<j-—1I.
A similar reasoning can be done for the joint distribution, e.g. we have
forl <k < j:
1 J
(28) Prlln=bany=c=F > &GiPrlér g, = b4, =

i=k+1
-1

k_l . . 3 —

+i Y. &GiPr[ig, =+ ,-g, «Gi ife=c ifep =0
N ) =i+l 0 otherwise

0 otherwise

Thus, we can proceed in the same way. a

We now turn to the derivation of Ey = EYy , i.e. to the proof of (1.2),
the first part of Theorem 2. Since

J
Yv =) Cen
k=0

for N < Gj41, the expected value of Yy is given by

J B
EYy=)» EGn=) Elny+0O((logN)"),
k=0 k=A

where

(2.9) A =[(log N)"] and B = [log, N] - [(log N)"]
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and 7 > 0 is a sufficiently small number (to be chosen in the sequel).
Furthermore, we have

a 1
E(env =Y Prlén = bfi(b) = ux + O (m) )

b=0
which implies
1
EYy =+ Y f(n) = M(N) + O ((log N)")..
N n<N

It seems that the variance VarYy cannot be treated in a similar (easy)
way. Therefore, we use some additional assumptions and present a proof
of (1.4) together with the distributional result (1.3).

The above calculation indicates that we just have to concentrate on dig-
its ex(n) with A < k < B (defined in (2.9)). The reason is that we obtain
uniform estimates for this range. The following lemma is a direct conse-
quence of Lemmata 2 and 3. Note that it is not necessary to assume that
ki,... ,kp are ordered and that they are distinct.

Lemma 4. For every h > 1 and for every A > 0 we have

1
N-#{n < N | e (n) =b1,... €k, (n) = ba} = Qky,. kn b1, bn

1
+0 ()
uniformly for all integers
A < k17k27"' 7kh <B

(where A, B are defined in (2.9) with an arbitraryn > 0) and by, bs, ... ,by €
{0,1,... ,a}, where

qkl,.--,kh,b]_,-.-,bh = Pr[Xkl = bl’ e ’th = bh]'

This observation causes that we have to truncate the given function f(n)
and have to consider

f(n) = ka er) = f(n) + O ((log N)").

In order to finish the proof of Theorem 2 it is (luckily) enough to prove
1 f(n) = M(N)

2.10 — —_— ®

eo)  gr{nen =T <ol ae),

where

B
=> wn, DWN)?= Z (2)-
k=A

1,k=A
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This is due to the following lemma and (2.11).

Lemma 5. Suppose that D(N)/(log N)" — oo for some §j > n/2. Then
we have ) (n) — M(N)
N#{n<N f—nf):(]—v)-——<a:}—>@(x)
for all z € R if and only if
f(n) - M(N)
D(N)

le#{n<N <x}—><1>(a:)

forallz e R
Furthermore, if for all R >0

v () - [

then we also have
1 f(n)—M(N) h_) o th
=3 (z)
N & ( D(N) ) /_oo e

and conversely.

Proof. We consider the three (sequences of) random variables
Xy o [O=MW) o fO-MW) ,_FO-HW)
D(N) D(N) '’ D(N)
Suppose first that the limiting distribution of Xy is Gaussian and that all
moments converge. Since
lim D(N) =1
N—oo D( N )
and Yy =X N%——((% the same is true for Yy.
Further, we know that
lim ”YN - ZN”oo =0.
N—-oo
Thus, it immediately follows that the limiting distribution of Zy is the same
as that of Yy and that all moments of Zy converge to the same limits as
the moments of Yy.

It is also clear that the converse implications are valid. This completes
the proof of Lemma 5. a

Therefore it is sufficient to show that the moments

wan=3 5 (125800)
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converge to the corresponding moments of the normal law. We will do this
in two steps. First we prove a central limit theorem (with convergence
of moments) for the exact Markov process and then we compare these
moments to those of f(n), i.e. (1.4). Obviously the proof (1.3) of Theorem 2
is completed then.

The next lemma provides a central limit theorem for  fix(Xx), where
X is the stationary Markov process defined by (2.5).

Lemma 6. Suppose that there exists a constant ¢ > 0 such that afj) >c
for all 5 > 0. Then we have
(2.11) D(N)?2>1logN, D(N)?2>logN

and the sums of the random variables fi(Xy) satisfy a central limit theorem.
More precisely

B =
D(N)
and for all h > 0 we have, as N — oo,

— h
B (Zszfk(E)((;\z)— M(N)) —-)/;oozhd@(x).

Proof. Let
P(z,A) := PI‘[Xk.H € AlXy = .'II]
(which does not depend on k) denote the transition function of the Markov
chain (Xg,k > 0) and
B:=1- sup |P(z1,A)— P(z2,4)|
z1,72,A

its ergodicity coefficient. If the f; are injective on {0,...,a}, then
(f(Xk),k > 0) is a Markov chain with ergodicity coefficient 8 and we

get, by Lemma 2 of Dobrusin [4] and with Var fi(X;) = ,(f,)c > c,

3’
C
Vargfk(xk) > 1558 — s+ DB

If some of the fi are not injective, we get the same result by considering in-
jective functions fk which tend to f. Since D(N)2 = Var 221%' N Fe(Xk)
and D(N)? = Var E,?:A fr(Xk), this proves (2.11) if 8 is positive.

