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Effective results for division points
on curves in an

par ATTiLA BERCZES

To the memory of Professor Pierre Liardet

RESUME. Soient A := Z[z1,...,2,] D Z un anneau de type fini
sur Z, K son corps de fractions et K* le groupe multiplicatif des
éléments non nuls de K. Soit I" un sous-groupe de type fini de
K* et soit T le groupe de division de I'. Soit F(X,Y) € A[X,Y]
un polynome. En 1974, P. Liardet a prouvé que, sous certaines
conditions naturelles, ’équation

F(z,y) =0 avec x,y€l

n’admet qu’un nombre fini de solutions. La démonstration de Liar-
det est ineffective. En 2009, une variante effective du théoréme de
Liardet a été démontrée par Bérczes, Evertse, Gy6ry and Pon-
treau dans le cas I' C Q. Dans cet article une variante effective du
théoreme de Liardet est prouvée en toute generalité.

ABSTRACT. Let A := Z[z1,...,2,] D Z be a finitely generated
integral domain over Z, let K denote its quotient field, and K* the
multiplicative group of non-zero elements of K. Let I' be a finitely
generated subgroup of K*, and let T' denote the division group
of I'. Let F(X,Y) € A[X,Y] be a polynomial. In 1974 P. Liardet
proved that under some natural conditions on F' the equation

F(z,y)=0 with z,yel

has only finitely many solutions. The proof of Liardet was ineffec-
tive. In 2009 an effective version of Liardet’s Theorem has been
proved by Bérczes, Evertse, Gyory and Pontreau in the case when
I' C Q. In the present paper an effective version of Liardet’s The-
orem is proved in the general case.
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1. Introduction

Let A :=Z|z1,...,2] D Z be a finitely generated integral domain over
Z. In the rest of the paper under finitely generated domain we mean an
integral domain Z[z1,...,2,] D Z. Finiteness results for several kinds of
Diophantine equations over A date back to the middle of the last century.
In his book [16] and paper [15] S. Lang generalized several earlier results
on Diophantine equations over the integers to results over A, including
results concerning unit equations, Thue-equations and integral points on
curves. However, all his results were ineffective. The first effective results
for Diophantine equations over finitely generated domains were published in
the 1980’s, when Gydry [13], [14] developed his new effective specialization
method. This enabled him to prove effective results over finitely gener-
ated domains of a special type. He proved such results for unit equations,
norm form equations, index form equations, discriminant form equations
[13] and for polynomials and integral elements of given discriminant [14].
Later Brindza proved such results for superelliptic equations [8] and the
generalized Catalan equation [9], Brindza and Pintér obtained such results
for equal values of binary forms [10], and Brindza, Pintér and Végs6 [11]
for the Schinzel-Tijdeman equation.

In 2011 Evertse and Gy6ry [12] refined the method of Gy6ry such that
they were able to prove effective results for unit equations ax + by = 1
in z,y € A* over arbitrary finitely generated domains A of characteristic
0. Later Bérczes, Evertse and Gyéry [4] obtained effective results for Thue
equations, hyper- and superelliptic equations and for the Schinzel-Tijdeman
equation over arbitrary finitely generated domains. Lastly Bérczes in [2]
proved an effective result for equations F'(x,y) = 0in x,y € A* for arbitrary
finitely generated domains A, thus giving an effective version of the below
result of Lang [15].

Let K denote the quotient field of the domain A, and denote by K* the
multiplicative group of non-zero elements of K. Denote by K the algebraic
closure of K and by K its unit group. Let T’ be a finitely generated sub-
group of K*. Let F(X,Y) € A[X,Y] be a polynomial. In 1960 Lang [15]
proved that the equation

(1.1) F(z,y)=0 inz,yel

has only finitely many solutions, provided F' is not divisible by any poly-
nomial of the form

(1.2) X"Y" — or XM —aY"

where m, n are non-negative integers, not both zero, and any o € I". Lang’s
proof of this result is ineffective. The first effective versions of this result of
Lang have been proved by Bombieri and Gubler [7, p. 147, Theorem 5.4.5]
(see Bérczes, Evertse Gy6ry and Pontreau [5] for an explicit version) for
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the number field case and by Bérczes [2] in its full generality, over finitely
generated domains. We mention that the effective results are proved under
a slightly stronger condition than (1.2), namely in (1.2) a € K is assumed
instead of « € T".

Denote by T the division group of T, i.e. the group defined by

f::{xef*\ﬂmeN, xmeF}.

Lang also conjectured ([17], [18], see also [19]) that the above equation has
finitely many solutions in z,y € T under the same condition (1.2). Liardet
[20], [21] proved this conjecture of Lang. However, this famous result of
Liardet is also ineffective.

An effective version of Liardet’s Theorem in the number field case is due
to Bérczes, Evertse, Gy6ry and Pontreau [5], however, in the general case
no effective result had been proved.

In the present paper we make effective the above-mentioned finiteness
theorem of Liardet in the general case. Our result is not only effective,
but also quantitative in the sense that an upper bound for the sizes of the
solutions z,y € T is provided. The presented result is a common general-
ization of the results of Bombieri and Gubler [7, p. 147, Theorem 5.4.5],
Bérczes, Evertse, Gyéry and Pontreau [5] and that of Bérczes [2]. Further,
our result is also a generalization of the result of Bérczes, Evertse and
Gyéry [3] and of Evertse and Gy6ry [12] on unit equations, since taking
F(X,Y)=aX +bY —1 in the main result of the present paper we just get
an effective finiteness result for generalized unit equations in two unknowns
over the division group of an arbitrary finitely generated group. The main
tool of the proof is an effective specialization method introduced by Gyory
in the 1980’s (see [13], [14]), and improved by Evertse and Gyéry [12] in
2011. The main difficulty of the proof is that on one hand we have to bound
also the degrees over K of the solutions from T, on the other hand we do
not have any convenient representation for the elements of I'. We also men-
tion that this is the first effective result for Diophantine equations over the
division group of an arbitrary finitely generated group.

The plan of the paper is as follows. Section 2 contains our main result,
while in Section 3 we reduce our main theorem to two propositions. The
rest of the paper is devoted to the proof of these propositions. Section 4
contains auxiliary results, while Section 5 is devoted to a general description
of the specialization method of Evertse and Gy6ry. The last two Sections
contain the proofs of our two propositions stated in Section 3.

Throughout the paper we shall use the notation O(-) to denote a quantity
which is ¢ times the expression between the parentheses, where c is an
effectively computable positive absolute constant which may be different at
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each occurrence of the O-symbol. Further, throughout the paper we write
log* a := max(1,loga) for a > 0, and log* 0 := 1.

2. Results

Let A :=Z|z,...,2] be a finitely generated domain over Z, and let K
denote its quotient field. Then

(2.1) A2Z[Xy, ..., X,)/T,

where Z denotes the ideal of the polynomial ring R = Z[X1, ..., X,] which
consists of those polynomials f € R for which f(z1,...,2,) = 0. This
ideal is finitely generated, i.e. we can write Z = (fi,..., fi) with suitable
polynomials fi,..., ft € R. We may view such a set of generators for 7
as a representation for the finitely generated domain A. Recall that A is a
domain of characteristic 0 if and only if Z is a prime ideal, and ZNZ = 0,
and this property can be checked effectively, given a set of generators for
T

We say that a polynomial f € R represents « € A if a« = f(z1,...,2).
Such a polynomial f is called a representation for «. Similarly, we say
that a pair of polynomials (f,g) € R? represents f € K if g ¢ T (i.e.

g(z1,...,2:) # 0) and f = H Such a pair (f,g) is also called a
representation pair for 3.

For a non-zero polynomial f € R we denote by deg f the total degree
of f and by h(f) the absolute logarithmic height of f, i.e. the logarithm of
the maximum of the absolute values of its coefficients. It is convenient for
effective computations to measure an element of A by the degree and height
of a representative of it, since there are only finitely many polynomials in
R with both degree and height below a given bound.

