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RESUME. Soient q,q;,...,qs > 2 des entiers et aj,as,... des
nombres réels. Dans cet article, on montre que la borne inférieure
de la discrépance de la suite double

MN
({amd™}, - {am+s-14"}) oy

coincide (& un facteur logarithmique pres) avec la borne inférieure
de la discrépance des suites ordinaires (z,)!Y dans un cube de
dimension s (s,M,N =1,2,...). Nous calculons aussi une borne
inférieure de la discrépance (& un facteur logarithmique prés) de

la suite ({a1q7},..., {asq;‘})f:,=1 (probléme de Korobov).

ABSTRACT. Let ¢,q1,...,9s > 2 be integers, and let a;,aq,...
be a sequence of real numbers. In this paper we prove that the
lower bound of the discrepancy of the double sequence
MN
({amg™}s - {@m+s—10"})

coincides (up to a logarithmic factor) with the lower bound of the

discrepancy of ordinary sequences (z,)M¥ in s-dimensional unit

cube (s,M,N = 1,2,...) . We also find a lower bound of the
discrepancy (up to a logarithmic factor) of the sequence ({a14]'},

. {asq;‘}):;l (Korobov’s problem).

1. Introduction.

1.1. A number a € (0,1) is said to be normal to the base g, if in a g-ary
expansion of a, @ = dydy--- (d; € {0,1,--- ,¢ — 1}, = 1,2,---), each
fixed finite block of digits of length k appears with an asymptotic frequency
of ¢7% along the sequence (d;)i>;. Normal numbers were introduced by

Manuscrit regu le 2 mars 1999.
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Borel (1909). Champernowne (1935) gave an explicit construction of such
a number, namely

0=.123456789101112 ...,

obtained by successively concatenating all the natural numbers.

1.1.1. We denote by N the set of non-negative integers. Let d,q > 2 be two
integers, N = {(n1,...,nq) | n; €N, i =1,...,d}, A={0,1,...,q -1},
Q=AM

We shall call w € 2 a configuration (lattice configuration ). A configuration
is a function w : N¢ = A. Let b, N € N¢, h = (hy,...,hq), N =
(N1,...,Ng). We denote a rectangular block by

FN={(f17'7fd)€Nd|0sz<N’ln 1;=1,...,d},

G = Gy, is a fixed block of digits G = {gi,,..;, € A | i; € [0,h;), j=
1,...,d}.
1.1.2. Definition. A lattice configuration, w € (Q, is said to be normal
(rectangular normal) if for any h € N® with h;---hg > 1 and block of
digits G,

(1) #{neFn | wn+i)=gi,. ;, Vi€ Fn} - g hhang .. Ny
=0(N1"'Nd)7

where i = (i1,...,14), and max(Ny,..., Ng) — oco.
It is evident that almost every w € 2 is normal. The constructive proof of
the existence of the normal lattice configuration is given in [LS1], [LS2].
Below, to simplify the calculations we consider only the case of d = 2.
1.1.3. Let (x,) be an infinite sequence of points in an s—dimensional unit
cube [0,1)%; v = [0,71) X --- x [0,7s) be a box in [0,1)°; and A,(N) be a
number of indexes n € [1, N] such that x,, lies in v. The sequence (xy) is
said to be uniformly distributed in [0,1)° if for every box v, 4,(N)/N —
71 -+ 7vs. The quantity

(2) D(N) = D((xn)n=1) = D¥((xn)izy) = sup N
ve(0,1]s

is called the discrepancy of (x5)N_,.
It is known (Roth, [Ro]) that for any sequence in [0,1)°,

limy 0 ND(N)/log*? N > 0,
and according to the well-known conjecture (see for example [Ni, p. 32,33]),

(3) limy_0oND(N)/log® N > 0.
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1.1.4. The double sequence (up ) € [0,1)°, (n,m = 1,2,...) is said to
be uniformly distributed (Cigler, [Ci]) if

DO ({upm} 1M ) =0(1), with max(N,M) — co.

Kirschenhofer and Tichy [KiTi] investigated double sequences over finite
sets (see also references in [DrTi, p.364], [KN, p. 18]).

1.2. It is known (Wall, 1949) that a number « is normal to the base ¢
if and only if the sequence {ag"}n>1 is uniformly distributed in [0,1) (see
[KN, p. 70]). It is easy to prove similarly (see Appendix of this paper) the
following statement:

Proposition 1. Let ¢ > 2 be integer, dmn € {0,1,...,9 -1}, m,n =
1,2,... . The lattice configuration (dmm)mm>1 s normal if and only if for
all s > 1 the double sequence

(4) ({amq"}, een, {am+s—lqn})m,n21

is uniformly distributed in [0,1)°, where
oG

(5) Um =Y dmn/q" .
n=1

1.2.1. In [Le3] it was proved explicitly that there exists a normal number
o with

(6) D({ag"}_) =O(N"'log’?N), N - o00.

The estimate of discrepancy was previously known O(N~2/3 log?/? N (see
[Ko2],[Le2]). According to (3), the estimate (6) cannot be improved essen-
tially.

Our goal is to find a lower bound of discrepancy of the double se-
quence (4). The main idea of the paper is the using of small discrep-
ancy sequences on the multidimensional unit cube to comstruct the se-
quence of reals (am)m>1 (see (5) and (9)). Here we use a variant of Ko-
robov’s s—dimensional sequences (s = 1,2,...) with optimal coeflicients
(see [Ko3]). We provide the following construction of a normal lattice con-
figuration:

1.2.2 Construction. Let p;,ps be distinct primes; (¢, p1p2) = 1,

1 i) .
(1) ko=0, ki =[log,(mps)+1lp, ki=kip, " i=23,...,
to=1, ti= pgogm e+ y1=1,2,...,
®) r(j) = min i, j=12,...,

j<tipt, i=1,2,...
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[es) 171—1

(9) o = Z Z Z k (2n+y) { ]2 u(pzn +p1.71) }ki :

=r(@)  a=6Ppi~tki_q/k; V=0

where

(10) 69 =1 if i>r(j); otherwise 67 =0, {z} = [¢*{z}]/q",
j2€{0’17---ati—'1}7 jZEijdti7 jl:(j—j2)/t'i7
1) o e{o,1,...,pipi -1}, v=0,1, j=1,2....

J2,V
Theorem 1. There eist integers ai™ (m,r = 1,2,...,v = 0,1) satisfy-
ing (11), such that for all s, N,M > 1 we have

(12) D (({amqn}, e {am+s—1qn})15n5N,05m<M)
= O((MN) Y(log MN)***log? log M N)

with max(M, N) — oo, and the constant implied by O only depends on s.

We note that according to (3), the estimate (12) cannot be improved by
more than the power of the logarithmic multiplier.

Corollary. Let s,q > 2. There exist numbers ay,...,as (simultaneously
normal to the base q) such that

D(({aqu},...,{asqn})gzl) = O(N~!log2+4+< ) .

The discrepancy estimate was previously known as O(N~/%) [Kol] and
O(N~2/310g**2 N) [Le2].

1.3. Let s,q1,...,9s > 2 be integers. Numbers ay,..., a5 are said to be
simultaneously normal to the base (qq,...,qs) [Kol],[Ko3] if the sequence
(13) ({alq?}v teey {asqg})n21

is uniformly distributed in [0,1)*

In [Kol], Korobov obtained the first examples of simultaneously normal
numbers using normal periodic systems, completely uniformly distributed
sequences, and estimates of trigonometric sums with exponential functions
(see also [Ko3]). In [Kol], Korobov constructed simultaneously normal
numbers with

D(({angf}, .. {asaf i) = O(NTY5)
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and posed the problem of finding simultaneously normal numbers with
a maximum decay of the discrepancy of the sequence (13). In [Lel], si-
multaneously normal numbers with Dy = O(N~1/210g**3/2 N) were con-
structed. Here we find simultaneously normal numbers with the discrep-
ancy estimate O(N~!log?*2 N). We note that according to (3), this es-
timate cannot be improved by more than the power of the logarithmic
multiplier.

1.3.1 Construction. Let p be prime; (¢;,p) =1,i=1,...,s;

= = [lOg m] =
10 k1 pllggs[logq,.p+1], km = k1p™% ™, n1 =0,

Ny, = Np—1 + 2km_1pm—1, m=2,3,...

co p™-1 1 (m)

(15) Q; = Z Z Z qnm+km(2n+v){ p }kmz

m=1 n=0 v=0 Y

where {z}x; = [{z}¢Fl/df,i=1,...,s, k=1,2,.....

Theorem 2. Let s > 2. There exist integers a( m) ¢ {0,1,...,p™ — 1}
(t=1,...,s; 1/—01 m=1,2,. .)suchthat

D(({o1q?},- -, {osqfDAL)) = O(Ntlog®*? N), N — oo .

We prove this theorem in Section 4. Theorem 1 is proved in Section 3.
Section 2 contains auxiliary results.

2. Auxiliary results

First, some further notation is necessary. For integers d > 1 and [ > 2,
let C4(l) be the set of all nonzero lattice points (hi,...,hq) € Z¢ with
—l/2<h; <l/2for1 <j<d; C(l)=ZN(-1/2,1/2]. Define

r(h,1) = Isin(n|h|/l) for he Ci(D),
IR for h=0,

and
d
(16) r(h,1) = [ r(hs,0)
j=1

for h = (hy1,...,hq) € Cy(l). For real ¢, the abbreviation e(t) = 2V =1t jg
used. Subsequently, four known results are stated, which follow from [Ko3,
Lemma 2], [Ei, Lemma 3], [Ko3, p.13, Ni, p. 35] and [Ni, Theorem 3.10],
respectively.
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Lemma 1. Let p > 2,a be integers,

5,(a) = 1 if a=0modp,
PP 710  otherwise.

