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Icosahedral invariants and Shimura curves

par ATSUHIRA NAGANO

RESUME. Une courbe de Shimura est un espace de modules de
surfaces abéliennes avec multiplication par une algebre de qua-
ternions. En utilisant les périodes pour une famille des surfaces
K3 paramétrées par les invariants icosaédriques qui ont été étu-
diés par Klein, nous obtenons des modeles explicites de certaines
courbes de Shimura.

ABSTRACT. Shimura curves are moduli spaces of abelian sur-
faces with quaternion multiplication. Models of Shimura curves
are very important in number theory. Klein’s icosahedral invari-
ants A, B and € give the Hilbert modular forms for v/5 via the
period mapping for a family of K3 surfaces. Using the period
mappings for several families of K3 surfaces, we obtain explicit
models of Shimura curves with small discriminant in the weighted
projective space Proj(C[2, B, €]).

1. Introduction

This paper gives an application of the moduli theory of K3 surfaces to
the number theory. We obtain an explicit relation among abelian surfaces
with quaternion multiplication, Hilbert modular functions and periods of
K3 surfaces.

The moduli spaces for principally polarized abelian surfaces determined
by the structure of the ring of endomorphisms are very important in number
theory ([10, Chap. IX, Prop. 1.2], see also Table 1.1). In this paper, we study
the moduli spaces of principally polarized abelian surfaces with quaternion
multiplication (for the detailed definition, see Section 2.2). They are called
Shimura curves.
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Abelian surface A Endg(A) Moduli Space
Generic Rational field Igusa 3-fold As
Real multiplication Real quadratic field Humbert surface H

Quaternion multiplication Quaternion algebra  Shimura curve S
Complex multiplication CM field CM points

TABLE 1.1. The moduli spaces of abelian surfaces

To the best of the author’s knowledge, to obtain explicit models of
Shimura curves is a non trivial problem because Shimura curves have no
cusps. In this paper, we shall obtain new models of Shimura curves for
quaternion algebras with small discriminant. We consider the weighted pro-
jective space P(1: 3 : 5) = Proj(C[2(, B, €]), where 2, B and € are Klein’s
icosahedral invariants of weight 1,3 and 5 respectively. We shall give the
explicit defining equations of the Shimura curves for small discriminant in
Proj(C[, B, €]).

Here, let us see the reason why we consider the icosahedral invariants.
The moduli space Ha of principally polarized abelian surfaces with real
multiplication by Op is called the Humbert surface (for detail, see Sec-
tion 2.1). The Humbert surface H is uniformized by Hilbert modular
functions for A. Among Humbert surfaces, the case for Q(y/5) is the sim-
plest, since its discriminant is the smallest. In [22], we studied the family
F ={S®:B: &)} of elliptic K3 surfaces. We can regard F as a family
parametrized over Hs.

By the way, the Igusa 3-fold As is the moduli space of principally po-
larized abelian surfaces. The family Fop = {Scp(a : f: v : )} of K3
surfaces for (a : f: vy :0) € P(2:3:5:6) is studied by Kumar [18],
Clingher and Doran [4] and [25]. This family F¢p is parametrized over As.
Our family F can be regarded as a subfamily of Fop. However, it is not
apparent to describe the embedding F — Fop explicitly. Our first result
of this paper is to obtain the embedding W5 : P(1:3:5) — P(2:3:5:6)
of the parameter spaces (see Theorem 3.16).

A Shimura curve S is a 1-dimensional subvariety of As. In several cases,
S is contained in the image ¥5(P(1 : 3 : 5)) and the pull-back ¥i(S) is
a curve in P(1 : 3 : 5). In this paper, we obtain models of ¥(S) for such
cases. We note that S and ¥ (S) are isomorphic as varieties. Good modular
properties of Proj(C[2, B, €]) enable us to study ¥i(S) effectively. Also, our
study is based on the results of quaternion algebras due to Hashimoto [12]
and elliptic K3 surfaces due to Elkies and Kumar [9].

As a result, we obtain the following explicit defining equations for the

Shimura curves UZ(S) for discriminant 6, 10,14 and 15. Setting X = TER
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¢

Y = B (X,Y) are affine coordinates of Hs. We have the models (see

Theorem 5.1, 5.5, 6.1 and 6.2):

U (Se) : 3125 — 3375X + 243Y =0,

Ui(Si10): 1 -5X+Y =0,

U (S14) : 30517578125 + 911865234375 X + 42529296875 X 2
— 97897974609375X 3 + 424490000000000 X *
— 345600000000000X° 4 2383486328125Y
+ 32875975781250XY — 147816767984375X2%Y
+ 228155760000000X3Y + 19189204671875Y 2
—29675018141125X Y2 4 344730881243Y3 = 0,

Ui (Sy5) : 30517578125 + 911865234375X + 42529296875 X 2
— 97897974609375X 3 + 424490000000000 X *
— 345600000000000X° + 2383486328125Y = 0.

Some researchers obtained models of Shimura curves (for example, Kuri-
hara [19], Hashimoto and Murabayashi [13], Besser [2], Elkies [7], [8], Kohel
and Verrill [17], Voight [33], Bonfanti and van Geemen [3]). In comparison
with already known models, our new models have the following features.

e They are closely related to the classical invariant theory. Namely,
our coordinates 2, B, € of the common ambient space of Shimura
curves are coming from Klein’s icosahedral invariants. Especially,
the Shimura curves for discriminant 6 and 10 have very simple
forms. These two curves are just lines touching the locus of Klein’s
icosahedral equation (see Figure 5.1).

e The moduli of our family F of K3 surfaces were studied in detail.
We have an explicit expression of the period mapping ([22],[23])
and the Gauss—Manin connection ([21]) for F. These properties are
very useful to study Shimura curves effectively (for example, see the
proof of Theorem 5.5).

e Shimura ([31]) studied unramified class fields over CM fields of cer-
tain types. In [24], an explicit construction of such class fields over
quartic CM fields using the special values of X and Y is given.

e In fact, our K3 surface S(2 : B : €) is a toric hypersurface. To study
the mirror symmetry for toric K3 hypersurfaces is an interesting
problem in recent geometry and physics. In [11], our S( : B : €)
are studied from the viewpoint of mirror symmetry. Especially, our
parameters X and Y are directly related to the secondary stack for
the toric K3 hypersurface.

Thus, our new models of Shimura curves are naturally related to various
topics.
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2. Moduli of principally polarized abelian surfaces

2.1. Principally polarized abelian surfaces with real multiplica-
tion. Let G5 be the Siegel upper half plane of rank 2. Let us consider a
principally polarized abelian variety (A,©) with the theta divisor © and
the period matrix (2, I3), where Q € Sj. The symplectic group Sp(4,Z)
acts on G9. The quotient space Sp(4,Z)\S2 gives the moduli space Az of
principally polarized abelian varieties. This is called the Igusa 3-fold.

The ring of endomorphisms is given by End(A) = {a € M2(C) | a(£2, I2) =
(Q, Io) M for some M € M(4,7)}. The principal polarization given by © in-
duces the alternating Riemann form E(z,w). Set Endg(A) = End(4) ®z Q.
If A is a simple abelian variety, then Endy(A) is a division algebra. The
Rosati involution @ — a° is an involution on Endg(A) and gives an ad-
joint of the alternating Riemann form: E(az,w) = E(z,a°w). Note that
the Rosati involution satisfies Tr(aa®) > 0.

A point Q = (Tl 72

Ty T3
the invariant A if there exist relatively prime integers a,b, ¢, d and e such
that the following equations hold:

(2.1)  am+bmtemstdim —mm)+e=0, A=0b>—4dac— 4de.

Definition 2.1. Set Nao = {7 € &3 has a singular relation with A}.
The image of Na under the canonical mapping Sy — Sp(4, Z)\Sq is called
the Humbert surface of invariant A.

Let Oa be the ring of integers of the field Q(v/A). The Humbert sur-
face of invariant A gives the moduli space of principally polarized abelian
surfaces (A, 0) with Op € End(A) and Q(v/A) NEnd(A) = Oa. Such an
abelian surface is said to have real multiplication by Oa (see [10] or [12]).

) € G, is said to have the singular relation with

2.2. Quaternion multiplication and Shimura curves. In this subsec-
tion, we recall the properties of Shimura curves. For detail, see [27], [26]
or [32].

Let B be an indefinite quaternion algebra over Q with B % M5(Q). We
have an isomorphism B®gR ~ My(R). Let p1, - - - , p; be the distinct primes
at which B ramifies. We can show that ¢ € 2Z. The number D = py ---ps
is called the discriminant of B. Two quaternion algebras B and B’ are
isomorphic as Q-algebras if and only if the discriminant of B coincides
with that of B’.