Let v1,...,7s € K* be arbitrary non-zero elements of K given by corre-
sponding representation pairs (g1, h1), ..., (gs, hs). Define the finitely gen-
erated group

(2.2) F::{fyil...fyés]ll,...,lseZ},
and its division group
(2.3) T={0eK[ImeLsg: meT}.

Let I C 2220 be a non-empty set, and let F'(X,Y) =3 yer ai; XY €
A[X,Y] be a polynomial which fulfils the following condition:

F' is not divisible by any non-constant polynomial of the form
2.4 .
(24) X"Y" —a or X™—aY" where m,n € Z>oand o € K.

We mention that this condition is effectively decidable, as is explained in
Section 3.1 of [2]. Let N := deg F' denote the total degree of F', and assume
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that F' is given by specifying a representative a;; of its coefficient a;; for
each (i,7) € I.
Further, we assume that

degf17 .. '7degft7deggl7 oo 7deggsudegh17 oo 7degh87degaij < d
h(fl), ves ,h(ft), h(gl), ceuy h(gs), h(hl), ves ,h(hs), h(di]‘) < h,
where (i,7) € I and d, h are real numbers with d > 1 and h > 1.

(2.5)

Theorem 2.1. Let A be a finitely generated domain as above, I the above-
defined division group and F(X,Y) € A[X,Y] a polynomial which fulfils
the condition (2.4). Define the set

(2.6) C:={(z,y) € O)*|F(z,y) = 0}.
(i) Then there exists a positive integer m with
(2.7) m < exp { NO(2d) {09}y 4 1)}
with C1 an effectively computable absolute constant such that
" el and ymer, for every (z,y) € C.

(ii) More precisely, there exists an effectively computable absolute constant
Cy, such that for all (x,y) € C there are integers ti z, ..., tsa,tiy, - tsy
with

(28) ti,xati,y S exp {exp {N12(2d)exp{02(r+s)}(h + 1)88}}
fori=1,...,s, such that

m _ ltiz t m __ iy t
(2.9) " =T e, Y=y e

3. A reduction

In this section we reduce Theorem 2.1 to two propositions and using a
result of Everste and Gyéry [12] we show how Theorem 2.1 can be deduced
from these propositions.

Proposition 3.1. Let A be a finitely generated domain as above, T the
above-defined division group and F(X,Y) € A[X,Y] a polynomial which
fulfils the condition (2.4). Then there exists a suitably large effectively com-
putable constant Cs such that for every (x,y) € C there exists an exponent

mo < N6(2d)exp{03(r+s)}(h+1)45

for which we have
2™ e, ym erl.
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We remark that in this proposition the value of the exponent my, al-
though bounded by (3.1), it may depend on the choice of the pair (x,y) € C.
In contrast, in the statement (i) of Theorem 2.1 the exponent m is uniform,
i.e. it does not depend on the pair (z,y) € C.

Now we deduce statement (i) of Theorem 2.1 from the above Proposition
3.1.

Proof of Theorem 2.1 (i). Let C3 be the constant specified in Proposition
3.1 and define
My = |:N6(2d)exp{03(r+s)}(h + 1)45} ]
Put
m :=lem(1,..., Mp).
Then by Proposition 3.1 we clearly have

2™y el
for every (z,y) € C.
Using the estimate
4 M
M) < =
(M) < 3log M

of Rosser and Schonfeld [22] for the number 7(M) of primes up to M we
get
lem(1,..., M) < H pliog M/ logp] < H plog M/ logp

p<M p<M
4 M
- H M < (M) < M3Tegh < B%M.
p<M

Thus we have the estimate
m < exp {N6(2d)exp0(r+s)(h + 1)45} 7
which concludes the proof of (i) of Theorem 2.1. O

Next let us fix m to be the integer specified in (i) of Theorem 2.1 and
consider the set

(3.1) Ci:= {(azo,yo) eT? | 3z,yeT 2™ =20, y™ = yo, F(x,y) :0}.

Proposition 3.2. Let (z9,y0) € Ci1. Then there exist representatives &
and §o for xg and yg, respectively, with the property
deg o, deg 7o < exp {N6(2d)e"po(r+s)(h + 1)45}

& h(F0), (o) < exp {exp { N'2(2d)2 O+ (h 4 1) |

To deduce (ii) of Theorem 2.1 from the above proposition we need the
following result of Evertse and Gyéry [12].
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Lemma 3.3. Let v1,...,7s € K* be multiplicatively independent elements,
and assume that for vg € K* we have

="
Further, assume that for i = 0,...,s we have pairs of representatives
(9i1, gi2) for i such that
(3 3) deg f17 oo 7deg ft7 degg0,17 deggo,Qa v 7deggs,17 degg&? < d2
h(f1),- -5 h(fe)s h(g0,1): P(go,2), - - - s B(gs,1), B(gs,2) < ha,
for some real numbers da, he > 1. Then we also have
(3.4) k| < (2da) PO+ (hy 4 1), fori=1,...,s.
Proof. This is Corollary 7.3 of Evertse and Gy6ry [12]. O

Proof of (ii) of Theorem 2.1. Let m be the exponent specified in (i) of The-
orem 2.1. Then by 2™ € I" and y™ € I' we have

t1,a . R s
(3.5) ™ =Lyl Y™ =YLyl
with certain integer exponents t1 ;,...,tsz and t14,...,ts,. Now by our as-
sumption on 1, . .., ys and by Proposition 3.2 we see that ™, y™, v1,...,7s

have representatives with degrees and heights below the bound
exp {exp {NIQ(Qd)eXPO(TJrs)(h + 1)85}} 7

which together with Lemma 3.3 applied to the relations (3.5) concludes the
proof of statement (ii) of Theorem 2.1. O

4. Auxilliary results

4.1. Results in the function field case. We recall some definitions and
results concerning function fields in one variable, that are needed in our
proofs.

Let k be an algebraically closed field of characteristic 0, z a transcenden-
tal element over k and M a finite extension of k(z). Denote by gy the
genus of M, and by M the collection of valuations of M /k; these are the
discrete valuations of M with value group Z which are trivial on k. Recall
that these valuations satisfy the sum formula

Z v(a) =0 for ae M™.
UEM}M

For a finite subset S of Mjs, an element o € M is called an S-integer if
v(a) > 0 for all v € My, \ S. The S-integers form a subring of M, denoted
by Og. The (homogeneous) height of a = (a1, ..., q;) € M! relative to M /k
is defined by

Hyp(@) = Hy (o, .. ap) o= — Z min(v(ay),...,v(qq)).
UEM}V[
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The height of o € M relative to M /k is defined by
Hyp(a) := Hype(1,0) = — > min(0,v(a)).
UEMJW

It is clear that Hj(a) = 0 if and only if a € k.
First we recall a Lemma of [4] which will be useful for bounding the
genus:

Lemma 4.1. Let k be an algebraically closed field, z a transcendental ele-
ment over k and put M =Kk(z). Let

F=foX'+ X" 4. 4 f € M[X]

be a polynomial with fo # 0 and with non-zero discriminant. Let L be the
splitting field of F' over M. Then we have

9rk < [L: M] - Imax(deg fo, . . .,deg f1).
Proof. This is a special case of Lemma 4.2 of [4]. O

Proposition 4.2. Let k be an algebraically closed field of characteristic 0,
2 a transcendental element over k, M a finite extension of k(z), and M
the algebraic closure of M. Denote by gyr/x the genus of M and let S be a
finite set of valuations of M. Denote by Og the ring of S-integers of M,
and by OF its unit group. Let F(X,Y) =32 jer ai; XY € Og[X,Y] with

a;j € O% for (i,7) € I, be a polynomial which fulfils the condition that
F is not divisible by any non-constant polynomial of the form

4.1 _

(4.1) X"Y" —a or X™—aY" withm,n € Z>p, « € M.

