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Complete solutions to a family of
Thue equations of degree 12

par AKINARTI HOSHI

RESUME. We considérons une famille paramétrique non galoi-
sienne d’équations de Thue F,,(z,y) = X de degré 12 ot m est
un parameétre entier et ot A est un diviseur de 729(m? + 3m +
9). En utilisant la méthode d’isomorphismes de corps développée
dans [15], nous montrons que ces équations ont seulement des so-
lutions triviales avec zy(z + y)(z — y)(x + 2y) (22 + y) = 0.

ABSTRACT. We consider a parametric non-Galois family of Thue
equations Fy,(z,y) = A of degree 12 where m is an integral pa-
rameter and \ is a divisor of 729(m? + 3m + 9). Using the field
isomorphism method which is developed in [15], we show that the
equations have only the trivial solutions with zy(z + y)(x — y) -
(x +2y)(2z +y) =0.

1. Introduction

In 1909 Thue [36] showed that an equation F(z,y) = A, where F(X,Y) €
Z]X,Y] is an irreducible binary form of degree d > 3 and A € Z is a non-
zero integer, has only finitely many integral solutions (z,y) € Z2. In 1968
Baker [3] proved that the equation F(x,y) = X can be solved effectively.
Numerical methods for solving a Thue equation are developed by Tzanakis
and de Weger [37] and Bilu and Hanrot [5].

In 1990 Thomas [35] investigated a family of Thue equations jolS (X,Y)
= £1 where

FO(X,Y) = X3 —mX?%Y — (m+3)XY2 Y3

The equations £ (X,Y) = £1 are completely solved by Thomas [35] and
Mignotte [28]. Several families of Thue equations of degree d < 6 have been
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studied by many authors (see e.g. [13], [12]). Let
FOX,Y) = X* — mX3Y — 6X2Y2 + mXY® + Y4,
FO(X,Y) = X5 —2mX°Y —5(m + 3)X*yY? — 20X3Y?3
+5mX2Y* +2(m + 3)XY? 4+ Y©.

For d = 3,4, 6, the splitting fields L%) of F,g{i) (X, 1) over Q are totally real
cyclic Galois extensions of Q of degree d if m € Z (d = 3), m € Z\ {0, £3}
(d=4),m e Z\{-8,-3,0,5} (d = 6), and called the simplest cubic,
quartic and sextic fields (see e.g. [9]). Lettl and Petho [26] and Chen and
Voutier [6] solved the family of quartic Thue equations £ (X,Y) = A
where A € {%1,+4}, and Lettl, Petht and Voutier [27] determined all

primitive solutions to the Thue inequalities |F7$;l ) (X,Y)] < 6m+ 7 and

\Fr(nﬁ) (X,Y)| < 120m + 323. A family of Thue equations of degree 8 is
solved by Heuberger, Togbé and Ziegler [14]. In [15] and [16], the author

determined solutions to the families of Thue equations JolS (X,Y) = Ag of
degree d = 3 and 6 where m € Z, A3 is a divisor of m? + 3m + 9 and g is
a divisor of 27(m? + 3m + 9). See also the quartic case [17].

The aim of this paper is to generalize the results in [15, 16] to the case
of degree 12. Let

Fo(X,Y) = X2 —4mX'"Y — 22(m + 3) X10V? — 220Xy
+165mX3Y* + 264(m + 3) X Y5 + 924Xy
—264mX°YT — 165(m + 3) X1Y® — 220X3y?
+22mX2Y10 4 4(m + 3) XYM + Y12,

The polynomial f,,(X) = F,(X,1) is irreducible over Q if m € Z\
{-8,-3,0,5}. In general, however, the root field Q(6) with f,,,(#) = 0 is not
a Galois extension of Q. For m € Z\ {—8,—3,0,5}, the splitting field L,, of
fm(X) over Q is a totally real Galois extension of Q of degree 24 or 12 whose
Galois group is isomorphic to Dy x C3 or Cg x Co where Dy is the dihedral
group of order 8 and C,, is the cyclic group of order n. There exist infin-
itely many integers m € Z for which L,, are of degree 24 and of degree 12
respectively. Moreover, we have the field inclusions ng) C Lq(‘g) C L, for
arbitrary m € Z where ng) are the simplest cubic fields and ng) are the
simplest sextic fields. We use Okazaki’s theorem (see [15, Theorem 1.4])
which claims that for m > —1, the simplest cubic fields are non-isomorphic
to each other except form = —1,0,1, 2,3, 5,12, 54,66, 1259, 2389. Okazaki’s
theorem was reproved in [15, Section 1].

The method of this paper, the field isomorphism method, is developed
in [18], [15] (see also [22]) and applied in [16] and [4]. It uses the splitting
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field L,, and is purely algebraic although it depends on Okazaki’s theorem
which was established by usual methods of analytic number theory: geo-
metric gap principles in the theory of geometry of numbers and a result of
Laurent, Mignotte and Nesterenko [25] in Baker’s theory on linear forms
in logarithms of algebraic numbers (see also [29], [38]). We remark that
the method may work well only for the case where the genus of the curve
Fy(X,1) =0 is zero.

