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Séminaire de Théorie des Nombres,

Bordeaux 4 (1992), 75-95

Transcendental numbers having explicit
g-adic and Jacobi-Perron expansions.

par Jun-icH1 TAMURA

1. Introduction.

Davison proved in [8] that

®
po= ) 2loml = [0;2°,27,2',2%,2%,95,9°,2%%, L] (e = (1+5)/2),

n=1

and that the number v is transcendental. Here, |z]| denotes the integer
part of a real number z and the right-hand side denotes a simple contin-
ued fraction, where the power of 2 appearing in the partial quotients are
Fibonacci numbers.

The binary expansion of 1 can be described by the fixed point of a substi-
tution.* For this purpose, we introduce some definitions.

K* denotes the set of all finite words over an alphabet K = {a,b,¢, - ,d},
i.e. K* is the free monoid generated by K with the operation of concate-
nation and the empty word A as its unit. K denotes the set of all infinite
words wywqws - - - (wy, € K).

A substitution o (over K) is a monoid endomorphism o on K* extended to
K, defined by o(w) = o(w)o(wq)o(w3) -+ for w = wywawy -+ € K.
A fixed point of o is a word w € K such that o(w) = w. Any substitution
o over K of the form

o(a) =au (u#2A), o(z) #2 (Vz € K),

has the unique fixed point w prefixed by a, namely, w = au o(u) o%(u) - .
Here, the product 7 o denotes the composition of 7 and &, and o™ indicates
the n—fold iteration o™ "o (n 2 1) with ¢%(u) = u (u € K* UK™).

Manuscrit regu le 20 Décembre 1990, version révisée regue le 17 Octobre 1991.
*Cf. Béhmer [4], Mahler [13], Danilov [7], Adams-Davison [1], Bundschuh [5], Nishioka-
Shiokawa-Tamura [15], see also Allouche [2], Stolarsky [21].
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The base-2 expansion of the number 1 is given by
% = 0.1011010110110101101011011010110110 - - - = Q. wywowy - -,

where the word w = wywew; - -+ € {0,1}* is the unique fixed point of the
substitution o over {0,1} defined by o(1) =10, ¢(0) = 1.

The main purpose of this paper is to give a higher dimensional version
of (1), where the Fibonacci sequence is replaced by a linear recurrence
sequence of order 3, the so-called “Tribonacci” sequence**; the continued
fraction expansion is replaced by its dimension 2 analogue, the simplest of
the Jacobi-Perron algorithms; and the fixed point of a different substitution

(2) o(a) = ab, o(b) = ac, o(c) = a.

In what follows, w = abacabaabacababa --- denotes the fixed point of the -
substitution o over K := {a,b, c} defined by (2)*** We shall prove that

0.101010110101010101011010 - - -
(0.111011111101111101111110 X ) -

0;20;20a21)2]y22)24)273213)'" 12fn—37
0;2°,2',2%,2%,2%,2", 2%, 2%, ... @fn-atfooa [

where the left-hand side denotes the vector of two real numbers 0.7(w) and
0.v(w) having the sequences r(w) and v(w) as their digits in the binary
expansion respectively with the coding

7(a) := 1, 7(b) = r(c) := 0, v(a) = v(b) := 1, v(c) :=0;

and the right-hand side denotes the Jacobi-Perron algorithm, and f, (n 2
—2) denotes the sequence with the recurrence relation

(3) fn = fn—I +fn—2 +fn—3 (n _?_- 1); f—‘2 = f—l =0, fO =1

We shall also show the linear independence, and transcendence of the num-
bers 0.7(w), 0.v(w) in Theorem 1. We give a more general transcendence
result in Theorem 3, for instance, the number

0.£(w) = 0.32320332332320332323203323323203323203 - - - ,

**Cf. Sloane [20], p. 60, {| 406; Carlitz, Hoggatt and Scoville [6].
**¥%Cf. Rauzy [18]. He set up a link between the distribution of the sequence
{(6n,mn)}n=1,2,3, .- modulo Z2 (6, n belong to a cubic field) and the sequence w.
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which is considered as an expression in base g (2 4), is transcentental,
where £ is the morphism defined by £(a) = 3, &(b) = 2, &(c¢) = 203.
For certain functions connected with the values 0.7(w) and 0.v(w), we can
show results similar to those in Theorem 1 using an algorithm defined
by Parusnikov, which is the counterpart of Jacobi-Perron algorithm for
functions. The Jacobi-Perron algorithms used in Theorem 1 and Theorem
2 will be introduced in § 2. Theorem 1-3 will be stated in § 3. In this version,
we use the theory of representation of numbers by Tribonacci sequence****
for the proof of the transcendence results in § 4.