Assume that Hprp(aij) < Ho for all (i,5) € I. Then for every x,y € O%
with
F(x,y)=0

we have
Hyppe(@), Hagjely) < 2deg F (n(F)? - (|S] + garye) +2Ho )
where n(F') denotes the number of non-zero terms of F.
Proof. This is Proposition 5.3 of [2]. O

4.2. Results in the number field case. For a number field K the set
of places of K is denoted by M. For every place v € My we choose an
absolute value | - |, in such a way that for x € Q we have

2|y = 2| R/ it 4 is infinite, |z, = |x\][UK”:QP]/[K:Q] if v is finite,

where p is the prime below v.
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For any finite set of places S of K, containing all infinite places, we define
the ring of S-integers and group of S-units by

Os = {zeK: |z|, <1forve Mg\ S},
Oy = {zeK: |z|,=1forve Mg\ S},
respectively.

The (absolute logarithmic Weil) height of x € Q is defined by picking
any number field K such that x € K and putting

haps(z) := Z max (0, log |z|,);
veEME
this does not depend on the choice of K. For a polynomial f we put K :=
Q(a1,...,aq) where ai,...,a, are the non-zero coefficients of f, and we
define the height of f by

habs(f) := Y logmaxi<i<g |aio.
vEME

Let I" be a finitely generated subgroup of (@*)2 Denote by K the smallest
number field such that T' C (K*)%, and put d := [K : Q]. Let S be the
minimal finite set of places of K containing all the infinite places of K and
having the property that I' C (02)2. Denote by s the cardinality of S.
Define

(4.2) P(v) := 2 if v is infinite, ~ P(v) := #Ok /p, if v is finite,
where p,, is the prime ideal of O corresponding to v, and put

(4.3) P := max P(v).

veS
The discriminant of the field K is denoted by Dg.

Let f(X,Y) € Q[X,Y] be a polynomial which is not divisible by any
non-constant polynomial of the shape aX™Y"™ — 5 or a X" — Y™ for some
a,B € Q, m,n € Z>p. We mention that in this case f is also not divisible
by any polynomial which depends on exactly one of the variables X,Y,
since then it would be divisible by a polynomial of the shape (aX — ) or
aY — 3, respectively. Write N := deg f for the total degree of f. Let L be
the field extension of K generated by the coefficients of f. Put

0= degX f + dng fa H:= max(l, habs(f))7
c1:=(0-d-s-logP - Dg(log* DK)dfl)O(SQ) P2’
Let Cop C (Q")2 be the curve defined by f(z,y) = 0.

Proposition 4.3. For every point x = (z,y) € Co N I" we have
habs(%) + haps(y) < c1(H +2N).
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Proof. This is Proposition 6.1 of [2], however, with a slightly different bound
then it was originally obtained in [5]. O

4.3. Analyzing the condition (2.4) posed on F. Let A, K, K be as
in Section 2 and let F(X,Y) € A[X,Y] be a bivariate polynomial given by

FX,Y)= > ayX'Y,
(i,9)el
where I C Z2%,, is a finite set, and 0 # a;; € A are fixed. Denote by N the
total degree of F' and by n(F) the number of non-zero coefficients of F.

A partition of the set I is just a tuple P = (I1,..., 1)) of subsets of I
with the properties I Ul U--- Ul =1, ;N 1; = () for i # j, and I; # ()
forl=1,... k.

For any partition P = (I1,...,I) of I with |I;| > 2forl=1,...,k we
define the Z-module

A(F,P) = <{(i1,j1) — (ig,jQ) | (’il,jl), (ig,jz) € Il for some | = 1, ey k‘}>

i.e. the Z-module defined by all differences of pairs of exponents (7, j) be-
longing to the same set in the partition P. Let r(F,P) denote the rank of
the Z-module A(F,P).

In the sequel, for any solution (x,y) of the equation

(4.4) F(x,y)=0 in r,ye A"
we say that a partition P = (I, ..., I)) of I corresponds to F' and (x,y) if
(1) x,y is a solution of the following system

(4.5) Z aijr'y’ =0 for 1=1,...,k,
(i»j)ell

(2) and Z(i,j)e[o aijxiyj = 0 for any proper subset Iy of any of the sets
Iiforl=1,... k.
In this case we shall also say that (z,y) is associated with the partition P.
We mention that a;; # 0 for (i,j) € I, z,y € A" and (4.5) imply |[;] > 2
fori=1,...,k.

In the case when for a given partition P the rank of A := A(F,P) is 1 then
we associate a system of polynomials to P as follows: if r(F,P) = 1 then
there exists a pair (m,n) € Z? with ged(m,n) = 1 such that for any two
elements (i,7), (',5') € [; for L = 1,...,k we have (i,5) — (¢/,j') =t (m,n)
with ¢t € Z, |[t| < N. Fixing an element (i;,5;) € I; for I = 1,...,k we
get that every (i,j) € I; can be written as (i,7) = (i, 1) + tij(m,n),
for | = 1,...,k, with some t;; € Z, |t;;| < N. Thus the system (4.5) is
equivalent to the system

XY N a (XY™ =0 for 1=1,... k.
(7’7])611
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By multiplying these equations by suitable powers of XY™ we see that
(4.5) is equivalent to a system

(4.6) g(X™mY™ =0 for 1=1,...,k,

where

4.7 q(X):= Z a;; X° € A[X], 91(0)#0 forl=1,...,k
(imj)e-[l

and 0 < s;; < 2N for all (4,7). We shall call (g1,...,gx) the polynomial
system corresponding to the partition P.

Proposition 4.4. Let F(X,Y) € A[X,Y] be a polynomial. Then F satis-
fies condition (2.4) if and only if for each partition P = (I1,...,1;) of I
we have one of the following:

(1) r(F,P)=2, or

(2) r(F,P) =1, and the polynomial system (g1, ...,qx) € A[X]|" corre-

sponding to P has the property
ged(gr, ... ) =1 in K[X].

Proof. This is Proposition 3.1 of [2]. O

Proposition 4.5. Let F(X,Y) be a polynomial satisfying (2.4) and fix a
solution (x,y) of (4.4). Let P = (Iy,...,I) be a partition of I correspond-
ing to F' and (x,y) and let A := A(F,P) be the Z-module corresponding to
P. Then we have

r(F,P) = 2.

Proof. This is Proposition 3.2 of [2] O

The above two propositions mean in fact, that for a polynomial fulfilling
condition (2.4) there might exist partitions of I of rank 1, but these are
never partitions corresponding to a solution.

4.4. Effective estimates for the gcd of polynomials.

Lemma 4.6. Let A be a finitely generated domain as in Section 2 and
K its quotient field. Let k,p € N be with 281 < p < 2% and define the
polynomials

é
9i(X) ::inijEA[X] for i=1,...,p.
=0
Further, suppose that the coefficients x;; € A have representatives Z;; with
deg jfij S d, h((i'”) S h,
where d > 1 and h > 1 are given real numbers. Suppose that
ged(g1,...,9p) =1 in K[X].
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Then there exist polynomials ui, ..., u, € A[X] and non-zero R € A, such
that

U191+"'+upgp:R7
and that R has a representative R with

deg R < d(20)F,  h(R) < (20)F*2(d + 1)rh.
Proof. This is Corollary 3.1 in [2]. O

5. General description of the method for proving effective
results over finitely generated domains

5.1. Extending the domain A. In this section we extend the domain A
to a larger finitely generated domain B in which it will be more convenient
to do effective computations, and which can be chosen in such a way that
several elements of K (chosen according to our needs) will be units in this
extended domain. This latter property will have special importance when
we define our specializations. We also introduce a new representation for
elements of K, which gives rise to a different way of measuring elements of
K than the one using the size of representatives, and this way of measuring
will be more convenient in our proofs.

Let A =7Z[z1,..., 2] be a finitely generated domain given by (2.1), and
let K be its quotient field. Let ¢ > 0 denote the transcendence degree of K.