Then
p—1

dy(a) = 3 elan/p).

n=0
Lemma 2. Let ¢ > 2 be an integer. Then
1 1,2 7\d
~(Z1 h
> ha <o(Freers)
heCqy(q)
h=0(mod v)

for any divisor v of q with 1 <v < gq.
Lemma 3. Let A, B,T be integers, 1 < B <T. Then

A+T 1 ’nho
> odwls ¥ el Lot R
r(h o,T) T
n€[A,A+B) ho€(-T/2,T/2]
According to [Ni, p. 35] [1/T ) ,¢c(4,4+B) e(nho/T)I < 1/r(ho,T). Now
the proof of Lemma 3 repeats that of [Ko3, p.13]. O

Applying this lemma twice, we get
Corollary 1. Let r > 1,M,M;,N,N; be integers, M € [1,p5], N €
(1,p]]. Then

N1+N-1M+M-1

1
EDOEED DEEICHS ED DD D = e =

n=N1 m=M h-1€C(pT) h—2€C(p3)
N1+p1—1 My+p3—-1 . mh_2
Z Z tnm + — t o, )l :
n=N1 m=M; P 2
Lemma 4. Let N > 1 and P > 2 be integers. Let t, = yn/P € [0,1)¢
with yn € {0,1,...,P —1}? for 0 < n < N. Then the discrepancy of the
points tg,t1,...,tN—1 satisfies

) _
D(to, t1,...,tN—1) N h ;P) r(_h,I_Dﬂ 7;) e(h-ty)

Corollary 2. Let T > N > 1 and P > 2 be integers, t, = y,/P € [0,1)¢
with y, € {0,1,...,P—1}¢ for 0 <n < N. Then

(17) D(to, t1,...,tn-1) < 4 TET((tn)nZO) ,

’“U
2|
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where

((tn n>0 Z Z (h P hO, IZ htn“‘ﬁﬁg

heCd(P) hoe(~T/2,T/2)

Corollary 3. Letp] > N > 1, p5 > M > 1, and p1,p2 > 2 be integers,

thm = Ynm/PiP5 €0, 1)¢, with Yom € {0,1,...,p1p5 — 1}¢ for n,m =
0,1,.... Then

dMN
(18) MNDD((tnm)asy <mety+M, Ny<n<Ni+N) < + DY (tym)

1P3
where
1
DD (¢, Z Z Z — - -
1p2-—1
nh_y h_
X‘ZZ (bt + 22+ 22
n=0 m=0 1 p2

Lemma 5. Let x, € [0,1)*, n =1,2,..., q1,...,qs > 2 be integers, ¢ =
min(qi, - - - ,qs), KD, .. k8 > 1 be integers, and put k = (k(l),...,k(s)),
k= min(k®D,... k). Then

(19) D((xn)ila) < D((fenhi)aly) +
@) D((frahi) <5+ max  |g#{t<n<y

ci€[l,gF ]i=1,..8

{xah € [T0 (@)} - H7 )| < o5+ D(Gei),
i=1

O]
where y(¢;) = cz/qk {Xn}k = ({xn,l}k(l),lv SRRE {xn,s}k(S),s)’ {ytmi =

[@™{y}/g™, m=12,....

Proof. Let v = [0,71) X -+ % [0,7); v = [[;=1[0, {7i}x ;). It is easy to
see that

#F{L<n <N | {x}x €V} <#{L1<n <N | {xn} €0}
<H#{1<n N | {x,}k €v}.

Using (2), we obtain

LH1 <<V fxadi e} o7+ D((Benhi),
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and

%#{1 SnEN[{Xa}k €V} 27107 — D(({xn}k)ﬁﬂ)

- IISI%' - ﬁ{%}k(e),il .
=1 =1

Hence

D) < D((Gad)) + sup | TTw— b -
i=1

M 5--"786[011)3 i=1

Similarly to [Ni, Lemma 3.9], the second sum is not more than

: 1 - 1 s
=10 om) <=1 0-g) <

1= =1
and we obtain the first part of the lemma.
Let v" = [[;_;[0, {vi}xw; + 1/¢¥™). 1t is easy to see that

#F{1<n<N|{x} eV} <#{1<n <N | {xp}k € v}
<#H1<n <N | {x,} €}
and

lj—tf-#{l <n < N|{xp} €'} —mesv'| - |mes v —mes |
< l%#{l <n <N | {Xn}x € v} — mes v|

1
< IN#{l <n < N|{x,} € v"} —mesv"| + |mes v" — mes v|.

Bearing in mind that max((mes v — mes v'), (mes v — mes v))

S

+1 s .
< max 11 czk(i) - H lf:i)

c‘.e[o’q{t(i))’i:l’"'?s i=1 4 i=1 %
g 1 S
<1—||(1—-——.—><—
- k() )] — 4k?
i=1 9 q

we find that

1
,N_#{lgnle{xn}kEv}l ka‘

+ max
cie[l,qf(’)],izl,...,s

s . s .
_]16#{19@1{xn}keﬂl[o,;%)}—ﬂ% -
i= 1

i=1 93

Now we obtain from (2) the second part of the lemma. a
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Lemma 6. Let qi,...,qs > 2 be integers, ¢ = min(qy,...,qs), k0, ...,
k) > 1 be integers, £, ..., ¢ ; put k = min(kD, ..., k()), £ = min(¢®),
cen 76(5)); Xn = (m_n,la I ;xn,s); Yn = (yn,h cee ,yn,s)r Zn = (zn,la vy zn,s);

and yn,i = {x”l,l}g‘;)z + qjlcl,*)‘{zn,i}g:z; 7: = 1) ceay Sa n= 1, 2, e . Then
S
D(s) ((Y‘n,)11:,,=1) S ZSD(ZS) ((x’l'hzn)rl:]:l) + qk+e :

(3) 1p(3) () 1))

Proof. Let S ={1,2,...,s},ICS,vi=ci/d T e {l,....qf T},
(i) ;

= (- {nhod) = Mlwpi=1...,s

_k®
vi=][{vho, [ a*
iel ieS\I
Br = {1 <n<N| ({ﬂ:n’i}k(i)’i € [0, {’)’i}k(i),i), Vi € I), and
({mn,i}k(i),i ={vilro and {zniten; €[0,7) Vi€ S\I ) },
B={1<n<N|{yi}€0,m) i=1...,s}.

It is easy to see that

II»=>w B=UBn

i€(L,s] Ics Ics
(21) 1 1
N#B - H % <Y ‘ﬁ#Bl —’Yll,
1€[1,s] ICS
and

{zni}kw; € [0, {Vi}ko ) <= {zns} € [0, {7} );
@)
{Znitio; = (ke <= {Eni} € [1heo o (ke s + 1@ )5
{zni}eo i € [0,7) <= {zn:} €[0,%) (v = {Vi}ew )
Applying (2), we obtain:

1 1 .
[7, - N#B;‘ < lw - N#{l <n<N| ({wn,i} €0, {rihw,) Vie I),
(O]
and ({zn:} € (W}, (Wdko s + 1/at")

and  {zn;} € [0,7;) Vi€ S\I)}l

< DE#D( (i, (zniDiesvt)nes) < D) ((en, 2niler)
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From (20) and (21) we get :
D(({Yn})r]:;l) = quw

1 d s
e e 'ﬁ#{l Sn<N|{ya}€ H[O,v(cz-))} - [[7(%)‘
C,G[]-,q'- ] i=1 i—1
i=1,...,s
S
= gk+t T Z I_#B’ | < k+£ +2° D) ((xp, 2n)n1)
c,-e[l,qf +t lIc
i=1,...,8

where v(¢;) = c,/qk(l)“m i=1,...,s. O

Let ¢o = @(p1p2)/p1p2, where ¢(z) is a Euler function,
(22) Am(b) = {0, 1,...,bm - 1} ,
AR(b) ={n € An(d) | (n,b) =1} .

It is evident that

(23) #A5 (p192) = @(P1p2)pT o3 = opTpy, m=1,2,... .
Now let

(24) A(Z, m,S,Cpy- .- ,C2s—1) = p’inpgn

Y > S Y e, o) (g, ) (b, )
h_1€C(pP*) h—2€C(pT*) heCas(pT*pT)
s—1

X Opmpm (h—1M2p5" +h_oMipT" + Z(qihjcj + hj+scj+s)) ,
=0

where M;p* = 1(mod p7*) and Mopd* = 1(mod pT*).
Lemma 7. Let 1 > 0; m,s > 1 be integers. Then

1
25) —m—m——— A(i,m,s,c,...,Co5—
@) o 2 LA 00 C2a1)
(coy--vc25—1)E(AS, (P1P2))

< K1(s)m23+2,
with K1(s) = 12¢52°(2 log pips + )2 +2p¥p3.

Proof. We follow [Ko3, p. 191]. We denote the left side of (25) by o;.
Changing the order of the summation, from (24) we get

(26) o1 < > > > Aol
h_1€C(p7*) h—2€C(pF') heCas(pT*pT)
X T_l(h—Zapgn)r_l (h7p71np5n)E(h-—l7 h—25 h),
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where
(27) E(h_1,h_2,h) = W 3 PPy
(c0se-025~1)E(Am (p1p2))%s
-1
X Opmpm (h—1M2P§n +h_oMipT* + sz:(qihjcj + hj+scj+s)) .
=0
Let (ho, ..., has—1,p7*PT) = p7'p5?, and let
(28) h; = pyitPripgtPeip, (hispipe) =1, PBui, Bai 20,

i=0,...,25— 1.

This yields that there exist p,v € [0,2s—1] such that 3, , =0and 33, = 0.
If 4 = v, then

29) > 8 m-ar meos (Cuhyv1 +v3) = pi'p5® for (vi,p1p2) = 1.
cu€[0,p7* )

Now let u # v.

We find for integers vy, v2 and vz (with (v;,p1p2) =1, = 1,2), that

(B0) DD S e (Cublpy v+ bl BT vy + v3)

C,_,, Cv G[Ovpinp’én)

Ba,
= Z Z 5pvln~al pme ((cu,l Msp3*+eu2M 1PT)hLP22 *up

Cu,1,Cv,1 G[O,Pin) Cu,2 7cu,2€[0)p’2n)

+ (o Mapll + ¢ s MgV hlpl vy + vs) =da,
where
o = Z 5p;'l~a1 (cu,lepé”thgz”‘vl + Cu,1M2pglhf/Pf1’"vz + v3),
Cu,1,64,1€[0,pT")
and
o = > §,m=as (Cua MipT" Lpgz’”vl + co 2 MypT R pl v + v3) .

€u,2,Cv,2€[0,p5")

Observe that (szé"th§2’“v1,p1) = 1, (MupPhl,p " va,p2) = 1,

> 8ypm=a1 (Cu1 Map5*hyypy ™ v1 + va) = pi*
Cu,1€[07p11n)

and

Z 5p;n—a2 (c,,,ngp’l"hi,pfl’"vz +v5) = p? .
Cl/,2€[07p12n)
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Hence
(31) o = ppt and o = pyrtez,

Ifh_y #0 (mod pi*) or h_p #0 (mod p5?), then E(h_1,h_2,h) =0.
Now let

ho1 =pI*h_y, h_g=py*hl,.
From (27) we see, that

1
(wop"p3')?e
m, m ’ m—as
X Z PPy X 6p;"*a1p;n—az (h_1M2p2
(co,--sc25-1)E(Ar (PT'PT))?

s—1

+ B, MypT ™ + Z(qlh;.cjpfl.jpgz,j + h}+SCj+spf”j+”pgz’j+s)) ‘
j=0

(32) E(pT*h_,,p5%h. 5, pT p52h') =

Now, applying (29) for the case of u=v and (30), (31) for the case of
u # v, we get

E(py*hly,p5"hes, 1 p3"h') = 05 2*p(p3* .