We may assume that m > —1 because if (x,y) € Z? is a solution to
Fp(z,y) = A, then we have F_,,_3(y,z) = A. The binary form F,,,(X,Y) €
Z[X,Y] is invariant under the action of the cyclic group Cg of order 6 with
Ce : X — =YY — X +Y. Hence if we get a solution (z,y) € Z? to
Fo(z,y) = A, then we have another 5 solutions:

(—y,x—i—y), (—:z:—y,x), (_xa _y)7 (ya —x—y), ($+y7_x)‘

We also obtain F,(z—y, x+2y) = 729F,,(x,y). The equation Fy,,(z,y) = A
has the following solutions for A = ¢!2 and A = 729¢!2:

Fn(0,+¢) = Fp(%c,0) = Fp(£c, Fc) = ',
Fo(£c, £¢) = Fp(£2¢, F¢) = F(£c, F2¢) = 729¢2.
We call such solutions (z,y) € Z? to Fy,(z,y) = X with xy(z + y)(z — y) -

(x + 2y)(2x + y) = 0 the trivial solutions in the present paper. The main
result of this paper is the following:

Theorem 1.1. Let m € Z and X\ be a divisor of 729(m? + 3m + 9).
The equation F,,(x,y) = X\ has only the trivial solutions (x,y) € Z* with
wy(z +y)(@ —y)(z +2y) (22 +y) = 0.

2. Construction of fs(X) of degree 12

Let K be a field with char K # 2,3 and K(z) be the rational function
field over K with variable z. We take the matrix

V3+1  —1
M12=< 1 \/§+2>

of order 12 in PGLy(K (1/3)). We will construct the polynomial fs(X) =
Fs(X,1) of degree 12 via the matrix Mjs. Let the matrix M = ( ab > €

cd
PGLo(K(v/3)) act on K(v/3)(2) by

b
M:V3 — V3, z — iy
cz+d
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Then we have

B 1 -1 3 V3i—-1 =2
M12 < 1 9 ) M12 9 \/§—|—1 )
0 -1 -1 -2
M{lQ ~ ( 1 1 )7 MfZ ~ ( 2 1 )

where ~ means the equality in PGL2 (K (v/3)), and the matrix Mo induces
a K (v/3)-automorphism o of K (v/3)(z) of order 12:

21 Z -1 1
2.1 2= 7 = — — =
(2.1) 7 212 742 241
1 z+2 Z+2 z+1
o s — = =
Z+1 22 + 1 27 +1 2
N Z+1 IR 5 TR 27 +1
Z -1 71 &
where
(VB34 1)z-1
z4+V34+2

Hence we have the cyclic Galois extension K (v/3,2)/K(v/3,2){ of de-
gree 12. We get the generating polynomial

12

f(X) =T[(X = o'(2))

=1
= X2 45X —22(s +3)X10 — 220X
+ 1655 X5 + 264(s + 3) X7 4 924 X5 — 2645 X°
—165(s + 3)X* — 220X3 + 225 X? + 4(s +3)X + 1
of the cyclic Galois field K (v/3, z) over K(v/3,2){7 = K(v/3)(s) where

212 — 66210 — 22027 + 79227 + 92426 — 4952% — 22023 4+ 122 + 1
2(4210 42229 — 16527 — 26426 + 26424 + 16523 — 222 — 4)
(23 =32—-1)(2%+622+32—1) (20— 625 —302* — 20234+ 1522 + 122+ 1)
2(z+1)(2—1)(242)(22+1)(22—22—2)(224+42+1) (222 +22—1)
The discriminant of f(X) with respect to X is 2243%°(s2 +3s+9)!!. In [31,

32, 33], for ¢ = 2™, p"™ and 2n, Shen and Washington constructed cyclic

polynomials ggq) (X) € K(s)[X] over K of degree g where K is the real ¢-th

1 -1
. . . / .
cyclotomic field. When ¢ = 12, they take the matrix M —< 1 V341

S =

€ PGLy(K(v/3)) of order 12. However, the generating polynomial g£12)(X )
is in K (v/3)(s)[X] but not in K (s)[X]. On the other hand, the polynomial
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fs(X) is defined over not only K (v/3)(s) but also K(s). This is the reason
why we take M, instead of M’. In the case where /3 € K, the splitting
field Sply () fs(X) of fs(X) over K(s) = K(V/3)(s) is a Galois extension
of the rational function field K(s) with cyclic Galois group of order 12.
However, if v/3 ¢ K, then the splitting field Spli (s)fs(X) is not a regular
extension of K.

From now on, we assume that v/3 ¢ K. Let 7 be an involution of K (v/3, 2)
defined by

(2.2) T:V3 —V3, 2 2.
The splitting field Sply (4 fs(X) = K(V/3, 2) is a Galois extension of K (s) =

K(/3,2)%7) with the Galois group Hoy = (0, 7) of order 24. The group
Hsy is given as

Hy = (0,7 |02 =72=1,707 ' =0") = C1p x Cy
= (37| (D= =1,76%"1 = (6®)7!) x (6%) 2 Dy x C3

where C,, is the cyclic group of order n and Dy is the dihedral group of
order 8.
There exist three subgroups (02, 7), (¢) and (0%, 07) of order 12 of Hoy.

