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Some infinite products with interesting
continued fraction expansions

by C. G. PINNER!, A. J. VAN DER POORTEN? AND N. SARADHAS

REsuME. We display several infinite products with interesting continued
fraction expansions. Specifically, for various small values of ¥ — necessarily
excluding k = 3 since that case cannot occur, we display infinite products
in the field of formal power series whose truncations yield their every k-th
convergent.

1. Introduction

Let 0 < Ag < A1 < ... be a sequence of rational integers, and let F(z) be
the infinite product

oo

1) F(z)= [T +27)

h=0

with continued fraction expansion [ao(z),a1(z),...]. In [1] it is shown

that for n =0, 1, 2, ... each truncation
n—1

(2) Fo(e) = [J(1427)
h=0

is a convergent p,,/gm of F(z) if, and only if,

(3) Ant1 > 2(Ao+ o+ An).
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Moreover, then the degree of the subsequent partial quotient a,,+1 is given
by

(4) degam+1 = Ang1 —2(Xo+ -+ An).

Furthermore, one sees that the truncations provide precisely every sec-
ond convergent if, and only if,

(5) 220 | An1

for n =0, 1, 2, ... . In fact, given (5), the partial quotients of F(z)
can readily be listed explicitly and are of rapidly increasing degree. Hence-
forth, we only consider products for which (3) is satisfied. So their every
truncation yields a convergent.

Here we will be concerned with classes of infinite products whose contin-
ued fraction expansions have the property that those convergents arising
from the truncations of the product are again separated by some few con-
vergents. In this context we say that two consecutive truncations p,,/¢m
and Ppy4k/gm+k of our product are k-apart if, as suggested by the nota-
tion, there are exactly k — 1 intermediate convergents. Our aim is to use
the above mentioned 2-apart examples to construct additional products
with truncations a fixed bounded distance apart. We shall explicitly give
examples with regular gaps of size 4, 5, 6 and 8. We also illustrate how
the matrix interpretation of continued fractions can be nicely employed to
cleanly generate the partial quotients of the products we study.

2. Terminology

We use the terminology of [1] and [2]. Namely, given a field K, we let
L = K((z7!)) denote the field of formal Laurent series in z~! over K.
Then each F € L is of shape

0
E ahz_ha a4 ?é 0, deZ
h=-d

and we say that the degree of F' is deg F = d. The integral part of F,
denoted [F'|, is the polynomial

0

> wt

h=-d
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in K[z]. A series F € L has a unique continued fraction expansion denoted
by

[co,c1,¢2,...]
where the partial quotients ¢, are polynomials in 2, and have degree at
least 1 for A > 1. From the general theory of continued fractions we have
the fundamental correspondence whereby for h = 0,1,2,...

ph/qh:[607c17°"7ch]

if, and only if,

co 1\(ea 1Y (e 1\ _ (Pr Pra
1 0 1 0 1 0 an  qr-1

defining the convergents pj/qn by products of certain matrices. Further,
on setting

11 10 0 1
R—(O 1), L—(l 1) and J—<1 0),

we observe that for c € Z,

ReJ = (‘1’ 3) = JLe.

Then we may write formally that,

Co 1 5] 1 __ pCcrc c2 ...
(1 0)(1 0)""R°LlRQ ’

whence if «—— denotes the correspondence between matrix products and
continued fractions we have

[co,c1,¢2,...] — ROL*R®> ... .

The correspondence between continued fractions and the so called R-L
sequences is particularly convenient in studying the multiplication or divi-
sion of a continued fraction by a rational quantity. This is illustrated in
detail in [1]. We assume the relevant terminology here.

We also recall from [2] that a rational function p(z)/q(z) is a convergent
pr/qn to F if, and only if,

(6) deg (F - g) < —2deggq
and that the degree of the next partial quotient is then given by
(7) degcpmy1 = —deg (F - g—) — 2degg.

In the sequel we suppose K to be a field of characteristic zero.
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3. The Examples Revealed

As mentioned above, we already know a class of infinite products such that
the truncations are always 2—apart; namely

(8) Fle;)) = [[(1 427,
h=0

where A = (Ag, A1,...) satisfies the conditions
(9) Ant1 > 2(/\0 + -4 /\n) and 2\, | An+1

for all » > 0. It transpires that we can use such known cases to construct
a slue of new examples with the property we want. In particular if

(10) G(z) = (1+277)F(z; )

then the truncations of G' (although in general no longer 2—apart) will still
be of bounded distance apart:

THEOREM 1. Let
G(z) =1+ ) [J(1+27)
1=0

where
Ai>2(r+Xo+---+Ai—1) and 2X\;|Aiyy forall i>0.

Then for all n =0, 1, 2, ..., the successive truncations of G(z)

n—1 n
Oo=arenlase™), ot [a+e™)
m i=0 .

Im =0
are convergents of G at most (2r + 2)-apart.

Proof. By criterion (3) it follows that the stated truncations certainly are
convergents and further that

n—1

degemir = A —2r—2 Z A;.
=0
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Moreover the condition 2)\,~«l Ait1 leads to a, so to speak, gratuitous inter-
mediate convergent

Pmj _ @ I N (e + 1)

Gm+i (2 = 1)/ T['p (2% + 1)

with
deg Cmtjt1 = 2An —2degqmy;
as may be readily checked with an appeal to (6). Between them these two

partial quotients soak up most of the available degree and (as the remaining
Cm+i are of degree at least one) we obtain

k
k—-2< z deg cpmti — degepyr — degemyjin
=1
n—1
= 2(degqm+j —(Ap—r-— Z /\,)) < 2r.
=0

Note: we see at once the the truncations are 2—apart if and only if

n—1
=" +1) | (e - 1)/ [ +1)

1=0

and that otherwise (since by degree considerations j # 1 and j # k—1)
we must have separation k£ > 4. We shall see later that there are in fact
no 3—apart examples. Since one can envisage cases were all the remaining
quotients are indeed linear the bound 27 + 2 seems reasonably precise; we
shall see cases where this bound is sharp when » =1, 2 or 3.

