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A two-dimensional continued fraction algorithm
with Lagrange and Dirichlet properties

par CHRISTIAN DROUIN

RESUME.  On démontre dans cet article un Théoréme de La-
grange, pour un certain algorithme de fraction continue en di-
mension 2, dont la définition géométrique est tres naturelle. Des
propriétés type Dirichlet sont aussi obtenues pour la convergence
de cet algorithme. Ces propriétés proviennent de caractéristiques
géométriques de l'algorithme. Les relations entre ces différentes
propriétés sont étudiées. En lien avec ’algorithme présenté, sont
rapidement évoqués les travaux de divers auteurs dans le domaine
des fractions continues multidimensionnelles.

ABSTRACT. A Lagrange Theorem in dimension 2 is proved in
this paper, for a particular two dimensional continued fraction al-
gorithm, with a very natural geometrical definition. Dirichlet type
properties for the convergence of this algorithm are also proved.
These properties proceed from a geometrical quality of the algo-
rithm. The links between all these properties are studied. In rela-
tion with this algorithm, some references are given to the works
of various authors, in the domain of multidimensional continued
fractions algorithms.

1. Introduction and results

1.1. Quick presentation of the main results. Since the beginning of
the theory of Multidimensional Continued Fractions, an extension of the
well known Lagrange Theorem in dimension one has been searched for.
Historical remarks on the multidimensional continued fractions (the Jacobi-
Perron algorithm and others) can be found in the works by F. Schweiger:
[22] and [23], and A.J. Brentjes: [3].

The classical one-dimensional continued fraction algorithm applied on a
real number x generates a sequence (&) .y in R, with {§o = 2, named the
"complete quotients", and Lagrange proved that the following assertions are
equivalent:

(1) = is a quadratic algebraic number.

(2) There exist natural numbers s > 0 and p > 1 such that {4, = &.

Manuscrit regu le 21 avril 2012, révisé le 7 avril 2013, accepté le 14 mars 2014.
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(3) There exist natural numbers sp > 0 and p > 1 such that for every
s > 50, Es+p = & holds (periodicity).

The property (2) will be called loop property in this paper.

Here we define a very natural two-dimensional continued-fraction algo-
rithm for which the analogue in dimension two of the properties (1) and
(2) are equivalent: This algorithm, named Smallest Vector Algorithm or
"SVA', makes a loop (property (2)) if and only if the real numbers which
are its two initial values are in the same cubic field (property (1)). The
SVA is defined at the beginning of Subsection 1.3..

We have to notice that we do not have periodicity, i.e. the property
(3), for initial values in the same cubic fields. The reason why is that our
algorithm, unlike a lot of known multidimensional continued fraction algo-
rithms, is not of the vectorial kind. Therefore, the loop property (2) does
not imply periodicity (3). Nevertheless, the loop property (2) implies inter-
esting algebraic properties and the fact that the algorithm is not vectorial
permits strong approximation properties.

Let’s state our Lagrange-type theorem. From any initial value Xy =
X =T (29,21, 29), with 0 < 29 < x1 < xo, the Smallest Vector Algorithm

generates a sequence (Xg) = (T (xos , %15 ,1‘275)) of triplets of real num-
bers, and we have the following statement.

Theorem 1 (Lagrange Loop Theorem).

First Part: Let p be any real root of a third degree irreducible polynomial
P(r) = 3 —ar® — br — ¢, with a,b,c rationals; let X = T (xq, 21, 29) be
any rationally independent triplet of real numbers in the field Q [p], with
0 < x9 < 1 < xo. Then the Smallest Vector Algorithm applied on the
triplet X "makes a loop”: there exist integers s and p with p > 0 and a real
number X\ such that:

. . Zo,s T1
Xsip = AXy or equivalently: Xsyp = Xs, with X5 = 2R
xT2s X2

Moreover, X is an algebraic integer of degree 3, and a unit, such that Q [p] =
Q[A]. The minimal polynomial of A can be easily deduced from the relation
Xstp = AX,, as also the expressions of % and % as rational fractions of
A.

Second Part (Converse Statement) : Let X = T (zg,x1,25) be any
rationally independent triplet of real numbers, with 0 < xg < x1 < x2. Let’s
suppose that the Smallest Vector Algorithm applied on the triplet X makes
“a loop7i.e. that Xepp = AX, with p > 0. Then A is an algebraic integer
of degree 3, and a unit. Again, the minimal polynomial of \ can be easily
deduced from the relation Xsy, = AX,, as also the expressions of %(2) and
L aqs rational fractions of \.

2
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The objects in this theorem are more precisely described in the follow-
ing subsections. We also prove that the same algorithm provides rational
approximations with Dirichlet properties, id est, with an optimal exponent.

Throughout this paper, we are going to use only the canonical euclidean
norm and inner product in R3 for our approximations.

Our Dirichlet property is that for every independent triplet of posi-
tive real numbers X = T (0, x1,x2), the algorithm generates a sequence

(g(()s), ggs), ggs)) of triplets of three-dimensional integer vectors, which real-

ize integer approximation of the plane (XL) with the following inequality,
on an infinite set .S of integers:

< 400

&)

(the index (s) is above, in parentheses; the big point denotes the scalar

ggs)H) = +00. See Theorem 2

: (s)
s | i, e+ ) (s

product), with of course:  lim max ‘
s—+oo, s€S \1=0,1,2

in subsection 1.3.. We prove additional Dirichlet properties, for the inte-
ger approximation of RX as well as of X1, when X+ (or X) has a bad
approximation property. See again subsection 1.3..