We have
K(V3,2)7) = K(s)(V/s2 + 35+ 9),
(2.3) K(v/3,2)) = K(s)(V3),
K(V3,2)97) = K(s)(1/3(s2 + 35+ 9))

because

34322 -1)(22 - 322 —62+1) I S—
/ 4: (Z + — 2 .
U,E%:QT>U(Z)/ 2(z+1)(z—1)(2+2)(22+ 1) SSEds s

The other equalities of (2.3) are established by a similar computation.

The group Hy4 may be regarded as the subgroup (o, 7) of the symmet-
ric group Sig of degree 12 as permutation group on the roots of fi(X)
where ¢ = (1,...,12) and 7 = (2,8)(4,10)(6,12). Then the only two
proper subgroups (o) and (0?,07) are transitive in St2. Hence fs(X) is
irreducible over K (s)(v/3) and over K (s)(1/3(s2 + 3s + 9)) but is reducible
over K(s)(Vs%2+ 3s+9). We will explain this later, see (2.6).

The group Ha4 has the unique subgroup (03, 7) ~ Dy of order 8. The
group {0, 7) is normal in Hay and the corresponding cyclic cubic field over
K (s) is given by K(v/3,2)"™) = K(s)(z3) where

, 2z +2)(:2 = 22— 2)
23 = Z o (Z)/ = (22+1)(222+22_ 1).

o'€{a3,T)
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The action of Hag of order 3 on the field K (s)(z3) is given by
1 z3+1
H —
z3+1 23

Hence the cubic field K(s)(z3) is the simplest cubic field of Shanks’ type
(cf. Shanks [30]) over K (s), and the minimal polynomial of z3 over K(s) is
given by

(24) Pxy = I (x-2)
2'€0rbp,, (23)

= X3 —sX? —(s+3)X — 1.

0:S8 v 8§ 23 — — — 23.

The discriminant of the cubic polynomial fs(?’) (X) is (s> +3s+9)2.

There exist five subgroups (o*7), (027), (02), (o7) and (7o) of order 6
of Ha4, and only the group (o2) is normal in Hyy. We have K (1/3, z)<‘72> =
K(s)(V3,Vs2+3s5+9).

There exist three subgroups (o9, 7), (¢3) and (0%, 037) of order 4 of Hay
which are normal in Hag. The three quotient groups Hay/(0%, 7), Hay/{03)
and Hay /{00, o37) are cyclic group of order 6 and we have the corresponding
cyclic sextic fields over K (s):

6

K(V3,2)°7) = K(s)(23,V/s2 + 35+ 9),
K(V3,2)17") = K(s5)(23,V3),

K(V3,2)°T) = K(s)(z3,/3(s2 + 35 + 9)).

In particular, the first one is “the simplest sextic field” over K(s) which
means that the field K (v/3,2)(°7) is given by K(s)(z¢) where

B , (e +1)(2—1)

and the minimal polynomial of z¢ over K(s) is given by

25 fOx) = I (x-%)

2'€0rbp,, (26)
= X6 25X° —5(s+3)X* - 20X +55sX2+2(s+3)X +1

with discriminant 2635(s2 + 3s + 9)°.

The unique subgroup of order 3 of Hyy is (o%). The field K (v/3,2)") is
a Galois extension of K (s) with Galois group Dy.

There exist five subgroups (1), (¢%7), (a%), (¢37) and (¢°7) of order 2 of
Hay. The group (0®) is the commutator subgroup of Hay and the abelian-
ization HS} = Hays/{05) of Hay is isomorphic to Cg x Co. The other four

groups of order 2 are not normal in Hay.
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The three polynomials
FOX)=X3-3X —1-sX(X +1),
FOX) = @) A (X) = sX (X +1)(X = 1)(X +2)(2X +1),
F(X) = FEEO PO A7 (X) = sX (X +1)(X = 1)(X +2)(2X +1)
(X2 - 2X —2) (X2 H4AX +1)(2X? +2X — 1)
satisfy the following remarkable equations:
FOUX) = (fP(X))? = (s* + 35+ 9) X (X +1)°
_ 3 (3)
= I e O e (X),
(26)  fo(X) = (fV(X))?
— (2435 +OXAX+ DA X - 1)3(X+2)%(2X + 1)
_ (6 (6)
o s+\/s2+35+9(X)fs—\/s2+3s+9(X)'
3. Field intersection problem

We recall some basic results in the computational aspects of Galois theory
(cf. e.g. [1], [7], [8])- Let K be a field with char K # 2,3 and K be a fixed
algebraic closure of K. Let f(X) = [[I21(X — a;) € K[X] be a separable
polynomial of degree m with some fixed order of the roots aq, ..., a,, € K.
Let R = Klz1,...,%y] be the polynomial ring over K with m variables
T1,...,T,. For an element © in R, we take the specialization map wy :
R — K(ai,...,0m), O(x1,...,Zm) = O(a1,...,an). The kernel of wy is
theideal Iy = {© € R| O(,...,qy) = 0} in R. Let Sy, be the symmetric
group of degree m. We extend the action of S,, on m letters {1,...,m} to
that on R by 7(O(z1,...,7m)) = O(Tr1),.--,Tr(m)). The Galois group
of f(X) over K is defined by Galx f(X) = {m €Sy |n({f) C I}, and
Galg f(X) is isomorphic to the Galois group of the splitting field Sply f(X)
of f(X) over K. If we take another ordering of roots a(y,. .., Q) of
f(X) for some 7 € S,,, then the corresponding realization of Galg f(X)
is conjugate in S,,. Hence, for arbitrary ordering of the roots of f(X),
Galg f(X) is determined up to conjugacy in Sp,.