Instead of the fixed point w, we can state theorems similar to Theorem
1-3 for the fixed point of the substitution 7 over {aq,as,- - ,a,.+1} (s21)
given by

7 (a;) =o' e (125 S 9),
T (as41) = @y
with k, 2 k.—y 2 -+ 2 ky 2 1 (k; € N), where the Jacobi-Perron al-

gorithms turn out to be of dimension s. We will give such results in a
forthcoming paper.

2. Jacobi-Perron Algorithm.

In this section, we define two kinds of continued fraction expansions of
higher dimension due to Jacobi, and Parusnikov.***** We use the following
notation:

L = C ((z7")), the field of formal Laurent series with complex coeffi-
cients.

L is a metric space with the distance function || 6 -7 | (6, n € L), where

| || is the usual non-archimedian norm defined by || 8 || = e™* for 6 =
Y. emz~™ €L withey 20, k€Z, and || 0] = 0.
m=k
0
[0] := the polynomial partof § € L, ie. [] = > cpz™™forf =
m=k

>, emzT™.
m=k

****This is a generalization of the Fibonacci representation due to Zeckendorf [22].
A large and interesting class of representations is introduced by Shallit [19], see also
Fraenkel [10], Knuth [12].

**x%%Cf. Bernstein [3], Parusnikov [16], Nikisin-Sorokin [14].
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<0>:=0—[f].
0] := (6], (), <8>:= (< 8>, <n>)forf= (6, n) €L’
where (8 , n) denotes the transpose of (6 , 7).

T : 12 — IL? denotes the map defined by T(*(8 ,n)) := *(1/n, 6/n). To
be accurate, T is not a map on 2. For brevity, in what follows, we shall
simply write f : A — B for a “map” f with some exceptional elements
z € A for which f is not defined. We also write T'(*(8 , 7)) by

_1
‘e, n)

Now we define, following Parusnikov [16], the Jacobi-Perron algorithm for
0= 10, n)€lL? Let by :=[0], 8y = “(6o, M) :=<8>.If0 #0, then,
noting that 77"(8,) = (70/60, 1/60), we can write

1
0 =by + 8 = b + @)
=0
Let by := [T7"'(8p)], 8 = (61, m):=<T7'(8y) > .If 6, #0, then
1
bt T
Continuing the process, we get
1
(4 6=t + : ,
b+ 1
b+ + b

provided that 8, # 0 for all 0 < n < m — 1, where

T 8= e, ) =<TTISMI(<8>) >
and
(5) by = [T7'(S" (< 8>)] (n21), by = [6y],
and S™ is the n—fold iteration of

S@):=<T7'®8) > .
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If 8,, = 0, then the algorithm terminates. If 8,, # 0 for all n 2 0, then

1

En = En(ﬁ) = 1 )
b, + 1

by + 4 —

9+ -+ b
which will be denoted by [by;b,, by, ,b,], converges componentwise to
8 as n — oo with respect to the metric induced by the norm || ||, cf.
Parusnikov [16].
Hence we can write
(6) Q=[Q0;.’21)k‘2;"'aén:"']'

In what follows, we also write

[bo;b1,b2,'“,bn] [bo;bhbz,'“,bn“]
Tn = ,Q: )

—_T . .
C0;€C1,C2, " ,Cn C0;C1,C2,"** 4yCp* v

for b, = *(bn,cn). The algorithm given by (5) will be called the Jacobi-
Perron-Parusnikov (abbr. JPP) algorithm (of dimension 2). Apart from
the algorithm (5), we can consider the expression (6) for a given sequence
b, € L? provided that its nth convergent =, is well-defined (except for
a finite number of them) and converges to some element in L2. The JPP
expression (6) will be called admissible if it is derived from the algorithm
(5). The admissible expressions satisfy

; b,, cn € C[2] with
(7) 0 S deg b, <deg ¢, 0r b, =0 & cp #Oforalln 2 1.