For a € B, let a — o' be the canonical involution defined by o/ =
Trp/g(a) — a. An element a € B is called integral if both Trp,g(a) and
Nrp/g(a) are in Z. If a subring O(C B) of integral elements is a finitely
generated Z-module of B and satisfies QO = B, we call O an order of B. A
maximal order is an order that is maximal under inclusion. We note that
a maximal order in B is unique up to conjugation.
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For a maximal order © in B with discriminant D, we put I'") = {7 €
O | Nrg/g(y) = 1}. The group ') gives a discrete subgroup of SL(2,R).
For p € O satisfying p? < 0, we have an involution given by ip 1
p~td/p. For £,n € B, put E,(&,n) = Tr(p&n'). The pairing E, gives a skew
symmetric form on B. Moreover, we can show that for v € I'") we have

(2.2) Ey(&v,my) = Ex(&,n)-

Definition 2.2. Take p € © such that p> = —D and pO = Op. We call
(A, ©,1) a principally polarized abelian surface with quaternion multiplica-
tion by (9,1,) if ¢ : O — End(A) and ¢(a) — ¢ 0i,(r) coincides with the
Rosati involution ¢(a) +— ¢(a)°.

The quotient space F(l)\]HI for B of discriminant D is already a compact
Riemann surface. This is called the Shimura curve Sp for Bp. Shimura
proved that Sp is isomorphic to the moduli space of (A, O, ) with quater-
nion multiplication by (9,4,). Such Shimura curves were firstly studied
in [28], [29] and [30]. There exists a quaternion modular embedding (see
the following diagram):

(2.3) Q: H—- 62 wr Qw).

H L 62
pu)l lSp(4,Z)
H T 62

We note that the Shimura curve Sp does not be embedded in the Igusa
3-fold Aj. There exist a projection ¢p : Sp — Sp C A and a group
Wp C Aut(Sp) such that Sp is birationally equivalent to Sp/Wp. We note
that ¢p is either generically 2 to 1 or generically 4 to 1. In this paper, we
also call the curve Sp the Shimura curve. The curve Sp gives isomorphism
classes of (A,0). The above projection ¢p is coming from the forgetful
mapping (A, 0,t) — (A, 0). For detail, see [27] and [26].

Remark 2.3. The moduli spaces Sp are also called Shimura curves in
several works (for example, see Hashimoto—Murabayashi [13] or Yang [34]).

Remark 2.4. The choice of the mapping ¢p : Sp — A3 is not unique and
depends on the principal polarizations on the corresponding abelian sur-
faces. The number of the choice of ¢ is calculated by Rotger [27]. Especially,
if D = 6,10, 15, then the choice of ¢p is unique. Moreover, if D = 6, 10, 15,
then p is a 4 to 1 mapping ([26]).

2.3. The result of Hashimoto. In this subsection, we review the result
of Hashimoto [12].
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Letting B be an indefinite quaternion algebra with discriminant D =
p1---pr and O be a maximal order of B, take a prime number p such that

p =5 mod 8 and (ﬁ) = —1 for p; # 2. Here, (%) denotes the Legendre
pi

symbol. We can assume that B is expressed as B = Q4+ Qi+ Qj + Qij with
2 = —D,j%2 = p,ij = —ji. In this subsection, we consider the quaternion
multiplication by (0,i,) for p=i~! = _52

Remark 2.5. We note that p is not always an element of ©. Nevertheless,
the notation in Definition 2.2 is available for p = i~!. In fact, i € O satisfies
i2=—D,iO = Oi and 1;(a) =i ta'i = id/i~t = 1;-1(a) (a € B).

Take a,b € Z such that a®?D +1 = pb. We have a basis n = {11, 12, 13, 774}

of O is given by 1, = H—z] p21 CLD_]+1] o= —aD— (le-l—’Lj g =1,my = +J
We can see that

0 I
2.4) Emn) == (3, §)-

Fory € '™ due to (2.2) and (2.4), {m~,--- ,n47} gives another symplectic
basis of O with respect to E,. Hence, there exists M, € Sp(4,7Z) such that
(mys - smay) = (1, -+ 7774)tM7. for any v € 'V, For w € H, we set an

R-linear isomorphism f,, : B ®g R ~ M3(R) — C? given by a — « <1f) .

Put wj = fu,(n;) € C? (j =1,---,4). Then, Ay, = fu (D) = (w1, ,w4)z
gives a lattice in C? and C?/A,, gives a complex torus with the period
matrix (wi,ws,ws,ws) = (21(w)Q2(w)). Then, E; : C x C — R given by
Ey(fw(&), fu(n)) = —E,(& n) induces a non-degenerate skew symmetric
pairing E,, : A, X Ay, — Z. This gives an alternating Riemann form on the
complex tours C2/A,,. Therefore, we have the holomorphic embedding
in (2.3) given by

(2.5) w = Qw) = Oy H(w)Q (w)

1 g2 1)“Dw + De?w? & — (p—1)aDw — Dew?

T pw (5—(p—1)aDw—Dsw —1 — 2aDw + Dw? ) ’
where € = % (see [12] Theorem 3.5).

Letting pr be the canonical projection G2 — Az, the image of H under
the mapping pr o Q corresponds to the Shimura curve Sp C As.

The matrix Q(w) = (:1 :2
2 T3

n (2.1). This is explicitly given by

> € 63 in (2.5) satisfies the singular relations

(2.6) mm + (m+2aDn)m — meTg +n(rs —11713) + (a*D —b)Dn =0
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with two parameters m,n € Z ([12] Theorem 5.1). The invariant A in (2.1)
for the singular relation (2.6) is given by the quadratic form

(2.7) A(m,n) = pm? + 4aDmn + 4bDn?,
where m,n € Z. Moreover, he showed the following theorem.

Theorem 2.6.

(1) [12, Theorem 5.2] For a positive non-square integer A such that
A =1,0 mod 4, the following conditions are equivalent:
(a) The number A is represented by the quadratic form A(m,n)
in (2.7) with relatively prime integers m,n € Z.
(b) The itmage Sp = ¢p(Sp) C Az of the Shimura curve is con-
tained in the Humbert surface Ha.
(2) [12, Corollary 5.3] The Shimura curve Sp is contained in the inter-
section Ha, N Ha, of two Humbert surfaces if and only if Ay and
Ay are given by A(m,n) with relatively prime integers m,n.

Remark 2.7. As we noted in Remark 2.4, the mapping ¢p is not always
unique. For a generic D, the mapping ¢p and the model Sp via the em-
bedding © in (2.5) depend on the triple (p, a,b).

Example 2.8. For the case D = 6, we can take (p,a,b) = (5,2,5). The
quadratic form is given by

(2.8) Ag(m,n) = 5m? + 48mn + 20n>.

For the case D = 10, we can take (p,a,b) = (13,3,7). The quadratic
form is given by

(2.9) Aig(m,n) = 13m? + 120mn + 280n>.

For the case D = 14, we can take (p,a,b) = (5,1, 3). The quadratic form
is given by

(2.10) Ary(m,n) = 5m? + 56mn + 168n°.

For the case D = 15, we can take (p, a,b) = (53,22,137). The quadratic
form is given by

(2.11) Ais(m,n) = 53m? + 1320mn + 8220n2.
Due to Theorem 2.6 (2), we have the following results.

Example 2.9. The image of the Shimura curves Sg attached to (p,a,b) =
(5,2,5) and Sy attached to (p,a,b) = (13,3,7) are contained in the in-
tersection Hs N Hg of the Humbert surfaces because 5 = Ag(5, —1) =
A10(5, —1) and 8 = A6(4, —1) = A10(4, —1).
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Example 2.10. The image of the Shimura curves Sg attached to (p, a,b) =
(5,2,5), S14 attached to (p,a,b) = (5,1,3) and S5 attached to (p,a,b) =
(53,22,137) are contained in the intersection Hs N Hi2 of the Humbert
surfaces because 5 = Ag(5,—1) = A5(25,-2) = A4(1,0) and 12 =
Ag(6,—1) = Ay5(12, —1) = A14(6, —1).

Example 2.11. The image of the Shimura curves Sg attached to (p,a,b) =
(5,2,5) and Si4 attached to (p,a,b) = (5,1,3) are contained in the in-
tersection Hs N Hoy of the Humbert surfaces because 5 = Ag(5,—1) =
A15(25,—2) = A14(1,0) and 21 = Ag(6,—1) = A14(7,—1). However, the
Shimura curve Sy5 is not contained in HsNHo1 because 21 is not represented
by Ajs5(m,n) with m,n € Z.

3. The embedding F — F¢p

3.1. The lattice polarized K3 surfaces. A K3 surface S is a compact
complex surface such that the canonical bundle Kg = 0 and H*(S, Og) = 0.

