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On the discrepancy of Markov-normal sequences

par M.B. LEVIN

RESUME. On construit une suite normale de Markov dont la dis-
crépance est O(N~1/21log? N), améliorant en cela un résultat don-

nant Pestimation O(e~cUesM*/?),

ABSTRACT. We construct a Markov normal sequence with a dis-
crepancy of O(N~1/2log? N). The estimation of the discrepancy

was previously known to be O(e~°(ogsM/?),

A number o € (0,1) is said to be normal to the base g, if in a g-ary
expansion of a,

a=.ddy--- =Y di/¢, di€{0,1,---,q—1}
=1

each fixed finite block of digits of length k appears with an asymptotic
frequency of ¢~ along the sequence (d;);>;. Normal numbers were intro-
duced by Borel (1909). Borel proved that almost every number (in the
sense of Lebesgue measure) is normal to the base g. But only in 1935 did
Champernowne give the explicit construction of such a number, namely

0=.123456789101112....

obtained by successively concatenating all the natural numbers.

Let P = (pi j)o<i,j<q—1 be an irreducible Markov transition matrix,
(P:)o<i<q-1 the stationary probability vector of P and 7 its probability
measure.

A number o (sequence (d;);>1) is said to be Markov-normalif in a g-ary
expansion of o each fixed finite block of digits bb;...bx appears with an
asymptotic frequency of ps,Dugby ---Pby_1s -

According to the individual ergodic theorem 7i-almost all sequences (num-
bers) are normals.

Markov normal numbers were introduced by Postnikov and Piatecki-
Shapiro [1]. They also obtained, by generalizing Champernowne’s method,
the explicit construction of these numbers. Another Champernowne con-
struction of Markov normal numbers was obtained in Smorodinsky-Weiss

Manuscrit regu le 7 février 1995.
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[2] and in Bertrand-Mathis [3] . In [4] Chentsov gave the construction of
Markov normal numbers using completely uniformly distributed sequences
(for the definition, see [5]) and the standard method of modelling Markov
chains. In [6] Shahov proposed using a normal periodic systems of dig-
its (for the definition, see [5]) to construct Markov normal numbers. In
[7] he obtained the estimate of discrepancy of the sequence {ag"})_, to be
O(e~<Ues™'*) Tn this article we construct a Markov normal sequence with
the discrepancy of sequence {ag"}Y_, equal to O(N~/2log? N).

Let (z,)n>1 be a sequence of real numbers, x - measure on [0,1). The
quantity

(1) D(p,N)= sup I—#{né[l Nl | 0< {2z} <)}~ p0,7)]

~v€[0,1)

is called the discrepancy of (z,)X_,.
The sequence ({z,})n>1 is said to be p—distributed in [0,1) if D(u, N) — 0.
Let the measure u be such that

(2)
ﬂ([')'m')'n + l/qn)) = PcrPerca+--Pen_zens Tn = -C1...Cny, N=12,..,

where ¢;, € {0,1,..¢ -1}, k=1,2,...

It is known that if and only if o is Markov normal number, the sequence

{ag™}32, is p-distributed.

The discrepancy D(u, N) satisfies D(u, N) = O(N~*/?(loglog N)'/?) for

almost all o.

The following facts are known from the theory of finite Markov chains [8,9]:
Let a Markov chain have d cyclic class Ci,...,Cq. We enumerate the

states ey, ..., e, of the Markov chain in such a way, that if e; € Cp,, €; € C,

and i > j, then m > n. Here matrix P has d? blocks (P; ;)o<i,j<d—1, Where

P; ; = 0 except for Py 3, P33, Pa—1,4, Pa1. Matrix P? has a block-diagonal

structure. Let P, ..., P, be the block diagonal of matrix P¢. There exists

a number &, such that all the elements of matrices P (i = 1,...,d) are

greater than zero [9, ch. 4]. Let 6 be the minimal element of these matrices,

and pg?) the ij element of matrix P*, k=1,2,....