Not surprisingly, the phenomenon of one product inheriting the bound-
edness property from another is rather more general:

THEOREM 2. If F(z) and G(z) are infinite products (whose truncations
are all convergents) which differ only by a factor consisting of a rational
function

G(z) = %F(z) f(2),9(z) € Klz] \ {0},

then the truncations of G(z) are of bounded distance apart if, and only if,
the truncations of F(z) are of bounded distance apart.

The result is immediate from the following (admittedly rough) bound:
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LEMMA 1. Suppose that p;/q; and p;+r/gi+r are convergents to a Laurent
series F'(z) such that

Pm _ @i Pt _ (%) pitk
Uyt 9(T) Gitr

are convergents to

G(z) = -;%Fm) f(2),9() € Ka] \ {0}.
Then
t < (k+1)deg fg+k.

Proof. The proof employs a similar degree counting argument:
We suppose that there are M + 1 convergents p;,;/q,,; (0<j < M)
to G(z) with
degg; — deg f < degq,,; < deggirx + degg.

Further suppose that there are N convergents p;yn(j)/¢itn() (1 <7< N)
to F(z) with 0 < n(j) < k and degc;yn(j)4+1 > deg fg. Now since

p. .
deg (G - z1+—n(])) = —2deg gqiyn(j) — (deg Ciyn(j)+1 — deg fg)
9 Gi+n(j)
we see from criterion (6) that
fPitn) _ Pt s()
9 Gitn()  Quts(y)

all are convergents to G with

deg C:L+s(j)+1 > deg ¢iyn(j)+1 — deg fg,

and plainly

degg; — deg f < deg quts(j) < deggi+x +degg,
so that 0 < s(j) < M. In particular, as

k

N
Zldeg c;+s(j)+1 > 2 degciy; — N deg fg >
=1 degcii;_->ldegfg

> deg ¢;+x — deggq; — kdeg fyg,
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these convergents monopolise most of the available degree. Hence, as the
remaining convergents are at worst linear we see that

M N
M- N<) degelj— ) degcyi s <
j=1 j=1

< (deg gi+k — deg gi + deg fg) — (deggirk — deggi — kdeg fg) =
= (k+1)deg fg.
The bound follows at once since trivially N <k and t < M.

Notice that we made no prior assumption here about the nature of F(z);
for example we might consider products

f(fv) H ( )

1—0

with
n—1

deg gn/frn > 2Zdegg,~ + deg fg

=0

to ensure that the ‘truncations’

are convergents (needless to say we shall do no such thing here).

4. The Transduction Process Justified

We saw in Theorem 1 that examples with the desired property could be
obtained by multiplying a product known to have bounded gaps (for exam-
ple the 2—apart products) by a rational function. In this section we show
how the matrix formulation alluded to in §2 can be used to generate the
new quotients from the old.

We suppose that

G(z) = g%F(z) f(2),9(z) € Klz] \ {0}

where

F(z)Z[CO,Cl,Cg,...], G($):[b0,b1,b2,...]
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so that in terms of the matrix equivalence
RboLbleQ"'=<f O)RCOL01RCQ__.
0 g )

Hence we may obtain the b;’s from the ¢;’s by passing the multiplying
matrix through the R°’s and L¢’s term by term. At each stage this amounts
to multiplying each R° or L° on the left by a matrix of determinant fg of
the form

A 0 C BY _ 7 A 0 7= 0 1

c B) > \40)"7\c B) “\1 0
where degC' < deg A. By applying Euclid’s algorithm to the rows of the
resulting matrix (that is to say by writing

a B\ _ a 8 fa—-dy B-dé
(7 5)_Ld(7—da 5—dﬂ)’ Or Rd( y 5 )

where d = |§/8] or d' = |B/6| and so on) we output a successsion of
R%’s and L%’s until we are left once again with a matrix

! ! !
(él g/) or (i, g) with deg C' < deg A'.

In the special case that all the ¢;’s ¢ > 1 have degc; > deg fg (as will
be the case in all of our examples) the procedure can be described fairly
concretely:

As degcp may well be zero the first transduction can be atypical. De-
noting by p;/q¢; the convergents to ¢of/g = [do ,dy , ..., d,] where ¢of =
a(z)p, and g = a(z)g, we see that

(5 O)me= (2 ) (CQas )

:Rd°Ld1Rd2'--Ld"J(g g) if n is even
or R¥PLURd...RiIn (é g) if n is odd

where deg C < deg 4.
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The general transition through an L° is particularly simple:

(& 5)m=(a 5)

A 0N o _ p|Beuxe A 0
J(C B)L =gl JJ(C, B)

with deg C' = deg (Be; + C — A | B4tC|) < deg A.

The general passage through an R€ is a little more complicated and
breaks down most naturally into two parts:

We first let p;/q; denote the convergents to A/C = [eg,€1,..., €]
where A = p(z)p; and C = p(z)g; and observe that

(A 0>Rc,-:<pt Pt—l)(# u)
C B g qi-1 0 v

where u = pe; + (—1)!Bp;—; and v = (—=1)*"1Bp;; of course there is the

convention that
(p_l p_2)=(1 0)
g-1 g-2 0 1

so that if C = 0 we take t = —1 and do nothing. Hence if we let p}/q!
denote the convergents to u/v = [hg , by, ..., hs] with v = A(z)p), and
v = A(z)q, we obtain

(A O)Rc.- _ (Pt pt—l) (PQ P;—l) ((—1)3_1#(1;—1 )‘)
C B @ g-1) \ ¢ 951 (-1)°pgs 0"
Thus

!/
(g g) RS = ROL% ... Rb-1 b (é, g,) if s+ ¢ is even

!
= R [ ...[h-1 RP: (A 0 ) if s+t is odd

c' B
and
!
J(é g)ch — [foger...[h-1 phs (é: g, if s+1is even

if s+t is odd

)
& )

= LeORe...Rhs-1hs (C’ B
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where deg C’' < deg A'.