Suppose 8 = 0. Then there exist z1,z2 € {0,...,a} and a set A such
that P(z1,A) = 0 and P(z3, A) = 1, because P(z, A) attains just finitely
many values. We have P(z,{0}) > 0 for all z. Hence, if 0 € A, we get
a contradiction to P(z1,A) = 0 and, if 0 ¢ A, we get a contradiction to
P(z3,A) = 1. Therefore we have 8 > 0.
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For each h > 2, the moments E | fr(X)|" are jointly bounded because of
fx(b) = O (1). Hence, if the f; are injective, all conditions of Theorem 4 of
LifSic [15] are satisfied and we have convergence of (absolute) moments to
those of the normal distribution. An inspection of LifSic’ proof shows that,
as above, this is valid for non-injective f too. O

Now we are able to compare the moments of f(n) and Y fi(Xk)-

Lemma 7. For every h > 1 and every A > 0 we have

h
M(N S8, fu(X) — FI(N)
N Z ( ) E( =) )

Proof. We have

MI)\" 1 (DL Felexm) =) )"
NZ( 5 ) ‘N,,<N< D(N) )

_1 )y Z Z H i (eks(n)) — b
Nn< k D(N

N k1=A kp=A1i=1

- 3 ) ]—t,-#{n<N|ekl(n)=b1,...,ekh(n)=bh}

A<k1,...kph<B 0<b1 yesbn<a

Tri(Bs) — pos
H s

=1

h

Y S Pr{Xi, =by,..., X, = bh]Hfﬁ@;“’“.

A<ki,...kp <B0<bh,....bp<a =1 D(N)

I

By Lemmata 4 and 6, these expressions are equal up to an error term
O ((log N)?/2-2). Since A can be chosen arbitrarily, the lemma is proved.
a

3. Plan of the Proof of Theorem 3

We set M, D and f as in Theorem 2 with the only difference
B:=[rlog,N]—-A (A = [(logN)"]). Then an argument similar to
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Lemma 5 shows that it is enough to prove

1 F(P() - FI(N")
w{n < [P

<:1:} — &(z)

and —_ —
f(P(p)) — M(N")

(<
a7 \F D(N7)
In fact, we prove that the centralized moments

1 F(P(n)) - M(N7)\"
&W-EQ( )

< a:} — &(z).

and

F(P(p) - FI(N")
qm)(mz( D7) )

converge (for N — 0o0) by comparing them to Ax(N"). By proceeding as in
the proof of Lemma 7 and by using the following lemma, it follows that for
each fixed integer h > 0, Bp(N) — Ap(NT) = 0 and Ch(N) — Ap(N") = 0
as N — oo. (Of course, this proves Theorem 3. We just have to replace
Lemma 4 by the following property.)

Lemma 8 (Main Lemma). Let P(n) be an integer polynomial of degree
r > 1 and positive leading term. Then for every h > 1 and for every A > 0
we have

%#{n < N | ex,(P(n)) =bi, ..., e, (P(n)) = bs}

~ col—L
- qkl,...,kh,’blv"’bh (log -ZV)A

and

——F#{p < N | &, (P(p)) = b1,..., €k, (P(p)) = bn}

= +0 1
= qkl,,..,kh,blr--ibh (log N)A

(N)

uniformly for all integers
(log N)" < k1, kg, ... ,kp <log, N™ — (log N)"
and by, by, ... by € {0,1,... ,a}. (The gk,,. Kk, 5:,..b, Gre as in Lemma 4.)
It turns out that this lemma can be proved similarly to that of Bassily
and Kétai [1], i.e. with help of exponential sums. The only difficulty is

to get a nice condition for extracting the digits €x(n) without using greedy
algorithms. This problem is solved in the next section with help of a proper
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tiling of the unit square. Section 5 provides proper estimates for exponen-
tial sums. These are the two main ingredients of the proof which is then
completed in Sections 6 and 7.

4. Tilings

The aim of this section is to provide proper tilings of the plane corre-
sponding to our digital expansions in order to get an analogue to g-ary
expansions where we have

(4.1) cr(n) =b < <qTT‘L*T> € [SHTI)

if (z) denotes the fractional part of z.
For our expansions, we will have to take into account the values of

<37,(a"—+1)> and <EFT-IL(‘@T-'1')'> By taking just one value into account, there
are overlaps and we cannot get something like (4.1) or (4.2).

Proposition 1. Let Ay, 0 < b < a, denote rectangles in the plane R?
defined as the convez hull of the following corners:

2
a a a+l a-1 1 a
Ao : ) L) 7(0a1)’ 2 'y T o ’ ) 1 T T )
a’t+1 a*+1 a‘+1" o®+1 a‘+1 ot+1

A - b-1Da+1 o> -a+b ba+1 o® —a+b+1
b a2+1 ' a?2+1 )’\a?2+1’ a2 +1 ’
b+1l)a+l a-b-1 ba+1 a-0»

( 211 et ) \@ T 2 forbe{l,...,a—1},

A_az-—a ax a2-a+1 a? (10) a? 1
“\a2+1’a2+1)'\ a2+1 "a24+1)"7 "\a2+1" o3 +a2/

Then these rectangles induce a periodic tiling of the plane with periods Z X Z,
i.e. they constitute a partition of the unit square modulo 1. Their slopes
are (o, 1), (—1,) and their areas are A2(Ap) = pp, b=0,...,a, with py as
in Corollary 1. Furthermore, if ex(n) = b then

(4.2) (<a’°(o?+ 1 > , <a’“+1(7;+ 1)>) € (Ap mod 1) + O (a"k) .