We obtain from (26) that

an<w® Y 2. 2 > pi'pa” X

OSon,02Sm L, €C(]' ™) K, €0} ™*2) €Tz ("™ 97 ")

(33) xr~ Y (AL pft, pT)r (W gps?, p3)r (WP pg?, pTpYY).

Applying Lemma 2, we get

_ o — 2m T\ 2s
> r~(pf p52h, pT'p) < py“'p; “2(—;1ng1172+3) ,
h'€Ca,(p]" ~*1py ~2)
and
(34) Yo el < 1+p“’“(-2210gp1+z) :
1 "—=Lr1 ) = 1 p 5

h’ 1€C(p;n—a1 )
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Now, from (33) we obtain :

- 2 T\ 2s _ 2 7
o1 < g Z (;mlogplpz + 5) (1 +p ™ (;mlogpl + 5))

0<ay,a2<m
x (1 + py 2 (gm log p2 + z))
2 \p 5

7\ 2s 2 7
—) ((m + 1)2 + (m + 1)(;mlogplp2 + 5)

5

p1 D2 2 7\2 P11 P2

X + + (=mlo + < )
(pl—l Pz—l) (71' EP1p2 5) pr—1lp2—1

< K, (s)m2s+2 .

/2
< g (;m log p1p2 +

O
Let
B = (6, b g, BT, By 1),
(35) B(v,i,j,5,b0M) = AlG,m, 5,000, 600, b0,
T _7+s 1 1/+1)
where b7}, =b", ve{0,1}, j€{0,1,....tm — 1},
m= {b(’”’ e (AnEwm)™ | Y X
SE[]_,tm]je[O,tm)
x 3 S B(vi,5,5,b™) (24K ()2 kpm®+?) 7 > 1} .
i€[0,km—1] ve{0,1}
Lemma 8. With the notatz’on defined above we have:
#Qm =19 (#A* (plpz)) m, m = 1,2,... .
Proof. 1t follows from Lemma 7 and (35) that
1 1
B(v,i,j,s,b™) =
* 2tm Z YUy )19y * 2m
(#A%.(p1p2)) b(m (A5 (o1pa))m (#4575 (p1p2))
X Z A(i,m, s,bﬁ"l), : Yﬂ 1mb§n:)+1’ 7b§:'2 Lu+1)

b(m (A}, (p1p2))?tm
< Kl(s)m23+2,
where v € {0,1},7 € [0,tm), and i € [0, ky — 1].
Hence

v,i,j,s,b™
2 2 Z Plpz))2t"’ 2 B,1,4,5,67)

J€[0,tm) i€[0,km —1] vE{0, 1} b(m)e(Az, (p1p2))2tm
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<2K, (S)tmkmm2s+2y

and

)DEDIIEDD Z m(Plpz))2t"‘

$€[1,tm] j€[0,tm) 1€[0,km —1] v€{0, 1}

-1
x Y B(v,4, j,s,b™) (2K1 (s)tfnkmm2s+2) <1
b(m€(Az, (p1p2))2tm

Changing the order of the summation, we find that

(37) (#A;n(pllpz))%m Z ( Z (24K1(8)tfnkmm23+2)—1

b(m)e(Az, (p1p2))2tm S€[1,tm]

x3Y Y % B(u,i,j,s,b<m)))51/12.

J€[0,tm) i€[0,km—1] v€{0,1}

Now, from (36), we obtain the assertion of the lemma. a
Put
(38) Al(a,i,m,S,CO,---,Cs—l) = Z Z
h_seC(pltV heCa (P )
(hsyeshas 1,05 1 )=p§
o s= -1
(h 2, pTH«+1) (h,pg‘+1) g(spg (h_2 + qu2 Z h]CJtm+1/tm) y

j=0

and for v € [1,s — 1]

(39) A2(e,i,m,v,co,...,C25-1) = Z Z

h_1€C(p;"+l) heCos (p7 )

(hvyershs—1 by psrehas 1,07 T H)=p
v—1 )
xr ™! (h-1,pT")r ™" (b, p7")PT Ope (h—1+P1km+1/km Z(qzhjcj+hj+scj+s)) :
=0

Lemma 9. Let t, > s > 1, € [0,m + 1],v € [1,s — 1], € [0, k1] be
integers. Then

1 .
(40) FEA D) Z Ai(a,i,m,s,co,...,Cs5-1)
(coy-res-1)€(A%, (P2))*

< Ki(s)pa(m + 1)%H!
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and

1 .
(41) FAr p)E Z As(a,i,m,v,co,. .., Cos~1)
MV (G prentaam1)E(A0 (1))

S Kl(s)pl(m + 1)2s+1_

Proof. We will prove the statement (41). The proof of (40) repeats that
of (41). We denote the left side of (41) by o;. Changing the order of the
summation, from (39) we get

-1 m+1

42) o= > > r~Hho1,p7)
h_1eC(p™*!) heCz, (P T1)

(hvseeibigi by pgrnshos— 107 T )=p2

x 77} (b, p ) E(h—y, h),

where
1
Bhob) = cosmnm 2 H
PPy (COrrCas—1) E(DR (p1))28
v—1
X bpg (h—l + prkm+1/km Z(qihjcj + hj+st+s))-
=0

Let (ho, ..., hy_1,Bsy- .-, Bogs_1,p™H1) = po1, and let
husti =08 by,  v=01 i=0,...,0-1

Then there is (vg,%0) € {0,1} x {0,...,v — 1} with (h;/os+io?p1) =1.
It is easy to see that

43 E(h_1,h) < max _ o(c,1,),
(43) (h-1,h) < ce(AL, (p1))2e (€10, 0)
where
‘ 1
(44) o(c,io,10) = oL >, #
()0 p]. pl Cuos+iOEA:n+1(p1)
v—1 )
X dpe (h_1 + " g1 /fom Z(qzhjcj + hj+scj+$)) '
j=0

We find that if A_; Z0 (mpd prlnin(a’al)), then E(h__l, h) = 0.
Now let h_; =0 (mod prlnm(a’al)), and let h_; = p‘l”m(a’al)h'_l.
From (44) we find that

(45) U(cﬂ:OaVO) :p? for o 2o ’
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and

1
(46) o(e,d0,10) < o)t >, #t
1422 S-S

v—1

X 8- (h’_ L+ pikma1/km Z;(qihljcj- my +scj+s))
]:

1 —uo)iy!
< ™ E Prd a-ar (f +P1km+1/kmq(1 l10)1huos+jocuos+jo)

Y0Py Py
Cugs+ig €[0,0T)

for oy <a,

where

f= hl—-l +p1km+1/km Z q(l——u)ih:/s+jcus+j'

v€{0,1}, j€[0,v]
(v,.1)#(v0,30)

It is easy to verify that

log,, (m + 1) — log,, (m) < 1, m=12,...,

and

(47) [log,, (m + 1)] — [log,, (m)] < 1, for m=1,2,....

According to (7), we have

(48)  kmi1/km = p[llog,,l (m+1)]-[log,,, (m)]

Bearing in mind that (q(l‘”")ih:josﬂo,pl) = 1, we obtain from (46) that

e{l,m} for m=1,2,... .

o(c,io, v0) < g P2t for m <a.

Now, (45) and (43) imply that
E(h-1,h) < ¢5 1Pf+min(a’al)5pmin(a.a1)(h—l) for o1 €[0,m+1].
1

From (42) we obtain

s ¥ Y% >

a1 €[0,m+1] h_jec(Pt!) heCas (pT 1)
h_1=0 (mod p’l’"“("""l)) (hvseeoshg 1 hy g grshag_1,P]"
(hQy--shy—15hsyeeshgpy—1,PT"

X 17 (hoy, PP (b, pT ) g o] )
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Applying Lemma 2, we get

_ i — mi 2 1 7
o1 < ¢; 1 Z pi+mm(a,a1)(1 +p7 m1n(a,a1)(__(mT+__)_ log p1 + g))
a1 €[0,m+1]

2(m + 1) 7\2s — min(a,01)
(T lem+5) ni

< ¥ 1P%(—(—7r—)10gp1 +5) (m+2+2(—(—;——llogp1+ g))
m+ 2

_ 2 7 2 7
< p5lpi(m+ 1)28“(; log p1 + g)zs(m 1 T2 logp + 5))

< Ky(s)(m 4+ 1)%5+1 .

a
Lemma 10. Let
tm m+1tm—1km—1
(49) Q1= {b‘"" eBnEm)* 1YY )
s=1 a=0 p=0 =0
% Al(a7 7:, m,s, bf;,rﬁ)’ sy Ezl-)s—l,l) >1
12K1(8)t2,km(m + 2)(m + 1)2s+1 ’
and
tm m+1 km—1 1
(50) Qm’g = {b(m) (S (A:n(plpz)%m | Z Z Z Z Z
s=1 a=0 pc(tm—s,tm) =0 v=0
g As(a,i,m,ty — u,bﬂf.‘), .. ,bfz)s_l’u,bg":j)ﬂ, .. wb;(ji)s—l,uﬂ) o1
24K (8)t2,km(m + 2)(m + 1)2s+1 )
Then
1 m
(51) #0my < 5 (#A(P1p2 )N*, v=12.
Proof. Let v = 2. It follows from Lemma 9, and (39) that
1
A* 2tm Z
HARPIPD™™ e al Gy
A2 (aa 7:7 m, tm - bl(jnlll)7 L) bg-’{l—)s 1,0 bflT/)—{-l’ ° bg—?—)s—l,ll+1)
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1
T #AnL)® 2

(O b lTs 1041 )E( B (P1))?2

A2(aa i, m,tm — b;(zn:/)7 i) ;(Z-’}l-)s—l,w bf:,’:/)+17 cot ’b;(:-r:-)s—l,u+1)