By the canonical cup product and the Poincaré duality, the homology
group H>(S,7Z) has a lattice structure. It is well known that the lattice
Hy(S,7) is isometric to the even unimodular lattice Eg(—1) ® Es(—1) ®
UaU@a®U, where Eg(—1) is the negative definite even unimodular lattice of
type Eg and U is the parabolic lattice of rank 2. Let NS(S) be the Néron-
Severi lattice of a K3 surface S. This is a sublattice of Hy(S, Z) generated by
the divisors on S. The orthogonal complement Tr(S) = NS(S)* in Hy(S,Z)
is called the transcendental lattice of S.

Let S be a K3 surface and M be a lattice. If we have a primitive lattice
embedding ¢ : M — NS(S), the pair (S,¢) is called an M-polarized K3
surface. Let (S1,¢1) and (S2,t2) be M-polarized K3 surfaces. If there exist
an isomorphism S; — Sy of K3 surfaces such that ¢; = f* o9, (S1,¢1) and
(Sa, t2) are isomorphic as M-polarized K3 surfaces. From now on, we often
omit the primitive lattice embedding ¢.

Remark 3.1. When we consider the moduli space and the period mapping
of lattice polarized K3 surfaces, we should pay attention to the ampleness
of lattice polarized K3 surfaces (see [6]). However, it is safe to apply the
Torelli theorem to our cases. See Remark 3.5 and 3.9.

3.2. The icosahedral invariants. Klein [16] studied the action of the
icosahedral group on P?(C) = Proj(C[(o, (1, (2]). He obtained a system of
generators 2, B, €, D € C[(y, (1, (2] of ring of icosahedral invariants. The 2
(resp. B, €, D) is a homogeneous polynomial of weight 2 (resp. 6, 10, 15) and
the ring is given by C[2(: B : € : D|/R(A,B, ¢, D), where R(2,B, ¢, D) is
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the Klein’s icosahedral relation

(3.1) R(2,B,¢,D) = 144D? — (—1728B° + 720A¢CB> — 80A*¢*B
+ 6423 (582 — AC)? 4 ¢3).

The Hilbert modular group PSL(2,05) acts on the product H x H of
upper half planes. We consider the symmetric Hilbert modular surface
(PSL(2,05), 7)\(H x H), where 7 is the involution given by (z1,22) —
(22, 21).

Hirzebruch obtained the following result.

Proposition 3.2 ([14]).

(1) The ring of symmetric modular forms for PSL(2,Os) is isomorphic
to the ring C[, B, ¢, D]/R(A, B, €, D). Here, A (resp. B, &€, D) cor-
responds to a symmetric modular form for PSL(2,0s) of weight 2
(resp. 6,10,15).

(2) The Hilbert modular surface (PSL(2,05),)\(H x H) has a com-
pactification by adding one cusp (A : B : €) = (1 :0:0). This
compactification is the weighted projective plane P(1 : 3 : 5) =
Proj(C[, B, €]).

Set
B v - ¢

~ ~ %

Then, the pair (X,Y) gives an affine coordinate system of {2l # 0} C
P(1:3:5).

(3.2) X

Remark 3.3. The symmetric Hilbert modular surface
(PSL(2,05), 7)\(H x H)
coincides with the Humbert surface Hs.

3.3. The family F = {S(2A : B : €)} of K3 surfaces. In this sub-
section, we survey the results of [22].

For (A :B:¢) eP(1:3:5) —{(1:0:0)}, we have the elliptic K3
surface

(3.3) S(A:B:¢): 22 =3 — 4(4y® — 5Ay?)z? 4+ 20853z + ¢yt

The family F = {SA:B: )| (A:B:€)eP(1:3:5) —{(1:0:0)}}
is studied in [22]. By a detailed observation, we can prove the following
proposition.
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Proposition 3.4 (][22, Section 2]).
(1) For generic (A : B :€) € P(1:3:5)—{(1:0:0)}, the Néron—
Severi lattice NS(S(2 : B : €)) is given by the intersection matriz

B(-noE(-vo (]

1 _2) = M5 and the transcendental lattice

Tr(S(A:B:C)) is given by the intersection matriz Ud (? _12> =As.

(2) The family F = {S(A : B : €)} gives the isomorphy classes of
Ms-polarized K3 surfaces. Especially, S(21 : B1 : €1) and S(s :
By : &) are isomorphic as Ms-polarized K3 surfaces if and only if
(A1 :B1: €)= (A2 : By : &) inP(1:3:5).

The period domain for the family F is given by the Hermitian symmetric
space D = {£ € P3(C)|!€A5¢ = 0,'€A5€ > 0} of type IV. The space
D has two connected components Dy and D_. We have the multivalued
period mapping ® : P(1 : 3 :5) —{(1 : 0 : 0)} — Dy. There exists a
biholomorphic mapping j : H x H — D.. Then, we have the multivalued
mapping j o ®:P(1:3:5) —{(1:0:0)} — H x H, that is given by
(3.4)

(Ql:%:@)r—)(zl,@):<

1-V5 145

_fr3W+ 2ffr4w _fI‘3w+ +2\[ fmw)
Jr,w Jr,w

where w is the unique holomorphic 2-form up to a constant factor and

I'y,---, T4 are certain 2-cycles on S(2( : 9B : €) (for detail, see [22] and [23]).

Remark 3.5. In [22], the primitive lattice embedding ¢ : M5 < NS(S(2 :
B : €)) of the Ms-polarized K3 surfaces is given explicitly. Especially, the
image «(M5) is given by effective divisors of S(2 : B : €). In fact, it assures
an ampleness of lattice polarized K3 surfaces and we can apply the Torelli
theorem to our period mapping for F safely. For detailed argument, see [22,
Section 2.2].

Let &2 be the Siegel upper half plane consisting of 2x2 complex matrices.
The mapping us : H x H — G4 given by

(3.5)
1 ((1 +v5)z1 — (1 = V/5) 2z 2(z1 — 22) )

(21, 22) = 5 2(z1 — 22) (=1+v5)z1 + (1 +5)2

gives a modular embedding (see the following diagram).

HxH 2 &,
(PSL(2,05),T)J lSp(4,Z)

HxH —— 62
U5
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TABLE 3.1. The correspondence between j and (a, b).

Moreover, p5 in (3.5) gives a parametrization of the surface N5 in Defini-
tion 2.1:

(3.6) N5 = {(Tl TQ) €6,

T2 T3

—T1+T2—|-T3=0}.

For Q € S3 and a,b € {0,1}? with ‘ab = 0 mod 2, set ¥(Q;a,b) =

> gez2 €XP (W\/jl(t(g + %Q)Q(g + %a) + tgb)). For j € {0,1,---,9}, we
set 0;(21, 22) = ¥(us(21, 22); a, b), where the correspondence between j and
(a,b) is given by Table 3.1.

Let a € Z and j1,--- ,jr € {0,---,9}. We set 0, . ; =0 ---0f. The
following go (resp. sg, s10) is a symmetric Hilbert modular form of weight 2
(resp. 6, 10) for Q(v/5) (see Miiller [20]): g2 = Oo145 — 01279 — 03478 + Oo26s +
03569, 56 = 27 °(0312478 + 0512560 + O3a568 + 0336789 + OT34579), 510 = 53 =
2712081 93456759-

Proposition 3.6 ([22, Theorem 4.1]). Using the coordinates (X,Y) of (3.2),
the inverse correspondence (z1,z2) — (X (z1,22),Y(21,22)) of the period
mapping (3.4) for F has the following theta expression

s6(21, 22) s10(21, 22)
93(21, 22)” 93(21,22)

Moreover, X and Y give a system of generators of the field of symmetric
Hilbert modular functions for Q(v/5).

We call the divisor O = {(z1,22) € Hx H|2z; = 2} the diagonal. On the
diagonal [, it holds

(37) X(z1,2)=2°-5- Y (a1, 2) =210 5%

25 1
3.8 X = ——— Y =0.
3.4. The family Fcp = {Scp(a,B,7,0)} of K3 surfaces. In [4]
and [25], the family Fop = {Sep(a, 8,7,0) [(a: B :v:0) € P(2:3:5:
6) — {y = = 0}} of K3 surfaces is studied in detail, where

(3.9 Scp(a:f:v:8):y? =2+ (=3at* — %) + (t° — 26t° + 5t7).

The above equation gives the structure of an elliptic surface (z,y,t) — t
with the singular fibres I1* + 511 + [11*.
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Remark 3.7. In this paper, we use the notation Fop and Scp, since the
surface (3.9) appears in the paper of Clingher and Doran [4]. On the other
hand, Kumar [18] independently studied elliptic K3 surfaces with the same
singular fibres. So, we need to recall Kumar’s contribution.

Proposition 3.8 ([25, Section 2 and 3]).

(1) If an elliptic K3 surface S with the elliptic fibration (x,y,t) — t has
the singular fibres of type II* att = 0, II1* at t = co and other
five fibres of type Iy, then S is given by the Weierstrass equation
in (3.9).