So as we pass through successive R’s and L’s the R’s of the output
are always followed by L’s and vice versa. Moreover due to the condition
degc; > deg fg = deg AB we see that (with the possible exception of the
very first output do) all our outputs are of degree greater then or equal
to one. Hence in this case we are indeed obtaining (term by term) the
legitimate expansion bg,by,... of G(z). Since our output is never less
then our input we can (by feeding the output back in as input) use this
approach on F(z) satisfying a functional equation of the form:

F(z)= %F(xk) A > deg fg.

We shall begin the next section with just such an example.

Of course the described process still functions if we allow the possibility
of input quotients with degc; = deg fg. In that case the output is still
sustainable but may well now contain rogue constant terms — although
techniques do exist for individually removing such illegalities relying on the
observations that

[...,a(z),1,b(z),c(z),dz),...]=
=[..,a(z)+1,-b(z)-1,—c(z),—d(z),...]

and

kla(z) ,k ,b(z), c(z),d(z),...]=
= [ka(z) , 1, kb(z) , k™ c(x) , kd(z),...].

Input containing terms ¢; with dege; < deg(fg) is more problematical;
not only is the above program no longer quite suitable but there genuinely
seems no way of preventing the possibility of R’s followed R’sor L’s by L’s
so that (with the danger of wholescale back-tracking through cancellation)
we no longer have any right to assume that the output we produce from a
finite number of transductions bears much relation to the final expansion.

Note that with the exception of the two possibly large quotients [Pﬂi’—qJ
and hg = |u/v] the remaining quotients produced in passing through an
L% R%+1 are (by considering the degree of the denominators C and v)
of limited degree; a phenomenon that we have already encountered in the
case described in Theorem 1. In fact since the sum of their degrees is at

most 2deg fg we see that each L% R%+! produces at most 2deg fg + 2 of
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output. More careful analysis of common factors could no doubt be used
to recover the bound of Theorem 1 in this way. When we are interested
in truncations we can (by considering the potentially large degree of the
subsequent partial quotient) use these observations to locate their position
in the output; if the truncation p,/q, is (as indicated) the (n + 1)-st
convergent to F'(z) then when 7 is even the expansion for the truncation
convergent fp,/gg. to G(z) corresponds simply to the output generated
by passing through R L° ... R° . When 7 is odd we need in addition the
€o,€1,--.,€e produced (when C # 0) in partially passing through R¢»+1.
Of course the former situation is preferable and indeed when F(z) is our
familiar 2—-apart product we can arrange for the truncations to be exactly
the ‘even convergents’ (at the expense of a tolerably illegal and in some
ways preferable expansion as we shall see below).

Although the cases are somewhat limited in form we are faced with
potentially infinitely many different possibilities for the transition matrix
(A 0 ) . We would hope that the transduction process produces, if not a

CB
finite set, then at least only matrices of a similar enough shape that we can

avoid simply performing transitions ad infinitum. In the next section we
see this technique in action.

5. The Matrices in Action
As mentioned earlier, it was shown in [2] that any infinite product of the

form
o0

F(z;)) = [J(1+27)

=0

where A = (Ag, Ay, ...) satisfies
Aig1 > 2(X0+ A1+ .-+ X)) and  2); | Aig1 forall i >0,
has truncations 2—apart with expansion
F(z;A) = [bo(z; A) , ba(z;A) 5 b2(230) 5 - - -]
where

(wAI_AO + 1)

bogid) =1, bi(aiA) =gV, ba(eN) =~y
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and
n—1
b2n+1(l'; ,\) — —$>‘°+"'+>"‘-1 H(.’I)Ai + 1)’
=0

b2n+2($§/\) - _ (x)\n—()\o+"~+>\n—1)(x>\n+1—2>\n _ 1)) H(x}\.' + 1) .
1=0

We begin this section by using the method of transduction described above
to give an alternative proof of this fact:

From the functional equation
F(z; ) = (1427 F(z;)), X =(A,A,..2)
we see that

Rbo(l‘;A)Lbl(fE;A)Rbﬂx?}‘) -

_ (z>‘°0+ 1 20) Rbo(mA) pha(asX) pha(zd') |
z

The trivial observation bg(z; A’) = 1 entails that the initial transition yields

g 41 0] 20 2o 1 1
( 0 zo R=RL —gro(zr +1) 0)°

Now since A; | Ajy1 we see that F(z;)') is a polynomial in z*1 and so
possesses partial quotients with degb;(z;A') > Ay > 2o for all ¢ > 1.
Hence from our previous comments we are allowed to read off the b;(z; A)
directly from our output as it is generated term by term. Thus we obtain
bo(z; ) = 1,b1(z;A) = z*° and we proceed to the next transition armed
with the knowledge that by(z;\') = z** and the assumption that 2Xq | A1:

zr 4+ 1 1 M —(2*172041) /(220 +1) 1 1

Therefore by(z;A) = —(z*172 4 1)/(2*° + 1) and at the next stage

1 L) p-(a*2=2141) /(s 141)
(—x"O(zAO +1) 0) R

_ 1 -2*0(2*041) p—zr17ro(zA2= R _1) /(2P 41)(2Po41) [ 1 0
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Hence b3(z;A) and bg(z; A) are of the stated form.