< Ki(s)pi(m +1)*+,

for s € [L,tn), a € [0,m+1], u € (tm — $,tm), i € [0,km — 1], and
v € {0,1}. Hence

tm m+1 km—1 1

Y Y S Yomiom ¥

s=1 a=0 pe(tm—s,tm) i=0 v= 0 b(me(Ar, (p1p2))2tm

Az(a, i, myty — bftr,"l/)v ab;(:-n;-)s 1,0 b;(z"zl/)+1v ’b§¢+)s 1 u+1) <1
2K (s)p1t2,km(m + 2)(m + 1)2s+1 -
Changing the order of the summation we obtain that
1 tm m+1 km—1 1
S BT OEED 5 SHD SH 35 >
m b(m) (A%, (p1p2))2tm 5=1 @=0 pE(tm—5,tm) i=0 v=0
A2 (Ol, iv m, tm - b[(:,rlll), A b;(:.?.?g 1,07 bf‘:::/)-fla i b,(1,+)5—1,y+1) < 1
X 3 o1 =19
24K, (s)p1t2.km(m + 2)(m + 1) 12
Now, from (50) we obtain the desired result. Using (49), we similarly obtain
(51) for the case of v = 1. O
Now, from Lemmas 8 and 10 we get:
Corollary 4. Let
(52) Qm,S = Qm ) Qm,l U Qm,2-
Then
Lo ax 2m
(53) #0ms < 7 (#O5(P1p2)"", m=12,... .
Put
(54) Bi(i,p,s,b™ M) = H° > Mo,y

h- zGC(p;"“)hGCz (p;"“)
r (b, g (h 2+Z (q B, py It +hs+, f{_’;jé’))
7=0

1 1 .
where ¢y =MD L€ (0,1}, € {0,1,. .., tmyn — 1},
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Lemma 11. With the notation defined above, we have:

1 . m
(55) (#A5(p1p2))?m+1 > By (i, 1, ,b™, ™)
m c("‘*’l)G(A;‘,H,l(1)1172))”"“"l
m+1
<py Z Al(a,i,m,s,bgﬁ), ceey f:_’:_)s_l,l) .
a=0

Proof. Let (hs,...,hzs_l,pgn"'l) =p%, hi= h;pg, fori =s,...,25 — 1,
and let (A, +igoP2) = 1 for some 7 € [0,5 — 1]. We denote the left side of
(55) by o. Changing the order of the summation we get from (54)

m+1
(56) o= Z Z Z r~H(h_g,p5")

=0 p_,ecC(pyt) heCy (1)

(hsy-shos—1,05" T 1)=pg
X 77t (b, pyt YW (h-z, h),
where
1
W(h—Z,h) = Z p;n+1

(F#4A7,41(p1p2))2m+1

c(m+De(Ar L, (p1p2))*im+1

s—1
X Jp;n+1 (h_z + Z (qlhjbgi)jJPZth [tm + hS+J'C§LTr-Ji'-,(1J)))'
Jj=0

It is easy to see that

W (h_2,h) = = 3 ppt!

* s
(#Am+1(p1p2)) (CO,---,CS—I)G(A:,-H.](p1p2))s
s—1
X 5p;n+1 (f + Z h3+jc]-),
Jj=0
where
s—1 )
f=h_o+ Z qzhjbffi)jylp2tm+1/tm-
Jj=0
Hence
1
57) W(h_g,h) = ———— p
(57) (h—2,h) (#A%h41(p2))° Z 2

(cos-sCs—1)E(AL 41 (P2))°

s—1

X 5p;n+1 (f + Epgh;+jcj).

§=0
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It is evident that if f # 0 (mod p%), then W (h_3,h) = 0.
Let f =0 (mod p$), f = fpg. Bearing in mind that (h;+i0,p2) =1
we obtain

> Gpn-e(ft Y B + Byyigtio) = 75

cip€[0,p7 1Y) 1€[0,s—1], i7io

Equation (57) shows that

s—1
W(h-z,h) < max > 2/ pe)dgria (£ + Y orjes)
CE(Am+l (pz))s o E[ pm+1) 2 J=0
10 w2

< (p2/¢(p2))p3 0pg (f)-

Then equation (56) implies that

m+1
o< > Y “Hhea, p7 ) (I, p )
=0 p_,eC(pp*!) heCys (PP +1)
(hssshog—1.25 T )=p
s—1 )
X P50 (hoa + Y ¢ hibY) Potm /tm) -
=0
Now from (38) we obtain the assertion of the lemma. a

Corollary 5. Let b™ € (A% (p1p2))”™, b™ & Qs

tm tm+1—1lk,—1

(58) Fmt11= {b(m+1) € (Amplpip2)®™+ 13 > >

s=1 pu=0 =0
Bi(i,p, 5,0 b)) 1)
96 K1 (s)p2tZ, , 1 km(m + 1)25+2 '

Then

1,.. m
(59) #Fm+1,1 < 4(Am+1(P1P2))2t .
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Proof. Changing the order of the summation, from Lemma 11 we have

1 &
O G 2 e i

c(m+1)€(A:n+l(p1p2))2tm+l =1 p€l0,tm+1) 1€[0,km—1]

By (i, p, 5,b™, c(m+D)
96 K1 (s)pat? rip1bm(m 4 1)28+2

Ai(a,i,m,s B 1) (m )
< yYp,1 00y Ypts—1,1 )
Zm Z Z Z 96K (5)pat2,, 1 km(m + 1)25+2

s=1  a€[0,m+1] p€[0,tm+1) 1€[0,km—1]

We denote the right side of (60) by o. Bearing in mind (8) and that

b, =8, u=0,1,..., we find that

+2 &
s DD VD VDS
s=1 a€[0,m+1] p€(0,tm) i€[0,km—1]

Ai(a,i,m s,bl(‘ 1), ,bf:i)s—l,l)

" 12K1 (8)pat km(m + 2)(m + 1)25+1°

Taking into account (49), (52), and that b(™ ¢ Q.,3, we deduce that
o< (m+2)/8(m+1)<1/4.
Now, from (58) and (60), we obtain the desired result. O

Let T2,Z3,%5,T6,Y2,Y4 be integersv Y2 € (tm - S,tm),

(61) B2($2,$37-’1?5,-’L‘6,y2,y4,3,b(m)7c(m+1))= Z Z
h-1€C(pT"+") heCas (p1**)
(h Lp m+1) —-1(h pm+1) m-+1

X 8 (h_1 Fotkmai/hn S0 (@R hebT )
0<j<tm—y2

z6p (m+1) _a(m+1)
+ Z (¢°h; cy4+1xs+hs+ch4+j,zs+1) :
tm—y2<j<s
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Lemma 12. Let s < tp, y2 € (tm — S, tm), b(m) & Qm3. Then

1
) )P 2

c(m+1) G(A:n+l (p1p2))2tm+l

B2($27 T3,T5,T6,Y2,Y4, S, b(m)? c(m+1))

m+1
< n Z AZ (a’ 3, Mytm — Y2, bl(,;n;?cg) reey bgglis_l,xza bg(/zt:)l:2+1’
a=0
(m)
ceey by2+s—1,xz+1) .

Proof. Let (Rtp—yas-- -y Rs—1, Bt —ystss - - -, h2s—1,P" ) = p$, and let h; =
h;p$, i € [tm — y2,8) U [tm — y2 + 3, 28).

Then (hj,,p1) = 1 for some jo = ji + sj2, with j; € [tm — y2,s), and
J2 € {0,1}.

We denote the left side of (62) by 0. Changing the order of the summation,
we obtain from (61) that

m+1
(63) o=3 > >
a=0 p_,eCpTt?) heCys (T,
(Rt —yg s — 1Bty —yg+srrh2s— 1,27 T 1)=pg
X v Hh_1,p7 )~ (b, p7 )W (h-y, h),
where
1
W(h_1,h) = m+1
( 'B) (#A:n+1 (p1p2))¥m+1 Z 2t P
c(m+1)E(A‘;n+1(p1p2)) m41
X Oyt (h‘l + Pkt /b Y (@bl gy + hotibatiza )
0<j<tm—y2
(m+1) (m+1)
+ Z (@™ iy, s + h5+jcy4+j,z5+1))‘
tm—y2<j<s
We now obtain
1
W(h_i,h) < max S

*
c(mHDE(A] 1, (prp2))*mH #Am+1(P1) Cyq+iy ws+ip €Qm41(P1)
3y ™m

X pT+15p'1"+1 (f +p§.1 E : (qzehjcy4+j,zs + hs+jcy4+j,x5+1)) )
tm—y2<j<s
where

f=h +p1km+1/km Z (nghjb?(lrzn}-j,xz + hs+jbl(l7:-l)-j,$2+1) :
0<j<tm—y2
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It is easy to see that if f # 0 mod (p§), then W(h_1,h) = 0. Let
f=0mod (p), f = f p%. Bearing in mind that (g% (3R, o p1) =1,
we have

! z6(1—72) 1’ X .
E 5p;n+1—° (f +q ( )hjzs+j10y4+J1,$5+Jz
cy4+j1y$5+jze[0,p;n+l)
z6(1—v) ' —a
+ E : q o )hus+jcy4+j,$5+l/) =P -
(v,5)€{0,1} X [tm —¥2,s)
(v.5)#3U2,51)

Hence

W (h-1,h) < (p1/0(p1))pT 0pe (f)

< pitlope (h—1 +prkmir/km Y (thjbg(/ﬂj,zz + h5+ib.1(]znlj,zz+1)) :
0<j<tm—y2

Now, from (63) and (39), we obtain the assertion of the lemma. a

Corollary 6. Let b(™ e (A% (p1p2))%m, b™ & Q. 3, o = 2{([z6/km] +

$5km+1/km)/2}, T3 = km{-’ﬂﬁ/km}y Ys = tm+1{(tm(p71" - 1) + y2)/tm+1}7

m=12,...,

1 km+1—1

tm
(64) Fm+1,2 = {b(m+1) € (A:n+1(plpz))2tm+l ‘ Z Z Z

s=1x5=0 x6=0

Z B2(I2a$3a$57$6’y2ay47S7b(m)’b(m+l)) > 1}

x 192K, (5)p1t2.kmpr (m + 1) 2572

Y2 E(tm-s,tm)
Then

1 . m
(65) #Fmt12 < Z(#Am+1(p1p2))2t A

Proof. Changing the order of the summation, from Lemma 12 we have

1 kms+1—1

1
(66) (AF, 11 (p1p2))Hm+ 2 2 >

c(m+D)e(Ar, L (p1p2))?m+1 25=0 =0

X Z B2(£21$3ax5a$6ay27y4aSab(m)ac(m-*-l))
y2€(tm—s;t7n)
m+1 1 km+1—1
S DIDVIDINNDD
a=0z5=0 z6=0 y2€(tm—s,tm)

% A2(a’ T3, ™M, tm = Y2, b.g'z)zz’ Tt 1(/72’1-2-5—1,952’ bl(jyznal:2+17 RS b:l(;T-i)-s—l,xz+1) .
According to (7), kmy1/km = p[llogpl (m+1)]-[log,, m].
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Let p1 = 2 and kpy1/km > 1. Then 2o = 2{[26/km]/2}, 23 = km{z6/km}-
If z¢ passes the set {0,1,...,kn+1 — 1}, then (z3,3) passes kpmi1/(2km)
times the set {0,1} x {0,1,...,ky, —1}.