(2) Forgeneric(a:fp:v:0)€P(2:3:5:6)—{y =0 =0}, the Néron—
Severi lattice NS(Scp(a : 8 : 7 : 9) is given by the intersection
matriz Eg(—1) @ E7(—1) ® U = My and the transcendental lattice
Tr(Sep(a: B:v:9)) is given by the intersection matrix U & U &
(—2) = Ay.

(3) The family Fep = {Scp(a : B : v : )} gives the isomorphism
classes of My-polarized K3 surfaces. Especially, Scp(aq : 1 : 7 :
01) and Scp(ag @ P2 : 2 : 02) are isomorphic as My-polarized K3
surfaces if and only if (aq : B : 71 : 01) = (ag : By : 2 : 02) in
P(2:3:5:6).

Let Dy = {£ € PHC)|!€Ap¢ = 0,7%¢Ap€ > 0}. The period domain
for the family Fop is given by the quotient space PO(Ay,Z)\Dy, where
PO(Ay,Z) = {M € GL(4,Z)|'"MAyM = Ap}. In fact, there exists a
holomorphic mapping Dy — S, such that this mapping induces the iso-
morphism PO(Ag, Z)\Dy ~ Sp(4,Z)\&2 = Aj. The transcendental lattice
Tr(Scep(a : S @ v : §)) is Hodge isometric to the transcendental lattice
Tr(A) of a generic principally polarized abelian surface and the family Fop
gives the same variations of Hodge structures of weight 2 with the family
of principally polarized abelian surfaces (see [25, Section 3]).

Remark 3.9. In [25, Section3], the primitive lattice embedding ¢ : My —
NS(Sep(a : B2y :6)) of Mp-polarized K3 surfaces is attained by taking
appropriate effective divisors of Sop(a: 8 : v : d). This argument guaran-
tees an ampleness of lattice polarized K3 surfaces and it is safe to apply
the Torelli theorem for lattice polarized K3 surface to our family Fop.

Let My be the moduli space of genus 2 curves. Let P(1 : 2 : 3 :5) =
{(¢1 : 2 : (3:(5)} be the weighted projective space. It is well-known that
My =P(1:2:3:5)—{( = 0}. In fact, by the Igusa—Clebsch invariants
Iy, 14, I, I1o of degree 2,4, 6, 10 for a genus 2 curve, (Iz : Iy : Ig : I1p) gives a
well-defined point of the moduli space M. We note that the moduli space
M is a Zariski open set of the moduli space Ay of principally polarized
abelian surfaces (Ms is the complement of the divisor given by the points
corresponding to the product of elliptic curves).
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By a study of elliptic K3 surfaces, we can prove the following proposition.

Proposition 3.10 ([18], [4], see also [25]). The point (Iy : Iy : I : I1p) €
My =P1:2:3:5)—{¢ = 0} corresponds to the point (o : B : 7y :
0)€P(2:3:5:6)—{y =20 =0} of the moduli space of My-polarized K3
surfaces by the following birational transformation:

1 1 2
(310) a= =1y, 8= 7(_[214 + 3[6), v = 8119, 6 = —I714g.

9 27 3

The Humbert surface Hs is a subvariety of the moduli space As. Hence,

the defining equation of Hs can be described by the equation in (a : 3 :
v:60) € P(2:3:5:6). By an observation of the elliptic fibration given
by (3.9), we can prove the following theorem. Especially, the equation (3.11)
shall give the defining equation of Hs.

Proposition 3.11 ([25, Theorem 4.4]).
(1) If and only if the equation

(3.11) (—a® — 24 6)2 —da(af — )2 =0

holds, there exists a non trivial section ss5 of {Scp(a: B :v:9)} as
illustrated in Figure 3.1.

(2) If the modular equation (3.11) holds, the Néron—Severi lattice of the
K3 surface Scp(a: B ::0) is generically given by the intersection
matrixz Ms.

We call the equation (3.11) the modular equation for A = 5.

FI1cGURrE 3.1. The section ss.

Remark 3.12. The modular equation (3.11) for A = 5 is much simpler
than modular equations for other discriminants. For example, the modular
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equation for A = 8 is given by
(3.12)
1024a® — 512001262 + 1024007 8* — 10240a°5° + 512002 3% — 1024310

— 9410560 By + 105369602 33y + 7157760° 3 — 8284160237

— 7556464002 + 13149238407 32~% + 390768800 5142 + 13934400035+
+ 149132408805 5~% — 91884844003 53~3 — 369680005°~3
+136114739010°~* — 71834250002 3%~* + 9079601250075

+ 77378093757% — 3438080128 — 647168a° 35 + 223488005 346

— 115302403 5%65 — 908803%5 + 244214408 876 — 86206272a° 53~8

+ 1298524802 3778 — 16690454160 725 — 14491711600 2425

+ 2684848000342 6 — 1574525600 B~38 — 77293900053~35

— 1574506012502~*8 + 293702560762 — 5683248005 5262

+ 3716635203 8%6% — 26262403%6% + 12301704960° 36>

— 15548524802 3~62 — 278767200 4262 + 2388102200032 52

— 23150930008~362 — 860581600562 + 36058880 326% — 228157605463
— 123167158402 8~v83 + 17044786000v28° + 85375664036%

+ 538788803%6* — 283449765° = 0.

We can check that for a generic (o, 3,7, 0) satisfying (3.12), the transcen-
2 2

dental lattice is given by U & <2 _9

). So, (3.12) gives a counterpart of
the equation (3.11).

3.5. The embedding ¥5 : P(1:3:5) — P(2:3:5:6). The family
of Ms-polarized K3 surfaces is a subfamily of the family of My-polarized K3
surface. Therefore, Proposition 3.4, 3.8 and 3.11 imply that the family F =
{S(A : B : )} is a subfamily of the family Fop = {Sep(a: 5 :7v:90)}.
Moreover, together with Remark 3.3, the modular equation (3.11) gives
the defining equation of the Humbert surface Hs. In this subsection, we
realize the embedding F — Fcp explicitly. This is given by the embedding
U5 :P(1:3:5) = P(2:3:5:6) of varieties.

Since the modular equation (3.11) for A = 5 is very simple and the
coordinates 2,B and € have the explicit theta expressions (3.7) via the
period mapping for the family F, we can study the pull-back ¥i(V) of
a variety V. C P(2 : 3 : 5 : 6) quite effectively. Especially, in Section 5
and 6, we shall consider the pull-back ¥}(Sp) of the Shimura curve Sp for
D =6,10,14 and 15in P(2:3:5: 6).
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Lemma 3.13. The elliptic K3 surface S(2: B : €) is birationally equiva-
lent to the elliptic K3 surface

2 1
3.13) =5+ ——5%2u4 — s
0

12 32
125 5 25 5
5 3 9 6 2 7
—|—<u —}—(108%( 4%>u +<64’B 969[€>u>.

The elliptic fibration m : (s,u,yo) — u given by (3.13) has singular fibres
7710) of type IT*, m=1(c0) of type IIT* and other five singular fibres of
type 1.

Proof. First, by the correspondence

=21 __ " 5 = LY
16¢° YT T 16 25611
the surface S( : B : €) in (3.3) is transformed to
(3.14) y? = x1 (23 + (20217 — 208t + &)z + 16t9).

The elliptic surface given by (3.14) has the singular fibres of type Ijop +
S5Iv + I1T~.
Next, by the birational transformation

ctud V&9 Cu
(315) xry = 740’ U1 = 6 0y2> = 707
we have
(3.16) ys = x4 + (16 — 20Bug) x5 + 20ACuizy + Cul.

The equation (3.16) gives a double covering of a polynomial of degree 4 in
xg. According to Section 3.1 of [1], such a polynomial can be transformed
to a Weierstrass equation. In our case, putting
651(—4 + 5Bug) — 60ACuZ(—4 + 5Buo) + v6ys3

Tro =

27 7 6(—96 + 51 + 240Bug — 1508203 + 20ACu2)
y 48 + s1 — 120Bug + 75B%uf — 102ACu3

2 pu—

3

(27(2(—4 + 5Bu0) (16 — 40Bug + 25B%ug — 5ACuF) + 5:)%)

3(—96 + s1 + 240Bup — 150B2u3 + 20A€u3)? ’

we have the Weierstrass equation

(3.17) y3 = polynomial in s; of degree 3.
Put
s1 = 3Cs, Y3 = V27C3yq, ug = g,

to (3.17). Then, we have (3.13). O
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Remark 3.14. The transformation in (3.15) gives an example of 2-neighbor
step, that is a method to find a new elliptic fibration. By (3.15), we have

x
ug = a The new parameter ug has a pole of order 4 at ¢ = 0. This implies

that we have a singular fibre of type I1T* at uy = oo (Figure 3.2).