It is evident that

(3) 6= mm p(dk")

where we choose minimum values for ¢, j so that e;, e; are included in the
same cyclic class.
Let f(j) be the number of cyclic class states e; (e; € Cy(;),j =0, ...,g— 1).
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According to [9, ch.4] we obtain
(4) 'pgl'cd‘i'f(.‘i)—f(i)) _ dp,l < (1 _ 20)—1+k/k0’

pﬁfd”(’) FO+D - =0, 1=12,....,d—1, k=1,2,...
Let

(5) b= (pz)ptg)) A = [P n], n= 1, 2,... .

0<z,_7<

We have, from the irreduciblity of matrix P, that
(6) p<1l and A, — .

We use matrices P, = (p;;(n))o<i,j<q—1 With the rational elements

(7 pij(n) = vij(n)/An,

and we choose v;;(n) as follows:
Let ¢ be fixed and p;;, be greater than zero. Then we denote

vii(n) = [Anpij], i j#Jo, and wij(n) = A — Y vij(n).

J#3jo
It is evident that

(8)

Zpij(n) = 1a I’Uij(n) - Anpij] S aq, Z,] = 0, ey — 1, n= 1’21

If k, is sufficiently large, then using (3) and (6)-(8), we obtain
(9) mmpf’“°>(n) > 0/2, n> ki,

where we choose minimum values for 4, j so that e;,e; belong to the same
cyclic class.

It is evident that P, (n > k;) is an irreducible matrix with a d-cyclic
class.
Applying (3),(4) and (9) we obtain

(10)  |pEHIDIE () _dp.(n)| < (1 - )R p=1,2,...
13 J

pgcd+f(1')—f(i)+l) (n)=0, 1=12,..,d-1, 4,j=0,..,9—1,

where n > k;, and (p;(n));<, is the stationary probability vector of P,.
According to [7, 10] there exist integers vo(n),...,v4-1(n), L, > 0, such
that

p;(n) = v;j(n)/La v(n) + ... +vg1(n) =L
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(11) 3 v (m)psi(n) = i), Ips — 0e(0)/ Ll < BfAny (i =0, ..q —1).

=0

If k; is sufficiently large, then applying (5)-(8) and (11), we obtain

(12) max(p(n),pi;(n)) < (p+1)/2 <1, n> ki,
(13) o Jn pi(n) 2p=1/2 min p;>0.

Let the measure u, on [0,1) be such that
(14) pin([Yrs ¥r +1/07)) = Pey (R)Peyer (R)---Pe, _se. (),

Yp = .C1--Cry N, =1,2,...
where ¢, € {0,1,..¢ -1}, r=1,2,....

LEMMA 1. Let v = .c;...Che-ery . Then
(15) 1[0,7) = pnl[0,7n) + O(np™),
(16) p[0,7) = pn[0,7, +1/¢") + O(np™),

where the O-constant depends only on P.
Proof. It follows from (2), (5) and (6) that

cp—1

A7) pl0,7) = pl0, )+ D D PerPees-Per_yp = 4[0,7n) + O(®™).
r2n+1 b=0

We apply (2), (14) and obtain

n cp—1

(18) /"’[O’ 711) = /‘Ln[o’ ’Yn) + Z Z Ur(b)’

r=1 b=0
Ur(b) = PeciPeicz--Pep1b — Pey (n)pclcz (n)"'pcr—1b(n)'
I pe,peiey---Pe,_p = 0, then p.., = 0 and according to (5), (7), (8), (11) we
have p.,.,(n) = O(p™) and
(19) o.(b) =O0(p").
Let pe,peicy--Pe,_p 7 0. Then
(20) 0',-(b) = pclpqcz"-pc,_lera

where
Qc (n) - anc i Qcpvp(n) — A D
Ar=1-(1+2——) |0 +—=3 TR,
anc; ,:cl_:]; Anpckvg )
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and v; = Cr41 OT b.
On the basis of (5), (7), (8) and (11) we deduce that

B q \r-1 , .
1 l_1<(1+ep™)" -1, = i)
&) At g )T oS e P = P

where |¢| < 2¢B/p’.
It is easy to compute that

A < (1+

A, = O(rp"), r <n.
Hence and from (17) - (20) we obtain

n cp—1

£00,7) = £al0,7) = O(p™ +1p™ Y D PeyPerey-s-Pe, ) = O(np™)

r=1 b=0
and formula (15) is proved. Statement (16) is proved analogously. ®

We obtain the Markov normal number o = .d;d,... by concatenating
blocks «,, = (ai,...,a4,,),where a; € {0,1,...,g -1}, i=1,2,..