Essentially, this proposition says that there is an analogue to (4.1) for
G-ary expansions with a small error of order O (a‘k) for the k-th digit.
We want to remark that Farinole [12] considered a very similar question.

Remark. The rectangles A, modulo 1 constitute a Markov partition of the
toral automorphism with matrix

(i o)
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Ezample. Before proving the proposition, we illustrate the example a = 3:

O .. @y

:(1,0)

which looks like follows in R2 /ZZI
0,1 1,1

(0,0) (1,0)

Proof of Proposition 1. Suppose that n is given by n = Y €;G;. Then we
have

(#@rm)

o? a 1
T gyt )
(—a) la a 1 1
=<"'+f'°+1 Z1 TR +fk—1a2—+1+'“>+‘° J)

-(E28208) o (3)
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with the abbreviations
T =+ eppa(—a) 2 + epa(—a)
y= ek_la—l + Gk_ga—z +---,

where we have used (1.1) and that 5,"_’*_—1aj - Ez%(—a)‘j is an integer for
all 5 > 0 (see (5.2)). Similarly we get

2
n —-a°T + € + 1
e ) = —a 2 )+ 0 5)-
okt (a+1) a?+1 a
By Rényi [19], we know that (ex—1,€k—2,...) < (€,_q;€t_g---) (lexico-
graphically) implies
er_10  +egga i+ < e;c_la"l + e}c_za'z +---

Hence, if € < a, then y is bounded by

0<y<aa'+aa3+aa’+..-=1
and by
0<y< a2 4+aat+aa%+.--=a!
if ¢x = a. Similarly, z is bounded by
z<aal+aat+aa b+ .- =a7l
for all €, by
z>—-aa l-aa3-aad—-..=-1

for ¢, = 0 and by

-3 5

z>—-(a-1Nat-a3-a®- - =al-1

for €, > 0.

If we put these limits into ((”e"”)a —e’z ety

a4+l Y a4l
corners for Ap. It is now an easy exercise that (the interiors of) these
rectangles are pairwisely disjoint (and situated as in the example) and that

they induce a periodic tiling in R? with periods Z2. O

), we obtain the given

5. Exponential Sums

In order to prove the Main Lemma we have to study exponential sums

of the form ) g
v e (a3rm)
and , s
— 2 _p
w2 (73770).
where my , Mmig Mp1  Mp2
S=—m toma Tt om T ot
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with integers m; ; (1 <i < h,1 < j <2) and e(z) := €?™*, as usual.
Lemma 9. Let m; j, i € {1,...,h},j € {1,2} be integers with |m;;| <
(log N)? for alli,§ and
(logN)" <ky <ky<---<kp <log, N" — (log N)"
for arbitrary constants 6 > 0, n > 0. Then, if S # 0,
ollog )"

S < ISl < arter

foralln <n.
Proof. Clearly we have

(log N)® _ (log N)° —(log N)"'
§ € =i < Siany K@ (log M),
For the lower bound, we first remark that o is given by
(5.1) ot = Gha+G_,,

where the sequence (Gj});>o is defined by G; = 0, G} = 1 and G} =
aG}_l + G;_z for 7 > 2. Therefore we have

m1,1ak"—k1+1 + mlyzak"‘kl +ooc+mpia+mpg Aa+ B

S= aknt1 T akatl?
with
! !
A= ml,leh_le + ml,ZGkh—kl + - +mp,
and
/ !
B =m11Gy, _k, + M12Gy, g, -1 + - + M.
We have

|(Ae+ B)(Aa™! — B)| = |A2 —aAB - B?| > 1
if A#0or B #0 and
Aa"! - B < (log N)?

because G’ is given by

' a i a
(5.2) Gy = o - =

()™
(cf. (1.1)). Hence

allog M)

a

The next two lemmata are adapted from Lemma, 6.2 and Theorem 10 of
Hua [14].
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Lemma 10. Let P(n) be a polynomial of degree r with leading coefficient
B. For every 19 > 0, we have a 7 > 0 such that

N (logN)" < B< (logN)™"

implies 1
= e(P() = O ((log N) ™)
n<N
as N — oo.

Lemma 11. Let P(n) be as in Lemma 10. For every 19 > 0, we have a
T > 0 such that
N"(logN)" < B< (logN)™"
implies )
P(p)) = ~T).
) 2, 4P = O (g 1))

as N — oo.

Note that we can apply these two lemmas for 8 = S/(a+1) with S # 0
for any choice of 7 > 0 since
o~ (8 N)" « (log N)~".

Lemma 10 can be deduced for » > 12 from Theorem I in Chapter VI of
Vinogradov [20] because of

B=+ 23 with® <1, (ogN) <q < N"(logN) ™.

if e [ i +1] For general r, the two lemmata can be proved by replacing
gby 1 3 in the proofs of Lemma 6.2 and Theorem 10 of Hua and using the

following lemma.?