We may assume without loss of generality that 21, ..., z, is a transcendence
basis of K/Q. Put
(5.1) Ko :=Q(z1,...,2), Ag =7z, ..., 2g).

For elements f € Ag \ {0} let degf and h(f) denote the total degree
and logarithmic height of f, respectively, viewed as a polynomial in the
unknowns 2, ..., 2. In the case ¢ = 0 we define deg f := 0 and h(f) :=
log | f|. Put

(52) dO = max(l, deg flv s )deg ft)v hO = maX(lv h(fl)’ ceey h(ft))v

where f1,..., fy are the generators of the ideal Z in (2.1).

Since the field K is a finite algebraic extension of Ky, we can write
K = Ky(w) for some w € K. We recall the following result of Evertse and
GyOry.

Proposition 5.1. (i) There exists w € A such that K = Ko(w), w is
integral over Ag and w has minimal polynomial

F(X)=XP + AXP 4.+ Fp € A[X]
over Ko such that D < dgfq and
(5.3) deg Fi < (2do)™POM h(Fi) < (2do)P O (hg + 1)
fork=1,...,D.



417

(ii) Let ay,...,ar € K* and suppose that «; has representation pair
(ug,v;) with us,v; € Z[X1,..., Xy, v; € I, fori=1,...,k. Put

d** := max(dy, deguy,degvy,...,degug,degvy),
h** := max(ho, h(u1), h(v1), ..., h(ug), h(vg)).
Then there is a non-zero f € Ag such that with B := Ag[w, f~1] we have
AC B,

5.4
(5:4) ai,...,a € B,

Further, f can be chosen such that it fulfils
(5.5)
deg f < (k+1)(2d*)™PO0) h(f) < (k+ 1)(2d™) " O0) (™ + 1),

Proof. These versions of (i) and (ii) are stated in Proposition 3.1 in [2],
however originally (i) is proved in Evertse and Gyéry [12], Proposition 3.4
and Lemma 3.2, (i), while (ii) is proved in [12], Lemma 3.6.

O

Now let us describe the above-mentioned representation for the elements
of the field K. Recall that D denotes the degree of K over Kj. Since
K = Ky(w) for every element o € K there exists a unique representation
Z]D:_Ol Ra,jwj , where R, j € Kj. Since Ay is a unique factorization domain
(indeed, z1,...,%, are algebraically independent) and Ky is its quotient
field, thus there exist P,o,...,Pa,p-1, Qa € Ap such that
(5.6)

D-1 '

a=Q," Y Pyjw with Qq#0, ged(Pap,--.,Pap-1,Qa) =1.

j=0

Further, the tuple (Pa, - .., Pa,p-1, Qa) is up to sign uniquely determined.
Now we define

(5.7) deg o := max(deg P, , . ..,deg Py p_1,deg Qu)
' h(a) :=max(h(Pao),- -, M Pa.p-1),(Qu)),
if ¢ > 0, and degar = 0 and h(a) = logmax(|Paol,---,|Pa,n-1l,|Qal) if

q = 0. These two concepts provide a convenient way to measure elements

of K.

Proposition 5.2. Let ay,...,a € K* and suppose that there are d>1
and h > 1 such that dega; < d and h(a;) < h fori=1,...,k. Then there
is a non-zero f € Ao such that with B := Ag[w, f~1] we have

AC B,

(5.8) ai,...,a € B,
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Further, f can be chosen such that it fulfils
deg f < (2do)™P ) + 2kd,

(5.9) ) )
h(f) < (2do)*PO") (hg + 1) + 2kh + 2rkd.

Proof. This proposition is just a variant of (ii) of Propositions 5.1. To prove
it we only need to slightly modify the proof of Lemma 3.6. in [12]. In
principle, the element f is chosen to be the same as in (ii) of Propositions
5.1 (as constructively given in the proof of Lemma 3.6. in [12]), just the
estimate for the degree and height of f is computed in terms of dy,d,h
instead of d** and h**. O

The following two lemmas describe how dega and h(a) and the height
and degree of representatives for a may be bounded in terms of each other.

Lemma 5.3. Let o € K* and let (a,b) be a pair of representatives for «
with a,b € Z[X1,...,X;], b ¢ I. Put

d* := max(dy,dega,degb) and h*:=max(hg,h(a),h(b)).

Then
(5.10) dega < (2d°)%PO0)  h(a) < (2d9)*PO0) (B 4 1).
Proof. This is Lemma 3.5 in Evertse and Gyéry [12]. O

Lemma 5.4. Let a be a nonzero element of A, and put
d := max(do, deg av), h := max(ho, h(a)).
Then o has a representative & € Z[ X1, ..., X;| such that

~ NexpO(rlog* r) (7
(5.11) { deg & < (2d) (h+1),

h(@) < (2d)xPO(rlog™ ) (, 4 1)r+1,

Proof. This is a special case of Lemma 3.7 of Evertse and Gy6ry [12] with
the choice A =1 and a = b = 1. The proof of this lemma is based on work
of Aschenbrenner [1]. O

Using Lemma 5.3 and (2.5) we have the estimates

(5.12) degy; < (2d)P©OM) R(v) < (2d)PO0) (b 4 1)
fori=1...,s, and
(5.13)  degai; < (2d)POM) h(aij) < (2d)*POO) (b 4 1).

for (i,j) € I. These estimates will be frequently used in the rest of the
paper.
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5.2. Using function field results for bounding the degree deg of
elements of B. In this subsection we collect the main tools needed to
use results over function fields to bound the deg of elements of B. Recall
that A = Z[z1,...,2,] and K denotes the quotient field of A. We keep
our assumption that zi,...,z, is a transcendence basis of K/Q, and the
notation Ag 1= Z[z1,...,24), Ko := Q(21,...,24). Let w € Ap and f € Ay
be the elements specified in Proposition 5.1 and put B := Ag[f !, w]. Then
K = Ko(w) and A C B C K. Further, let us denote by w) = w, ... w(®)
the conjugates of w over Kj.

Now we fix ¢ € {1,...,¢} and introduce the following notation:
ki = Q(zla sy Ri—15 %41y e 72(])7
k; denotes the algebraic closure of k;,
Mi = Ez(zu w(l), oo ,w(D)),
B; := Ri[ziv f_17 w(l)v s 7w(D)]‘

Clearly, M; is the splitting field of the minimal polynomial F (X ) of w over
the field k;(z;), and B; is a subring of M; containing B. Further, we use the
following notation:

(5.15) gn; denotes the genus of M;/k;,
H)y,, denotes the height with respect to M; /Ki.

(5.14)

Put
(5.16) dy := max{dy,deg f,deg Fi,...,deg Fp}.

The following Lemma gives an upper bound for the deg of an element
of K* depending on the function field heights with respect to M;/k; of its
conjugates.

Lemma 5.5. Let a € K* and denote by oM, ... aP) the conjugates of a
corresponding to w®, . wP). Then

q D
dega < ¢Dd; + ZA;I ZHMi(a(j)).

i=1 j=1
Proof. This is Lemma 4.4 in Evertse and Gyéry [12]. O
Conversely, we have the following:
Lemma 5.6. Let o € K* and oM, ... o) be as in Lemma 5.5. Then we
have
(5.17) max Hy, (o) < A; (2Ddeg a + (2dg)*POM).

Proof. This is Lemma 4.4 of [4]. O
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5.3. Specializations. Recall again that
Ko=Q(z1,...,29), K=Q(z1,...,2),

(5.18) _
Ay =1Zlz1,...,2g, B=1Zlz,...,zq,w, f b,

where w, f are the elements specified in Proposition 5.1, and the minimal
polynomial of w has the form F(X) = XP + F XP~1 ...+ Fp € Ag[X],
with degree and coefficients bounded as described in Proposition 5.1.