’ !

(21) o= 0.0,
We choose the numbers a; as follows:

Let
(22)

Qn = {wn = (bo, ...,bA2n+n) I b0 € {0, ...,Ln - 1}, bl,bz, .. € {0, ...,An - 1}}
So = [0,v0(n)), S; = [wo(n) + ... +vj-1(n), vo(n) + ... + v;(n)),
Sip = [0,v:0(n)),
Si,j = ['u,-,o(n) -+ ...+ U,',j_l(n),v,-,g (n) + ...+ v,-,j(n))
(i=0,...,q—1,j=1,...,g-1).

We set ag =14,if by € S;, 1 =0,...,q — 1. If we choose the numbers
ag, ..., ax_1, then we set

(23) Qp = i, if bk € Sﬂk—lyi’ 1= 0, ey @ — 1.
Let

(24) Op = Qp(Wn) = .01, ey Qay, 41> n=1,2..
(25)

Ry (bns s M) = #{n€[1,M] | B <{aq"} <7} = Mu.[B,7),

(26) En(ws) = max max|Ry,)(ln,n(wn), M)|,

1SM<Azn Tn
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(27) E.= wleeig" E.(w,)-
We choose w,, (and consequently a,(w,)) such that
(28) E,(w,) = E,.
LEMMA 2.

E, =O0(p~"n?).

Proof. (To follow later.)

Let
(29) ny =0,..., 41 = Nt + Ao, k=1,2,....

Every natural N can be represented uniquely in the following form with
integers k

(30) N=n,+M,, 0< M, < As, k=1,2,....
Let
Ty(e,Q, M) =#{n € (Q,Q+ M] | {ag"} <~}
(31) R‘y(/l'va7 Q?M) = T‘y(a7 Qa M) - Mlu[o’ 7)'
For Q = 0 we use the symbols 7, (a, M) and R, (p,a, M) .

THEOREM 1. Let the number a be defined by (21), (23), (24) and (27).
Then o is Markov-normal and the following estimate is true:

(32) D(u,N) = O(N~'log? N),

where the O-constant depends only on P.
Proof. Using (29), (30) and (31), we obtain

k-1
(33) Ry(p, o, N) =Y Ry (p,0,mr, Azy) + Ry (s, 0,1, My).
r=1
According to (21), (24) and (25) we have
(34) R.,([l,, a, Ny, M) = R"y(/l'a Qr, M)) M < A,,. —2r.

It follows from (31) that
R,(p,ar, M) =T, (ar, M) — Mp[0,),

and
T‘r.— (am M) < T'y(ara M) < T‘Yr+l/q' (ar, M)
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It is evident that

|Ry (s ar, M)| < Ty, (r, M) — Mp[0,7)| + | Ty, 41/ (0tr, M) — M p[0,7)].
We apply (31) and obtain

|Ry (4 s M)| < |Rey, (115 0tmy M)+ Ry, 1147 (125 0y M)|+M(|4[0,7) — [0, 7,)]|

+[p{0,7) = 40,7 +1/47)]).
On the basis of (26)-(28), Lemma 1 and Lemma 2 we deduce that

Ry (u,ar, M) = O(p™"r).
According to (34) we have for M < A, — 7
(35) R, (p, 0,0y M) = O(p~"r?).
It follows from (31) that
R, (p,0r, M) = Ry(pt,0p, M — 27) + O(r),

It is evident from this that statement (35) is valid both for M < A,, — 2r
as well as for M € [Ay, — 2r, A,,).
Substituting (35) into (33) and bearing in mind (30) we deduce

k-1

Ry(p,a, N) =3 O(p~"r*) + O(p~"k*) = O(p™*k?).

r=1
Using (29), (30) and (5) we obtain
R,(u,a,N) = O(N'*1log? N).