Lemma 12.
F+[3

z[f] min (U —1——) <U+ llogl
2 2l 583
where ||z|| = min((z), 1 — (z)).
Proof. In each of the intervals [mp, (m +1)8) and (1 - (m+1)8,1-mp],
0<m< %[%], we have at most one {nf3}. Therefore

F+{3]

Z min( L ) 2%mm( ! ) <U+llog
" 2|n | B "B

n=F+1 m=0

2Unfortunately we could not find a direct reference for Lemmata 10 and 11.
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6. The Boundary of the Tilings

Lemma 13. Let P(z) be an arbitrary polynomial of degree r and A > 0.
Set

su® = #{ < () (Frarn)) 0@
=y ( ). () ).

where

1 1
Up(A) = {(331 +y1— Synt2t —y1+ yz)

A
(z11$2) € aAbv Iy‘ll .<_ ?11' = 172} .

(0Ay denotes the boundary of Ay.) Let (logN)" < k < log, N™ — (log N)7
for some (fized) n > 0 and A an arbitrary positive constant. Then, uni-
formly in k, we have

E;p(A) < AN + N(log N)™2, Fy5(A) < An(N) + N(log N)~.

Proof. We use discrepancies to prove this lemma. The isotropic discrepancy

Jn of the points (z1,1,%12),---,(ZN,1,Zn,2) in R? is defined by
1 X
JNy = sup N ZXC({zn,l}, {xﬂ,Z}) - >‘2(C) ’
ccr2 [V~

where the supremum is taken over all convex subsets C of T? = R?/Z2. It
can be estimated by the normal discrepancy Dy which is defined by

’

N
1
Dy = sup |7 ; x1({zn1}, {zn2}) = a(D)

where the supremum is taken over all 2-dimensional intervals I of T2:
Dy < Jy < (8\/§+ 1)/Dn

(see Theorem 1.12 of Drmota and Tichy [9]).
To get an estimate for Dy we use the following version of Erd4s-Turan-
Koksma’s inequality:

1 . 1 1 1
DN«-M-F Z mln(|m|’|m|’|mm|)
(m1,m2)€Z2\(0,0): 1 2 1M2
|m1|,|m2|§M

1
N
n

M=

X e(m1Tn,1 + maZn2)|,

1

Il
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where M is an arbitrary positive integer (and } = +00) (cf. Theorem 1.21
of [9]).
We set (zn1,ZTn2) = ( a,}(;gf,_)l), aJ+I;((2)+1)) and M = (log N)?*. Then we

have, since Uy(A) is the union of 4 convex subsets and the conditions of
Lemmata 9 and 10 hold,

Erp(A) < 4INN + X (Us(A))N

N 22 2 —70/2
< (log N)* + (log(log N) ) N(logN) + AN.

Similarly we get, with Lemma 11,

N 2\ 2 —70/2
Frp(A) € (log M) + (log(log N) ) N(logN) + Am(N).

We can choose 75 > 2) and the inequalities are proved. O
7. Proof of Main Lemma

For b € {0,...,a} let py(z,y) be a function periodic mod 1, defined
explicitly in [0, 1] x [0, 1] by
if (z1,22) € Ay \ 04
if (.’171,.'1,‘2) € 0Ap
otherwise

(=T ]

op(z1,22) 1= {

Its Fourier expansion )_ ) ¢y, m, (b)e(m1z1 + moz2) is given by
co,0(b) = Aa(As),

det Ty — y T2 — Y
Cmy.ma (D) = Z |det((z1 — y1,72 2)) (y1,42)€T(x1 ,22)|

—omi _ _
(z1,2)eV (As) (yhyz)g(%zz) mi(my(z1 — 1) + ma(z2 — y2))

X 6(—m1$1 - m2$2),

where V(A;) denotes the set of vertices of the rectangle A, and I'(z;, z2)
the set of vertices adjacent to (z1,z2) € V(A4p) (cf. Drmota [7], Lemma 1).
This can be bounded by (cf. Lemma 2 of Drmota [7])

(7.1)  lemym, (B)12

1
<

(1 +|ma(z1 — 11) + ma(z2 — y2)|)?

(z1,22)EV (Ap) (y1,y2)€T(21,22)
1

<
(L |1 + Smal)* (14 | ~ Frma])”

. 1 . 1
< min (1, 7—2‘) min (1, :"5)
my m2
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uniformly for all (m;,msy), where the constants implied by < only depend
on Ay and My :=my + %mg,ﬁzg = 1mg — %ml.
For (small) A > 0 we consider the function
A A

7 2
1 1 1
Po(z1,22) 1= A2 / / op(z1 + 21 — 522,1‘2 + '&'zl + 2z2)dz1dz;.
A A

2 2
The Fourier expansion Y 3" dm, m, (b)e(m1z1 +maz2) of this function is
given by

(e(™42) — e(=™2)) (e(™52) — e(-732))

dmy,m, (b) = Cmy,m2 (b)

if (m1,m2) # (0,0) and
do,o(b) = co,0(b) = A2(Ap).

—-41(21’71117?.2A2

Hence
1 1 1 1
. . 11 o (L
(7.2) |dm; m2 (b)| < min (1, ]’ Ar"n%) mm( > Tl Arh%)
and
(7.3)  dmyms (b) = cmyyme (b) (1 + O (A?)) (1+ O (m3A%))
as 'ﬁliA — 0.