Now let p; > 3 or p1 = 2 and kmy1/km = 1. We find that zo = 2{([z6/km]+
z5)/2}, 3 = km{z6/km}. If (z5,z6) passes the set {0,1}x{0,1,...,kmnt1—
1}, then (z2,z3) passes km41/km times the set {0,1} x {0,1,...,ky, — 1}.
Therefore, for both of the cases, if (s, z¢) passes the set {0,1} x {0,1,...,
km+1—1}, then (z2, 23) passes kpy+1/km times the set {0,1}x{0,1,...,kyp—
1}. Hence

1 km+1—1

1 tm
(67) (A% 1 (p1pg))m Z Z Z Z

c(m+1)€(A* +1(p1p2))2fm+1 s=1z25=0 z=0

% Z BQ($2,$3,$5,.’L'6, y2’y473ab(m)’c(m+l))

2 2542
Y2E€(tm—5,tm) 192K, (s)pltmkm+l(m + l)

m+2 tm m+1l 1 kp—1
< 31 LYYy Y %
s=1 a=0 22=0 23=0 yo€(tm—5,tm)

Xp1A2 (a7 z3, M, tm — Y2, b?(JZfZ"Z’ * bg(;T.{)_s 1,z27 b:g??m—{-l’ b(2_+)_s 1 -’152+1)

24K (s)p1t2,km(m + 2)(m + 1)2s+1

Bearing in mind (50), (52), and that b(™ ¢ Q,, 3, we deduce that the left
side of (67) is less than (m + 2)/(8(m + 1)) < 1/4. Then from (64) we
obtain the desired result. a

Now we choose vectors a™ (m = 1,2,...) for the construction in (9) in
the following way:
According to (53),

#((A;z(mpz))%m\ﬂm,g,) >0.

We take a(l) arbitrarily from the set ( {(plpg))zh\ﬂl,g.
Taking into account (53),(59), and (65), we obtain that the set

(68) Fm+1,3 = (A;‘n.*.l(plp2))2tm+1 \ (Qm+1,3 U Fm+1’1 U Fm+1,2) .

is not empty. Let a(!),...,a(™ be chosen. Then we choose a™*+1) arbi-
trarily so that
(69) al™l € Fryys .

The sequence of vectors a™ (m =1,2,... ) is constructed inductively.
Next we fix s > 1, and we consider integers m such that ¢,, > s.
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Main Lemma. With the notation defined above, we have:

) > > Y B(z,33,12,5a™) = O(m**+3logm) ,

0<z2<1 0<z3<km 0<y2<tm

() D > Bizs,us5,a™,a™) = 0(m**log’ m)
0<z3<km 0<ys<tm+1

WIDIEEDD Y By(x2,33,%5, 76,2, Y4, 5,a™, al™ )

0<z5<1 0<T6<km+1 Y2E€(tm —5,tm)
= O(m**3logm) ,
where m = 1,2,..., 2o = 2{([z6/km] + T5km+1/km)/2}, 3 = km{z6/km},
Y4 = tm+1{(tm(1’71n —1) +y2)/tms1}, and s < tp,.

Proof. The proof follows from (7), (8), (36), (52), (58), (64), (68) and
(69). O
3. Proof of Theorem 1.

In this section, the integer s is fixed. For m = 1,2,..., let
Vin,1 = [0, 2kmpT") ¥ [tm—wé"“l,tmpé"),
Va2 = [2km—1P71n_1’2kmp71n) X [1,tmp3'),

(73) Vm = Vm’l U Vm’2, GM,N = [0, M) X [1, N],
(74) G™ = Gy N Vi1, G5 = Gryn O (Vimz \ Vinr),
and let

(5)  Dp=#EDY(({ayg™}, . {oyrs10"}) oy -

It is easy to see that Gz(-m) is rectangular domain (i = 1,2) and

Dgyn < Z Z chm) .

m>1i=1,2

Thus, to compute Dg,, , it is sufficient to find the estimate of D, where F’
is an arbitrary rectangular domain in V,,, m =1,2,... . According to (9),
the analytic expression of {ayq”} depends on the position of (z,y) in V.
We will consider three possibilities for the position of F' in V,;: the middle,
the right bourne and the upper bourne. Next we will consider sub-domains
Fj = {(z,y) € F | z = i mod (2ky), y = j mod (tm)} of rectangular
domain F, and we will compute the discrepancy on the sub-domain F; ; for
all (,7) € [0,2km) X [0,tp), withm =1,2,... .



508 Mordechay B. LEVIN

First we obtain a simple expression for {a,q®}, where (z,y) belongs to a
middle domain of V,,:

Lemma 13. Let (z,y) € Vin; £ = 2knT1 + kT2 + T3,y = tmyy + y2, with
72 €{0,1}, 23 €{0,...,kn—1}, 41 € {0,...,p =1}, 2 € {0,...,t,m—1},
T1+ 22 <p" -1, and t,, > s. Then

{q%z(f;f)zz (z1p7* + y10T") }
km—z3

(76) {oyq"}okm—as =

Ty
1 poln) (@1 + o2)pf + yapf)
ghm =23 { oy } km
Proof. From (8) we obtain
(77) i €ltry-1210 e ), i=1,2,..

Let (z,y) € [0, 2kmpT") X [tm—lp;n_latmpan) = Vim,1-
Then equation (8) implies that r(y) = m.
According to (9), we find that

p'—1 1 (m) (,m m
_ 1 ay, v(p3'n + p*y1)
(78) oyg® =q° Z Z km(2n+u){ PP }km

n=0 v=0 q

00 pi—1 1 (?) i i (s
1 @y i) (P31 + P1Y1(E))
+ qx Z Z Z qki(2n+u) { el : - }ki )

(I}
i=m+l  pepi=lg,_, /k; V=0 Y5V

where y= tmyl + y2; 2112(2) € {07 1)' .. 7ti - 1}7 y2("’) = y(mOd ti)7 and
() =@y -y(9))/ti, i=m+1,....

Bearing in mind that k;(2n+v) -z > 2k;_1p} —z > 2kppl*—z for i > m+1
and n > p’l‘lk,-_l /ki, we obtain that

{ay qz }2km -3

-1 1
_ { 2kmx1+kmz2+z3 ;T_: Z 1 az(;?f?/(Pgln +p71ny1)} }

n=0 v=0
Hence
(m) m m
Aya,z2 (PF'Z1 + PT"y1)

(79) {ayqx}2km—x3 — {qm;;{ Y2,L2 2m - 1 . +q:c3 Z
pl p2 ™ n=z) for x5=0
n=zj+1 for zg9=1

x ¥ 1 {az(;gf)u(pé”n +p’1"y1)} }

v=1, for =0 qkm(2n+u—2z1—x2) pinpan km ) 2km—x3

v=0, for z9=1
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_ {{q%é’;ﬁlz (@168 +pF)
2824 km—23

1 {%(,Zlm((wl +z2)p3" + ywi")} }
qkm —z3 p’i"’pan km ) 2km—2x3

{q“3ay2,x2 z1p3" + Y197 )}
pl p2 km—23

1 { ol ) a1 (21 + 22)P] + y1p’1")} .
km

ghn e Prog
Now let (z,y) € [2km—10]" -1 s 2kmpT*) % [l,tm_lpgn"l) = Vm2\ Vm,1. Then

equation (77) and the conditions of the lemma show that r(y) < m. From
(9) we get

(80) oyq® = fry

(m) (, m m
T ay,.v (P71 + pT'y1)
+q Z Z qkm 2n+u) { m M }km

pp
'n.:p1 lkm_l/km" =0 152

P1‘1 ()

g , (P40 + pin (i)
+q Z Z qu(2n+u){ St 2ii - }k,-’

) p
=ML nepi ki ks V=0 P2

where fz, > 0 is an integer. It is easy to see that, here,

T > 2k 1p ! = min (km(2n + v)).
n>p tkm—1/km, v=0,1

Hence we can repeat the calculations (77) - (79). Thus we obtain the desired
result. a

Define G1 =
(81) Gi(m,z2,z3,y2, K1, K, L1,L) = {(15711) | £ = 2kpmz1 + kmT2 + T3,
Y =tmy1 +y2,21 € [K1, K1 + K), w1 €[L1,[1 +L]},
with zo € {0,1}, z3 € {0,...,kmn — 1} and y2 € {0,...,t, — 1} .

Lemma 14. Let Gy C Vi; K, K1, L, L1 > 0 be integers; K1+ K+zo < pT*;
tm(L1 + L) + y2 < tmpT* — $; tm > s. Then

(82) #G1D (({aqu}, - {ay+s_1q’})(x,y)ecl)
< 2°B(z2, T3, 12, 5,a™) + s25F2.
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Proof. Let (z,y) € Gy ,

1 if yo+i>t,
0 otherwise,

(83) Om(y2,i) = {

and let

@ etz =0y HV=012,... .

(We continue periodically the coordinates of vector a(m).) From Lemma 13
we have that
(m)
g% a
(84) {ay+i9"}okm—zs = { vt

i 22 (T105" + (Y1 + O (y2,7))pT) }
km—1z3

res
1 {al(/;nii,xz+1((x1 + 22)p%" + (Y1 + Om(y2,9))pT") }
qkm—$3 p’i"‘pgl km,

i=0,1,...,s—1.
We denote the left side of (82) by 0. Applying Lemma 5 with k£ = k(&) =
2k —z3and g =q (1=1,...,s), weget 0 <

S

#G (q2km"23 + D(s) (({O‘yqx}%m—zs’ ceey {ay“_qu}?km"”)(x,y)ecl)) .