Hence and from (1), (31) the statement of the theorem follows. m
We denote

1, if a =0;
0, otherwise.

(36) §(a) = {

It is easy to see that

1

N
NZeZ"i‘%‘, 0<a<N-1.

m=1

LEMMA 3. Let1 < M < A,, and

M
GM = Z 9z-
z=1

(37) 6(a) =
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Then
Agn—-1 Azn
(38) Gul< 3 — |Zgz .
m=0 z=1
Proof. According to (36) we have
M As,
Gu = Z Zgz T - y)
y=1z=1

Using (37), we obtain

Agyn-1 1 M Aj,

(39) |GM| = I Z 74_ Ezgze2ﬂi_m§zz:;y)l S
m=0 ™ y=1z=1
Azn-1 o A e
<> ) sl DI
m=0 n y—1

Let 0 < No — N; < As,. It is known [5, p. 1] that

1 )< 1
" Ay, | sin | “m+1

1 Y2 2ri 2L
—_— T Z2n | < min(1
| 3 @ < min

“oy=N,

(40)

From (39) and (40) we give the assertion of the lemma. m

LEMMA 4. Let 0 < u; < up < Agp, m >0 4,5 =0,...,g—1, n>k.
Then

S= Zez’"* @ (n)/pj(n) — 1) = O(1),

where the constant in symbol O depends only on P.
Proof. Let Ny = [uy/d], N, = [us/d]. We change the variable z = dy + 2

and obtain according to (13)

= f— + Z Ze 22 () (n) fpi(n) = 1), where Je| <1

y=N; z=1
Let

d
i R dy+z
oy = Y &M EL (i (n) /pi(n) — 1)
z=1

It follows that

(41) S = _2£d_+ E e27rzTY—

p y=N1
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Applying (13), (10), we obtain

d
pi(n)

where |e1| < 1, 2z = f(j) — f(5).
Substituting this formula into (41), we obtain according to (13), that

d
o, = de*™ i 4 ¢ (1 —g)rHv/ko _ N " ",
z=1

N,

d
(42) S=5S5+¢ Z :(1 — 9)—1+y/k0, Ifll <1,
y=N
where
N2 . myd d mz e
(43) Sl = E e??rz]":: SZ — 2(621”]?'1‘- _ 627”22_»),
y=N z=1

It is known that
(44) |2 BT — 1] = 2|sinm(z — 2)/Asn)| < 27md/Agn.
Using (40) we get
51 S Azn/(md+ 1)

Hence and from (42-44) the assertion of the lemma follows. =

We consider further that a;, 7 =1,2,...1s the sign of the number o, (w,)-
It follows from (25), that

n cp—1

(45) R[O,'yn) (F‘m Cp, M) = Z Z R[7,_1+b/q'7'7r_1+(b+1)/q') (P"m Qn, M),
r=1 b=0

and
R['rr-1+b/q',‘rr-1+(b+1)/q') (#m Qn, M) =

M
> 8(azs1 — €1)-6(agsr — b) = Mpn[Ye—1 + /", ¥r—1 + (b + 1) /q").
z=1

Hence and from (45) we get

(46) Rio,y) (fon Otny M) =

n cr~1 M

=2 2 D (6(as41 = 1) -8(azsr =) = a1 +0/07, Yoos + (04 1) /¢7)).

r=1 p=0 z=1
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LEMMA 5. Let n > ki,

(47) B(r,c) =
A1n m(z= 1 1
=3 & TES (W, + po —)+01(2,y) — pinlyr, ¥r + q—,)(az(w) +02(y))),
z,y=1
where
(48)
o1(z,y) = Z 6(az+1 — €1).--6(astr — €r)6(ays1 — €1)---6(aysr — ¢,),
"‘ Wn €N,
(49) Z 6 a'z'+1 6(az+r - cr)'
n Wneﬂn
Then

1/2 n g1 g-1
(50) 2 ;qil 3 .. Y Br o).