For H < U < 5,,, © € R is called a U-primitive H-invariant if H =
Staby(©) = {m € U | 7(©) = ©}. For a U-primitive H-invariant O, the
polynomial

RPou(X)= [] (X-n(©))eR"[X]
7eU/H
where T runs through a system of left coset representatives of H in U, is
called the formal U-relative H-invariant resolvent by ©. The polynomial

RPeu,f(X) = wr(RPeu(X))
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is called the U-relative H-invariant resolvent of f by ©. The following
theorem is fundamental in the theory of resolvent polynomials (see e.g. [1,

p. 95)).
Theorem 3.1. Let G = Galgf(X), H < U < Sy, be finite groups with
G < U and © be a U-primitive H-invariant. Suppose that RPe (X)) =
[Ii, A1 (X) gives the decomposition of RPe y.s(X) into a product of pow-
ers of distinct irreducible polynomials hiy(X), (i =1,...,1), in K[X]. Then
we have a bijection

G\U/H — {h{"(X),.... ly"(X)}

GrH — ho(X)= J] (X —ws(7(0)))
THCGmH
where the product runs through the left cosets TH of H in U contained in
GrmH, that is, through T = mom where s runs through a system of repre-
sentatives of the left cosets of G NwHn = in G; each hy(X) is irreducible
or a power of an irreducible polynomial with deg(h.(X)) = |GnH|/|H| =
|G|/|GN7H=™L.

Corollary 3.2. If G < nHr ! for some © € U, then RPeo,ut(X) has a
linear factor over K. Conversely, if RPe u,f(X) has a non-repeated linear
factor over K, then there exists m € U such that G < tHr 1.

In the case where RPg 1 ¢(X) is not squarefree, we may take a suit-
able Tschirnhausen transformation f of f over K such that RP (X) is
squarefree (cf. [7, Alg. 6.3.4]).

We now apply Theorem 3.1 to the case m = 24 and f(X) = fo(X) fp(X)
where

e,U.f

fa(X) = X12 —4aX™ — 22(a + 3) X0 — 220X
+ 165aX® + 264(a + 3) X7 + 924X° — 2640 X°
—165(a + 3)X* — 220X° + 22aX? + 4(a + 3)X + 1

of degree 12 for a € K. The reader may find the similar argument of the
resolvent polynomials in the non-abelian group cases in [18, 19, 20, 21]. Let
K(V/3)(z) be the rational function field over K(y/3) with variable z. Let
o and 7 be K-automorphisms of K(1/3,z) as in (2.1) and (2.2). Then the
field K (v/3, z) is the splitting field of f4(X) over K(v/3,2)%™) = K (s) with
Galois group Hay = (o, 7) (resp. C12 = (0)) if V3 &€ K (resp. V3 € K).
We also take another rational function field K (v/3)(w) over K(1/3) with

variable w, K-automorphisms

Dw -1
o V33, MH%, V3 —V3, wew
w
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and the element

w2 — 66w!0 — 220w? + 792w7 + 924wS — 495w* — 220w + 12w + 1

t =
w(4w!0 + 22w — 165w7 — 264w + 264w* + 165w — 22w — 4)

of K(w) by the same manner of K(v/3)(z), o, 7 and s as in Section 2. Then
the field K (v/3,w) is the splitting field of f;(X) over K (v/3,w)"21 = K(t)
with Hb, = (0/,7'). We extend the actions of o and 7 on K(/3,z) and o’
and 7’ on K(v/3,w) to these on K(v/3,z,w) by

a:\/§|—>\/§,z»—>(\/§+\})i_21,wl—>w, T:V3 —V3B, 2 2,0 w,

Dw
" V3 V3,2 2, wHM, V3 =32 2z, w — w.
w+ V342

Then 7 = 7/ and the field K(v/3,z,w) is a Galois extension of K(s,t) =
K(V3, z,w){%"7) whose Galois group is (o, 0’, 7) ~ (Hay x Hj,)/{(T, ’)) of
order 288 (resp. (0, 0’) ~ C1a x Co of order 144) if /3 ¢ K (resp. \f 3e K

For a,b € K, we define

La:Slefa(X)7 Ga:Galea(X)a
fap(X) = fa(X) fo(X), Gap = Galg fop(X).

After the specialization s — a € K, we assume that the polynomial f,(X)
is separable, that is a® + 3a + 9 # 0, and also irreducible over K. Then the
Galois group G, is isomorphic to Hoy or Cg x Co (resp. C12) if /3 ¢ K
(resp. V3 € K).