It is clear that 0 < 9(z1,22) < 1 for every pair (z;,z2) and that

[ 1 if (51,22) € 45\ Up(A)
bo(21,22) = { 0 if (a1 2 & Ay UTL(A)

We define
F(($1,1,$1,2)a ces (a-‘h,1,$h,2)) = Py, (T1,1,21,2) - - - Yo, (Th,1, ZTh,2)

and

(akh(ZH)’ akh+1?a+ 1))) '

We set
31 = #{n < N | &, (P(n)) =b1,..., e, (P(n)) = bx}

D2 :=#{p < N | &, (P(p)) = b1, ..., €k, (P(p)) = bn}
and get, with (4.2) and Lemma 13,

T1- Y HP(n)

n<N

< By 0, (D) + -+ - + Egy 5, (),
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T2 — Y t(P(n))| < Fiypy (B) + -+ + Fry 5, (8),

n<N
for A greater than the error terms O (a™%) = O (a~(e M) of (4.2).
t
— 1 1 1 1
Furthermore, set V := (a"l(a+1)’ oF1IFi(G11)"" """ aFh(atD)’ a"h+1(a+1))

and let M be the set of vectors M = (my1,m12,...,Mp1,Mp2) With
integer entries m; ;.
Then we have
= ) Tme(MVn),

MeMm
where
Tm= dml 1,m1, 2(b1) mh, 1,Mh, 2(bh)

and
(7.4) D HP(m)= > Tm Y e(MVP(n)),

n<N Mem n<N

Y tP@E)= > Tm Y e(MVP(p)).

p<N Mem p<N

If |m; | < (log N )% for all 4, j, Lemmata 9 and 10 provide
Y e(MVP(n)) < N(log N)™™,
n<N

if MV # 0. Lemma 11 provides a similar result for primes.
Since (m;,1, m;z2) — (i1, ™Mi2) is, up to a constant, an orthogonal trans-
formation, we have

) 1 ) 1 ) 1 . 1
min{l,— |min{1,—— ) <min|1l, —— ) min | I, —
773,11 |774,2] Imi ] Imi 2|

and, with (7.2),

> |Tm|

MeM:i|m; ;|<(log )%
[(log N)23]

<5 () ()

t=1m; 1,m; 2=—[(log N)%]
[(log NV)*] 1 1 '
< 2w () (0 )
m1,ma=—[(log N)*] ' ?

<L (log(log N)zd) o



464 Michael DRMOTA, Wolfgang STEINER

For the M with |m; ;| > (log N)% for some i, j, we get similarly

> [Tl

MeM:3i,j with |m; j|>(log N)2é

<[ £ F)(EmE)

m={(og NY»] "
1 2h—-1 (log(logN)‘s)zh"l
< (log N)#A (log at A) < (log N)¢ ’
if we set A = (log N)~%. Therefore we have
(75 =N Y Tm+0 (N(log N)~™/2 4 N(log N)-5/2)
MEM:MV=0

(and a similar expression for £;). Since the main term depends on A, we
want to replace T by

TI’VI = Cmy,1,m1,2 (b1)--- Cmp,1,mp 2 (bn)-

Hence we have to estimate the difference Y e pmv=o(TM — Tpy)-
By (7.3), we have

(7.6) Tv = T3y (1 +0 (ma.xm A2>)

4J

First assume |m; j| < (log N )%/2 for all 4, 5. Then we obtain from (7.6) and
(7.1)

Y Mu-Td< Y [TallogM)
MeM:|m; j|<(log N)3/2 MeM:|m; j|<(log N)3/2
(g N)572] _ \ 2 5/2\2h
1 _s _ (log(log N)?/2) iy
< =] (logN)’< < (log N)%/2,

and it remains to estimate the sum of the Tyy and Ty, with |m; ;| >
(log N)%/2 for some 4,j which satisfy MV =0, i.e.

(7.7) m1,1G, k41 + M12Gk, p, + -+ ma1 = 0,
(7.8) m1,1Gy, g, + M1,2Gk, k1 + -+ M2 = 0.

This is done by the following lemma, where only one of the equations is
needed.

Lemma 14. We have

o T n) <t
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where Y denotes the sum over all integer solutions (my,...,myg) of the
linear equation

(7.10) nmi+ - +yvg-1mya-1 +myg =0,

(with integers v; # 0) such that |m;| > (log N)%2 for some i. The constant
implied by K does not depend on the v;.

Proof. First we remark that m; = 0 for some ¢ reduces the problem to a
smaller one. For H = 1 (as well as for H = 2), the lemma is trivial. Hence

we assume H > 1 and m; # 0 for all 5.
For every choice of (my,...,mg_1), let myg be the corresponding solution

of (7.10). First we sum up over all choices with |mg|>|m;...mg_|/H-D?
and obtain

H-1
Zlml mH|‘2 Z Z my . 'mHl(

mi=1 my-1=1

. H-1
(L)
1+(H—-{1)7

m=1mM

1

1
my... M- 1) (H-1)

If we consider only |m;| > (log N)®/2 for some i < H — 1, we have thus

1 ___ ¢
—_—— K ].0 N 2(H—1)2_
Z [m1 mHI ( g )

For |[mg| > (log N)*? and |m;| < (log N)%/2 for i < H — 1, we get

[ogNyp/2) | 7
Z - <9oH-1 l _l__.__
|my...mpg| — = m (log N)é/2
(log(log N)‘5/2)H_1
(log N)%/2
It remains to estimate the sum over the choices (m;,...,myg_1) with
Imy| < |my...mg_1|Y/E-D* Wlo.g., assume |y;m;| = v <H ll’)’zmz|
Then we have
—1 1
(7.11) Ime| < |[yami ... yg-1mp—1|E-D? < |yymy|F-T

and

1 1
|[yame + -+ + yg—_1mu—1| € [I’Ylmll — |y | F-T, [yima | + |’71m1|H-1] .
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We split the possible range of |y2mg| into
I = (0, bma| = pyuma|#=2/#-D] and

Jo = (|’71m1| - Jyamy |H-D/EH-D) |’71m1|] .