m=0 r=1¢;=0 cr =0

Proof. It follows from (46) and Lemma 3 that

Cr -1 Ag"—l

< 27!'1]—‘—
|R[ 0,7n) I'l'"’a"’M)l - ; X; 0 m+1|ze
(6(az+1 = €1)---6(agsr = B) = pn[Yr—1 +b/¢", V-1 + (b+1)/q"))|-
Changing the order of summation and applying the Cauchy inequality

y 1 & /
1 il n<'— n2123
(51) IN,;"'—(NEIQU

we obtain that

| R10,4) (tins 0ty M)| <

n cp—1 Azn

Azn-—-1 1/2 .
<3 (S SIS R e - ) B

m=0 m+ 1 r=1 p=0 z=1

1/2
—pn et +b/0" For + (b +1)/7) )

We change the variable b to ¢, and assume, on the right-hand side, the
summationon ¢;, 7 =1,...,r — 1.
It is evident that

Agn—1 (qn)l/z n g-1 g-1

(52) Ry (o M) < D0 == (3 3

m=0 r=1¢1=0 c,.=0
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& 27ipe 12
|35 B (8002 — 1)o@t — €)= ialtes e +1/0))| )
z=1

We denote by S(w,,) the right-hand side of formula (52).
It is evident that S(w,) does not depend on M and 7,.
Applying (26), we obtain

E,(w,) < S(w,)

and

_.l ni Z En(wn) < 75 Iin Z S(wy).

wn €Ny waEQ,
Changing the order of summation and using (51), we obtain

Azn—1 (qn)1/2 n g-1 q-1

R SR L 02D I DN >

m=0 r=1c¢;=0 cr=0 Unenn
A?n 2 2
2 e ’”ﬂ:(é(aﬂ_l - c1) 6(az+r - C,-) - llfn['Yr’ Tr )
z=1

Hence and from (47)-(49) we deduce formula (50). =
LEMMA 6. Letn > ky. Then

02(z) = pal¥rs - + 1/0").
Proof. Applying (49) and (22), we get

n—1An

os(z) = I Az+’" E Z i 6(az41 — €1).e-6(@gyr — Cp).

bp=0 b1=0 boyr=0

According (23), we obtain
(53) az4; =¢; if and only if b,y; €S, .., 1=2,3,....
It follows that

n—1A,—1
05(z) = A:r:+1' E Z Z 8(az1 = 1) Z Z 1=
bo—() bl bz+1—-0 bz+2 Gsclcz b::-f-resc,._lc,-

n—1 A,

= LAzt Az+" Z E Z 6(@z+1 = €1)Vere3(R) Ve, _se,(R)-

Bo=0 b;=0  by41=0
Using (7) we get

(54) O(Z) = OPeyey (M) Pe,_qc. (),
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where
L,-1A,

(55) o= L., A:n+1 Z Z Z §(az41 = c1)-

bo"‘O b,—o b;+1—0

It is obvious that

qg-1 z
(56) Y [I6(ai-d)=1.
dgyee.ydz=01=0

Hence and from (55) we obtain, changing the order of summation

g-—-1 L,-14,-1 n—1 =z
(87) 0 = z L. A’+1 Z Z Z H‘S(az )6(az41 — c1)-
do,...,d,:ﬂ b0—0 61—0 b,+1 0:=0
According to (53), (36) and (22), we have
g-1
1

J=Zmz Z...Zl:

dgyeenydg=0 "M bo€Say b1€Saya,y br4+1€Sa,cq
q—-1

1
B do,.gd:, -0 mv% (n)Vaoa, (R)Va, e, (1)

Applying (7) and (11) ,we obtain
0 = pe,(n).
On the basis of (54) and (14) the lemma is proved. m

LEMMA 7. Letn > ki, |y—z|>r. Then

o1(2,y) = pi[re, e+ 1/¢)P 577 (0) /e, ().
Proof. Let y > z.
Applying (48) and (22), we obtain o,(z,y) =
1 L,-1A4, -1