For a squarefree polynomial R(X) € K[X] of degree I, we define the
decomposition type DT(R) of R(X) by the partition of ! induced by the
degrees of the irreducible factors of R(X) over K. Via the decomposition
type DT(R;) of the resolvent polynomial R;(X), we get an answer of the
field intersection problem, i.e. for a, b € K determine the intersection L,N Ly
of the splitting fields L, and Ly.

Theorem 3.3. Assume (a® + 3a + 9)(b*> +3b+9) # 0, fo(X) and fy(X)
are irreducible over K and #G, > #Gy for a,b € K. Let U = (0,0',7)
(resp. {0,0")), H; = {(o(c’)!, ), (resp. (o(o ))) ©; be a U-primitive H;-
invariant and Ri(X) = RPe, v, ,(X) fori=1,5,7,11. Assume that each
Ri(X) is squarefree. If /3 & K (resp. /3 € K), then the Galois group
Gap = Galg fo(X) and the intersection field Lo N Ly are given by the
decomposition types DT(R;) as in Table 3.1 (resp. Table 3.2).
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Ga Gy Ga,p DT(R1) DT(Rs) DT(R7;) DT(Rii1)
(C12xC12)xCy Lo N Ly = K(V/3) 12 12 12 12
12 12 12 12
Dy xCgxCs [LaﬁLbZK]:4
62 62 62 62
12 43 12 43
(C2xC2)xC3 [LaNLy:K]=6 -
43 12 43 12
12 12 62 62
62 62 12 12
Dy xC3 [LaNLy: K] =8
62 62 32,6 32,6
32,6 32 6 62 62
12 43 12 43
Hay Hoy 43 12 43 12
D4 xCg {LaﬁLbZK]ZIQ
62 26 62 26
26 62 26 62
12 43 62 26
43 12 26 62
62 26 12 43
26 62 43 12
D4y xC3s Lo, =Ly
62 26 32,6 16, 23
26 62 16, 28 32,6
32,6 16, 23 62 26
16, 28 32,6 26 62
DyxCsxC3 LoNLy =K(V3) 12 12 12 12
DyxC2 [LaNLy:K]=4 12 12 12 12
12 43 12 43
Hoy Ce xCo Dy xCg [LaﬁLb:K]ZG -
43 12 43 12
12 43 12 43
D4 xC3g Ly D Ly
43 12 43 12
C2xCy L, N Ly = K(V/3) 62 62 62 62
Ce % Cg [LaNLy:K]=4 326 326 326 326
62 26 62 26
CegxCo CgxCs CGXC§ [LaﬁLbZK]:G
26 62 26 62
CoxC I L 32,6 16, 23 32 6 16, 23
6 X C2 a = L p -
16, 23 326 16, 23 326
TABLE 3.1.

Proof. First we assume that V3 ¢ K. We apply Theorem 3.1 to U
(0,0',7), H = H; = (o(c')",7) (i = 1,5,7,11) and any subgroup G

Gap < U with transitive Gy, Gy, < S12. Indeed, we may regard U, H; < Sa4
as permutation group in 24 letters where

g =

(1,...,12) € Syo,

o' = (13,...,24) € S},

(2,8)(4,10)(6,12)(14, 20)(16, 22)(18,24) € Say.
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Goa Gy Ga,b DT(R:1) DT(Rs) DT(R7) DT(Ri1)
Ci2 x C19 LoNLy=K 12 12 12 12
C12 x Cg [La NLy: K] =2 62 62 62 62
12 43 12 43
CiaxCy [LanNLy:K|=3
43 12 43 12
62 62 34 34
C12 x C3 [LaﬂLb:K]Zﬁl
34 34 62 62
Ci2 Ci2
62 26 62 26
CiaxCy [LgNLy:K|=6
26 62 26 62
62 26 34 112
26 62 112 34
Ci2 Lo =1Ly
34 112 62 26
112 34 26 62
TABLE 3.2.

Then the decomposition types DT(R;) in Table 3.1 can be obtained by the
formula deg(h. (X)) = |GrH;|/|H;| = |G|/|G N wH;x~!|. We may check it
by GAP [34] via the the command DoubleCosetRepsAndSizes(U, G, H;)
for any subgroup G < U with transitive G|g,, < S12 and Glg; < S},. For

the case where v/3 € K, we may get Table 3.2 by the similar manner. [

Corollary 3.4. Assume that V3 € K, G, = Gy = C12 and each R;(X) is
squarefree for a,b € K. Then the splitting fields Lo and Ly coincide if and
only if (only) one of the polynomials R;(X) (i =1,5,7,11) splits completely
into twelve linear factors over K.

4. Field isomorphism problem

In order to obtain an explicit answer to the field isomorphism problem of
fs(X), i.e. whether the splitting fields Sply f,(X) and Splg f»(X) coincide
for a,b € K, we should seek suitable U-primitive H;-invariants ©; for i =
1,5,7,11 where U and H; are given as in Theorem 3.3. It follows from [2,
Theorem 1.4] that there exists (oo’)-invariant ©7 such that K(z,w) =
K(z,01). Moreover we may obtain the following U-primitive H;-invariants
©; which satisfy K(z,w) = K(z,0;).
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Lemma 4.1. Let

0, = z+1—|—zw’
—Z4+w
05 — 2(z2 4522 - 102 —=5)+ (2 + 1)(z* = 23 — 922 — 2 + Dw
—(z+1)(* =23 =922 — 24 1)+ (524 + 1023 — 52 — Dw’
0, = —(522 41022 =52 — 1)+ (z+1)(z* =22 =922 — 2z + Dw
z(z4 4+ 523 — 102 — 5) + (52* + 1023 — 5z — 1)w ’
-1+ zw
Ou = 2414w

Then the elements ©; (i = 1,5,7,11) are U-primitive H;-invariants and
the actions of o on K(©;) are given by

(V3+1)0; -1 o (V3-2)0 — 1

0:0;— , —
! @j+\/§+2 g Or+v3-1

for j = 1,11 and k = 5,7, which are the same as the actions of o and o
on K(z) respectively.