For J, we obtain

H-2
1 H-1 4
(7.12) ) < 2| 72 4

- H=2 — 1 -
ma:lyamz|€J2 Imal el Immi| — JpmiF=1 fyamg | BT

Summing up over all such (my,...,mg) with |m;| > (log N)%2 for some i,
we get
2H—1

1
7.13 —_— < ————————(log |11m1
19 2 oo ; |m1||71m1|ﬁ( B il
[y1m1|>(log N)*/2
< 2H(logN)‘7§7.

Thus it suffices to consider mg with |yom3| € I from now on. This implies

)H—3

1
|yams + -+ + yH—1mH-1] € [l’nml + yama| = |y1mq| 7T,
1
lyimy + yama| + I’Ylm1|”‘1]

with s
[yaima + yama| 2 |yama |71
We split the possible range of |y3m3| into

J3 = (|’Ylm1 + yamg| — |[yymy | H-3/H-1),

[rim1 + yama| + |’71m1|(H_3)/(H—1)]
and I3 = (0,2|yym1|] \ J5. Similarly to (7.12), we obtain

Z 1 < 8

= 1
m3:|y3m3|€J3 |m3| I'Ylmllﬂ"l

and the sum over these (mj,...,my) can be estimated as in (7.13). For
all other mg, we have

H-3
[vam1 + yama + ysma| > |y1ma |1,
We can proceed inductively and in the only remaining case we would have

1
lvim1+ -+ + yg—1ma-1] 2 |y1ma | 7T
which contradicts (7.11). Thus the lemma is proved. a



The Zeckendorf ezpansion of polynomial sequences 467

We apply Lemma 14 for (7.7) with H = 2h — 1. Multiplying each term
of the sum in (7.9) by min(1,1/|my, 3|) (where my, » is determined by (7.8)),
gives

__s
> Ty < (log N) ™ 86-1)%
MEM:MV=0,3i,j:|m; j|>(log N)3/2
and the same estimate for Tjs.

Hence
)
— A T 8h-1)2
Z TM - qkl,...,kh,bl,...,bh + ) ((log N) 8(h-1) > ’
MeM:MV=0
where
/ _ /
qkl)"-akh)bl’""bh - Z TM'
MeM:MV=0

Together with (7.5), we obtain
S1= Nk, _tyr,.tn + O (Nl10gN)™),

if we choose 79 = 2\ and & = 8(h — 1)2\.
The result does not depend on the choice of the polynomial P(n). If we
set P(n) = n, Lemma 4 implies
q;cl,...,kh,bl,...,bh = qkl:---:khybl:-":bh'

Similarly we get
Zp = 7(N)ks.brn + O (N(log N) 7).
Remark. In the case h = 1 we have MV = 0 only for (m;,m2) = (0,0) and
co,0(b) = A2(4p) = Pp = Gip- -
8. Proof of Theorem 4

In order to prove independence of different digital expansions we can
proceed essentially along the same lines as for the proof of Theorem 3. We
just have to replace the Main Lemma (Lemma 8) by the following three
(main) lemmas (corresponding to the three parts of Theorem 4) which
imply

L~ 7 (TelPeln) ~ M)\ ™
7V—Z:I-[( l Dy(N'e) )

n<N £=1
l2l 1 } : f (1 l(”)) lut(hn) he 0
(l' ( e Dl(hn) ) )
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and the corresponding statement for primes. Therefore the twodimensional
moments converge to those of the twodimensional normal law and Theo-
rem 4 is proved.

Lemma 15. Let q1,q2 be two positive coprime integers and Pi(z), P(z)
two integer polynomials of degrees r1 resp. ro with positive leading terms.
Then for every hi,ha > 1 and for every A > 0 we have

%#{n <N| €q1,k1 (Pi(n)) = by, ... 1€q1,kn, (P1(n)) = bp,,

€g2,11 (P2(n)) =Cly---, eqz,lhz (P2(n)) = chz}

1
— g—h1,—h -
ara +0((logN)*)
and

2 {p < N | g (Pi(P)) = b, - equin, (PL(D)) = b,

w(N)
€q2,11 (P2(p)) =Cly--y€q)0, (Pz(p)) = chz}

h 1
=gMg M+ 0 (—(logN)A)

uniformly for all integers
(logN)"<kij <ko<---< kn, <7 logql N — (log N)",

(log N)" <l <lp <--- <lp, <r2log,, N — (log N)",
and by, ba,..., by, €{0,1,...,q1—1} resp. c1,¢2,...,ch, € {0,1,...,¢g2—1}.