From this point onwards the transition matrix moves through the R’s
and L’s unchanged. In particular under the assumption (as we have just
seen for N = 1) that z*°(z*° + 1) divides byn42(z; A') we obtain at the
N -th subsequent stage

1 0 ban41(zA')
(o e sn)? -

_ 720z )by a (mN) 1 0
=1 o (0 zro(zro +1)

and

1 0 ban+2(zA') —
(0 xko(w}\o + 1)) R + =

—_ b2N+2(l‘;>\')/EAO(ID>‘O+1) 1 0
=R (O gro(gho +1) )

A simple induction argument leads at once to the relations

banta(z; A) = 270 (2% + Dbanya(z; N)
ban+a(w; A) = banga(a; X)) /2 (2?0 + 1)
and the stated formulae for bony1(z;A) and ban42(z;A). Our previous

comments or simple degree considerations show us that the truncations are
always 2—apart.

From now on we will assume such an expansion which (in the manner
of [2]) it will prove convenient to write in the slightly illegal form

F(z;\)=[l,2* ~1,1,¢c3,¢c4,¢5,...]

with
n—1
Conga = g 0t A2 I-‘[(ac)‘0 +1)
1=0
n—1
Cong1 = x>\n—l“(>\0+"'+>\n—2)($>‘n‘2'\1»—1 _ 1) / H(xh + 1) .

=0
We use this to generate the quotients of

G(z)=1lao,a1,a2,...]
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where

(1) Gl@)= 1+ [[a+s™),  (nh0) =1
=0

with

(12) Xi>2(r+Xo+---+Xi-1) and 2)\i|)\i+1 forall 1> 0.
From the functional equation

G(z) = (1+27")F(a; \)
we obtain the matrix correspondence

z"+1 0

ao a ag.._:
R®L“R ( 0 o

) RL*°'RL*%R%* -

where the ¢; all are polynomials in z*° and hence of degree degc; > \¢ >
2r. In particular (from our earlier analysis) it is clear that (once we have
safely passed through the initial RL“”A°"1R) we are allowed to read off
the a; from the output, transition by transition. Of course in general we
cannot expect our transition matrix to remain constant as occurred in the
above example; however we can hope that it changes in a fairly predictable

manner.

THEOREM 3. Let

6@)=(1+e ) [[A+™),  (Go2)=1
=0

with \; satisfying (12). Then the truncations of G are eventually 4-apart

(the initial gap is 3 ) with partial quotients a; given by

Qgny1 = %(czn.,_l(x) + zeant1(-1)) / z(z +1)
aantz = =22 Ao/ M) (2 + 1)
Q4ny3 = — (/\n/2”+1)\0)2 Tcynt2(T) / (z+1)
ants = 2773 (No/An) (z + 1)
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for n > 1. The first 5 irregular partial quotients are given implicitly below.

Proof. We first note the general matrix transition formulae

Az(z+1) 0 Lem+1 —
Bz D

_ [ B(eansr(@)+acansa(~1)/a(w+1) ( Az(z +1) 0 )
B - Deyayi(~1))z D)’

Ax(m + 1) 0 R02n+2 —
Bz D -

= R-ﬁ-(x+1)L—%xc2n+2/(z+l)R—%(z‘+1) AIL‘(:L‘ + 1) 0
Bz D/

Passing the multiplier through the first three terms gives us the first five
partial quotients ag, a1, ..., a4:

z+1 0 z20 -1 _
( 0 z)RL R=

— RLxR—(wAO—1—1)/(x+l)L_%(2$+1)R4(2x+1) (4$($1+ 1) 0) .

Now applying the above formulae with A =4, D = }1—, By = —% we see

_ that passage through the n-th block L+ R®>»+2 takes the form

(42?(113 + 1) 0) LC2n+1 RC2n+2 —

1
Bn_lx Z

L(cz,,.,.l(:z:)+xcz,.+1(—l))/16x(:c+1)R4(z+l)/Bu %

« [~B2zeans2(2)/(2+1) p-4(a+1)/B, (4x(w+ 1) (1))

Bnill 1

with By, = Bnp_1 — $Cant1(-1) = — (%)n+1 (An/Xo). Hence the alleged
partial quotients. Moreover by previous comments or by simple degree
considerations we see that the truncations coincide exactly with the finite
continued fraction expansions produced by these transitions and hence are
all (bar the first) four-apart.
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THEOREM 4. Let

Gz)=(1+2)[[A+27%), (o2 =1
=0
with A; satisfying (12). Then

(¢) if 4 | A1 then the truncations are eventually 2-apart (initial gap 5)
with partial quotients

A2nt6 = %932(372 + 1)cans2 agnt7 = 16con13/2% (2% + 1),

forn>1.
(¢¢) if 4] A1 then the truncations are eventually 6-apart (initial gap 5)
with partial quotients
agn+7 = 16{cant+3(z) + (Ant1 — 2An/2")\1)z2(ez -1)} / z2(x2 +1)
t6nts = —352" (A1/Ant1) (2 + 1)
t6nt9 = =8 (3)" (Ans1/A1) (62 — 1)
dent10 = (2% canta(2))/(2® +1)
tent11 = 8 (3)" (Ant1/M1) (62 — 1)
Gent12 = 762" (M/Ant1) (62 + 1)

for n > 1 where
8_{ 1 ifd =3 (mod4),
Tl -1 ifA =1 (mod4).

The first 8 or 13 partial quotients can be discovered below.