Remark 4.2. 011(z,w) = 01(z,—w — 1) and O7(z,w) = O(z, —w — 1).

By Lemma 4.1, the resolvent R;(X) = RPe, vy, ,(X) is given by
Ri(X) = fa,(X) for some A; € K. Indeed, we have the following:

Theorem 4.3. Let ©; (i =1,5,7,11) be as in Lemma 4.1. Then

Ri(X) = fa,(X)

where
3a+ 9+ ab
A ==1777
! —a+b
A — —3a(a*+15a—270a—405) — (a+3)(a*—3a>—81a®—27a+81)b
° 7 (a+3)(a* — 3a® — 81a2 — 27a + 81) — (5a* + 30a3 — 135a — 81)b’
P —9(5a*+30a®—135a—81) + (a+3)(a*—3a>—81a?—27a+81)b
"7 a(a* + 15a® — 270a — 405) + (ha* + 303 — 135a — 81)b
-9+ ab
A= ——.
" a+3+0b
Proof. This can be done by a straightforward computation. O

Remark 4.4. Ay1(a,b) = Ai(a,—b—3) and As(a,b) = A7(a,—b—3).
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Note that the discriminant disc(R;) of the polynomials R;(X) are
given by

224345 (a2 + 3a + 9)M (b? + 3b + 9) 1!

72 if 1=1,11,
disc(R;) = ‘
fse(Ri) 2243% (a2 4+ 3a 4+ 9)°° (B +3b+ 9)'1
72 if i=5,7,
where
d1 =a — b,

ds = (a+3)(a*—3a® —81a* — 27a+81) — (5a* + 304> — 1350 — 81)b,
d7 = a(a® + 154 — 270a — 405) + (5a* + 30a® — 135a — 81)b,
di1 =a+b+3.

(4.1)

The following theorem can be easily seen by inspecting Tables 3.1 and 3.2.

Theorem 4.5. Let di,ds,d; and diy be as in (4.1). For a,b € K with
didsdzdiy # 0 and (a® + 3a + 9)(b?> + 3b + 9) # 0, assume that fu(X)
and fy(X) are irreducible over K. Then the splitting fields of fo(X) and of
fo(X) over K coincide if and only if the decomposition types DT(R;) where
Ri(X) = fa,(X) (i =1,5,7,11) are given as in Table 4.1.

K G.=Gp DT(Ri) DT(Rs) DT(R7) DT(Ru1)

62 26 34 112

26 62 112 34

\/g €K 012 34 112 62 26

112 34 26 62

12 43 62 26

43 12 26 62

62 26 12 43

" 26 62 43 12

24

VLK 62 26 32,6 16, 23
26 62 16, 23 32,6

32,6 16, 23 62 26

16, 23 32,6 26 62
O % O 32,6 16, 23 32,6 16, 23

6 2

16, 23 32,6 16, 23 32,6

TABLE 4.1.
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Lemma 4.6. Let dy,ds,d7 and di1 be as in (4.1) and {(u) = u(u + 1) -
(u—1)(u+2)(2u+ 1) (u? — 2u — 2)(u? + 4u + 1)(2u? + 2u — 1) foru € K.
Assume that didsdrdiy # 0 and (a®+3a+9)(b? +3b+9) #0 fora,b e K.
(1) The polynomial fa,(X) (resp. fa,, (X)) has a linear factor over K

if and only if there exists u € K such that

(4.2) B = A(u)
where B =b (resp. B=—b— 3) and
_ X +fa(X) (@ F 30+ 9)¢(X)
AR = Ze0+ ) alX)

(2) The polynomial fa,(X) (resp. fas(X)) has a linear factor over K
if and only if there exists u' € K such that

(4.3) B = A()
where B =b (resp. B=—b—3) and
(2700 — 729)¢(X) + (a® — 270a?) fo(X) + (15a* — 405a) f_3(X)
9a(X)
a(a* + 15a® — 270a — 405) (a® + 3a +9)°£(X)
5a* + 30a3 — 135a — 81 (5a* 4 30a® — 135a — 81)g,(X)
with
ga(X) = a*(a® — 270) £(X) — a(5a® — 135) fo(X) — (30a® — 81)f_3(X).
(3) Assume that fo(X) is irreducible and Galgf,(X) = Cs x Cy. For

B = b, there exists uw € K which satisfies (4.2) if and only if there
exists u' € K which satisfies (4.3).