Lemma 16. Let ¢ > 2 and a > 1 be two integers and Py(z), Py(z) two
integer polynomials of degrees 1 resp. ro with positive leading terms. Then
for every hi,ha > 1 and for every A > 0 we have

1
N#{n <N I €q,k (Pl(n)) = by,... 1€q,kn, (P1(n)) = bhn

ec (P2(n)) = c1,..., €61, (P2(n)) = cn,}

) 1
= 0", 1y scny + O (W)

and
B <N | e (Bi(B) = bus-- g, (P1(p) = b
&G, (P2(p)) =C1y--+€G,lp, (P2(P)) — Chz}

_ 1
=q hlqll,...,lhz,cl,...,c,.2 +0 (m)
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uniformly for all integers
(log N)" < ky <k <--- <kp, <rilogy, N — (log N)7,
(logN)"<ly <lpg <+ <lp, <r2logy N — (log N)",

and by, bo,... by, € {0,1,... ,¢ — 1} resp. c1,ca,... ,cn, € {0,1,... ,a}.

2
Lemma 17. Let aj,az > 1 be two integers such that %bi—: is irrational
2

and let G = (Gj) and H = (H;) denote the corresponding second order
recurrent sequences. Furthermore, let Pi(z), P2(z) be two integer polyno-
mials of degrees T, resp. ro with positive leading terms. Then for every
hy,he > 1 and for every XA > 0 we have

-]lv#{n <N I €G,k; (P1 (n)) = b1, - ’eG,khl (P1 (n)) = bhu

en, (Pa(n)) =ci,... ,emy,, (Pa(n)) = cp,}

() (H) 1
- qkl)'" )khl Wb15e. 7bh1 qlla'"vthg 5C15°** sChy + 0 ((l—oé—W)
and
1
m#{z’ < N | egk, (P1(p)) = b1,..., Gk, (PL(P)) = by,
en, (Pa(p)) = c1,... ,emy,, (P2(p)) = cn,}

0 it i + O (o)
uniformly for all integers
(log N)" < k1 <ky <--- < kp, <r1log,, N — (logN)",
(log N)" <1 <lp <-+- <lp, <rlogy, N — (log N)",
and by, by, ... by, € {0,1,... ,a1} resp. c1,ca,... ,ch, € {0,1,... ,a2}.
The proofs of these lemmas run along the same lines as the previous

Main Lemma (compare also with [1] and [6]). We have to consider sums of
the type

> TmyTm, Y e(M1V1Pi(n) + MaVaPy(n))
M; M, n<N

(cf. (7.4), where, in the g-ary case, My, V, and Ty, are defined by

M, = (m{,...,m¥),
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with
e(- %) — e(= 25 e(BR) — (- 1)

dm,q(b) = 2mim 2mimA

Especially, if 7, # r2, then the proof is straightforward and very similar to
that of Proposition 1 in [6]. The reason is that there are no cancellations
in the leading coefficient of the polynomial M; V1 P;(n) + MaVaPs(n) and
consequently one can directly apply Lemmata 10 and 11 in order to estimate
the corresponding exponential sums.

Therefore we concentrate on the case r; = r9. Here we have to adapt
certain properties.

Lemma 18. Suppose that q1,q2 > 2 are coprime integers and c1,c2,T pos-
itive integers. For arbitrary (but fized) integers hy, hy let m§~e) 1<3i<
he, £ € {1,2}) be satisfying mge) # 0 mod q and |m§-£)| < (log N)?, where
d > 0 is any given constant. Set

(€ ()
Spi=—1 oy ™
= "o O
k9 +1 ki, +1
q q,

Then, for
(log N)" < kge) < kg) < < k,(f;) < log,, N — (log N)”
we uniformly have

q(IOE N)ﬂ,
NT
for all given 0 < 1/ <7, where ¢ = max{qi, g2}

L ler S + e28:| < q—(logN)"

This lemma is implicitly contained in the proof of Proposition 2 of [6],
the statement of which is that of Lemma 15 for » = 1. However, by using
Lemmata 10, 11 (which have not been used in this generality in [6]) and
18, Lemma 15 follows as Proposition 2 of [6].

Lemma 19. Let ¢ > 2 and a > 1 be two integers and cj,co,r positive
integers. For arbitrary (but fized) integers hy, ha, let mg-l) (1<j<h)
be integers satisfying 'rngl) # 0O mod ¢ and |m§1)| < (log N)° and let mfi)

(1 €14 < hg, 7€ {1,2}) be integers satisfying Img?l < (log N)?, where
d > 0 is any given constant. Let

1

S my) s
1= —— . —_—
gt +1 qk,?l)+1
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and @ @ - (2) (@)
So = mi,i mi2 Mhy 1 My 2
2= — Tt 75 Tt @
okt oI+ ofhe okt
Then, for
1 1 1
(log N)" < kg ) < ké V<< k,(ll) < log, N" — (log N)"

and for

(log N)" < k&z) < kg) <. < Ic,(i) <log, N" — (log N)"
we uniformly have
q(logN)"'
NT
for all given 0 < 7 <.