Using Lemma 6 with k£ = k() = k,, — z3, £ = £0) = kmand g =¢q; (2=
1,...,s), we obtain from (84)

2s
(85) o < #Gy (5%——223

4+ 25D(29) (( ( { ¢*a7), ., @R + (41 + Om(y2,9))PT) }
PPy’ ’

(m)

{a‘y2+i,z2+1 ((1171 + $2)p£n + (yl + HTTL(y2’ Z))prln) }) ) ))

prpy 0<i<s—1/ (z,y)eG1/ /)
Then Corollary 3 (with M = K,M; = K;,N = L+ 1,N; = L;,d = 2s,
and r = m) implies that

) o <#i (g + ) +2 X X

h_1€C(p*) h—2€C(pF*)

X > T o, pP)r T (heg, pr T (b, pPR) |0 (B)),
heCos (pT*pF*)
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where #G1 = K(L + 1) < p*p%* and

7 —1p7-1

o1(h) = Z Z e(h—lwl + h_2y1

m m
21=0 y=0 ~ P1 Pa

s—1
+y (thia_,(,ﬂi,zz (z105" + (91 + O (y2,9))pT")
=0

+ hosial) gy (@1 2200 + (1 + Om(92,0))8T) ) /TP
It is easy to see that
h_1z1p5" +h_oy1pT" = (2195 +y197") (h—1P3' M2 + h_op7" M1 ) (modpy'p7’) |

where Mipl* = 1(modp*) and Myph* = 1(modp*). Taking into account
that z1pJ'+y1p"* passes the complete residue system (modp*p3*) and using
Lemma 1, we have that

s—1
jo1(h)] = P pF bpprpe (o1 My + hoopT My + Y (¢™hialy s,
1=0

+ hs+i@§?li,m+1)) :
Now from (24),(35) and (86) we find that
o < (257 Hm 4 525+ My £ G + 2°B (22, 73,42, 5,a(™)

Applying (7), (81) and the condition of the lemma, we obtain the desired
result. a

We can now use Lemma 14 to compute the discrepancy of the considered
double sequence in the rectangular domain £ C V.

Lemma 15. Let Ky,Kg,L1,Lg > 0 be integers, E = [2kn K1, Ks)
X[tle,Lﬁ] C Vi, 2k K1 < Kg < km(sz - 1); tmLy < Le < tmpan - S5
tm > s. Then

(87) Dg = O(m**3log’m) ,
where the constant implied by O only depends on s.

Proof. We consider following rectangular domains:

E1 = [2ka1,K5) X [tle,Ls), E2 = [2ka1,K5) X [L5,L6],

88
(88) E3 = [Ks5, Ke) x [Ls, L¢], E4=[Ks,Ke) X [tmL1,Ls) ,
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where K, Ky, K3, K5, L, L2, Ls > 0 are integers, and
K, € {0,1},K3 € [0,kn); K1,K,L,L; >0, Ly € [0,tr),
K = [Kg/2kp) — K1, K5 = 2k, (K1 + K),
K¢ =Ks +knK2 + K3
L= [L(;/tm] — Ly, Ly =ty L1 + twL, Lg = L5 + Lo.
It is evident that
E =FE,UE,UE3U Ey, and E;NE;j=0 for i#j.
Using (2) and (75), we obtain

(90) Dg< Y Dg, .
1<i<4

(89)

From (81) we obtain :

El = U Gl(mam2az37y2aK17K,L1,L) )

0<z2<1
Osz3<km
0§y2<tm

By= |J Gilm,z2,33,u5, K1, K, Ly + L,0),

0<z2<1
0<z3<km
0<y2<L:2

Ey = U Gi(m,z2,z3,y2, K1 + K,1, Ly, L).

0<z2km+r3<K2km+K3

We obtain from (89),(88),(7), and (8) that
#E3 < 2kt = O(mlogm) .
Applying (75), (70), and Lemma 14, we get from (7) and (91) that

Dg, < ), Y, ) #Gi(m,z2,23,y2, K1, K, L1, L)

0<22<1 0<z3<km 0<y2<tm
(s) T T
X D ({ayq }’ e {ay+s_1q })(a:,y)EGl (m1m2s331y2;K1:K:L19L)

S 25 Z Z Z (B($2ax3ay2a37a(m)) + 48)

0<z2<1 0<z3<km 0<y2<tm
= 0(m?**31log?m) .
Similarly, estimates are valid for the cases of sets F, and E4. Thus

— 25+3 2
1121{2;(4 Dg, = O(m log“m) .

Now from (90) we obtain the assertion of the lemma.
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Consider the right bourne of V,,,. Define
(92) G2 = Ga(m,z3,y4,La,L3) = {(z,y) | z = km(20]* — 1) +$3>
Y = tm+1Y3 + Ya, Y3 € [L2, Lo + L3] C [0,p5")} .
Lemma 16. Let Gy C Vy,; Lo, L3 > 0 be integers; tyy1(Lo + L3) + ys <
tmPy — 5; Y4 € [0,tm+1), 23 € [0,km), tm > 5. Then

(93) #G2D(s) (({ayqz}, cees {ay+s—1q$})(z,y)ec2)
< 2sBl (‘773) Y4, S, a(m), a(m+1)) + 328+3'

Proof. Let (z,y) € G2. Thus y < t,p7, and from (77) we find that
r(y) < m. Similarly to (78) and (80) we have that

x ,V(p + )
{yq®} = {qz Z Z qkm(2n+V) {aw ;lnpz L }Ic,,.

n=6(y) lkm—l/k v=0

P1—1 (7')

o a .u(pin-i-piyl(i))
+q° Z Z Z k(2n+u){ b 2i i - }k,-}'

. Y4V4
i=m+1 _pl lk, 1/k v=0 172

Hence

( ) ((m _ m m
{ayqz"m(pi"—l)+km+z3} ={ { yzl((pl )p5" + y1p] )}k

p7'py
+1
1 ) (et + ysp ) } N ” }
qkm“zii { p71'n+1pgl+1 km+1 qkm+l+km—$3 ’

with yo = tm{y4/tm}7 = y3tm+l/tm + [y4/tm]7 Ny = Pinkm/km-i-l: and
€zy € [0,1).
Therefore

{qxaaéﬁi (zo + y1P7") }
km—x3

(94) {0yq" Hemyithm—2zs =

Py
m+1
1 { aims )(nmp'z"“+y3p'1”+1)}
qkm——:c3 pT+1pgz+1 P )

where £ = 2k, (p7* — 1) + km + 23, and zo = (p* — 1)p5* . We have for
i € [0,s — 1] that (z,y + 1) € Vi, and that r(y + i) < m . Thus we can
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apply (94) for the pair (z,y + 7). Bearing in mind (83), we obtain

qxsaz(/T-i)-i,l(zO + (y1 + Om(y2,2))PT")

95 . T _ = }
(95) {ay+i0" }kms1+hm—zs TPy km—z3
+1 ,
1 {aél”ﬂ-,% (et 5+ I3 00
qFm—23 p;"'*'lpg"*'l Em41’

with yp = tm{y4/tm}a 1= y3tm+1/tm+[y4/tm]7 r= 2km(pT—1)+km+$3,
and zo = (pI" — 1)pJ*. We denote the left side of (93) by 0. Applying
Lemma 5 with k = k() = kmi1 +km —z3 and ¢ = ¢q (2 = 1,...,s), we
obtain from (19)

S
o S #G2(qkm+1+km—$3

+ D® (({ayqz}kmﬂ-f-km—ws’ SERE) {ay+8—1qm}km+1+km—$3)(z,y)ecz) ) .

Using Lemma 6 with k = k@ =k, —23,) = kjpandg; =q (i =1,...,s),
we obtain from (95)

2s
d S #G2(qkm+1+km“1’3

+25p(2s) ((({ qzaa;f/T-i)-i,l(xo + (ystm+1/tm + [ya/tm] +6m(y2,1))pT") }
piPg g

+1 .
{a,z(;T+i,3 (nmpé"“ + (y3 + Om+1(y4, Z))P;nﬂ) }) ) ))
Tl pmt 0<i<s—1/ Ly<ys<Lo+Ls//’

PP
Here we now replace fractions with denominators pT"p3* and p’ln“p;"Jrl

with fractions with denominator pg‘“, and we again apply Lemma 5 with
the parameters 2s instead of s, ps instead of ¢;, and m + 1 instead of k®

(t=1,...,2s):

2s 2s - 28
(06) o < #62( g +
(m)
9 Potm+1/ tmy3qzsa’y4+i,l +d;
(Pl s )

+1
(L thy) ) )
pytl 0<i<s/ Ly<ys<La+Ls//’

where d; = [P?H{qzsa;ﬁm(—l)fm + ([ya/tm]}] + Om(y2,4))p2, and f; =

+1 —_— . .
P T T ™ Y + O (9, 1), §=0,...,5 - 1.
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Then Corollary 2 (with d = 25,T = P = pj**}, N = #G5 = L3+ 1) implies
that

2s 4528
o < #G, 7 — + )
(q m+1+km—T3 p7277'+1
pm+1_1
- 1y,.—-1 m+1 ? 1
h—26C(PP+!) heCos (p7H) y3=0 2
s—1
X (h—2y3+Z(hi(Pztm+1/tm?/3qxsag(;2n-|)-i,1+di)+hs+i(y3a§T£3 +fi))))| :

1=0

Taking into account (7), (54), (92), Lemma 1, and the conditions of the
lemma we obtain :

g<s2tipos N Y T ez, py e (gt
h_2€C(pT+") heCos (p3*)
s—1

+1
X p£"+1§p;n+1 (h_2 + Z(pztm+1/tqu3hia$l-})-i,l + h3+ial(lT+i,3))
1=0

S 523+3 + 2331 (.’133, Y4, S, a(m)’ a(m+1)) .

Thus we obtain the assertion of the lemma. O

Corollary 7. Let E = [kn(2pT — 1), K¢) X [tmL1,Le] C Vin; 0 < tLy <
Le < tmpT — 3, km(2p7* — 1) < Ko < 2kpmp*, tm > 5. Then

(97) Dg = O(m**3log?m) .

Proof. Let K4 = k(20T — 1), Ly = [tmL1/tm+1] + 1, L3 = [Le/tm+1] —
Ly — 1. Tt is easy to see that

(98) tm+1(La+ L3) +1 < Lg < tmpgn - S.

If L3y < 0, then Dg < 4kptpmyr = O(mlogm). Let L3 > 0, and let
E) = [K4, K6) X [tmL1,tm+1L2), Ea = [Ks, Ke) X [tmy1L2, tmy1(L2+L3)],
E3 = [K4, K¢) X (tm+1(L2 + L3), Lg].