A(X) =

Proof. Note that A; is a linear fractional function in b over K (a) for i =
1,5,7,11. The assertions (1) and (2) are just obtained by solving the equa-
tion fa,(X) = 0 in b. The assertion (3) follows from Theorem 4.5 (see also
Table 4.1). O

Lemma 4.7. Let dy,ds,d; and diy be as in (4.1). Fora,b € K, if didsd7dy
=0, thatisb=a, b= —a — 3,
- _afa" +15¢® — 270a — 405)
~ 5at+30a3 — 1350 — 81
(a+3)(a* — 3a® — 81a® — 27a + 81)
5a* + 30a3 — 135a — 81 ’

then Sply fa(X) = Splg fo(X).

Proof. For i = 1,5,7,11, we consider the resolvent d;R;(X) instead of
R;i(X). If d; = 0, then the decomposition type DT(d;R;) is given as 17,23
(resp. 111) if v/3 & K (resp. v/3 € K). By Theorem 3.1 (Corollary 3.2), we

or b=
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have Sply fo(X) = Splg fs(X) (see also Table 4.1). Note that the vanishing
simple root corresponds to the point at infinity, i.e. X = z/y with y =0
(see also [20, p. 47]). O

By Theorem 4.5 and Lemma 4.6, for a fixed a € K with a® +3a+9 # 0,
we have Sply f»(X) = Sply fo(X) where b is given as in Lemma 4.6(1) for
arbitrary v € K with f,(u) # 0 and b? + 3b+ 9 # 0.

Corollary 4.8. Let K be an infinite field with char K # 2,3. For a fixed
a € K with a®> +3a 4+ 9 # 0, there exist infinitely many b € K such that

Splk fo(X) = Sply fo(X).

On the other hand, by Siegel’s theorem for curves of genus 0 (cf. [23,
Theorem 6.1], [24, Chapter 8, Section 5]), we have the following:

Corollary 4.9. Let K be a number field and Ok be the ring of integers
in K. Assume that a € O with a®> + 3a + 9 # 0. Then there exist only
finitely many integers b € O such that Sply fo(X) = Sply fo(X). In par-
ticular, there exist only finitely many integers b € Ok such that fa,(X)
(1 =1,5,7,11) has a linear factor over K.

5. The case K = Q

For m € Z, we consider the polynomial fp,(X) = F,,(X, 1) of degree 12
over Q. Define

Lin = Splgfm(X), LY =8plyf9X), L =SplyfiP(X),
G = Galgfm(X), G =Galgf¥(X), GY = Galgf{P(X).

We intend to generalize the following two theorems for the simplest cubic
fields Lg) and the simplest sextic fields LﬁS) to the case of L,,.

Theorem 5.1 (Gras [10], [11]).

(1) For m € Z, f,({?) (X) is irreducible over Q and Gg,?;) = (5.
(2) Form e Z\{-8,-3,0,5}, fy(,?) (X) is irreducible over Q. In partic-
ular, we have

G(G) _ Cs Zf m ez \ {_85 —-3,0, 5}7
™\ Cs if me{-8,-3,0,5}.

Moreover, for m € Z the unique cubic subfield of ng) is the simplest
cubic field L,(g) and the field Q(v/'m? + 3m + 9) is a subfield of L,(g).
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Theorem 5.2 (Okazaki, Hoshi [15], [16]).

(1) For myn € Z with —1 < m < n, if L,({Z’) = L%B), then m,n €
{-1,0,1,2,3,5,12,54, 66, 1259,2389}. In particular, we have

3 3 3 3 3 3 3 3 3
L’ ) L( )= 52) = L§2)597 L( )= L( )= Lé4), g) L(66)a L( )= g3)89-

(2) For m,n € Z, Lgs) :Ln if and only if m =n orm = —n — 3.

Theorem 5.3. For m € Z\ {—8,-3,0,5}, fm(X) is irreducible over Q.
In particular,

Hyy if meZ\{-8,-3,0,5} and \/3(m2+3m+9) ¢ Z,
Ce x Cy if meZ\{-8,-3,0,5} and \/3(m2+3m+9) € Z,
CexCy if me {—8,5},

Cs if me {—3,0}.

Moreover, for m € Z the unique cubic subfield of L, is the simplest cubic

field LY and the fields Q(v/3), Q(vm? +3m +9), Q (v/3(m? + 3m +9))
and L£S) are subfields of Ly,.

G =

Proof. From (2.4), (2.5) and Theorem 5.1(1), we have Q C LY Ll ¢
Ly, and Gy, £ Dy. By (2.3), if vVm2+3m +9 € Z and /3(m2 + 3m +9)
¢ 7, then f,,(X) is irreducible over Q and G, = Hag.