L |e1S1 + ¢

S2 —(log N)"
a+1 l <4q

Proof. The upper bound is trivial. Thus, we concentrate on the lower
bound. We have, with (5.1) and o (a + 1) = Gra + Gi_1,

~ (2 ~ (2
Sy B clﬁL(l) Cc2 (mg )a+mg ))
)
a+l qlc:h1 +1 G a+ Gk,(;‘;)

S = 6151 + Co
(2)
I;:,,2 +1

with integers (1), m(z) ’ (2) and therefore S = 0 if and only if the equa-
tions

. 2) kW41
clm(l)Gk(2)+l + c2m( mtl = o
1) . (2 ) k41

am\V'G (2) + comg g M =0

1)
hold. Since (Gk,Gk+1) = 1 for all k, we obtain qk"l |c1m(1) and hence

gl (for sufficiently large k,(ll)) which is not possible for mhl # 0 mod q.
Hence we may assume S # 0. In order to get a lower bound for S, we
use Baker’s theorem (see [21]) saying that for non-zero algebraic numbers
aij,a9,... 0, and integers by, be,... ,b, we have either
a'{l cealr =1
or
o b — 1] >exp(—
1 n = p( U) ’
where
U = 26n+32,3n+64n+2(1 4 log d)(log B + logd) log A; - - - log Ap,
withd = [Q(ay ... ,0on) : Q]
B = max{2, |b1], |b2],--- , |bnl}
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and real numbers A;, As,... ,An, > e with logA4; > h(a;), where A(:)
denotes the absolute logarithmic height.

Set € = n/(hy + ha — 1). Then there exists an integer K with 0 < K <
hi + hg — 2 such that for all 5,£

K, - KO ¢ [(10g NY¥®, (log N)(K+0)e)

So fix K with this property. First suppose kﬁl - k](-e) < (log N)X¢ for all

4,£. Then we have log /()| < (log N)X¢, log Iﬁz?)l < (log N)%¢ and we

can apply Baker’s theorem for r = 6 with a; = q, a2 = ¢, 03 = w1,
oy = rh(lz)a +m§2), as = —¢1, ag = ¢f(@+1) and b = —k;lll) -1,

bo = K +1, by = b5 = 1, b = bs = ~1 and obtain

(2)
~ (1 k. +1
—am@(a+ o™ | _Clogmax(kl) £2))log | log(I{ |+
(1) -
ca(mP o+ mP)g"m +

for a certain constant C' > 0. Of course, this implies
M _ @ . T
IS| > max (q—khl a k,,z) gcloglog N (log )X (lolgv JTV )
for some constant ¢ > 0 and all 7 > 0.
Otherwise we have some sj, s2 such that k§21 - ky) < (log N)X¢ for all

j < sg and kgf)_*_l - kgf) > (log N)(E+1e Here we get by Baker’s theorem,
as above,

(1) ) 2) 2
= m m C m m
S=a (_11)_+"'+ (18)1 + 21 (21)’1 +"'+s_<22’)2
gk +1 gkt o+ ofi +1 oks2

(L (2
> max (q--lc‘,1 ’a—k,2 ) e—cloglogN(logN)Ke

and can estimate S — S by
5= 31 < (og W)? (445 ~0ou M0y ok ~(og ki)
Hence we have

|S] > max (q—kgi)’ a—kﬁg)) (e—cloglogN(log N)Ke
_ 5 ,— log(min(g,a))(log M)k +De |} , (log N)”
O((IogN) e )) 2

O
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2
Lemma 20. Let a1,a2 > 1 be two integers such that ‘/%{t—: 1s irrational,
2

let G = (G;) and H = (H;) denote the corresponding second order recurrent
sequences and c1,c2,T be positive integers.

For arbitrary (but ﬁxed) integers hy, ha let m(e) (1<j<hygjLe{1,2})

be integers satisfying Im | < (log N)® (where 6 > 0 is any given constant)
such that

I
Si=—mt—wm ot k(zl’) ,cu)l’ s
a1 a1 am a b +
and @ ) @
mil o, M2 Mhot | Mhy2
Sp=—gt—mgt t @ 7
D kP k) kD41
Then, for

(log N)" <k < k) <+ < k) < log,, NT — (log N)"
we uniformly have
allog N)” < LI S
NT a+1 " Pag+l

for all given 0 < 7' <17, where & = max{a;, az}.

a

I < ol

Proof. Again we can concentrate on the lower bound and have

g Sh So c (ﬁl( )a1 + m(l)) Co ('ﬁ’l,( )02 + m(z))
= + ¢ = +
a;+1 as+1 Gk’(:l)_'_lal + Gkgl) Hk,(l22)+1a2 + ka(;?

2
The assumption that 1/%&% is irrational ensures as & (). Hence S is
2

zero if and only if the equations

evrinf! )Hki(.22)+l + szgz)Gk;(.ll)ﬂ =0
rmy Hyn +exmy Gyn ;= 0
clmgnﬂkp Lt czm?)ak’(‘? =0
ams H, o+ oG )Gk’(:l) =0
hold. Then we must have e.g.
o _ oo a o Ok

my My
a H (2)+1 Gk;(.ll)



474 Michael DRMOTA, Wolfgang STEINER

and G " because of (G G,m) = 1. With [m{}| < (log N)°

lc,(,‘1)+1I

we get 7" =0 and thus M) = mP =mP = § = 5 =0.

Hence S # 0 and the lower bound is obtained similarly to Lemma 19. [

) )
k) +1 Tk
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