Proof. In both cases the initial transitions produce the first 7 quotients

(zZJ 1 02) RL®°71R = RL® R~(="°7°~e)/(e"+1)
T

1,202
—ez+1 p—tez—3 ;—8ext12 p—k(ezt+1) [ —g22(2*+1) 0
x L R7ERL B ( 4z¥(l—ex) —-4)°

In the first case when 4 | A1 we need only one further atypical transition
~L1a2(z2 41) 0 1o =
4z%(1—ez) -4

= [16{z’(1-e2)—c3(2)}/=*(«?+1) (—%mz(ﬂ +1) 0 )
0 —4
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after which the transition matrix remains unchanged with

(A$2($2 +1) g) Ron+2 = RAZ*(2*+1)c2n42/B (A$2(a(:)2 +1) g)
0
sz(;l:z + ]_) 0 LC2n+s — LBC2u+3/A$2(-’L‘2+1) A$2(:E2 + 1) 0
0 B 0 B

for n > 1. The stated quotients are then immediate.
When 4 ,l/ A1 we require two further irregular transitions

—1z2(z2+1) 0O
4 €3 PCa —
( 4z%(1 — ex) —4) L2R™ =
— L1603(x)/1:2(x2+1)R-11—6(5:1:+1)L—8(1—ex) X

1,202
1 {z%cq(5)—(co+1)}/(c?+1) 78(eo—1) p(es+1) [ —7E (27 +1) 0
x R L R ( 4z(ex —1) -4

before the process settles down with

Az%(2? +1) 0 [ —
B,_1z%(ez—-1) C
[{Coimt1~(Ba=Bu_p)a*(eo-1)}/as*(z241) [ Ac?(a? +1) 0
Bpz?(ex-1) C )’

z*(ex —
4Az%con42/C(z°+1) [ — F(ex—1) p—F(ez+1) Azz(z2+1) 0
xR L7 R (Bq:z(ex—l) C

for n > 2, where

Bn = Bn—l - 02_(n—1) (An - 2/\"__1) /)\1 .
The given partial quotients then follow fairly easily.

THEOREM 5. Let

o0

G(z) = (1+27°) [Ja+27), 2| Ao

=0
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with A; satisfying (12).
(?) If (3,A;) = 1 for all © then the truncations of G all are 5—apart with
partial quotients

( n+1 62n+1($)
(D" =7=73 .
3(z +1) if Ap—1 # Ap (mod 6)
24z + D)+ (=D cons1(z .
a5n42=4 —{ ( 23(:”(3 +)1) 2n41(2)} if Ap—1 =2,A, =2 (mod 6)
(a:4(a: + 1)+ (=D egppa(z))  if Ano1 =4,2, =4 (mod 6)
z3(23 + 1)
T if A, =2 (mod 6)
Gon+3= —(z® -z +1) if A, =4 (mod 6)
{ z-1 if Ap =2 (mod 6)
asnya=9 (14 (- 1)% cont2)(T + 1) . _
2~ ot 1) if A, =4 (mod 6)
n .3
_a +( 1) Zemi)@HD) ey 9 (mod 6)
A5nt5= -z +1) }
~(z — 1) if A, =4 (mod 6)
:c—:z;+1 if A, =2 (mod 6)
a5n+6— -z if A, =4 (mod 6)

for n > 1. The first seven atypical partial quotients can be found below.

(i¢) If 3 | Ay for some N > 1 (where we take N to be minimal) then
the truncations of G(z) are eventually (after the N’th truncation) 2-apart
with partial quotients

23 (z® + L)eay(Nn) () if N is odd
a5N+2n+1={ —-;1:3(:1:3 + 1)02(N+n)($) if N is even
eaN+my+1(2)/2°(2* + 1) if N is odd
a5N+2n+2:{ —eyN4ny41(2)/z*(e® +1) N is even

for n > 1. The first (5N + 2) quotients are as in case (%), and asy42 can
be found below.

Proof. If 3 J/ A; for any ¢ we experience four basic transition matrices:

a=(ZEE ) m= (e 1),

e=(ZE 5) o= (2 0)
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After the initial transitions

1’3+1 0 201
(0 x3)RL R=

zAo—%_3
RL’”sR_z( =T+ )L‘(”2‘x+l)R(”+1)2L‘(”‘1)R‘””A if Ao =4 (mod 6)

52054

2
RIL”R ( =74 )LxR@-l)L-(f+1>2R<Z2-x+1)B if Ao =2 (mod 6)

we have the following identities:
If » is odd

AL02n+1=L02n+1/$3(9?3+1)A ifA,o1=4, A\=2 (mod 6)
AL+ =[{eomn+a*(z+ )}/ @) g §f ) | = 4, A, =4 (mod 6)
BILC2n+1 =L{62n+1-174(37'1'1)}/33(133"‘1)/1 if Aoy = 2, Ap=2 (mod 6)
BLc2n+1=[c2n41/2(c°+1) g ifA1=2, A, =4 (mod 6)

and

ARC2n+2 = RZ[(z=1) Rle+1)(2’ c2ng2=1) /(& ~z+1) [ (s ~2+1)
BRC»+2 — R—($2—1‘+1)L—($+1)(1‘302n+2 —1)/(z2—x+l)R—(w—l)L—xC.

If n is even

DLem+1=R—Con41/2(*+1) if \pc1 =2, A, =4 (mod 6)

DIc2n+1 :R—{02n+1+1’4($+1)}/“’3($3+1)C fA,1=2, A,=2 (mod 6)

CLC2n+1=R—{c2n+1 —1’4($+1)}/1'3($3+1)D if A1 = 4, A\, =4 (mod 6)

C Lo2n+1 = R—Can+1/2%(a+1) 0 if Anm1 =4, A, =2 (mod 6)
and

C RC2n+2 — L:I:R(:L'—l)L—(:c+1)(x302n+2+1)/(.7:2—-1;+1)R(a:2—:c+1)B
DRC2n+2 — L—(wz—x+1)L($‘+1)(I302n+2+1)/(932-x+1)L-(x-l)R—‘TA.