If we take the field R, and the integral part || of # € R instead of L,
and the polynomial part [f] of § € L, respectively, we have an algorithm
which is the simplest one among the Jacobi-Perron algorithms, cf. [3], p.
49. This algorithm will be simply referred to as the Jacobi-Perron (abbr.
JP) algorithm. When (6) is admissible in the JP algorithm, we have

(8) bn, cn € Zwith 0L b, Scn #0foralln 2 1.
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3. Main Results

THEOREM 1. Let g be a positive integer, and let 6(g), n(g) be the real
numbers defined by the expression in the JP algorithm

o 0(g)\ _ [0; ¢/ ¢, s gPr
( ) 77(9) T Q0 yf—1+f-2’ gfn+f—1’ e gfn-2+fn—3, .
where f, (n 2 —2) is the Tribonacci sequence defined by (3). Then the
following assertions are valid: ‘ '
(i) If g 2 2, the g-adic expansions of 8(g) and n(g) are given by

0(g) = 0.7(w), n(9) = 0.v(w),

where w is the fixed point of o defined by (2), 7 and v are codings defined
by r(a) = v(a) = v(b) =g -1, 7(b) =1(c) = v(c) = 0.

(i1) If g 2 2, then 6(g) and n(g) are transcendental numbers.
(i1i) 1, 0(g), n(g) are linearly independent over Q for all g 2 1.

Remark 1: (9) is admissible in the JP algorithm.
Remark 2: 6 (1), n (1) are algebraic numbers of degree 3.

THEOREM 2. Let 9.(2) (z € {a,b,c}) be analytic functions on |z| > 1
defined by ¢,(z) :== Y, z7", wherew = wy wp w3 -+ (w, € {a,b,c})

n€N,w, =z
is the fixed point in Theorem 1. Then we have the following statements:

(1) The functions ¥,(z), ¥4(z), ¥.(z) are transcendental over C(z).
(ii) The functions ¥, (z), ¥s(z), ¥.(z) are linearly independent over C(z).
 (iii) The admissible expression in the JPP algorithm for *(((z), £(z)) :=
‘(¥n(2)/¥a(2), (¥1(2) + ¥e(2))/¥a(2)) is given by

C(Z) 0; zf—‘, zfﬂ’ CEN zfﬂ—Q, Ve
(10) =
&(2) 0; fotfor hitfe facitfeca

Remark 3: If in the expression (9) g is replaced by a variable z, then (9)
changes into a JPP expression, but this is not admissible in JPP algorithm.
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THEOREM 3. Let g 2 2 be an integer, and let 7 be a morphism
m(a;) €{0,1,--+,g-1}"-{A} (127 53)

such that rank (|r(a,~)|j)1§,~§3’ 0<j<g—1 22,

where a, (resp. ay, ay) is the symbol a (resp. b, c), and |u|; denotes the
number of times the symbol j appears in the word u. Then the number
defined by the g-adic expansion 0.7(w) is transcendental.

4. The proofs of the main results.

We first prove Theorem 1, (i), and Theorem 2, (iii) except for the ad-
missibility of (10), which will be shown in the last paragraph.

Let us denote by B,, and P, the 3 x 3 matrices given by

(11)
0 0 1
Bo=|1 0 b, | € SLG3;L), Po=B1By-- By (n21), Py =E,
0 1 ¢,

where E is the 3 x 3 unit matrix. We can set

Pn—-2 Pn-1 DPn
(12) P, = n-2 49n-1 qn € SL(3, ]L)

Tn—2 Tn-1 Tn

Then, we have the following well-known formula: (for completeness, we give
a short proof of Lemma 1 following Nikisin and Sorokin [14], cf. Bernstein

(3], Chap. 1, §3.)