It is evident that

E =FE,UE,;U Eg3, and E,NE;=0 for i#j.
Using (2) and (75), we find that
(99) Dg < Dg, + Dg, + D, -
From (7) and (8) we obtain :
(100) Dg, < #E; < 2kmtmyr =0(m?), i=1,3.
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It follows from (75) that
Dg, < Z Z #GZD(S) (({ayqz}v R {ay-f-s—lqz})(x,y)egz) ,
0<23<2 0<ys<tm+1

where G2 = Ga(m,z3,y4,L2,L3), and z = K¢ — K4 < ky, . Bearing in
mind that (98) is true, we can apply Lemma 16:

Dp, < ). > (2°Bi(zs,ys, 5,2, alm) 4 52°%3)
0<z3<km 0<y4<tmi1

Now from (71), (99), and (100) we obtain the assertion of the corollary. [

We now consider the upper bourne of V,,:

Lemma 17. Let Ko, K3 > 0, Ko + K3 < p{""l -2, z5 € {0,1}, z¢ €
{O, 1,... ,km+1 - 1}’ y2 E (tm - S,tm), tm > 8,
(101) G3 = G3(m) Z5,T6, yz’K27K3) = {(.’L‘, y) l = 2km+11'4 +

+ km41%5 + T6, ¥ = tm (05 — 1) + 32, Ko < 24 < K3 + K3} C Vi,
form=12,....

Then

(102) #G3D(S) (({ayqz}a ceey {ay+s—1qz})(z,y)€G3) < 52513

+ 2532(1‘2’ x3,%5,%6,Y2,Y4, S, a(m), a(m+1)),
where zo = 2{([z6/km] + Tskm+1/km)/2}, 3 = km{ze/km}, and ys =
tm+1{(tm (P’ — 1) + y2)/tm+1}-

Proof. Let (z,y) € G3 and let ¢ € [0,t, — y2). The equality (83) and the
conditions of the lemma show, that 0,,(y2,i7) = 0 . The pair (z,y + )
satisfies the conditions of Lemma 13. The equation (84) implies that

(m) m m m
q*a,, i .. (z105" + (p3* — 1)pT")
103 AT = { Y2+1,T2 }
( ) {ay-Hq }2km s pr1np12n km—13
1 {“:(fznli,ml((wl + z2)p7 + (p7 — 1)p" }
qkm—zs pinpén km,
where
T = 2km4124 + km41%5 + T6 = 2k, 71 + kT2 + T3,

(104) z3 = km{z6/km} € {0,1,...,kyn — 1},

1 = Takmi1/km + [(km+125 + T6)/km],
zo € {0,1}, =2 = [z6/km] + T5km+1/km (mod 2).
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Now let ¢ € [t;, —y2,5 —1]. Theny+:¢ > typ, and r(y +¢) = m+1
(see (8) and (77) ). The pair (z,y +1) satisfies the conditions of Lemma 13
(with m + 1 instead of m). Hence, we have from (84) and (104) that

(105) {ay+iqx}2km+1 —Z6

N :
g7 aui) (wapP ! + (ys + O (v, 9)P7H) }
p11n+1pm+1 km+41—%6
+
1 { oD (@4 + 25)PP T + (U3 + Ot (34, )P0 }
qkm+1—16 p‘in+1pgl+1 km+11

where
Y =tm(]" — 1) + Y2 = tms1y3 +ys, Y4 € {0,1,... ;i1 — 1},

Y4 =ty (p]" — 1) + y2(mod tint1), y3 = (tm(PT" — 1) + Y2 — Y4) /tm+1 -
It is easy to see that if k41 = ki, then 3 = zg. Otherwise k1 >
P1km > 2k, and 2kp 41 — T > kg1 > 2km 2 2k — z3.

We denote the left side of (102) by o. Applying Lemma 5 with k =
2%km — z3, k) = 2k, — z3 for i € [0,tm — y2); E® = 2,1 — zg for
1€ [tm —y2,8—1]),and ¢; = ¢, for i =1,...,s, we get

o< #Gs( T D(S)((({ay+iqz}k(i))iG[O,s—l])(z,y)ecs))'

Using Lemma 6 with k = 2k, — z3, kO = 2k, — z3, £ = k,, for i €
[0,tm — y2), and k) = 2k — z6, £ = Ky for 4 € [ty — y2, 8 — 1], we
obtain from (103), and (105)

o 0+ 000 (({ im0 L 08 - 10,

& o™, (@1 + ©2)pf + (b — Dpp 1)
E[O tm“y2)

TPy
m+1 ;
( g alT T (@4t + (ys + Omer (v, )P ) }
b
p71n+1p12n+1
+1 1
& o™t (@a+ 755 + (Y + O (ya, )P )
p'{“'lpg“r1 1€[tm—y2,5—1]
)K2S$4<K2+K3)) ’

where ;1 = .’E4km+1/k + [(km+1$5 + :L‘s)/km]
Here we now replace fractions with denominators p7'p3* and p"“‘“p"”'1
with fractions with denominator pm+1 and we again apply Lemma 5 with
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the parameters 2s instead of s, p; instead of ¢;, and m + 1 instead of k()
(1=1,...,2s):

(m)
2s 252¢ 2 P19%ay, 1 1, Takmi1/km + di
US#G:;( —zs T il +2¢ D¢ s)((<{ o },
q y 21 n
{pla.?(lzz-i)-i,:cz+lz4km+1/km + sz }) ( qzea&"‘:'i}ism‘l + f’ }
p’f”'1 i€[0,tm—y2)’ pT+1 ’

(m+1 '

(SEmmthy )
p71n+1 i€[tm—y2,5—1]/ K2<z4<K2+K3 ’

where for 1 =0,...,t —y2 — 1
di = [¢%a{"); 4, 01[(km125 + 76) /km] — P75 ™)),
d; = [ag:-l)-i,z2+1 (p1(z2 + [(kmt175 + 76)/km]) — PT 1P ™)),
and fori =t —yp,...,5 -1
fi = [(p1/p2)™ 0 alTh) (ys + Om1 (ya,9))],
7 1 .
fi =10l ((01/p2)™ (g3 + Ot (v, 6)) + @5).
Then Corollary 2 (with N = #G3 = K3, T = P = p"*!, and d = 2s)
implies that o <
2s 4528 _ _
#G3(qk_m + —m_-i-l) +2° Z Z r= (Ao, p7 )T (B, pT )
P1 h_1€C(PT*!) heCos (7))

p;n+1_1
x| ) 6((h—1x4 + Y (@aprbmer/kmg®all); o, + di)hs
24=0 0<i<tm—y2

+ Z ($4p1km+1/kma$?.i’$2+1 + d;)hs+i

0<i<tm —y2

1 1 '

+ Y (q“aéTE-,is +fihi+ Y (354&,5,1:,354.1 +fi)hs+i>/P§n+1)‘-

tm—y2<i<s tm —y2<i<s
Using Lemma 1, (7), (101), and the conditions of the lemma, we find that

o < 8s2° 4 2° Z Z = (hoy,pT ) r L (h, pTt)pt

h_1€C(PT*!) heCas (P H1)

X 5p;"+1 (h—l + Z (qz3hia?(gl_;)_i’z2 + hs+ia§?—{)-i,$2+1)pl km-}-l/km

0<i<tm—y2

) (m+1) (m+1)
+ D (hiogyis, +h8+iay4+z',xs+1))-
tm—y2<i<s
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We obtain from (61) that
o S 323+3 + 2SB2($2a x3,%5,T6,Y2,Y4, S, a(m)’ a(m+1)) .
Thus we derive the desired result. O

Corollary 8. Let E = 2k, K1, Kg) X [tmp] — s+ 1,Lg) C Vin; 2km K1 <
Ko < k(207" — 1), tmpT — s+ 1 < Lg < tpph?, tm > S} Then

(106) Dg = O(m**31log?m) .
Proof. Let Ly = tmpd* — s+ 1, Ko = [kmKi1/km+1] + 1, K3 = [Ke/km+1] —
Ky — 1. It is easy to see that
(107) kmi1(Ko + K3+ 1) =1 < Kg < k(207" — 1).
If K3 <0, then
Dg < 25k 41 = O(m).

Now let K3 > 0. Put

Ey = [2km K1, 2km+1K2) X [Lg, Lg),

Ey = [2km41K2, 2kmi1 (K2 + K3)) x [Ly, Le),

E3 = [2km4+1(K2 + K3), Kg) X [La4, Lg).
It is evident that

E = F,UF, U E3, and E;NE;=0 for i#j.

Using (2) and (75), we find that

(108) Dg < Dg, + Dg, + Dg, .
From (7) and (8) we obtain : .
(109) Dg, < #E; < dskmy1 = O(m), i=1,3.

It follows from (75) and (101), that

Dg, < >, > Y. #Gs

0<z5<1 0<T6<km+1 Y2E(tm —S,tm)

x D) (({ayqz}, ceny {ay+s—1qz})(x,y)€G3),

where G3 = G3(m, o5, Ts, Y2, K2, K3) .
Because (107), we can apply Lemma 17. Thus from (72), (108), and (109),
we obtain (106). a

Now, combining (87),(97), and (106) we obtain :

Lemma 18. Let K, Kg,L1,Lg > 0 be integers and E = 2k, K1, Kg) X
[tle,Ls) C Vin. Then

D = O(m**31og?m),

where the constant implied by O only depends on s.
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Proof. Let

E, = [2ka17km(2p71n - 1)) X [tle,tmpEn - s],

E; = [km(2p1in - 1)’ 2kmp71n) X [tle,tmpgl - 5]7

E3 = [2km K1, km(2p]" — 1)) X [tmp2" — 5 + 1, tmp3’),

Ey = [km (207" — 1), 2kmpT") X [tmp3’ — s + 1,tmp3'),
and let

E,=ENE;, i=1,...,4.
It is easy to see that
(110) E=UWLE, and E,NE;=0 for i#j
Now equations (7) and (75) imply that
DE; < sky, = O(m).
From Lemma 15, Corollary 7, and Corollary 8, we get
Dy = O(m***log?m), i=1,2,3.

i

From (110), we obtain the assertion of the lemma.

O

End of the proof of Theorem 1. We use notations (73), (74), and (75).

Let

(111) G(m)=GM,NﬂVm7é(0 foo m=1,...,r and GUt) =0,

It is evident that

Gm — Gg"‘) u Ggm), m=12,... GMNG™ =0 for m#n,

and Ggm) is the rectangular domain (i = 1,2). Let (K,Sm’i),L,(tm’i) You=12

be coordinates of the vertex of G,("‘) :

™ = (k™) k™) (L™ LiM)) i=1,2, m=1,2,... .

From (7), (8), and (48), we see that

km_lp’ln"l = 0 mod k,, and tm_lpgn_l =0modt, m=23,....