1 J [ ] L
1 1 o0
1 1 e 1 1 L
1 1 2 2
1 1 g 3 3 L N ]

FIGURE 3.2. 2-neiborgh step in (3.15)

Remark 3.15. The section s5 in Proposition 3.11(1) has the explicit form

(3.18) t— (x(t),y(t),1),

2_
where z(t) = ?;72 + %t + w# and y(t) = 1}2/%}/25 + 24}9},//52)(75 -

10\/5(—15X2+Y)t2 _ 25(=5X3+XY) 43

Yy3/2 2V/2Y3/2 .
Theorem 3.16. The point (o : B : v :d) € P(2:3:5 :6) satisfies
the modular equation (3.11) if and only if the point (o : B : 7y : §) is in
the image of the embedding Vs : P(1 : 3 :5) - P(2:3:5:6) given by
A:B: )= (a:f:7:0)=(a5(A:B:C):F5(A:B:C):5(A:B:
€):05(2A:B: ), where

25 _,
as(2: B : Q) = LA,
1 125 ¢3 5
55(91:23:@):5(—@2[ +59),
(3.19) 1
75(2[.‘3.@2)—32(’:,
2% ., s

Proof. According to Proposition 3.11, if (o : S :y:6) € P(2:3:5:6)
satisfies the modular equation (3.11), then the Néron-Severi lattice
NS(S(a: 5 ::9)) is generically given by the intersection matrix Ms.

On the other hand, a family of the isomorphism classes of Ms-marked
K3 surfaces is given by F. By Lemma 3.13, S(2 : B : €) is birationally
equivalent to the surface given by (3.13) with the section (3.18). Therefore,
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the Weierstrass equation (3.13) induces an embedding F — Fcp of the
family of elliptic K3 surfaces with the singular fibers of type I1*+511+11T*.
Together with Proposition 3.8, we have (3.19) by comparing the coefficients
of (3.9) and (3.13). O

Remark 3.17. We can check that any point of the image WU5(P(1 : 3 : 5))
satisfies the modular equation (3.11).

4. The family .F?K of K3 surfaces

Elkies and Kumar [9] obtained rational models of Hilbert modular sur-
faces. Especially, in their argument, they used parametrizations of the Hum-
bert surfaces Ha for fundamental discriminants A such that 1 < A < 100.
Their method was the following. They consider a family, that is called
J:E%K in this paper, of elliptic K3 surfaces with two complex parameters.
A generic member of F2, has a suitable transcendental lattice and the
moduli space of F J%K is birationally equivalent to the Humbert surface Ha.
Moreover, the family F J%K can be regarded as a subfamily of Fop. It fol-
lows that the two complex parameters of Fop give a parametrization xa
of Ha.

In this paper, we shall use the parametrization xs (resp. xi2, x21) for
the Humbert surface Hg (resp. Hiz, Ho1). We survey their results in this
section.

However, we remark that the explicit forms of the parametrization xa
appeared in the paper [9] only for the case A =5 and 8. Then, we need to
calculate the explicit forms of x12 and x2; from the families Fj3 and F2
(see Section 4.3 and 4.4).

Remark 4.1. The choice of the parametrization of the Humbert surface
Ha is not unique. In fact, the parametrization x A due to Elkies and Kumar
depends on the choice of an elliptic fibration of a generic member of F ]%K.
To the best of the author’s knowledge, it is not easy to study modular
properties of the parametrization ya. For example, it seems highly non
trivial problem to obtain an explicit expression of the parametrization of
Xa via the Hilbert modular forms for Q(v/A). See Remark 4.2 also.

4.1. The case of discriminant 5. Before we consider the cases A =
8,12,21, let us see the case A = 5.

In [9, Section 6], the family Fp, of K3 surfaces is studied. A generic
member of F3,;- is given by the defining equation

1 1
y? =3+ Zf"”(—:ag% +4)z — Zt5(4h2t2 + (4h 4 g3t + (49 + 1)),

where g and h are two complex parameters.
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Using this family, Elkies and Kumar obtained a parametrization of the
Humbert surface Hs. In [9], Hs is realized as a surface in the moduli space
My = Proj(Cl[ly, 14, Is, I10]) by the parametrization

L =6(4g+1), I;=9¢% Is=9(4h+9¢>+2¢%), I,0=4h%

Together with (3.10), we obtain the mapping x5 : P(1:2:5) - P(2:3:5:6)
given by (k:g:h)— (ag(k:g:h):Bi(k:g:h):vi(k:g:h):05(k:g:h)),
where of(k:g:h) = g% BL(k:g:h)=g>+4hk,+L(k : g: h) = 32h% and
6L(k : g : h) = 16h%(4g + k?). The mapping x5 gives a parametrization of
the Humbert surface Hs. Any point of the image of x5 satisfies the modular
equation (3.11).

Remark 4.2. The above x5 is a parametrization different from W5 : P(1 :
3:5)—=P(2:3:5:6) in Theorem 3.16. In Section 5 and 6, we shall use
only U5. The parametrization W5 has good modular properties and is more
convenient than x5 for our purpose. For example, the weighted projective
space P(1: 3 : 5) = Proj(C[, B, €]) is a canonical compactification of the
Hilbert modular surface (see Section 3.2) and the coordinates 2,B and €
have an expression by Hilbert modular forms (see Proposition 3.6).

4.2. The case of discriminant 8. In [9, Section 7], the family Fo of
K3 surfaces is studied. A generic member of F5 . is given by the defining
equation

v =23+ t((2r + Dt +r)z? + 2rst(t + D)a 4 rst’

where r and s are two complex parameters. This Weierstrass equation gives
the elliptic fibration (z,y, t) — t with the singular fibres of type I11* and IZ.
A generic member of F8 ;- admits another elliptic fibration with the singular
fibres of type IT* + 5I; + I11* and we regard Fg, as a subfamily of Fcp
(see Proposition 3.8). Thus, Elkies and Kumar gave the correspondence

I = —4(3s+8r — 2), Iy = 4(9rs + 4r2 + 4r + 1), I;9 = —8s%r3,
Is = —4(367s% + 94r%s — 35rs + 4s + 4813 + 40r? + 4r — 2).

Together with (3.10), we have the following correspondence ys : P?(C) —

P(2:3:5:6) givenby (¢g:7:5)+— (ag(r:s:q): fs(r:s:q):

vs(r:s:q):dg(r:s:q)) where
(4.1)

ag(r:s:q) = %(q2 +4qr + 472 + 9rs),
Bs(r:s:q) =5 (16(—2q + 8 + 35)(¢% + 4qr + 4r% + 9rs)

—12(—2¢> + 4¢°r + 40qr? + 4813 + 4¢%s — 35qrs + 94125 + 367“52)),
v8(r:s:q) = —64r3s2, Sg(r:s:q) = %7382(—2(] + 8r + 3s).
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The correspondence yg gives a parametrization of the Humbert surface
Hg. We shall use xg in Section 5.

4.3. The case of discriminant 12. In [9, Section 8], Elkies and Kumar
considered the elliptic K3 surfaces given by the following equation

(4.2) =23+ (1 - A —t) + )t + 2et>(t — Dz + (¢ — 1)

Here, e and f are two complex parameters. The Weierstrass equation (4.2)
defines the elliptic fibration (z,y,t) — t. For a generic point (e, f), the
equation (4.2) gives an elliptic surface with singular fibres I3, I3 and I1* at
t = 0,1 and oo, respectively.

Proposition 4.3. The K3 surface given by (4.2) is birationally equivalent
to the elliptic K3 surface given by the Weierstrass equation

(4.3) y}=a}+ (§<—9e +15ef — fut + (—e*(1+ f))u’)a

1
+ (u5 + o= (-546” — 8lef? + 63ef° + 2O’

1
+ §e3(3+36+3f—2f2 —2f3)u7),

with singular fibres of type I1* + 511 + I11*.

Proof. Putting

44)  w=(t—- 1)t3( + ul), y =3t — 1)yo

e
(f =1t
to (4.2), we obtain an equation in the form

(4.5) Y2 = a polynomial in t of degree4.

Applying the canonical method of Section 3.1 in [1] to (4.5), we have an
equation in the form

(4.6) y% = 4.%3 — I(](ul)wo — J()(ul).
By the birational transformation z¢ = zufiiilf)?? U = —%, Yo = 4(:3?7{@)3
to (4.6), we have (4.3). O

Remark 4.4. The birational transformation (4.4) gives an example of 2-
neighbor step to obtain the singular fibre of type I11*. See Figure 4.1.
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w AW N R
=

FIGURE 4.1. 2-neiborgh step in (4.4)

From (3.9) and (4.3), we obtain the following proposition.