Now we assume that vm?2 +3m+9 € Z. An easy calculation shows
thatvm? +3m +9 € Z if and only if m € {-8,-3,0,5} for m € Z. For
m € {-8,-3,0,5}, by (2.6), the polynomial f,,(X) splits into irreducible
factors over QQ as

fos(X) = F5(X) £ 00, f-5(X) = FEEO) £V (X) 00,
hX) = FLOFEEO LX), £ = FEX) 30,
Hence it follows from Theorem 5.1(2) and Theorem 5.2 that G,, = Cg x Co
(resp. Cg) for m € {—8,5} (resp. m € {—3,0}).
Assume that \/3(m2 + 3m + 9) € Z. Then m ¢ {—8,—3,0,5}. From (2.3)

we have G,, < Cg x Co. We consider f,,,(X) over Q(vm?2+3m+9) =
Q(v/3). From Theorem 5 1(2), (2.5) and (2 6), we have that f,,(X) splits

into two factors as f )\/W( )f \/m( ) over Q(V3),
Q(V3) ¢ c L' ¢ L, and C5 < Galg, fm( ) < Cs. Hence DT(f,)

over Q(v/3) is 6,6 or 3,3,3,3. It is enough to show that f i\/w( )

¢ Q[X] are irreducible over Q(/3). From (2.6), fml( ) splits into two cubic
factors over Q(v/3) if and only if m?3 +3mq +9 is square in Q(+/3). However,
for my =m £ vVm2+3m+9, m¥+3my +9=2m%+6m+ 18+ (2m + 3) -



Complete solutions to a family of Thue equations of degree 12 565

Vm?2 4+ 3m + 9 is not square in Q(v/3) because m? +3m +9 = 3¢? for some

odd integer ¢ € Z and the coefficient (2m+3)c of v/3 in m2+3m1+9 € Z[/3]
is odd. Thus we see that fffi \/m(X ) is irreducible over Q(v/3) and
fm(X) is irreducible over Q. O

Lemma 5.4. There exist infinitely many integers m such that

\/3(m? +3m +9) € Z.
Indeed, such integers m > —1 are given by

_ 3 (\/5(627‘1 N 8*(21“71)) _ 1) _ 3(3b27‘—1 - 1)

2 2

5 (reZ,r>1)

where € = /3 + 2 is a fundamental unit of Z[\/3] and €71 = ag_1 +
bor—1V3 with agy—1,ba—1 € Z.

Proof. Assume that for m > —1, there exists ¢ € Z-q such that m? +
3m + 9 = 3c2. Define mg := m/3 € Z and ¢y := ¢/3 € Z. Then it follows
that (2mo + 1)? + 3 = 12¢3. Define | = (2mg + 1)/3 € Z. Then we have
(V/31+2¢0)(v/31—2cg) = —1. Hence there exists j > 1 such that /31 +2cy =
7. We also have 31+2v/3co = v/3¢7 and 31 —2v/3cy = (—v/3)e /. By adding
the both sides, we get m = %(@(63 —e9)—1) = 3(3b; — 1). It is easy to
see that m € Z if and only if j = 2r — 1. O

Examples of the integers m and r with \/3(m2 4+ 3m +9) € Z, i.e. G, =
Cg x U9, are given as follows:

r 1 2 3 4 5 6 7 8 9
m 3 66 939 13098 182451 2541234 35394843 492986586 6866417379

By Theorem 5.2 and Theorem 5.3, we get:
Theorem 5.5. Form,n € Z, Ly, = Ly, if and only if m =n orm = —n—3.

Proof. We may assume that —1 < m < n without loss of generality. When
(m,n) = (0,5), i.e. Gy, = Gy, = Cg, we have Ly # Ls. When m € Z\ {0, 5},
i.e. Gy, = Hoy or Cg x (s, by Theorem 5.3 the unique cubic subfield of
L,, is LS’;). It follows from Theorem 5.2 that L,, # L, except for m,n €
{-1, 1, 2, 3, 12, 54, 66, 1259, 2389}. For the exceptional cases, we may
confirm that L, # L, by Theorem 4.5. U

Theorem 5.6. If there exists a non-trivial solution (x,y) € Z* to
Fo(z,y) = X, d.e. zy(x +y)(z — y)(x + 2y)(2x + y) # 0, where X is a
divisor of 729(m? + 3m + 9), then there exists n € Z \ {m,—m — 3} such
that Ly, = Lp,.
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Proof. Assume that there exists a non-trivial solution (x,y) to Fy,(z,y) = A
where )\ is a divisor of 729(m?+3m+9). From Theorem 4.5 and Lemma 4.6
with v = x/y, we have that

(m? + 3m + 9)=(x, y)

n=m+ Fn(2,9) €Q\ {m}

implies L, = L,,, where

E(z,y) = 2y(z +y)(z —y)(z +2y)(2z + y)
(2% = 22y — 2y°) (2% + dzy + y?) (227 + 22y — ¢?).

When m € Z \ {-8,-3,0,5} (Gy, = Haq or Cs x Cy), it follows from
Theorem 4.5 and Lemma 4.6 that n # —m — 3 (see Table 4.1). When
m € {—8,-3,0,5} (Gp, = Cg x Oy or Cg), we may check that DT(R1)
is 32,6 for m = n. Hence n € Q \ {m,—m — 3}. If x # y (mod 3), then
F(x,y) =1 (mod 3). Hence F,,(z,y) = A is a divisor of m? + 3m + 9 and
n € Z\{m,—m —3}. If x =y (mod 3), then 729 is a divisor of =(z,y),
and hence n € Z\ {m, —m — 3}. O

Proof of Theorem 1.1. By combining Theorem 5.5 and Theorem 5.6, we
obtain Theorem 1.1. O
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