LEMMA 1. Let 8 € L? have the expression (4) (not necessarily admissible)
with

0= (Om, Mm), by, = "(bn,cn) € L% (0 £ n £ m) such that by = ¢y = 0.
Then

(0mpm-—2 + NmPm—1 + pm)_/(amrm—Q + MTm—1 + rm,)

I
H

(amqm-—‘Z + Nmqm—1 + qm)/(amrm—Q + NmTm=—1 + 7'm,)

in particular, m,,(8) := [0;by,bs, -+ ,bm] = "(Pm/Tm, qm/Tm)
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Proof. Let P?(L) := (L*\ {0})/ ~ be the 2-dimensional projective space
over L, i.e. the set of all equivalence classes of the elements of L* with the
relation ~ defined by

@~d (@, el ifand only if 3 € L — {0} such that @ = ¢® .

We denote by ©" the element of P?(L) which contains @. By v : L? -
P%*(L), and 7 : P?(LL) — L?, we denote the inclusion map, and the projec-
tion map given by

V(’(a: n) = t(l’ 6, ﬂ)A,

w('(¥, 0, m)") = "0/, n/¥),

respectively. A : L* — L7 indicates the linear map over L for a given
matrix A € GL(3;1L) as usual. Then we can define the maps "4, and " A,
which make the following diagram commutative:

L3 P*(L) 12

N B

L' —— PX(L) L?

where
H}

P%(L)

stands for .
P*(L) = L2,

Then we get "B(8) = 7 "Bu(8) := n("B(v(8))) = b+ T(8) @ €L? , b=

(b, c)) for
0 0 1
B=110 b]}.
01 ¢

Therefore, by the commutativity of the diagram, it follows from (4) that

8= "By "By "Bm-1(b,, +8,,) = "(BoPm-1)(b,, +8,,), which implies
the lemma. B

Throughout this section, K denotes the set {a,b,c} = {a1,a2,a3} as in
Theorem 3, o is the substitution (2), w = wywow; - -+ (W, € K) is the fixed
point of o, and f, (n 2 —2) is the sequence (3).
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Since o*(a) = abacaba = o%(a) o(a) a,

(13) o™(a) = 0"'(a) 6" *(a) 6® *(a), n 23,
and so
(14) 'Un—](a)l = fa, n :>: 1,

where |w| denotes the length of a word w.

LEMMA 2. Let v, (n 2 1) be the sequence of words in K* defined by the
recurrence relation

V3im41 = VamCUsm—1bV3m_2,
UVdm+2 = UVdm+1AU3m CU3m—1,

Vim43 = Vam420Vam410v3m, m 2 1,

with initial conditions vi = A, ve = a, vz = aba. Then v,, Is a prefix of w
with |v,| = fn — 1.

Proof
>

Put ugm41 = vam410, Upmi2 = Vamt2b, Uamis = Vamiac (m 2 0).
Then up43 = Unt2Unt1Un With uq = a, ug = ab, ug = abac, which together
with (13) and (14) implies the lemma. W

Let *(p, ¢k, %) (n = —2) be the sequence in (Z[z])* defined by

(15) ph=ph g+ 2l 4ty o n >,

and the same recurrences with ¢}, r} in place of p} with initial conditions

Pt, P, P} 1 0 0
(16) 2y ¢ g ) =1]-1 1 0
rr, X, 13 0 -1 z

For a given polynomial p = p(z), we denote by ord p, and deg p the highest
power of z that divides p, and the degree of p in z, respectively. Then we
have the following
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LEMMA 3.
2(n=0, 1 (mod. 3))
fn—1+ ordp}_, —deg p;_, = ,n23,
' 1(n =2 (mod. 3))
4 (n =1 (mod. 3))

fn—1+ ord gn_, —deg ¢p_; = 3 (n =2 (mod. 3)) , n 24,
2 (n =0 (mod. 3))
7 (n=2 (mod. 3))

fo—1+ ordr:_, —deg ri_, =4 6 (n=0(mod. 3)) ,n25.
4 (n=1 (mod. 3))

Proof. By induction on n, we get

fn  (n=1(mod. 3))

ord p;, =1, deg p;, = ,nz21,
fact (R =2, 0 (mod. 3))
fn—1(n=1(mod. 3))

ord g =2, deg g = ¢ fn (n =2 (mod. 3)) , n 22
fon—2(n=0 (mod. 3))

fa—=3(n=1 (mod. 3))
ord %t =4, deg rt = ¢ fo—2 (n =2 (mod. 3)) , n23.
fn (n=0 (mod. 3))
These equalities imply the lemma. H