Proposition 4.5. The mapping x12 : P(2:1:1) = P(2:3:5:6) =
P(4:6:10:12) given by (e : f:g) — (au2(e : f:9g): Prale: f:g):
viz(e: f:g):dale: f:g)) where

an(e: f:g) =§(f* —15efg + 9eg?),
“n Brale: f1g) = & f(—2f% —63ef3g + 5deg* + 8lef?g?),
' male: f:g) =g’ (f +9),
Si2(e: f:g) = 36’9 (=2° + 3eg — 2f*g + 3f9” + 39°),

gives a parametrization of the Humbert surface Hio.

4.4. The case of discriminant 21. In [9, Section 11], they studied the
elliptic K3 surface given by the Weierstrass equation

(4.8) y? = 23 + (ag + art + ast®)z?
+2t2(t — 1) (b + bit)z + t*(t — 1)2(co + c1t),

where
ap=1, a=-1r*4+2rs—1, as=(r—s)?

(4.9) bo=(r*=1)(s—7)%, b =@?=1)(s—r)2(rs—1),
co=02=1D%s—r)t =0 —1)3s—r)

Here, r and s are two complex parameters. For generic (r,s), an elliptic
surface given by (4.8) has singular fibers I7, I3 and IT* at t = 0,1 and oo
respectively.
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Proposition 4.6. The K3 surface given by (4.8) is birationally equivalent
to the elliptic K3 surface given by the Weierstrass equation
(4.10) o =3 + ( — (1451 + ) — s)ud
+ 3(=9 = 30r — 7% + 30r% + 150
+ 305 + 2615 — 30125 — 24135 — 32)u4>m1
+u® — Z(r — s)(189 + 252r — 280r® — 4417°
+63r! 4 189r° + 27r° — 63s
— 70rs + 63r%s + 72r%s — s%)u’
+ (=14 7)°%1+7)"(3 —5r* +3r" + 65+ 10rs
—6r3s — 25% 4+ 3r2sH)u’.
with singular fibres of type I1* + 511 + I11*.

Proof. By the birational transformation given by
(4.11)

= (=14 7)(r — s)* (=1 + t)t3x,

—_

y= (=147 —s)%(-1+t)t?

\)

X (2t3u0 +2(1 4 z0) — t(1 4+ 72(=1 + x0) + xg — 2rsz0)

— (1 + 2ug — r?(=1 + o) + o — 2sz0 + 2r(—1 + sxo))),
the equation (4.8) is changed to an equation in the form

412) ag + arxo + ast + azzi + agxot + ast?
0
+ a6x3 + a7a;2t + agxt2 + agt3 =0.

Using the method of Section 3.2 in [1], the equation (4.12) is transformed
to the Weierstrass equation in the form

(4.13) ya = 4z — 1085 (ug)wo — 27T (up).

Then, zg = 3(=14+7)"°(14+7)0(r—s)321,y0 = (= 147)*(147)°/(r — s) y1
and up = 3(—1+7)5(1 +7)3(r — s)us to (4.13), we have (4.10).

Remark 4.7. The birational transformation (4.11) gives an example of
3-neighbor step to obtain the singular fibre of type I11*. See Figure 4.2.

Setting s = 1 4+ 11 + M, r = 1+ r; and comparing the coefficients

of (3.9) and (4.10), we can prove the following proposition.
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FIGURE 4.2. 3-neiborgh step for (4.11)

Proposition 4.8. The mapping x21 :P(1:1:2) - P(2:3:5:6) =P(4:
6 : 10 : 12) given by (q1 : 1 : s1) — (a21(q1 : 71 2 s1) : Por(qr 1 711 2 81) =
721(q1 iyt 81) : 621((]1 Ty 81)), where

agi(qr:r1:s1) = §(qi + 54qis1 + 24qiris1 + 9s7),

Bor(qr i1t 1)
(4.14) — 243q171 57 — 27ris?),
s

%(fh - 135(]151 - 72(117"151 405(]%5%

721(Q1 Tyt 51)

d21(q1 =71 2 81)

1S
% Hair? + 6qir3 + 3r] + 6qir1s1 + 3s7).

gives a parametrization of the Humbert surface Hoy.

5. The Shimura curves of discriminant 6 and 10 in P(1: 3 : 5)

5.1. The Shimura curves ¥{(Sg) and W}(Si0). Let us recall that
the Humbert surface H of discriminant A is a surface in the Igusa 3-fold
As. Moreover, As is a Zariski open set of the weighted projective space
P(2:3:5:6) =Proj(Cla: B :~:d]). Hence, we can regard the Humbert
surface Ha as a divisor in P(2 : 3 : 5 : 6). Especially, Theorem 3.16 says
that the Humbert surface Hs C Ay is parametrized by (2 : B : €) €
P(1:3:5) ~ (PSL(2,05),7)\(H x H) via the embedding W5 : P(1 : 3 :
5) < P(2:3:5:6). On the other hand, the Humbert surface Hg C As
is parametrized by xs (see Section 4.2). The intersection Hs N Hg of two
Humbert surfaces is an analytic subset in Ajs. Let us consider the pull-back
Ui (Hs NHg), that is a curve in P(1: 3 : 5).
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Theorem 5.1. The divisor VE(Hs N Hg) in the weighted projective space
P(1:3:5) =Proj(C[2: B : €]) is given by the defining equation
(5.1) (A° — 5B + €)
x (312520° — 33752%B + 243Q)
X (384000000000002°B2 + 12052800000000024653%5*
— 41006250000002% — 1845281250000008°
+ 2560000000000 0€ + 69984000000002”BE
+ 346989420000002A*B2¢ + 42539883750000AB>¢
+ 257643180000024°¢2 + 27143250660002%B¢>
+ 146211169851¢3) = 0.

Proof. We have the parametrization W5 in (3.19) (resp. xs in (4.1)) of the
Humbert surface Hs (resp. Hs).

For a generic (aw: 5 :y:60) € HsNHg CP(2:3:5:6), there exist
(A:B:¢)cP(1:3:5) and (r:s:q) € P2(C) such that

o = (15(91 . % : ¢) - 058(7’,37q),
(5 2) 5:&5(2[;’3:(’:):&(7’737‘1)7
: v = 75(2[ : % : Q:) - 78(r737Q)7
o= (55(&[ HDL Q:) = 58(r737Q)
5,

F1(5 (A, B,¢,7,5,q) = as(A: B : ) — as(r, s, q),
55 F2(5’8)(9l,%, ¢,7,8,q) = B5(A B : &) — Bs(r,s,q),
FPO QB¢ 7, 5,q) =752 B : €) — 15(r, 5, ),

FP® (B, €,r,5,q) = 65(A : B : €) — 85(r, 5, ).

We have the weighted homogeneous ideal I = <F1(5’8), F2(5’8), F3(5’8), F4(5’8)> -
C[A,B,¢, 1, 5,q]. Let V(I) the zero set of the ideal I. This is an analytic
subset of P(1:3:5:1:1:1) = Proj(C[2,*B,¢&,r,s,q]). From (5.2), the
point (A:B :C:r:s5:q) € V() gives ( : f: v :9) € HsNHs.
Let v :P(1:3:5:1:1:1) = P(1:3:5) be the canonical projection
given by (A:B:C€:r:s5:q) — (A:B : ). The Zariski closure of the
image v(V(I)) corresponds to the zero set V(Ig) of the elimination ideal
Is = I NC[A,B, . From (5.2) again, it follows that (as(2A : B : €) :
Bs(A B : C): 75(91 :B:C) 55(A B €)) € Hs N Hg if and only if
(A:B:C)eV(lg).
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By the theory of Grébner basis (see [5]) and a computer aided calculation
powered by Mathematica, we can show that the ideal Ig is a principal ideal
generated by the polynomial in (5.1). Thus, the theorem is proved. O

Using the explicit expression of the parameters of F in (3.7), let us study
the divisor Wi(Hs NHg) C P(1:3:5) in detail. According to Example 2.9,
HsNHg contains the Shimura curves Sg and Sig as irreducible components.
We shall give explicit forms of the pull-backs of these two Shimura curves
as divisors in P(1 : 3 : 5). We note that the pull-back ¥%(Sg) (resp. VE(S10))
is isomorphic to Sg (resp. S1g) as varieties because U5 is an embedding of
varieties and Sg and Sjg is contained in the image Im(¥5). Set
Ry A —5A%B + ¢ =0,

Ry : 31252° — 3375A%B + 243¢ = 0,
Ly : 384000000000002179B + 12052800000000021°B°
— 410062500000023B* — 1845281250000008°
+ 2560000000000210¢ + 6998400000000 B¢
+ 346989420000002* B¢ + 425398837500002AB>¢
+ 2576431800000A°¢? + 2714325066000A*B¢>

+146211169851¢3 = 0.

Lemma 5.2. The curve Ly in (5.4) is neither VE(Sg) nor UE(Sio).