For every u € Z? the substitution z; — w; for ¢ = 1,...,q defines a
mapping from a subring of Ky to Q. More precisely, we fix u and we consider
the ring homomorphism ¢, from a subring of Ky to Q defined by

o) = g91(u)
g2(u)
for every a = % € Ky with g1,92 € Ag, and with the additional property

pul@) ==

g2(u) # 0. To extend this map to a ring homomorphism from B to Q we
will impose some restrictions on u. Let Ax denote the discriminant of F
with the convention Ar = 1 if F is a linear polynomial. Put

H:=Ar-Fp- f €A,
and assume that u is chosen such that H(u) # 0. Put

(5.19) { dy = max(deg Fy,...,deg Fp) { df = max(dj, deg f)
. h§ = max(h(F1),...,h(Fp)) hy = max(h§, h(f)).

Thus we clearly have
(5.20) degH < (2D —2)-dy+dy+di < (2D —1)-dj+ dj.

Let us fix a tuple u € Z? with H(u) # 0. Since H(u) # 0 implies Ax # 0
and Fp(u) # 0, the polynomial

Fui=XP + AXP 4. 4 Fp(u)

has D distinct non-zero roots, say w®(u), ..., wP (u).

Now we extend the map ¢y to the ring B in D different ways. Namely,
for each j = 1,..., D we shall define the function ¢, ; on B such that if
«a € B is written as

D—-1

(521) o= (P/Quw

=1
where P,...,Pp_1, Q S Ao, ng(Po, ...,Pp_q, Q) =1,
then
D—-1

(522 puyla) = D)= 3 (A)/QW) (vV(w) .

i=1
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Since v € B, the polynomial ) must divide a power of f and hence Q(u) #
0, 50 ¢u,j() is well-defined. Clearly, ¢y, ; is a ring homomorphism from B
to Q, thus any of the specializations ¢y ; maps any unit of B to a non-zero
element of Q. We mention that ¢u,; is the identity on B N Q. Further, if
a € BNQ then ¢y () is a conjugate of a

For u = (u1,...,uq) € Z9, put |u| := max(|ui|,...,|uq|). Then for any
g € Ag,uc 4

(5.23) log |g(u)| < qlogdeg g + h(g) + deg glog max(1, |ul).
Thus, we have

(5.24) h(Fu) < qlogdy + hi + dlog max(1, |ul)

and so by Lemma 5.1 of Evertse and Gy6ry [12]

D
(5.25) > h(wW(u)) < D+ 1+ qlogd + hy + dj log max(1, [ul).
j=1

Define the algebraic number fields
(5.26) Kuj = Q(w (u)) for  j=1,...,D,

and denote by A, ; their discriminant.
The following lemmas of Evertse and Gy6ry [12] summarize important
properties of the above-defined specializations.

Lemma 5.7. Let u € Z9 with H(u) # 0. Then for j = 1,...,D we have
[Ku,;:Q <D and
. . \2D-2
|AKu,j‘ < p?P-1 ((dS)qehO max(1, ‘u‘do)) .
Proof. This is Lemma 5.5 in Evertse and Gy6ry [12]. O

The next lemma bounds the height of o) (u) for u € Z9 in terms of the
size of & € B and some parameters of B.

Lemma 5.8. Let u € Z% with H(u) # 0, and let o« € B. Then for j =

1,...,D,
h(aY)(u)) < D? + ¢(Dlog d} + log deg o) +
+Dhg + h(a) + (Ddy + deg a) log max(1, |ul).
Proof. This is Lemma 5.6 in Evertse and Gy6ry [12]. O

The below lemma shows that if we take a sufficiently large number of
specializations, then there is at least one specialization among them (say
corresponding to u € Z), such that h(a) for & € B can be bounded by the
heights of the images of a by the specializations ¢y ; for j =1,...,D.
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Lemma 5.9. Let a € B, a # 0, and let Ny be an integer with
(5.27) Ny > max(deg o, 2Ddj + 2(q + 1)(d} + 1)).
Then the set
S:={uez? : |ul <Ny H(u) #0}
is non-empty, and
(5.28) h(a) < 5Ng(hi +1)2 +2D(h} +1)H,
where H := max{h(a¥(n)) : ueS, j=1,...,D}.
Proof. This is Lemma 5.7 in Evertse and Gyéry [12]. O

6. Proof of Proposition 3.1

We split the proof of Proposition 3.1 into several steps, each being pre-
sented in a separate subsection:

e for (z,y) € C we bound the degree of the field K(z,y) over K;

e we estimate the smallest positive integer exponent M such that for
(x,y) € C we have M yM € Tk, where T'x denotes the K-closure
of T, i.e. the largest subgroup of I' which belongs to K*;

e for v € 'k we estimate the smallest positive integer exponent m(vy)
such that 4" e T

e we conclude the proof of Proposition 3.1.

6.1. Bounding the degree of K(x,y). Let (x,y) € C. We shall give
a bound on the degree of the field L := K(x,y) over K. Since x,y € T,
there exist mg, my € Z~q such that ™=, y™v € I'. Take the least common
multiple of m, and m, and denote it by mg,. Then ™= y™*v € I' C K,
so we have

(K (2,y) : K] < may.
In order to estimate myy put F, ,(X,Y) := F(zX,yY). Then for any em-
bedding o : L < K, we have F(o(x),0(y)) = 0, hence

B, (70,70 g

Since 2™* € K we also have o(x)™* € K, hence

() -

Q

and similarly,

Q
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Thus the distinct embeddings o : K(x,y) < K give rise to distinct solu-

tions (@, %) of the equation

Fpy(p1,p2) =0 in p1,p2  roots of unity.

However, by the result of Beukers and Smyth [6] this equation has at most
22(deg F)? solutions in roots of unity. Thus we have proved that

(6.1) [K (z,y) : K] < 22(deg F)? = 22N2.

6.2. Bounding the exponent M. Let again x,y € C. Let us denote by
[k the K-closure of I, i.e. the largest subgroup of I' belonging to K™*. Then
we have I' C 'y C I'. Now we shall give an upper bound for the minimal
exponent M such that
M ,yM el'k.

Let d, := [K(z) : K]. Then we have d, < 22N?. By z € T there exists
m, € N with ™= € T. Put v := 2™=. Then the minimal polynomial f,(X)
of z over K divides

Mo

XM —n = [[(X = pla),

i=1

where p is a primitive root of unity of order m,. Thus

do
fo(X) = ] (X = o) € K[X]
j=1
with suitable distinct choices of i; € {1,...,m;}. Hence there exists a root
of unity p such that
prde e K*.

Now let us estimate the order [ of p. Clearly, p € K(z). Further, since [K :
K] < d"7 (see Proposition 5.1 (i)) we have [K(z) : Ko] < dz-d"~9, and by
p € K(z) this gives the estimate [K(p) : Ko] < dg-d"~9, which gives [Ko(p) :
Ky < d, - d"~9. However, since Ko = Q(z1,...,%,), with algebraically
] = [Q(p) : QJ, hence

independent elements z1, ..., z4, we have [Ky(p) : Ko

[Q(p) : Q] < - d"7.

On the other hand p is a root of unity of order [, so

[Q(p) : Q] = (1),
which gives the estimate
o) <d,-d1

Now using the estimate
l

loglogl

p(l) >
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of Rosser and Schonfeld [22] we infer
1 < (dpd™™ ),

where the constants implied by < and > are absolute constants. However,
since pz® € K* we have (pr?)! € K* hence z%! € K*, which by d, <
22N? proves that

(6.2) M <dy 1< d3d2r=9 « NOG2r—0),

6.3. Bounding the exponent m(«). The next step is to take an arbi-
trary element

vyeTlg\T.