In what follows, x(w ; z) (w € K*U K, z € K) denotes the set
{neEN; w, =z} forw=wwe- - w, - € K* (w, € K), and [; D stands

n~1
for the sequence {i + §1 dm }n=1,2,3... for a sequence D = {dp}n=1,23....
LEMMA 4. Let 7; (1 £ i< 3) be the coding defined by

mi(a1) mi(ag) mi(as) 2 2 1
m2(a1) m(az) mf(az) | = | 4 3 2

T:;(Ch) Ts(a2) 7‘3(03)
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Then x (w ; @;) = [y,(ay) Ti(w) foreach 1 £1 < 3.

Proof. It is clear that w = o(wq)o(ws) - 0(wn):--, here, a; appears
precisely once in the word o(w,) as its prefix. Hence, noting |o(a;)| =
m1(aj) (1 £ 7 £ 3), we have the assertion when ¢ = 1.

Leti = 2or 3. It is clear that w = ¢*(w1)o*(w2) - - - *(wn) -+ - , and o*(a;) =
o= (ar1)o* " (aj+1) (j = 1, 2), o*(az) = 0"~ (a1), here, a, occurs precisely
once in the word o*~'(a;) as its suffix, and does not occur in the words
o'="(aj4+1) (j = 1, 2). Thus, noticing |o*(a;)| = ri(a;) (1 £ 5 £ 3), we get
the assertion when i =2, 3.

We denote by z” D the power series (resp. polynomial) gnz“ for a given
n

subset (resp. finite subset) of N.

LEMMA 5. We have, for alln 2 1,

Py =z"x(e"7(a);a), ¢; = 2"x(o"7" (a);b), 1} = 2"x(c" 7 (a); ).
Proof. We can write by Lemma 3 together with (15)
p:; = ZASna q:, = zATn) ’I'; = ZAUn
for suitable subsets S,,, Ty, U, of N such that
|Sn| = 'Sn—ll + ISn—‘Z] + |Sn—3|a n g 4

and the same recurrences with |T|, |U.| in place of |S,| hold. Here |D|
denotes the number of elements of a finite set D. Checking their initial
terms, we get |Sn| = faz1, |Tn| = fa-2, |Un| = fn=z (n 2 1). In view of

Lemma 3 together with Lemma 2 and (15), we obtain Lemma 5 by Lemma
4. 1

Proof of Theorem 1, (i), and the identity (10) in Theorem 2.
We set
Pn = Pn(Z) = Zf"P;(Z_l )’

@n = an(2) = (P} (7)) + an(z7h),
ra = Ta(z) = (L2 + G (ZTH + (Y.
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Then we get by (15)
(17) pn = 2fr-rtfn-sp, 4 fmtp 0t Pua, 21,

and the same recurrences with ¢, and r, in place of p,. Let P, (n 20)
be matrices defined by (12). Then, in view of (16) and (17), we see that
P, (n 2 0) satisfy the relations in (11) with

(18) bn = zfn—3 , cn — zfn-2+fn-3.

In what follows, b, = b,(z) indicates the vector *(b,,c,) of polynomials
given by (18), and x(w; z, y, ---) (W€ K*UK™ | z,y,--- € K) denotes
the set x(w;z) U x(w;y)U---.

Noting that x(¢™'(a);a,b,¢) = {n € N; 1 £ n £ f,} by (14), we obtain
the following identity by Lemma 1 together with Lemma 5:

[0;-121 ’-b-2’ e ’-hn] = f(pn/r"o qn/rn)
(19) z— 1 4 2 —-m

— .' z z—-m
1—z=fn" “mex(on=1(ayya) ' mex(an=(a)ia,h) )

—hHA “Nx(w; a,b))inLasn—

which converges to (z — 1').‘((z x(w;a), (2

Q.

Therefore, setting z = g (2 £ g € N), we obtain Theorem 1, (i). By-taking
T~', and then subtracting b, = *(1,1) from both sides of (19), we get the
identity (10). W

Since || (z — 1) i((z_1)AX(“’ i a)|l=1, [058y,b,,--+ ,b,, -] is not ad-
missible in the JPP algorithm, see Remark 3.