Proof. By a direct calculation, the divisor L; intersects the divisor {€ = 0}
at the three points

25 64

. B :¢)=(1:0: 1:—: 1:——+).
(5.5) (A:B:€)=(1:0:0),(1::0),(1:—35)

On the other hand, the Shimura curves Sg,S19 are already compact.
Then, ¥;(Se) and UE(S10) never touch the cusp of (PSL(2,0s), 7)\(H x
H). According to Proposition 3.2(2), the cusp is given by (2 : B : €) =
(1:0:0). So, from (5.5), the curve L; is neither U}(Sg) nor Ui(Syp). O

According to [13], we have the quaternion modular embedding QG cH —
Gy for D = 6 given by

w1 32w 1 V2

(5.6)  wr Qg(w) = 2o oozt
_3V2w 1 V2 Sw 11

4 2 8w 4 2 8w

for w € H.
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Remark 5.3. The modular embedding Qg is different from the embedding
Q in Section 2.3. However, as we noted in Remark 2.4, we have the unique
choice of the Shimura curve Sg. So, our argument for discriminant 6 is not
dependent on the choice of a quaternion modular embeddings.

For

10
01 A B
0 0 :<C D)ESp(4,Z).
0 0

and w — (26(113) in (5.6), we have another modular embedding H — &,
given by w — Qg(w) where

(5.7 Qs(w) = (AQg(w) + B)(CSp(w) + D)~
(2+ﬂ+4w+6(2+\/§)w2 V244w +6v/2w? )

—1+V24+8w+6(1+vV2)w?  —1+v/2+8w+6(1+v2)w?
\/§+4w+6\/§w2 —2412w?
—1+V24+8w+6(1+vV2)w?  —14+v2+8w+6(1+v2)w?

Setting Q¢(w) = (%EZi ZEz;), it holds

(5.8) 1 (w) + Fa(w) + F3(w) = 0.

Especially, QG embeds H to N5 in (3.6). Recall that the surface Nj is
parametrized by the Hilbert modular embedding ps in (3.5).

Lemma 5.4. Let OJ be the diagonal, us be the Hilbert modular embedding
given by (3.5) and pr be the canonical projection Sg — Sp(4,72)\S2 = A,.
Set Mg = pr o us(0)(C Ag). Then, Sg intersects Mg at only one point
prous(l++v/—1,1+/-1).

Proof. The embedding w — Qg(w) parametrizes a curve in the surface Nj.
The surface Nj is parametrized by (21, 22) € H x H via us. Hence, the set
p5(0) N Im () is given by the condition 7 (w) = 6v/2w? + 4w + /2 = 0.
The solution in the upper half plane H of the equation 6v/2w?+4w++v/2 = 0

is only . .
w = §<\/j1— ﬁ)

By a direct calculation, we can check that

QG(l(ﬁ—\}i))z%(Hﬁ,Hﬁ). O

3

We note that a point in N5 = Im(us) has an expression by the period
mapping for the family F of Ms-marked K3 surfaces (see Section 3.3). The
explicit theta expression (3.7) of the inverse of the period mapping for F
enables us to study the quaternion embedding Qg given by (5.7) in detail.
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Theorem 5.5. The Shimura curve Vi(Sg) (resp. VE(S10)) is given by the
divisor Ry (resp. Ry) in (5.4).

Proof. According to Theorem 5.1, the Shimura curves U (Sg) and i (Sio)
are irreducible components of the union of the curves R; URsULq. However,
from Lemma 5.2, the curve L; never give any Shimura curve. According
to (3.2), the (X,Y)-plane gives an affine plane of P(1 : 3 : 5). Due to
Lemma 5.4, the Shimura curve ¥(Sg) passes the point

Py=(X(1++V-1,1++-1),Y(1++v=1,1++/-1)).

Since we have the formula (3.8),

25 1 25
Py = (ﬁm,o) = (2—7,0) € (X,Y) — plane.

On the other hand, by a direct observation, the curve Ry does not touch
the point Py and the curve Ry passes the point Fj.

Therefore, the Shimura curve WE(Sg) is given by the curve Ry. The other
curve R; corresponds to the Shimura curve ¥ (Sio). O

In Figure 5.1, the Shimura curves Ry = Vi(Sg), R1 = Yi(S10) and the
curve coming from Klein’s icosahedral equation

—1728B° + 720AEB3 — 0A?C?B + 64A3 (5B — AC)? +¢3 =0
(see (3.1)).

Klein's icosahedral equation /

/S| LT Shimura

/ A -/ curve for
J //// 27 A discr.=10
// |4
P // " Shimura”
Y. curve for
/ discr.=6
/ 1

FiGURE 5.1. The Shimura curves of discriminant 6 and 10
and the Klein’s icosahedral equation
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5.2. The genus 2 curves of Hashimoto and Murabayashi and the
family /C; of Kummer surfaces. Hashimoto and Murabayashi [13] stud-
ied the moduli space of genus 2 curves and the Shimura curves for discrimi-
nant 6 and 10. In this subsection, let us see the relation between the results
of [13] and Theorem 5.5.

Let C be a Riemann surface of genus 2. The Jacobian variety Jac(C) is
a principally polarized abelian surface. Let T" be the involution on Jac(C)
induced by (21, z2) + (—21, —22) on the universal covering C?. The minimal
resolution Jac(C)/(id,T) is called the Kummer surface and denoted by
Kum(C).

For a Riemann surface of genus 2 given by

(5.9) C(A1, A2, 3) 1 Y2 = X (X = 1)(X = A)(X = Xa) (X — Ag),

Humbert [15] obtained explicit conditions when the corresponding Jacobian
variety Jac(C(A1, A2, A3)) has real multiplication for A = 5 and A = 8.
These conditions are given by equations, called Humbert’s modular equa-
tions, in A1, A2 and A3 (see [13, Theorem 2.9 and 2.11]). For example, Hum-
bert’s module equation for A =5 is given by

(5.10)  4(A2A3 — A3+ A3(1— A1) + A3A3) (A2 )3 — A1 A3)3)
= (A2 + DAz = A3(A1+ A3) + (1= A)AA3 + A (e — A3))>

It is well known that Kum(C'(A1, A2, A3)) is given by the double cover
of the projective plane P?(C) = Proj(C[(p, (1, (2]) branched along 6 lines
C2 = 07C0 = 07(2 +2C1 +C0 = 0 and CQ +2>\]C1 +)\32C0 =0 (] = 17273)
Humbert’s modular equations for A = 5 and A = 8 are obtained by a study
of Kum(C()\l, AQ, )\3))

Remark 5.6. Let Ms 2 be the moduli space of genus 2 curves with level 2
structure and Q : Moo — A be the canonical projection. Humbert’s
modular equation for A is not a defining equation of the Humbert surface
Ha C As, but defines a component of Q~(Ha ). To the best of the author’s
knowledge, to study Humbert’s modular equations is not easy, for they
have complicated forms in A1, Ao and A3. However, Humbert’s modular
equation (5.10) for A =5 and our simple modular equation (3.11) for #s
are explicitly related by the formula of [25] Theorem 8.7.

Hashimoto and Murabayashi [13] studied the genus 2 curve C(A1, A2, A3),
where (A1, A2, \3) satisfies Humbert’s modular equations A = 5 and A = 8.
Applying Theorem 2.6 (2), they obtained the following results.
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Proposition 5.7 ([13, Theorem 1.3, 1.7]).
(1) Set a genus 2 curve Cg(s,t) given by

Co(s,t) : V2= X(X* -~ PX3+QX?* - RX +1)

with P = =2(s + 1), Q = 1& §ff)_(,}21)(f§ij)8t4) and R = —2(s — t).
Here, (s,t) satisfies
(5.11) 45°% — 2 412 42 =0.

Then, Jac(Cg(s,t)) is a principally polarized abelian surface with
quaternion multiplication by Dg.
(2) Set a genus 2 curve Cio(s,t) given by

Cio(s,t) : Y2 = X(X* - PX?+QX? - RX +1)

: _ A2t (2 —t-1) (2 (8B —102—81+1) B
with P = -0z Q = tE—1)2(t+1)2 and R =
%. Here, (s,t) satisfies

(5.12) s —t(t—2)(2t+1) =0.

Then, Jac(Cho(s,t)) is a principally polarized abelian surface with
quaternion multiplication by D1g.

Remark 5.8. The equation (5.11) (resp. (5.12)) does not give the exact
defining equation of the Shimura curve Sg (resp. Sig) but defines a covering
of Sg (resp. S10). In fact, each curve defined by (5.11) and (5.12) is of genus
1. On the other hand, S and Syg are genus 0 curves.