Since v € ' C T there exists a minimal natural number m(v) such that
4™ e T

We now estimate m(y). Clearly, for such an m(vy) we have

(6.3) ym(” = 'yfl .. .7?‘

and without loss of generality we may suppose that 0 < ¢; < m(vy) for i =
1,...,s. Indeed, if we take v; with v; = ¢; (mod m(y)) and 0 < v; < m(y)
for i = 1,...,s, then considering 4" := ~{*...~4Ys we have m(y) = m(v/),
and for bounding m(+) we may just replace v by 7'. So we start with the
relation

(6.4) Y)Y = At A, 0 <t; <m(y).
Now we first bound deg~ and h(7).

6.3.1. Bounding deg~y.

Recall that ~,...,vs € K* are given by corresponding representation
pairs (g1, h1),- -, (gs, hs), which fulfil (2.5). First we extend the domain A
to a larger domain B such that the "numerators' and "denominators" of
1,-..,7s are all units of B. More precisely, let 7,1 := ¢;(z1,...,2) and
Yiz := hi(z1,...,2) for i =1,...,s. Then we have the following:

Proposition 6.1. There exists a non-zero f € Ay such that

(6.5) AC Agw, f']=:B, 1,2 € Aolw, " fori=1,...,s
and

(6.6) deg f < (2s+1)(2d)PO0) () < (25 +1)(2d)*PO0) (h 4 1).

Proof. This is a simple consequence of (ii) of Proposition 5.1. Indeed, we
have k = 2s, and in view of (2.5) we may take d** = d and h** = h. |
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We use the notation of Section 5.2.
By (5.16), (2.5), (5.3) and (6.6) we have the estimate

(6.7) di < (25 +1)(2d)P O,
By Lemma 5.6 we have

(6:8) max Ha, (1) < A; (2Ddegye + (2dg) P00 < Ay(2d)2O0),
irj
Further, by (6.4) we have
mHM Z tkHM

which means

. 5ty
Hy, (7)< 3 % Hy Z Hyp, (7)) < sA;(2d)7® O,
k=1

Thus by Lemma 5.5 we get

q D
degy < qDdy + 3 A7 Hy (v9)
i=1 =1
q
< QD(QS T 1)(2d)exp O(r) + Z A;lDSAi(Qd)eXp O(r)
=1
< S(2d)exp0(r).

6.3.2. Bounding h(v).

We shall use the notation of Section 5.3. Let ¢y ; be a specialization
map on the domain B as defined in Section 6.3.1. Then applying ¢y ; to
the relation (6.4) we get

(6.10) )" =5 A ()

which gives
() habs (79 (W) < Y tians (17 (W)
leading to the estimate

(6.11)  habs(y

Prabs (7 j) (u) < Z Pabs (Y,
i=1
By Lemma 5.8 and (5.12) we have
612) b P(w) < @O0 (h+ 1+ logmax(1, [ul))
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Using the domain B specified in Section 6.3.1 by (6.5) we have
(6.13) di < (254 1)(2d)"POM)  pr < (25 4 1)(2d)*POM) (b + 1).

Now in order to use Lemma 5.9 we may choose Ny := (2s + 1)(2d)=P(©O(")
providing the bound

habs(11” (W) < )P0 (1 4 1)s,
which together with (6.11) gives

havs (77 () < 5*(2d) PO (b + 1),
and the use of Lemma 5.9 leads to the estimate
(6.14) h(7y) < s%(2d)>PO0D) (b 4 1)2,
6.3.3. Bounding the exponents in (6.4).

Lemma 6.2. Let v9,71,--.,7s € K* be multiplicatively dependent ele-
ments, and assume that for i =0,...,s we have

(615)  degn; < (2d)"POUF) (y) < (2d)POCE) (1 1 1)2,
Then there exist integers ko, ..., ks not all equal to O such that

ki s
'yoo...’yf =1
and

(6.16) ki| < (2d)POT+9) (b 4 1)%, fori=0,...,s.

Proof. This is a variant of Lemma 7.2 of Evertse and Gyéry in [12]. To
prove this result it would be necessary to redo the long proof of Lemma 7.2
of [12], with most part of it completely unchanged. So here we only indicate
those points which should be changed in the proof of Lemma 7.2 of [12] to
get our Lemma 6.2. The first point is, that after defining the elements ~,
we have to estimate their deg, i.e. we get

S
degyy < Zvidieg%- <V. (Qd)exp(o(r-i-s))'
i=0
Thus using our Proposition 5.2 we get the same estimate
deg f < VOPOC+s)

as in [12]. From this point we have to redo identically the computation of
the proof of Lemma 7.2 of [12], just with the bounds (6.15) instead of the
bounds given in the proof of Evertse and Gyéry for deg~; and h(7y;), and
finally we get the estimate (6.16). O

Now applying Lemma 6.2 to our identity (6.4) we get the desired bound
(6.17) m()], [t < (2d)™POCFTD (b 1)%,
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6.4. Concluding the proof of Proposition 3.1. In Section 6.2 we
proved that for a given (z,y) € C there exists an exponent M with (6.2)
such that

M, yM el'k.
Further, by Section 6.3 there exist exponents m(z*) and m(y*) with
m(:cM), m(yM) < (Qd)exp(O(rJrs)) (h + 1)237

such that
(aMym@D) My e 1,

Put mo := M - m(z™) - m(y™). Then we have

mo < N6(2d)exp(0(r+s))(h_|_ 1)45‘
Denoting by C3 the constant implied by the O(-) symbol in the last in-
equality the proof of Proposition 3.1 is concluded.

7. Proof of Proposition 3.2

7.1. Bounding the degree. We shall use the notation of Section 5.1
however we shall extend our domain A to a larger domain B in a different
way than we did in Section 6. More precisely, we choose f and thus B as
described in the following proposition:

Proposition 7.1. There exists a non-zero f € Ag with
deg f < sN%(2d)>PO"),
h(f) < sN?(2d)*POC) (h+ 1),
such that with B := Ag[f ™1, w]
ACB,
(7.2) vi1,Vi2 € BY fori=1,...,s,
a;j € B for (i,5) € I.

(7.1)

Proof. This is a simple consequence of (ii) of Proposition 5.1. Indeed, we
have k := 25 +|I| < O(sN?), and in view of (2.5) we may take d** = d and
h** = h. O

Put B := Ag[w, f~1]. Then we clearly have A C B C K. Recall that for
a fixed i € {1,...,q} in Section 5.2 we introduced the notation
ki :==Q(z1,...,2i—1, Zit1,- - -+ %)
k; := the algebraic closure of k;,
M; = ki(z, wh, .. ,w(D)),
B; :

- Ki[zi)f_law(l)a e aw(D)]a

(7.3)
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where w is the element specified in Proposition 5.1 and w™®, ... w®) de-
note the conjugates of w over K. Further, we used the notation
(7.4) g, = the genus of M;/k;,

Hyy, := the height with respect to M; /k;.
Let My, denote the set of places of M; and define
(7.5) Si={ve My, |v(zi) <0 or w(f)>0}.
Then we have the estimates

1Si] < A;+ Aideg,, f < Ai(1+ deg f)
(7.6) 5 o
< AjsN?(2d)P O

and

(7.7)  gu, < AiD max deg,, Fi, < A;D(2d)POM) < Ay(2d)>P O,

Now let z,y be such that F(z,y) = 0 and 2™,y™ € I' and put M;
M;(z,y). Denote by S; the set of places of M; lylng above places of S; and
denote by g; the genus of the extension M;/k;. By (6.1) we clearly have

Now we wish to bound g,;. and |S;|. By the Riemann-Hurwitz formula we
have

205, —2=[M;: Mi]- 290, —2)+ > > (e(V]v)—1).