Proof of Theorem 1, (ii). As aspecial case of Fraenkel [10], any nonneg-
ative integer has precisely one representation as a sum of distinct numbers
in F':= {fn; n 2 1} such that the sum contains no three consecutive terms.

If

K
(20) n= ‘21](,‘1. (1§i1<i2<"‘<ik)
J=

contains no three consecutive terms of F in the sum, then (20) will be called
the canonical representation of n (in base F).
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LEMMA 6. Letn 2 1 have canonical representation (20). Thenw, = wy, .

Proof. The canonical representation (20) of n 2 1 is given by the greedy
algorithm, namely,

(i) fi, = max {f € F; f Sn},

(ll) iffi1 +fiz+°"+fij <n (.7 g 1)) then fi,'+1 = max {f € F;fh +fi2 +
-+ fi; + f £ n}, see Shallit [19], Fraenkel [10], Knuth [12]. Then, noting
(13) and (14), we have

Wy =wf‘.1+f‘.2+...+f'.k =w.f’.1+f‘.2+...+f'.k_‘ = .- =£¢)f’.1 .1

LEMMA 7. We have
(Dwy wy -+ w, = Wp 41 W20 wap, , 125,
(i) wi wy -+ wp 3 = Waf, 41 Waf, 42 Wafotf,_n, N2 8.

Proof. In view of (2) and (14), we have

a (j =1 (mod.3))
(21) wg; =4 b (j=2(mod3)) , j21
¢ (j =0 (mod.3))

Lemma 6 implies
W :wf.,,-}-m ) 1 § m é fn—l +fn,—2 -1 (n g 2))
and so

(22) Wi wy o W faiaml S W WEA2 Witk fu 1t faa—1-

It follows from Lemma 6 and (21) that wy, _,+f,_, = wys,,,, which together
with (22) implies

Wy Wy o We, b fay TWEFIWE, 42 0 WE L, n; 3.

We have

Whnortfazatl Whhoitfaoat2 77 Wha—1
= wfn—l+fn—2+] wfn—1+fn—2+2 e wfn—1+fn—2+(fn—3_1)

S Wi+ Whap+2 0 W (fama—1) ) T 3 2,
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and hence, we get
W w2 W -l S W, W2
and so
Wy Wy ot W, S W1 WE 2
Noticing fn4+1 + fa—3 = 2fn, we obtain (i).

Let n 2 7. By the same argument as above, we have

Wy wy

and Wy, 4 fo s = Wi+ fa,- Hence we get

W1 We Wyt fas = Wof, 41 W2, 42 "

: wfn+1+fn-—3 ) n

* wfn—4+fn.—ﬂ_1 = “"’fn+1"’fn—.‘l"}"1 wfn+1+fn—3+2 e
S Wit facatl Whpitfaoat2 T

Wn g1+ (fa-a=1) >

2 5.

wfn-{»-l +fn—3+(fn—4+fn—5_1)

wfn+1 +fn-—2_'1 3

Wenprt+fno2 >

and together withwy, .45 _s4m = Wit facstm 1 SEMS fn6—1,n2
8) and Whioa = Whpitfaatfa—e = W2fatfoa W€ obtain (ll) u

By Lemma 7, we can show the following lemma, which together with
Roth’s theorem (see, for example, [14], pp. 40-45) leads to the statement

Theorem 1, (ii).

LEMMA 8. Let 0(g) and (g) (9 2 2) be the numbers defined in Theorem
1, and let € be an arbitrarily fixed positive number. Then the simultaneous

rational approximations

10(g) — p/rl < r=P%<, In(g) — q/r| < r—rte

are valid for infinitely many rational numbers p/r, q/r (p, q, © € Z), where

p=2+4+a witha® —a’—a—-1=0, a > 1.