So each time we pass through a block L°»+1 R®2»+2 we output 5 partial
quotients and if n is even (respectively odd) either an A (respectively C)
if A, =4 (mod 6) or a B (respectively D) if A, =2 (mod 6). The stated
quotients can be read off and then degree considerations confirm that the
truncations do indeed occur as every fifth convergent.
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Now if 3 l Ay for some N > 1 (assumed minimal) then the process
remains the same until we hit L°¥+1_ In particular the ag,a,...,a5n+1
are generated as above. Writing

() (i )

we see that
ALC2N+1 — L{C2N+1+w3(x2—1)}/z3(23+1)E:

if N is odd and Ay_1 =4 (mod 6),
BLCN+1 — L{02N+1 —m‘3(1‘+1)}/z3(1:3+1)E

if N is odd and Ay_; =2 (mod 6),
CLC2N+1 = R—{cw+1—x3(x2—1)}/x3(x3+1)F
if N is even and Ay_; =4 (mod 6),
DLCc2N+1 = R-—{62N+1+r3(r+l)}/z3(z3+1)F
if N is even and Ay_1 =2 (mod 6),
after which the transition matrix remains unchanged with
ERC»+2 = Rx3(123+1)02n+2E FRn+2 — L—$3($3+1)02n+2F
ELCcn+3 — [cm+3/2°(z°+) p FLCn+3 = R—02n+3/1‘3(1‘3+1)F

for n > N. The stated partial quotients are then evident and degree
considerations or otherwise show that the truncations are indeed 2-apart
as claimed.

THEOREM 6. Let
o0
G(z) =1+ ) [J(1+27), 2/ X0, 6]\
=0
with A; satisfying (12). The the truncations of G are eventually 4-apart
(the initial gap is 6 ) with partial quotients
A4nts = (271—13/\0/)\;1) B_2(:1} + 1)

G4nte = ()\n/2""13}\0)2 Bz3(2® —z + Degnt2(2)/(z 4+ 1)
Agpy7 = — (2n—13)\0//\n) B-2(z +1)

1
askts = —B*{eanya(2) + §$3($2 — 2+ Deznya(—1)}/2%(2® + 1)
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for n > 1 where
_{ % if Ag =1 (mod 6)
14 if A =5 (mod 6).
The first nine partial quotients ag,...,ag can be found pelow.

Proof. If Ay is odd and 6 | A1 then we have the following transition
relations:

Az®(z? -2 +1) B Rean+2 —
Cz3(z3 + 1) 0

S (z+1) —ﬁ(z's(asz—w+l)02n+2)/(z+l) - S (z41) A$3($2—$+1) B
e R e L= ( Co¥(a® +1) 0

for n > 1 and
Az3(x2 -z+4+1) B Leamtr —
Cz3(z®+1) 0
RE(e2ni1 (@430 s+ ernpa (-1)) /e 1) ( D2(2? 2 +1) B
Cz3(z® + 1) 0
for n > 2 with D= A - %B62n+1(“1).
Here we have to endure some rather painful initial transitions:

(z3+1 0

0 :l':S ) RLI)‘O -1 RL*3

—4

— RLzaR_x(x_?z‘_‘_—l.f—l) L(.’L‘2+z+1)R%$—%L8$—4R-116-(:L‘+1)L-—161‘X
o« R {es(@) =22 (@ H1) = foa® (s —a4 1)} /a¥(@*+1) ( $P02’ (2’ —z +1) 3
—423(23 + 1) 0
if Ao =1 (mod 6) and

zr0—5_

— RanR—-’Bz(—zgrl)L—xR(x+1)L%a:—%RSx-—12L%(x2+:c+l)X
% R—16{cs(z)+2%(2—1)~ oz’ (s*—c+1)}/a*(c*+1) (45395;5?(2;151) ‘5)
4
if Ao =5 (mod 6), where fp = —% (A1/Xo).

Hence after passing through the k-th block R°2*+2 [°2+3 we output 4
partial quotients and a transition matrix of the form

BrBz3(z2 —z+1) B
—%w‘"’(z3 +1) 0)’



208 Chris PINNER, Alf van der POORTEN and Natarajan SARADHA

where B = Br-1 — Tearsa(—1) = —Ax41/2%3Xo. This makes the theorem
evident.

Notice that we have covered here all cases of (11) with 7 = 1 or 2 and
a number of cases when 7 = 3. The remaining cases with r = 3 become
rather too unwieldy to handle by locating the quotients in this way (when
2 ,]/ Ao and 3 * Ai, not only do we have to force through multiplication
by the two polynomials (z + 1) and (2% — z + 1) but, as we have seen
before, the multiple factor (z+1)? in (1+2~3)(14+2z~?°) spawns unwieldy
constants). These missing cases will be given in §6 and are found by
considering convergents, as opposed to evaluating partial quotients.

6. The Convergents Considered

Given the convergents p, /¢, and pn4r/gnsr and the intermediate partial

quotients @p41,...,an+h it is fairly easy to retrieve the missing convergents
Pr+1/Gn+1s -+ 5 Pnth—-1/qn+h-1 in the following manner:

We define
(13) S(rym) = Prom@r — Gr+mPr-

and observe that S(r, m) can be straightforwardly written in terms of a,4,
..+, Grym by means of the easily proved iteration relation

S(r,m)= arymS(r,m—1)+ S(r,m—2)
where, as is well known,
S(r,0)=0 S(r,1)=(-1)".