UEMMl Ve‘j\‘/tv

The valuations v ¢ S; do not ramify, i.e. e(V | v) =1 for V above v, hence

2957, — 2= [M;: M- (290, —2)+ > > (e(V [ v) —1)
veS; Vv
ves;

= [M; : My]- (290, — 2) + Y [M; = M;] — |S]
vES;
= [M; : M;) - (2901, — 2) + |Si|[M; = M;] — |Sy).
This gives us
29,7, + |5il = [M; : My] - (290, — 2+ |Si]) + 2,
which provides at the same time the upper bounds for g N and \S’Z| given

below:

(7.8) 911, < 22N°(290; + [Si]) < AjsN*(24)>P O,



429
and similarly,
(7.9) |1Si| < AysN*(2d)xPOr),

We will use Proposition 4.2 to bound Hy; (z) and Hy (y) by

(7.10) Hy, (@), Hy, (y) < 2N [(N + D)*(Si| + g,,) + 2Ho| ,

where Hy is an upper bound for H ;. (agv)) By Lemma 5.6 and by (5.13)
we get

H g, () < [N + Ky(20)] - (2Ddeg auy + (2d) 2O
< 22N2Ai(2d)expo(7‘) < NQAi(Qd)eXPO(T) =: Hy
This together with (7.10) provides the estimate
(7.11) H . (), Hyg, (y) < AisNO(2d) ™90,
th

which together with (2.7) proves

Hy, (20) = Hy (2™) < mHy (2) < Ayexp { NO(2d)*P O+ (1 4 1)1

and the same bound for H; (yo). Now using H y; (2o) = [M; : M;]- Hyy, (o)
and Hy; (yo) = [M; : M;] - Hyr, (yo) we obtain

Hag,(w0), Har, (y0) < Asexp { N¥(2d)™PO0+) (4 1)},
which together with Lemma 5.5 proves the desired estimate

(7.12) deg wo, deg yo < exp { N°(2d)*POC+9) (4 1)1}

7.2. Preparations for bounding the height.

Lemma 7.2. Let R be an integral domain, H(X) = Y1, ¢; X" € R[X] be
a polynomial, and p a primitive m'™ root of unity. Then we have

ﬁ H(YX) e RIX™.

j=1
Proof. There is no loss of generality, to assume that R = Zlco,... 7CL]7
where c¢g, . .., ¢, are independent variables. Let K. := Q(co,...,c,) and K,

the algebraic closure of K.. We may write

H(X) = e [L(X — ).
k=1
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where a,...,a, € K.. Thus
n m-— n )
H HpX)=cm H H (PP X —ag) = cp™™ m_l)/QH(Xm—p_]a};”)
7=0 k=1 57=0 k=1
n

(=)= [T (X™ = ).

k=1

=C

3

Since the coefficients of [[;_; (X™ —aj") are elementary symmetric polyno-
mials with integral coefficients in «;’s, they are in fact elements of
Zlco/cny - .y Cn—1/cn). Hence H;”:_Ol H(pPPX) = G(X™) with G € K.[X].
But the coefficients of G are integral over R, and R is integrally closed
closed, hence they belong to R. O

Proposition 7.3. Let p be a primitive m'™ root of unity. Then there exists
a polynomial G(U,V) = > Gig)ed bi;UVI € AU, V] with b;j # 0 for (i, ) €
J, such that

m—1m—1
(7.13) Gx™ym™ = 1] [I F("X, oY),

k=0 =0

and such that the coefficients b;; of G have representatives Bij with
(7.14) deg b;; < m?d, h(bij) < m*(h + 2log(N + 1))
Proof. Put Ry := Zlap; : (p,q) € I], where we adjoin all coefficients
apq, (p,q) € I of F to Z. First we consider the polynomial H(X,Y) :=
[} F(X,p'Y) as a polynomial in one variable (namely in Y) over the
integral domain R := Ry[X]|. Then by Lemma 7.2 we see that H(X,Y) €
R[Y™]. Using again Lemma 7.2 for the polynomial
m—1m—1 m—1
[ II 7" x.'y) = [T H( X Y),
k=0 (=0 k=0
and the ring Ry := Ro[Y"™] we infer that
m—1m—1
II IT F(o"X,p'Y) € RolX™,¥™),
k=0 (=0
so we clearly have [[7" ' TI",! F(pFX, p'Y) € A[X™, Y™], thus the exis-
tence of a polynomial G(U, V') € A[U, V| with (7.13) is proved.

Now we have to prove the estimates for the coefficients of G. Recall that
F(X)Y) = 3 (pqer @pgXPY9, and by assumption (see (2.5)) we are given
representatives ap, such that

degay,, < d, h(apg) < h.

Put R 3
Fkl = F(ka, plY).
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For a polynomial F' with complex coefficients let us denote by ||F||; the
one-norm of F', i.e. the sum of the absolute values of the coeflicients of F'.
Then we have

1l =1Fll = > llapglls

(p9)el
and
B m—1m—1 B _ )
WG < T T1 N1Eull < IIFIT
k=0 1=0

This shows that
h(G) < m*log ||F |l < m?(h(F) +log |I]) < m®(h + 2log(N + 1)),
and this proves .
h(bi;) < m?*(h+ 2log(N + 1)).
Further, the coefficient by; is a sum of products of the terms a4, each
summand consisting of at most m? multiplicands, so we have
deg I;ij < mzd.
d

Lemma 7.4. Let G(X,Y) be the polynomial defined in Proposition 7.35.
Then G(X,Y) is divisible by a non-constant polynomial of the form XY’ —
aor X0 —aYb withae K", a,be Z>o if and only if F(X,Y) is divisible
by a mnon-constant polynomial of the form XYV — 8 or X% — BY"Y with
g e ?*, u,v € Zzo.

Proof. Clearly we may assume gcd(a, b) = 1, otherwise we factorize XY’ —
o or X%—aY? and we get a similar factor of G with the property (a,b) = 1.
Then X™*Y™ —q or X™@ — aY™ divides G(X™,Y™), which also means
that X*Y? — o/ or X® — o/Y? divides G(X™,Y™) with a suitable o/ € K .
However, by ged(a, b) = 1 we know that X¢Y*—a/ or X?—a/Y? is absolutely
irreducible, so if it divides G(X™,Y™) then it divides one of Fi;(X,Y), but
this means that p~** X p=Y —o/ or p7%* X —o/p~ Y divides F(X,Y). The
converse is trivial, so this concludes the proof of the Lemma. O

Lemma 7.5. The set Cy defined in (3.1) is equal to the set
(7.15) {(x()ay()) eT? | G(zo,0) = 0}-

Proof. Denote the set in (7.15) by Ca. If (w0,y0) € C1 then there exist
x,y € I' with 2™ = xg, y™ = yp such that F(z,y) = 0. So clearly

m—1m—1

0= [ I F("=.r'y) = G=™,y™) = G(zo,0),
k=0 (=0

thus (zo,yo) € Ca.
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Conversely, if (29, %0) € C2 then we have G(z9,70) = 0. All the m*™ roots
of x¢ and g are zeros of the polynomials

m—1
X" —xp = H (X — pkacll)/m)
k=0
and
m—1 1
X" —yo= [ (X =py'™),
=0
respectively, with any fixed choice x(l)/ " and yé/ " of an m™ roots of o and
7o. Then we have
ot 1/m 1/m 1/m\m , 1/m\m
H HFkl(xO » Yo ):G((xo ) a(y[) ) ):07
k=0 =0

so there exist k,l € {0,...,m — 1} with
Fra (ﬂf(l)/m,yé/m> =0,
i.e. we have

F (ph2g™, olyy™) = 0.

Thus by the choice x = pkmé/m and y = plyé/m there exist x,y € T with
™ = xg, y"™ = yo and F(x,y) = 0, however these conditions just mean
that (z9,y0) € C1. This concludes the proof of our Lemma. O

7.3. Bounding the height of elements of C;. Now we will use the
specialization method to bound h(xg), h(yo) for any (xo,y0) € Ci. More
precisely, we prove

Proposition 7.6. If (xg,y0) € C1 then we have
(7.16) deg 0, deg yo < exp {N6(2d)expo<7"+s)(h + 1)45}
(7.17) h(wo), Bl(yo) < exp {exp { N'2(2d)=P O+ (b 4 1)} ]

This sub-section is devoted to the proof of Proposition 7.6. Recall that
the coefficients b;; of G' have representatives b;; with

deg b;; < m?d, h(bij) < m*(h+ 2log(N +1)).
Thus by Lemma 5.3 and by (2.7) we have
(7.18) T%sz,ﬁ(sz) < exp {N6(2d)exp0(r+s)(h + 1)48} .