Proof. We denote by o wy -+ -y the infinite periodic word

w1w2“‘wkw]w2"'wk"'

Let 7 and v be codings as in Theorem 1. Then we have by (19)

Pn(g)/rn(g) = O.T((:)] Wy -

‘:’fn)1 an(9)/rn(9) = O-U(‘:’l wg - :)fn)'
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Thus we get by Lemma 7 that
16(9) — Pn(9)/7a(9)l < g2 7122 | In(g) — gu(9)/ra(g)| < g~2In =2
hold for all sufficiently large n. It follows from the proof of Lemma 5 that

lim x(0" 7 (a);a;)/fa = a7 (1S £3),

which implies that w is not an ultimately periodic word, since « is an
irrational number of degree 3. Hence, 6(g) and 7(g) are irrational, and so
the inequalities

16(9) — Bn(9)/Fnlg)l < 72~ I2=300" | |n(g) — Gn(9)/Fu(g)| < 72 Tn-s/1n

hold for infinitely many rational numbers p,(g9)/7n(g9), and §.(9)/7n(9),
where ﬁn(g)/izn(y) = pn(g)/rn(g) and ‘in(g)/f;n(g) = Qn(g)/rn(g)v with
(Pn(9),7n(9)) =1 and (§n(g),7n(9)) =1. W

Proof of Theorem 3. Using Lemma 7 and the following lemma, we get
Theorem 3 in the same manner as the proof of Theorem 1, (ii). W

LEMMA 9. Let 7 be as in Theorem 3. Then 7(w) is not an ultimately
periodic word.

Proof. Put 7(w) = t1ty---t; --- (t; € {0,1,---,9—1}), and
3
N = N(n) := i§1f"_i |7(a;)]-
Then we have

3
ltrtz - tnl; = E fai|(a)l, (G€{0,1,--,9-1}).

Hence we get

ftte e tnal; 3 LA
nl-l—’n;ow— - igla IT(ai)Ij / i§1a IT(ai)l’

which is irrational for some 0 £ j £ g—1 when rank (|7(a;)|;)1<i<3, 1<j<9-1 2
2. Thus the lemma follows. B

Proof of Theorem 2, (i). Since 9,(z) (z € {a,b,c}) are not rational
functions, the assertion follows from the following
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LEmMMA 10. (Fatou)

If a power series with integral coefficients represents an algebraic function
that is not a rational function, then its radius of convergence is smaller than
one. (Cf. Fatou [9], p. p. 368-371, or Polya and Szegé [17], p.139, $167.)

Proof of Theorem 2, (ii).

LEMMA 11. Let 8 = *(8,n) € L? and let § = [Q; by,b,, -] be the JPP
expression with b, € (C[z])? (n 2 1) not necessarily admissible. Let
"(Pa/Tn,qn/Tn) be its nth convergent given in Lemma 1. Assume that
the inequalities || 7,0 — p, ||= o(1), and || r.n — ¢. ||= o(1) hold. Then
1, 8 and n are linearly independent over C(z).

Proof. Suppose that s@ +tn+u = 0 with 0 # (s,t,u) € C[z]. Then we get
|| $Pn + tgn + ur, ||= o(1) by the assumption. Hence, sp, + tq, + ur, =
0 (Vn > 1), so that det P, = 0 (Vn > 1). This contradicts the fact
P, e SL(3;C[z]). ®

Hence, it follows from (19) and Lemma 7 that 1, ¥,(2z) and . (2)+¥s(2)
are linearly independent over C(z), which implies Theorem 2, (ii). B
Proof of Theorem 1, (iii).
LEMMA 12. Let § = '(6,n) € R? and let § = [0;b,,b,, -] with b, =
Y(bn,cn) € Z? (n 2 1) not necessarily admissible in the JP algorithm. Let
"(pn/Tn,qn/rn) be its nth convergent determined by (8), (9). Assume that
the inequalities r,0 — p,, = o(1), and r,n — ¢, = o(1) hold. Then 1, 6, and
7 are linearly independent over Q.

Proof. The lemma is shown in a manner parallel to that of the proof of
Lemma 11. W

In view of the proof of Lemma 8 and Lemma 12, we get Theorem 1, (iii)
when g 2 2. The assertion is clear when g = 1. W

It remains to prove only the admissibility results. We use the following
lemma for showing the admissibility result in the JPP algorithm.

LEMMA 13. (Parusnikov [16]) Let P, € SL(3;C[z]) be the matrix (12)
defined by (11) under conditions (7) with by # 0. Then, for n 2 1,

degp, = kgz degcy, deggq, = degby + ng? degck, degr, = k§ deg ci.
= k= =1

Proof. It is easily seen by induction on n. B



Transcendental numbers having explicit expansions. 91

Proof of Theorem 2, (iii). We have already shown the identity (10).
We put

HEE™, e = [05bm Bongt Bt ¢ 5 Bl
1(¢U™ ™) = [05bm ) bmsts b ),

.Ilj= t(bj,Cj) = t(ij'a,ij'2+fj‘3).