It is not hard to then show (by induction on r) that the intermediate p,4,’s
and gp4,’s, 1 <7 <h—1 are given by;

Prtr =(pn+h.5'(n,r) +pnS(n+r,h— r))/S(n,h)

14
(14) Gntr =(@nnS(n,7) + @ S(n+1r,h — 1)) /S(n, k).

If the reader should object that knowing p,/¢, and pnyr/gn+r can only
determine p,,, ¢, and pp4h,gn+r up to a constant we observe that to obtain
Prtr/qn+r We need only determine the ratio of the leading coefficients of
Pn+r and p, and this is simply the product of the leading coefficients of
the Qp41y--3qnth.
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In fact not only must the missing convergents pnr/qn+r be of a special
form but conversely given polynomials A and B with deg AB < deg S(n, h)

such that
P _ PrnthA+pnB

4 qnthA+ B

satisfies .
degq < deg(qn+hA + an) - 5 deg(S(n, h)AB) ’

then p/q is an intermediate convergent p,4i/gn+i for some 0 < i < h.
This fact is an easy consequence of criterion (6) since

p BS(na h) pn+h)
deg | F — —) =de ( + F - 212
8 ( q s Gnth(gnsnA+ ¢, B) dn+h

= deg ABS(n, h) — 2deg(¢n+rA + ¢nB),

where clearly

h
deg S(n,h) = Z deganyi = deg gnin — deg g, — deg ant1 -

=2

Hence in order to find the (7 + 7)-th missing convergent it is necessary and
sufficient to look for polynomials A, B (sharing no superfluous common
factors) with

%
deg A=) degany;,  degAB < deg$(n,h)

j=2
and
S(na h) I PnthA + pnB, S(n7 h) | gn+hA+ qnB
giving
Pn+i _ p'n+hA +pnB
Qnti  Gn+hA+ @B
with

degantiy1 = deg S(n,h) — deg AB.

The limited form of the intermediate convergents allowed by (14) enables
us to determine quite preciscly when we can have very small gaps :
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THEOREM 7. Let

G(z) =1 +bic™),  bicK\{0}
1=0
with the A; € N satisfying
Ai+1 >2()\0++/\,) forall 1>0.

Then the truncation convergents

n—1 n
Pm _ H(l + b,-a:')"‘), Pmth _ H(l + bw—)u)
Im 2o Imth 2o

are

(¢) 2—apart if and only if
n—1
H(z*' +5;) | (z* —by)
1=0
with intermediate convergent

Pm+1 ghn—EiSo N
Gmt1 (are —by)/ TTicg (2% + b3)

(¢t) 3—apart only in the special case

2(0d) 3R e
where X = by 'z,
We immediately obtain the following:
COROLLARY 1. The infinite product
o0
(15) G(z)=JJa+27%),  Xi>20+---+Xi1)
i=0 "

has truncations which are eventually 2-apart (that is, from the (N —1)-st
truncation onwards) if and only if
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(1) (zM +1,2Y +1)=1forall i, <N -1, i #j,
(i1) 22 | An for i< N —1,
(i66) 2X; | Aig1 forall i > N.

There are no infinite products of the form (15) whose truncations (except
possibly the first) are ever three-apart.

Proof. We suppose that p and p are constants such that

n—1 n
Pm =P H(ﬂﬂ'\‘ + b;) Pm+h = HH(x'\' + b;)

i=0 1=0
qm = pzzy;ol Ai Gmih = P T=o N
so that
n—1
S(m, h) = ppby, H zi(zM 4 b;).
=0

Now if h = 2 we see from (14) that the middle convergents are necessarily
given by

P _ l‘(xx" + by) —
T (C1) b [T o
A
z n
dm+1 = a i

(—1)™pupbn [Ticg (z + bi)

For the first of these to be a polynomial we require that ub, = p; sub-
stituting this in the second gives the stated criterion. Conversely if such
a condition is satisfied then by appealing to our previous comments or to
criterion (6) we see that the given fraction is an intermediate convergent
and moreover by degree considerations that it is the only one.

Now if h = 3 the equations (13) and (14) produce

Pt = p(r +bn) = pamys S P — pamys
m = — m =
(~)mup iy o™ (- 1)"‘up T (2% + b))
_p(ar + bn)am+2 +p P Amya + p
Pm+2 = ~ dm+2 = N
(=) up Iisy 2 (=1)mup TTi (2 + ;)
and
n—1

(16)  ami3amya + 1= (=1)"S(m,3) = (=1)"upbs [[ (e +b:).
=0
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From the equations for py41, Pmy2 We see that

n—1 4

By — POm+3 = A(z)zz.:o A

n—15

PbnGmys + p = B(z)zz"=° Ai

for some polynomials A(z) and B(z). However since

n—1

deg amio + deganyz = 2 Z Ai, deg am+2, degamqs > 1
=0

we see that A, B are both in fact non-zero constants. Hence substituting
these expressions for ap,4+2 and an43 back into (16) we obtain an expres-
sion of the form

R apy (/‘bni;'pA) (- 1)m+1(upbn) H( Y

In view of the rapid increase of the A; > 22’ ! o \j, comparison of the
number of terms on the right shows that such a relatlon is only possible if
n = 1. Finally substituting for a,,+3 in gm41 gives

_ p(EM —by) + Az
—ppbi(z*e + bo)

from which one easily deduces that Ag | A1. An obvious change of variable
reduces this to the case (1 4+ X '1)(1 +cX "’\) which as we have seen is
2-apart if ¢ = (—1)*, and when ¢ # (—1)” is easily checked to be 3-apart
with expansion:

CO (D) b b (@-bP (-

5 ) B B S GRS S S

where b = (=1)*c.