Again, we have to extend the domain A to a larger domain. For this, we
use a suitable version of Proposition 5.2. More precisely we have
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Proposition 7.7. Let R € A be an arbitrary non-zero element having a
representative R with the property

(7.19) deg R, h(R) < exp { N'2(2d)*» O+ (h 4 1)}

Then there exists a non-zero f € Ag such that for B := Aglw, f~!]
A C B,

Yi1,Yie € BY fori=1,...,s,

bij € B*  for (i,j) € J,

R e B".

(7.20)

Further, f can be chosen such that it fulfils

(7.21) deg f,h(f) < exp {N'2(2d)*POC+) (1 4 1)% .

Proof. This is a variant of Proposition 5.2. We clearly know that the deg
and h of the elements v;1,v;2 € Ao[w, f~1* fori =1,...,s, bjj € Aolw, f1]*
for (i,§) € J, and R € Ap[w, f~1]* are bounded by

exp {N12(2d)expo<7”+5>(h + 1)88} .
thus by Proposition 5.2 the estimate (7.21) follows at once. O

The element R € A in the above Proposition will be specified later during
the proof, and will be chosen such that it fulfils condition (7.19).

Proof of Proposition 7.6. For the case ¢ = 0 we are in the number field
case, and for this case much better bounds are provided by [5], so we may
assume g > 0.

Estimate (7.16) is the same as (7.12). Now we prove the estimate (7.17)
using the specialization method described in Section 5.3.

Let P be a fixed partition of J and (zo,y0) € C2 be a fixed solution
associated with P.

Put B := Ap[w, f7!]. Then for the quantities dj,d?, hij, b} defined in
(5.19) we have the following estimates:

dEk) < (Qd)expO(r)7
(7.22) hy < (2d)™PO0 (b 4 1),
10 < exp {N12(2a) PO (h 4 1)
Thus for H := Ar- Fp - f € Ag we have

deg H < (2D — 2)dj + d + dj < exp { N'2(2d)™POU+)(f + 1)
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We shall choose u € Z? such that H(u) # 0 and consider the extended
specializations ¢y, ; defined in (5.22). Then we have

ouk (10) = 28 (), euk (v0) = u5F (w),

2 .
Pup (bi) =0 (w)  for (i,5) € L.
Later we shall specify some further requirements on u and k to be able to
apply Lemma 5.9.

The polynomial G(X,Y) is mapped by ¢u; to the polynomial
Cup(X,Y) = Y jyes b (W) X7YT. Let Ky, be the field defined in (5.26),
and Sy the set of places of K, j containing all infinite places and those
finite places which lie above prime ideals dividing f(u). Since we clearly
have

(7.23)

euk(l) € pur(B) C O,
from (xo,yo) € Co we get
. k k *
(724)  Gup (+P),yP @) =0 i 2 (w),y" (W) € O,

The next step of the proof is to apply Lemma 5.9. By (7.16) and in view
of (7.22) in Lemma 5.9 we may choose

Ny < exp {N12(2d)exp0(7“+s)(h + 1)83}
to infer that the set
S:={uez?: |u <Ny H(u)#0}
is non-empty. Put
H = max{haps(§” (), habs (4§ (0)) : €S, k=1,...,D}.
Then using (7.22) and Lemma 5.9 we infer

(7.25) E(xo), R(yo) < exp {N12(2d)exp0(r+s)(h + 1)85} Hi.

The last step is to estimate Hy. Fix any u € S and k = 1,...,D. First
using Lemma 5.7 and (7.22) we can estimate the parameters of the field
Ky

Ak, | < DP((dg)%e"d max(1, [u])

< exp {N12(2d)exp0(r+s)(h + 1)85} ’

2D—2
(7.26) )

and [Kyy: Q) < D.
To bound hups(Gy,i) we first have to estimate the height of its coeffi-
cients. Lemma 5.8 together with (7.18) gives

Pabs (bgf)(u)) < exp {NG(Zd)eXPO(T+S)(h + 1)45} .
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This leads to the estimate
habs (Gu k) < n(G) - max h (b)) (w))

(7.27)
< exp {N6(2d)exp0(r+s)(h + 1)45} )

To bound the cardinality of Sk, , first we estimate
[f(@)] < (deg f)7 - €'Y - (max(1, [u]))*8 < (d])?- "t - (max(1, [ul))%
< exp {exp {N12(2d)eXPO(T+S)(h + 1)83}} :

Since s := [Sk, ;| < D(1+w(f(u))), where w(f(u)) denotes the number of
distinct prime factors of f(u), we get

s < O (d" log* | f(u)|/log* log* | f(u)])

7.28
( ) < exp {N12(2d)exp0(r+s)(h + 1)85} )

For the maximum of the norm of the prime ideals belonging to Sk, , we
have

(7.29) P < |f(w)|” < exp {exp {N'2(2d)=PO0+)(h + 1) 1L

Now in order to be able to use Proposition 4.3 for the equation (7.24)
we have to prove that the polynomial Gy, fulfils the condition

(7.30)
G, is not divisible by any non-constant polynomial of the form

X"Y" —a or X™—aY" where m,n € Z>p and o € K.

The coefficients b;; of G' are units in B, thus all these coefficients are
mapped to non-zero elements bz(-j.)(u) by the specialization ¢y, ;. Thus the
partitions of the polynomial G are just the same as the partitions of the
polynomial Gy .

If r(G,P) = 2 then we also have r(Gyx, P) = 2. Further, if (G, P) =1
then we also have r(Gyx, P) = 1, and by Proposition 4.4 the correspond-
ing system of polynomials gi,...,gx (see Section 4.3) has the property
ged(g1, ..., gk) = 1in K[X]. Thus there exist polynomials uy, ..., u; and a

non-zero constant R € A with
(7.31) u1g1 + - +upgr = R,

and by Lemma 4.6 we see that R can be chosen such that it has a repre-
sentative R with

deg R, h(R) < exp {N12(2d)e"po(”+s)(h + 1)85} .

Assume that f € Ag and the domain B are chosen in Proposition 7.7
such that R € B*. Now apply the specialization ¢y, 1 to the relation (7.31)
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to infer that
(U)uk(91)uk + -+ (W) uk(9r)uk = RY.

Since R € B* we have Rl(lk) # 0, and we see that gcd((g1)uk:---» (Gk)uk) =
1 in Ky ;[ X]. However, the above argument by Proposition 4.4 implies that
Gy, fulfils (7.30).

So the polynomial G, cannot have any non-constant factor of the shape
aX™Y"™—bor aX™—bY™ for some a,b € Q, m,n € Z>¢. Thus the solution
set of equation (7.24) fulfills the conditions of Proposition 4.3, so combining
this by statements (7.27), (7.28), (7.29), (7.26) and Ky : Q] < D we get
the estimate

abs (6" (1)), habs (5 (1)) < exp {exp { N12(2a)*2 O+ (h 1+ 1)1,

for every u € S and k = 1,..., D, which provides the same upper bound
for H;. Now combining this latter estimate with (7.25) we get the desired
bound (7.17). This concludes the proof of Proposition 7.6.

O

7.4. Concluding the proof of Proposition 3.2. Now Proposition 7.6
also provides upper bounds for the heights of elements of the set C;. So for
any (xo,y0) € C1 we have

deg o, degyo < exp {N°(2d)"POUH) (4 1)}

and

h(@o), h(yo) < exp {exp { N'2(2a) PO (h 4 1)5 ],

which by Lemma 5.4 concludes the proof of our Proposition 3.2.
Acknowledgements. The author would like to thank Jan-Hendrik Evertse
for his kind help and useful comments.
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