Then we get || (™ l<e ™, || ™ l< e (2 £ m £ n) by Lemma 13 and
Lemma 1, since 0 £ degb; < degc; holds for all j 2 2. Letting n — oo,
we obtain || (™ ||< 1 and || €™ ||< 1 for all m > 2, from which the
admissibility of (10) in the JPP algorithm follows. W

The admissibility of (9) in the JP algorithm can be shown by using the
following lemma, which corresponds to Lemma 13.

LEmMMA 14. Let P, € SL(3;Z) be the matrix (12) defined by (11) under
the conditions (8) with b,, 2 1. Then the following 12 inequalities hold:

DPn-1 § Pn § Pn+1

Al Al Al
qn—1 é dn § 9n+1 (n g 1)
Al All Al

Tn—1 é Tn g Tn41

Proof. By induction on n. B

Proof of Remark 1. We use the same notation as in the proof of Theorem
2, (iii). It follows from Lemma 14 that 0 £ (™ (g) < 1and 0 £ €™ (g) £ 1
for all m > 1. We suppose that (‘™ (g) = 0 or 1; or £(™)(g) = 0 or 1 for
some m 2> 1. Then the admissible expression of *(((™(g), £(™)(g)) in the JP
algorithm terminates, which contradicts the fact that 1, ((™(g), €™ (qg)
are linearly independent over Q. B

5. Automata and The Fixed Point w.

The g-adic expansions 0(g) and 7(g) given in Theorem 1, (i) can be
considered as explicit ones, since their digits are described in terms of finite
automata in the unified framework of Shallit [19] on automata, CDOL-
systems, representations of numbers, and locally catenative formulae.

Let ¥ := {0,1}, and let L C £* be the set defined by
L:={lw; weZ*}uU {3} - {v’w; v, we T*}.
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We write L = {ly, l,--+ ,l,,---} in increasing order A = lp < |} < -+ <
l, < ..., where by < we mean the lexicographic order with 0 < 1 preceded
by the length order. I,, can be considered as the canonical representation
of n in base F in the sense that § I, = n, where jw (w € £*) denotes the

k
number defined by .Elefj for w = wrwi—1---wy (wj € X), and f, is the
J-——
sequence (3).

Let M = My := (K, L, 6, a, H) be the finite automaton with set of
states K = {a, b, c}, input alphabet ¥ = {0, 1}, initial state a, set of final
states H C K, and transition function é defined by

(For precise definitions, see, for example, Hopcroft and Ullman [11]).

Then we have L = L(Mx)N(1X*U {A}) C £*, where L(My) denotes the
language consisting of the words accepted by My, and

w=6(1n)8(11) -+ 6(ln) -~ .

We have also

w = p(64(h1))p(6+(h2)) - - - p(64(hn)) - -+,

where h,, is the binary expression of n, u is the morphism defined by
(@) =a (15 £9), p(b) =b, u(c) =, u(d) = A,

and é4 is the transition function of a deterministic finite automaton M, :=
(K4, %, 64, ¢, Hy) with K, = {q,a",a®,a® b ¢, d} D H, defined
by
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a(l)

a <2

Y

6. Conjectures.

Let 1.(z) be as in Theorem 2. We can show that the irrationality mea-
sure p(yz(g)) of ¥.(g9) (2 £ g € Z) is not less than 2 + 1/(a® — 1), where

a > 1 is the number satisfying o —a? —a — 1 =0, ¢f. Lemma 8.

(1) p(¥z(9)) =2+ 1/(c®* = 1) forall 2L g€ Z, z € {a,b,c} ?
(i1) ¥-(B) (= € {a,b,c}) is transcendental for all 3 € Q with |3] > 1.
(iil) ¥a(g) and 1,(g) are algebraically independent for all 2< g € Z.

(iv) ¥z(B;) (1 £ j £ n) are algebraically independent for each z €
{a,b,c} when 1, B,,--- ,B, are linearly independent over Q with |3,| >
1(1£j<n).
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