Let j € {6,10}. Set C; = {Cj(s,t)} in Proposition 5.7. For two mem-
bers Cj(s1,t1) and Cj(s2,t2) of Cj, if Jac(Cj(s1,t1)) and Jac(Cj(s2,t2))
are isomorphic as principally polarized abelian surfaces, we call two mem-
bers are equivalent. Let [C}(s,t)] be the equivalence class of Cj(s,t) € C;.
Let (fj denote the equivalent class of C;. We have the family Kum(éj) =
{Kum(C;(s,t)) | [C}(s,t)] € C;} of Kummer surfaces.

On the other hand, our K3 surface S(2: B : €) in (3.3) has the Shioda—
Inose structure. Namely, there exists an involution o on S(2 : B : €)
such that the minimal resolution K(2 : B : €) of S(A : B : €)/(id,0)
is a Kummer surface. The Kummer surface K(2 : B : €) is given by the
following equation (see [23] Theorem 2.13),

(5.13) v? = (u? — 26%)(u — (5At2 — 108t + €)).

Remark 5.9. The period mapping for the family 7 = {S(2 : B : €)}
coincides with that of the family I = {K (2 : B : €)} of Kummer surfaces.
(see [23, Section 2.4]).
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From Theorem 5.5 and the defining equation (5.13), we have two families
of Kummer surfaces K; = {K;(2(:B)} (j € {6,10}) given by

(5.14) Ko(A:B) 1 0% = (u? — 26%) (u — (5 — 10B¢ — DA _B3T5AB )y
Kio(2:98) : v = (u® — 20%) (u — (520> — 10B¢ — (A° — 5A%B)).

Considering the properties of the K3 surface S( : B : €), the above
procedure of the families £C; for j = 6,10, Remark 2.4, Remark 5.6 and
Remark 5.9, we have the following proposition.

Proposition 5.10. For j € {6,10}, the family Kum(C;) coincides with the
family IC;.

6. The Shimura curves of discriminant 14 and 15 in P(1: 3 : 5)

In this section, we obtain the explicit forms of the Shimura curves for
discriminants 14 and 15 in the weighted projective space Proj(C[2( : B : €]).

However, as in Remark 2.4, the Shimura curve Sp = ¢p(Sp) C As is
not unique for D = 14 because there exist two choices of pp. So, the image
S14 of the Shimura curve depends on the triples (p, a,b) in the argument of
Section 2.3.

In this section, as in Example 2.10 and 2.11, we only consider the Shimura
curve S14 in As coming form the triple (p,a,b) = (5,1, 3).

Theorem 6.1. The pull-back Vi(Hs N Hiz) is given by the union of four
devisors Ra, Rs, Ry, Lo, where Ry is given by (5.4) and Rs, Ry and Lo are
curves in P(1 : 3 : 5) = Proj(C[2, B, €]) in the following:

Rs : 10485762 — 30965760278 — 1446336002482
— 1574640002183 + 727211522°¢ — 272937602%B¢ — 59049¢2 = 0,

Ry : 30517578125 + 9118652343751 298 + 4252929687522
— 97897974609375A5B3 + 424490000000000243B*
— 3456000000000008° 4 2383486328125 0¢
+ 3287597578125027 B¢ — 147816767984375A4B2¢
+ 2281557600000002AB3¢ + 19189204671875A°¢2
— 296750181411252%B¢2 + 344730881243¢3 = 0,
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Lo : —640000000000000000002(258° + 3700000000000000000002A°B 7
+ 8152343750000000000002A°B% — 390234375000000000000024>B°
— 711914062500000000000080 + 384000000000000000002 3534 ¢
— 2239200000000000000002A1°B°¢ — 10759675000000000000002A"BEE
+ 396932343750000000000021B7¢ 4 47024296875000000000002AB5¢
— 76800000000000000002 4522 + 455776000000000000002A 1 B3¢2
+ 4497306980000000000002%B*¢2 — 14630386025000000000002° B> ¢2
— 11228633015625000000002>5B°¢2 + 5120000000000000002A5¢3
— 3077760000000000000A2BE3 — 775610104000000000002°B2¢3
+ 2359593227400000000002A°B3¢3 + 1213513231187500000002>B*¢3
+ 13523702118750000000B°¢3 + 47799007600000000002 ¢
— 139081917528000000002A7 B¢ — 83269182932120000002*B2¢*
— 2530877087227500000AB3¢* + 449415539646800000A°¢>
+ 103922033314060000A*B > 4 50787635527751¢° = 0.

Proof. Recalling (3.19) and (4.7), set

F1(5 1) (Q[ % Qt € fa ) QS(Qla%’Q:) - alQ(eafag)a
F2(5 12) (9’[ % Q: €, fa ) /85(917%7C - Bl?(e)fag))
FD (2,8, e, f.9) = 75(2, B, €) — (e, £, 9)

( 9) =

)
( )
FP (8, €, e, f,9) = 05(,B,€) — dia(e, £ 9).

)

Take the weighted homogeneous ideal I13 = <F1(5’12), }72(5’12)7 }73(5’12)7 F4(5’12))
of the ring C[2, B, €, e, f, g]. As in the proof of Theorem 5.1, the zero set of
the ideal I12 5 = I12NC[A, B, €] corresponds to the pull-back Ui (HsNHiz).
By a computer aided calculation, we can show that the zero set of 15 g is
the union of the curves Ry, R3, R4 and Lo. O

Theorem 6.2. The Shimura curve Wi(S15) corresponds to Rs and the
Shimura curve W5(S14) corresponds to Ry.

Proof. First, according to Theorem 6.1, the divisor Wi(Hs N Hi2) consists
of only four irreducible components Ro, R3, R4 and Lo. However, from The-
orem 5.5, the curve Ry is the Shimura curve Wi(Sg). Moreover, since the
curve Lo passes the cusp (A : B : €) = (1:0:0), the curve Ly does not
corresponds to any Shimura curves.
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Then, we shall identify the curves R3 and R4. Because we have Exam-
ple 2.10, the divisor ¥ (HsNH12) contains the Shimura curves Vi (Si5) and
UZ(S14). So, of the two curves R3 and Ry, one corresponds to Wi (Sis) and
the other corresponds to UZ(S14). By the way, according to Example 2.11,
only the Shimura curve W§(S14) is contained in the divisor Wi(Hs N Hai).
Moreover, due to the next lemma, the curve R, is an irreducible component
of WE(HsNHar). Therefore, we conclude that the curve Rs (resp. Ry) gives
the explicit model of the Shimura curve ¥i(S15), (resp. ¥i(Sia)). O

Lemma 6.3. The curve Ry is an irreducible component of the divisor
\Ilg (H5 N Hgl).

Proof. Using the notation in (3.19) and (4.14), we set
F1(5’21)(Q[) %a Q:a q1,71, 81) = Oé5(2l, %’ Q:) B a21(Q1’ (Y 81)7
FPD (0,8, €, q1,71, 1) = B5(2, B, €) — Bt (a1, 71, 51),
FP (0,8, € 1,71, 51) = 75(2, B, €) — ya1 (1,71, 51),
( )

(
(5,21) B
F; 2,8, ¢, q1,71,51) = 05(A,B, &) — d21(q1, 71, 51).

Take the weighted homogeneous ideal I5; = <F1(5’21), F2(5’21), 355’21), FL§5’21))

in the ring C[,*B, ¢, ¢1,71,51]. The zero set of the ideal Iz; g = Iz N
C[2(, B, €] gives the curve Ui (H5NHa1). However, because of a huge amount
of calculations of the Grobner basis, it is very difficult to obtain a system
of generators of the ideal Iy g directly.

Instead, we shall consider the ideal Iz; 7 = I>; N Clg1, 71, 51]. By a com-
puter aided calculation, we can show that the ideal I3; 7 is a principal ideal
generated by

(6.1) ¢1(2q1 + Tl)sf(q:{’ —q181 — 7“151)(2(_111 — 27q%sl —27q1r181 + 815%)
X (2qi1 + qi’rl — llq%sl — 22¢q17r181 — 81"%51 + 93%)
6 4 3 2.2 2 2 2 3
X (g7 — 20q7s1 — 9qir181 + 98¢y sT + 62q1r18] + 8risy + 9s7).

Next, taking a factor ¢ — q1s1 — r151 of (6.1), we consider the new
ideal Jo; = (F1(5’21),F2(5’21),F§5’21),F§5’21),q% — q151 — r181). The zero set
V(Ja21,) of the elimination ideal Ja1 g = Jo1 N C[2A, B, €] corresponds to
certain components of WE(Hs N Hai). By a computer aided calculation, we
can compute the Grobner basis of the ideal Jo1 5. So, we can check that
the curve Ry is contained in the zero set of the ideal Jo1 . Il

The author believes that the method using icosahedral invariants and
the theta expression (3.7) is effective for the Shimura curves Sp for D > 15
with some skillful computations of Grébner basis.
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