Our examples have featured constant gaps between the truncations; lest
the reader be misled into believing that this is generally so we give the
following nice counter-example:
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THEOREM 8. Let

G(z)=(1+z7°) [J(1 +27*)

1=0
with the A; satisfying (12) and
Xi=6-2" (mod 10) for all i>0.

Then the truncation convergents

m m+1
PN -5 -\ PN+M -5 s
— =14z 14 z7%), —— =(1+z I+27%
o = eI b g = e I )

are 5—apart when m = 3 (mod 4), 6 -apart when m = 2 (mod 4), 7-apart
when m = 0 (mod 4) and 8-apart when m = 1 (mod 4) with intermediate
convergents:

Aj(z)em 12 X5 4 Bi(z)(2 + 1) [TiLo(z™ + 1)

. a1 —
AN+ (Aj(x)(z+l(;:n£:(ml>‘)a+l) + Bj(z)w2i=o )\.+5) / ‘1’10(23)

A
PN+k _ Ama1= 0 Ai—5 (ztm+1 —1)
—_— Q m+1 =0 7't
AN+k ( 10(z)2 ) (z+ D IIe(z* +1)

A (2)(z + DI (2 4+ 1) + B (z)zdm+1— X0 Xi—5
3 h

=0

PN+; _

PN+k+h _

m+1 Am41_
Ntk (A;L(z)xzm ore +B;L($)(x+gnz’;(xl*)i+l)) /(I>10(a:)

for 1<j<k-1and1<h<M-k~-1 where ®;9(z) = (z°+1)/(z +1)
and

m=0 m=1 m=2 m=3 (mod4)
(Al’Bl) (1’u) (1,_:1:2) (lvxs) (1’_1)
(A2’B2) (.’E,l) (v,w) (w>'v)

(A3>B3) ($371) (—zz’l)
(A, By)  (L,2%) (1,-2%) (-1L,1) (1,2)
(A43,B3)  (w,v)  (v,w) (u,1)

(Ag’nB:,}) (_1"2’1) (11)3,1)
with w(z) =1—-z+22-23, v(z) =2~z +1, and w(z)=1—-1z.

Proof. The above expressions may appear formidable but the process for
obtaining them is fairly simple. Previous remarks guarantee us the stated
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convergent pn+k/qn+k- Hence to find the convergents between py/qn
and py4k/qN+k it is enough to find polynomials A;, B; with deg A;B; <3
such that the stated denominators are polynomials. Thus starting with
A; = 1 we find successive A;, B; with degA; = 4 — deg B;_; until we
have filled in the gap (that is, > (4 — deg A;B;) = 4). Similarly for the
A}, B} . Of course we have made things here simple by choosing the A;
such that for a root ¢ of ®19(z) we have

¢ ifm=0 (mod4)

Cs+2§"=o i G ifm=1 (mod 4)
—¢? if m =2 (mod 4)

-1  if m=3 (mod 4).

(= 1)
€+ DT + 1)

= -1,

Note that it is not hard to see that a judicious replacement of a subsequence
of the A; by A, = 6-2™%2 (mod 10) can even inject an appearance of utter
randomness in these different spacings.

As promised, we conclude with the remaining r = 3 cases:

THEOREM 9. Let
Gz)=(1+z)[[a+27), (Mo,6)=1

with A; satisfying (12).
Then the truncation convergents

n—1

- - PN+M T Y
Py - 14273 1427 ——=(1+4+z 1427
D | (R N RAR ) | CRE
are
(¢) 8-apart if 3 }/ An with intermediate convergents:
PN+j _ Aj(@)ari0 M3 4 By(e) TSy (2™ + 1)
. zAn — n— .
e (Aj(a:)%f(?.% ¥ B-(m)z2f=o 243) [ (@ + 1)
pN+4 — ( 3 + l)z)\ - -:o i— - 1)
an+s H,_o o D
prarn _ AL TIo(e™ +1) + Bj (2)zn i X3

qN+4+h ( j(@)eXizo Ni¥3 4 Bl (z) "fxfx—.lu)) /(x3+1)
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for h,j7 =1,2,3 with

An =2 (mod 6) An =4 (mod 6)
(A1,B1) (1, a(z®—z+1)—cex) (1, e(2®2—z+1)—¢(z-1))
(A2, Bs) (caz + ¢, bz +a) (ex+d, —edz+ f)

(A3,B3) (b(z? —z + 1)+ k(z - 1), ek) (d(z®—z+1)—kz, —ck)
(A1,B)) (ke, a(z®—z+1)—kz) (k, f(e?—-z+1)—ke(z-1))
(435, BY) (az + b, cz+eca) (fzx—de, dz+e)

(40 B (@ ot D)4(a—1), ¢  (da?—o+1)tez, 1)

where ¢ and k are the constants
= 2(1)”(An> _{(—1)” if Ao =1 (mod 6)
72) W) fT (=Dt ifae =5 (mod 6)

and a, ..., f are constants given by a = —%(k+e), b= —%(5— 2k),
c=-1(ek-2),d=-%(k—¢),e=—3(2¢+k) and f = —3(2ke +1).

(i¢) are 4-apart if 3 | A, with intermediate convergents

PN+1 RN ()” ()@ =2+ D[S (& +1)

gN+1 (x)‘n—l) An A
((zz-x+1)n:'_o‘(z R ONCA B a ) WACES)

PN+2 An=3-050 Xy (z2» - 1)
avir = " e+l /(xz—z+1)n T+ 1)

(22 =2 + DITp(e™ + 1)+ 327 (§2)2h 20 N

PN43

q . oa P
A (m3+z.=o Yt % ' Qn(%g-) (xz—z+(11):l_l 1)(93"'+1)) / (e+1)

Proof. As before, the proof amounts to tediously finding A;, B; such that
the denominators are polynomial and so that the various degrees add up.
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