L. Ay+r E Z E 5az+1“01) 6(az+r Cr)5(ay+1 Cl) 5(ay+r Cr)-

bo=0 by3=0 by+r=0

As in the proof of Lemma 6, we get

(58) 01(2,Y) = Per (7) (Peyes (R)-- P, _se. (1)) 0,

where
Ap-1 A,-1

(59) o= Ay"“ - E Z 6(@zsr — ¢r)b(ays1 — €1).

brr41=0  by41=0
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As in (56), we have

y—z—r

Z H 8(azyryi — d;) = 1.

dyyeneydy—z—r=0 i=1

Hence and from (59), changing the order of summation, we obtain

q—l -1 An-1
o= ¥ =TTt
dlv"'vdy—:—r—o z+r+1—0 by+1—'0
y—z—r

X H 6(az+r+i - di)6(0y+1 - Cl).
=1

Using (53), (36) and (22), we get

q—1 1

o= Z F—;_—r Z Z 1.
dyyeenydy—z—p=0 T botr41€Scray  by+1€Sa,_ . .o
Applying (7) and (11), we obtain

q-1

o= E De,dy (N)Paya, () -Pay_, ey () = 777 (m).
d1,...,d,,_,_.,-=0

It follows from (58), that
01 (IB, y) = (pcl (n)pqcz (n)"'pcr—lcr (n))ngc_lz_r) (n) /pc1 (n)
Similarly for z < y. According (14) the lemma is proved. m

LEMMA 8. Letn > ky, |y—z|<r. Then

01(2,) < alter 1o + 1/07) (22 )|y 21

Proof. Let y > z.
As in the proof of Lemma 6 and Lemma 7, we get

01 (:l:, y) < Dey (n)pclcz (n)"'pcv—z;—lcy—z (n)pcy_,q (n)pch (n) eePe,_1c, (n) .
It follows from (12), that

01(29) < P (WPese (1)t (W) (5 2)P 5.

Similairly for ¢ < y. According to (14) the lemma is proved. =

LEMMA 9. Letn > k,. Then

(60) B(T, C) = O(AZn”n[’ﬁ’ Y + %))
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Proof. Applying (47) and Lemma 6, we obtain

Aﬁn
B(r,c)= Y o(z,9),
z,y=1

where 1

i Y]

0(‘”7 y) = 62 n (01(3:73/) - l"'i[ vy Yr + _.r))
Let
(61) B(r,c) = By + By + B3, where B;= > o(z,y),
1S$’y$42m |y_3‘57'
B, = z a(:c,y), B; = Z 0'(33, y)
1<z,y<A2q,, y—z>7 1<z,y<A2qs, z—y>r
According to Lemma 8, (12) and (14) we obtain
1 14D, 1y—z|-
IBII < /Ln[’y”’)’r + _,.) Z (_)ly 1=
1<z,y< Az, ly—z|<r
1

(62) = O(Aznpin[¥r, ¥r + E))
It follows from Lemma 7 that

A2” An" -m(T—y

By = pllve, e +1/0) >, D €7 %, P77 (n)/pey(n) — 1).
z=1y=z+r

Changing the variable y to y; = y—z —r and applying Lemma 3, we obtain
B, = O(A2nui['7r, ¥ +1/q7).

Similarly estimate is valid for Bj.

Hence and from (61)-(62) we obtain the assertion of the lemma. m

Proof of Lemma 2. Substituting (60) into (50) and bearing in mind (5), we
deduce

Azn-1 (nq)1/2 n -1 g1

E,=0(Y =023 Y Aswpalte -+ ;7))‘/2 =

m=0 m+1 r=1le¢;=0 ¢, =0
Azn—-1 1
—_ -n, 2
O(VAz.n 2 —m+1) O(p~™n?%).

Lemma 2 is proved. m

Remark. By a similar method and the method in [12] a Markov normal
vector for the multidimensional case can be be constructed. By the method
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in [12] one can reduce the logarithmic multiplier in (32) to O(log N3/2). To
reduce the logarithmic multiplier forther see [15].

Problem. According to [12-14] the Borel and Bernoulli normal numbers ex-
ist with discrepancy O(N ~2/3*¢). It would be interesting to know whether
Markov normal numbers exist with discrepancy O(N ~¢) where ¢ > 1/2.
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