Hence

Kfm’i) = 0 mod 2k, and LY"’“ =0mod tpm, m=23,....

Applying Lemma 18, we obtain

D m = O(m?**+3log?m), 1=1,2, m=2.3,....
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Using (2), (75), and (111), we find that

MND(({amq"}, . {am-f-s—lqn}) 1§n§N,0§m<M> = Dgy

2
< i ZDG(M) = O( XT: m?+31og? m) = O(r***1og?r)
! m=1

m=1 i=1
= O((log MN)***1og?log MN) .
Thus we obtain the assertion of Theorem 1. O

Remark. Using (76), (95), and (103) we can find specifically digits d; ;
(3,7 = 1,2,...) of a normal lattice configuration (see (5)). With the no-
tations defined above, if (z,y) = (2kmZ1 + kmZ2 + Z3,tmy1 + Y2) € Vi,
then )

do . = [q { 2aim, (1% + y1p}") }]
T, - *
4 pTpT

4. Proof of Theorem 2
Let

(112)  A3(j,m,v,c10,---,Cs0,C115---1Cs1) =P™ D >,
ho€C(p™) heCas(p™)

s
X T_l(ho,pm)'r"l(h,pm)(spm (ho + Z(qi’hici,,, + hi+sci,u+1) R

=1
(113) A4(j7 m,v,C1,05,---5,Cs5,0,C1,15- - )Cs,l)
S
= pm Z 'r_l(h7 pm)épm ( Z(dhzcz,u + hi+sci,u+1) )
heCas(p™) i=1
with ¢;p42 =cip, v=0,1,i=1,...,s.

Lemma 19. Let v € {0,1}, j € [0,kn), wo = ©(p)/p, and

K(s) = 4p/olp) (Zlogp+3)

Then
1 .
(114) ——— Z A3(j,m,v,c10,- .- ,¢51) < K(s)m* T,
POP (1 0mts DE(BR ()2
and
1
(115) ——— Z Ag(j,m,v,c10,--,¢51) < K(s)m? .

25 ,2ms
Yo'p (€1,05++5,1)E(AR, ()2
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Proof. We will prove the inequality (114). The proof of (115) repeats that
of (114). We denote the left side of (114) by . Changing the order of the
summation, from (112) we obtain

o< > Y Y (ho,p™)(h,p™)E(ho, D),
hoGC(pm) heCay (p'")

where

1
E(ho,h) = —5—5— Z
Yop (c1,-.,025)E(Am(p))2s

X pm(ﬁ m (ho + Z(q{hjcj + hj+st.|.3)) .
7=1

Let (h1,...,hos,p™) = p%, let by = p®hy, i =1,...,2s, and (h,,i,,0) =1,
w=0,1,49=1,...,s. if hg Z0 (mod p“), then E(hy,h) =0.
Now let ho = p®hj. Hence

pm—-1
p
E(hg,h) < max Pt —— E
( 0 ) (c1,--c25)E(Bm (p™))2 (P(p) Csvg+ig=0

$ .
X Sy (o + 3 (Rl + By eivs))
=1

Bearing in mind that (q{ohlsy0 +igrP) = 1, and

pm-1 ‘
Z Opm=—a (f + qzqoh;l/0+iocs”0+i0) =p%,
csv0+i0=0

we find that
E(ho,h) < p**/o(p).
Applying Lemma 2, we obtain

2D S e s™) ™) e(p)

a=0 hgeC(p™) heCy,(p™)
(hg,p™)=p% (hy,...;hos,p™)=p%

m
SRS YA S P )

a=0
2 ™25 /m+1 p ,2 7
25+1 2 ! 2 Z
< m*® p/(p(p)(ﬂ_logp-l- 5) ( + — 1(7rlogp+ 5))

m p
< K(s)m2s+1.
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Corollary 9. There exist integers a%), ,agrg),a("f), . g"lb) such that
Em—1 1

(116) > > AsGym,waly,. ., alP, a7, al?)
j=0 v=0

< 4ka(3)m25+1 )

and
km—1 1
W7 Y > AGmvaly,...,alp,al?, . alD)
3=0 v=0
< 4k K(s)m*, m=1,2,..
We use such integers a%), ,agnll) (m=1,2,...) to construct the real

numbers aj, ..., a; (15).
Lemma 20. Let 1 < M < p™. Then form=1,2,...

(118) 2kmMD(({a1q:f}""’{asqg})xe[nm,nm+2kmM)) = O(m**?),

(119) 2™ D(({alq‘f}, - {asqf})xe[nm,nmﬂ)) = O(m?s+Y).
Proof. We denote the left side of (118) by 0. Equation (2) implies that

km—1 1
(120) o S Z Z 0_(1;2’3:3),
:173:0 $2=0
with
0(227w3) = MD(S)(({Q qnm+2km$1+km$2+x3}
m+2km km
{asqs +2kmz1+ x2+x3})z1€ OM)) .

We apply k) = 2k,, — z3, i =1,...,s to Lemma 5:
sM

q2km —x3

+ MD(s)((({a qnm+2kmz1+kmx2+zs} m—xs)izl,...,s)

o(zg,z3) <

$1€[0,M)) ’
where ¢ = min(qy,...,qs). Using (15), we obtain, similarly to (79), that

**a (m),,
+2kmx1+kmzetx3 _{ 7 zmz }
a rn m _ — —_— e
{ Zq } km T3 pm km—-’lisz
(m)

1 a’i,z2+1(x1 + 72)
km—1T3 { pm }km , .

%

+
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Then Lemma 6 (with k; = ky, — 23 and l; =k, 1 =1,...,s) shows that

(m)
23M s 4;°a; 7,71
0(372’:1:3) < q2 + 2 MD(ZS) ((({ - 1:1:2 })izl,.”,s’

(m)
({ amHz(:"l re } )i=1»""‘9)w1€[0,M)).

Now Corollary 2 (with T'= P = p™) implies that

2sM 2323M . -
o(z2,73) < +2° ) > *(ho,p™)r ™ (b, p™)

ho€C(p™) heC2,(p™)
pm-1
X l Z e((hgzl + Z ( 3 h; az zle + hs+,af x2+1($1 + xg)))/pm)l .

z1=0

Applying Lemma 1, (14), and (112), we obtain
0(.’1,'2, :173) < 43223 + 2SA3(11:3, m,Ia, a%), ceey g”ll))

From (14), (116), (120), and Corollary 9, we get (118). Using (117), we
similarly obtain (119). O

End of the proof of Theorem 2. Let N be in [n,,n,4+1). Define
D(N]_,Nz) =0 for N2 S 0, and

(121) D(Ni,Ny) = NgD(({alq’f}, o {as‘If})xe[Nl,N1+N2))

for Ny >0.
Using (2), (14), and Lemma 20 we have for M € [1, 2k,,p™] that
(122) D(nm, M) < D(nm, 2km[M/2km]) + 2k = O(m?**2) .

Applying (2),(14), (118), (119), (121), and (122), we get the assertion of
Theorem 2:

.
D(1,N) < D(1,2kip)+ Y D(nm,2kmp™) + D(ny, N +1 —n,)

m=2

T
— O( z m2s+l 4 ,,,2s+2) = O(r®*2) = O(log®**2 N) . 0
m=1
5. Appendix

The proof of Proposition 1. We follow [KN p.70]. Let s1,s2 > 1 be
integers. Consider a box v C [0,1)°, a block of digits Gs, s, = {gi; €
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{0,...,¢ -1} | i =0,...,51 =1, j =1,...,s2}, a configuration w =
(di,j)ij>1 with d; j € {0,...,q — 1} and real numbers

%)
Qm = Z dm,n/qn .
n=1

Now let
Ay(M,N) = #{(m,n) € [1, M] x [1,N] | {amq"},- -, {@m+s—14"}) € v},

S(Ma Na G31,52) = #{(m,n) € [LM] X [I,N] | dm+i,n+j = Gi,j»
1€ [0731)7 .7 € [1732]}‘
The block (dmtinti)ilos 52, is identical with Gy, 4, if and only if

" 4 . g g 1) d .
+i, i,1 i, +i,
am+i=[am+i]+z mk"' + 1:+1 ...+__;"4_‘f§;+ Z mkz :
k=1 q q q k= fagtl q
or
1)
9i,1 gi, d ik
{Omyig"} = =2+ 22 N0 R
? 9 k=s2+1 q
or

91 o+ gis, 9i1¢P T+ i, +1
RPN T uE SR YRR SESUETREL
- Ai(G51,52)7 i e [0, 51).
It follows that
s1—1
S(M,N,Gs,5,) = Ay(M,N),  with v= [] Ai(Gs,,5,)-
=0
Now suppose that the double sequence ({amq™},. .., {am+sl_1q"})m,n>1 is
uniformly distributed in [0,1)°!. Then -
Ay(M,N) = q ***2MN + o(MN), with max(M,N) — oo,

and so w is a normal lattice configuration.
Conversely, if w is a normal configuration, then

Ay(M,N) = S(M, N, Gy, s,) = MNmes v+ o(MN),

where v = [[55" Ai(Gs,,s5,), mes v = ¢~*1%? and max(M, N) — oo . This
holds for all Gy, 5,. Therefore

(123) Ay(M,N) = MNmes v+ o(MN),

for all boxes v = [[{%,[0,v;) with y; = hi/q®?, h; €{0,...,¢°> —1},52 >
1,i=1,...,51, and max(M,N) = oo .
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Now let v be a box with arbitrary v; € (0,1] (i = 1,...,s1), and let
€ € (0,1) be given. Put s2 = 1+[—log, €] and put h; = [v;¢*], i =1,...,s1.

Then
(124)

Ay (M,N) < Ay(M, N) < Ay, (M, N),

where v; = [;1,[0, hi/¢%?) and vy = [[14[0, (hi +1)/¢%2).
It is easy to see that 7; € [hi/q®?, (hi+1)/¢%2), withi=1,...,s1, 1/¢°2 < e.
According to [Ni, Lemma 3.9 ]

max(|mes v; —mes v|,|mes vo—mes v|]) < 1—(1-1/¢°%)"* < 51¢47% < s1€.

From

(123) and (124) we deduce that
Ay(M,N) = MN(mes v+ €1) + o(MN),

where |e;| < s1€, and max(M, N) — oo . Hence for all s; > 1 and all boxes
v C [0,1)%1, Ay(M,N) = MNmes v+ o(MN),withmax(M,N) — oo,
and so ({amg™},..., {()zmﬂl_lq"})m,n>1 is a uniformly distributed double
sequence in [0,1)%!. - O
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