Let’s notice that the approximation properties of our algorithm hold only

for a subsequence of the integer vectors (gés), ggs), gés)) N’ the algorithm
S

has a very simple geometrical definition, and strong geometrical, algebraic
and approximation properties, but it is not designed to provide only best
approximants, or only approximants with optimal exponent.

The goal of this paper is also to show the relations between different
kinds of properties of such an algorithm:

(a) Lagrange property;

(b) Dirichlet approximation properties;

(¢) Best approximation properties.

(d) Properties of the triplet X which is the initial value of the algorithm
(it may be badly approximable by integers, or well approximable)

(e) Geometrical properties of the tetrahedrons formed by the three integer
vectors, generated at each step by the algorithm.

This study is a generalization of the well known continued fractions the-
ory in dimension 1, with a two-dimensional algorithm which has more prop-
erties than most of the existing ones. Let’s notice that all the mathematical
techniques used in this paper are elementary. The most sophisticated tool
appearing here is the Minkowski’s Theorem on Successive Minima of sym-
metrical convex sets.
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At the end of the paper, in Section 6., the reader shall find a short
review of the themes on Diophantine approximation which are related to
this paper, with some bibliographical references.

In subsection 1.3. are given the main theorems and definitions of this
paper. In subsection 1.4. the reader shall find two numerical examples of
Lagrange loops. The plan of our paper is in subsection 1.5.

But first, in order to understand better the two-dimensional case, we
recall some facts and notations about the classical continued fractions al-
gorithm in dimension one, from a particular point of view.

1.2. The one dimensional example.

1.2.1. A formalism with matrices. A real number x is chosen, with
0 < x < 1. Here it is supposed to be irrational. Let the vector X be:
X = T(x,1), where the "T" denotes the transposition. The classic one-
dimensional algorithm provides integer points ' (py,q,) which are the
nearest integer points to the line ) = RX. These points are called "con-

vergent" points. We consider the matrices B,, = (]c; n-l ](; ") We have the
n—1 n
0

1
of the continued fraction and is a strictly positive integer. If we denote:

. 1 . . .
relation: B,,41 = B, X ( a ), where a,, is the n-th "partial quotient"
n

1 . . .
A, = (2 a ), then the approximating matrices B,, appear as products
n

of matrices Ag (1 < k <n—1). Let’s notice that By is the Identity matrix.

In order to be closer to our two-dimensional algorithm, we may also
split the n-th step into more elementary steps, and consider the simple

1 1

matrix D = (1 (1)), then we have B,1; = B,A, = B,D% ((1] O)'
The last matrix corresponds to an exchange of vectors, when the follow-
ing convergent * (p,11,qnt1) is found. We may notice that all the matrices
involved have determinant +1.

1.2.2. Polar matrices, cofactors, periodicity. We also introduce the
polar matrices G, each of them being the transposed matrix of the inverse
of B,,. Let gy, and g1, be the column vectors of G,,. These vectors realize
integer approximations of the line A orthogonal to D, and the regular
continued fraction algorithm is precisely designed to obtain both: gg , X >
0 and g1,, ® X > 0 for the scalar products.

These quantities go,, ® X and g; ,, X are particularly important in the
theory of continued fractions. Let by, and by ,, be the column vectors of By,.
We have the vectorial relation: (g, ® X)bo,+ (g1, ®X)b1, = X. (To
see that, make the scalar product of the left-hand vector of the equality with
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80,n, and then with g; ,,). Because of this relation, (go, ® X) and (g1, ® X)
are called the cofactors in the algorithm.
go,n ® X

Let’s form the cofactors vector: X,, = <g1,n X

) . We have:
TG, X =X, idest B;'X = X,,.

Now we may calculate X,,. We have B! = (—1)b) < n —pn> and
—4n—-1 Pn-1
then

Xy = (1" (o — 7). (1) (1~ 24,-1))

Then we define the sequence (z,,) by z, = (=1)" (pn, — 2¢n) = gon ® X. At
the first step, 1 = .
We may now give the rule which defines the quantity a,, in dimension 1.
gl,n-ﬂ B [xn_l}
gon ® X T, .
We now define another object, the inverse of this quotient: &, :=

Here the brackets denote the integer part: a, = [

In
Tp—1"

Then the preceding relation writes: a, = {5%}

The quantities x, and the cofactors vectors X,, are of highest interest
in questions concerning Lagrange property. This algorithm is eventually
periodic, from the range n, if and only if there exist an integer p > 1 and
a real number \ such that X,,, = AX,,, or equivalently: &,4, = §,. These
are the conditions we shall use in our Lagrange Theorem.

1.2.3. Recursive relations on the polar matrices. Let’s denote by
-1

M* the polar matrix of M, such that M*= (TM> We have G,, = B;,,

and then, each matrix B,, is a product of matrices A} (1 <k < n —1),

with A} = <_fk é) We may consider the simpler matrix C = <_11 (1)>,

then we have G,+1 = G,A), = G,,C* ((1) (1)>
This leads to the relations TGn+1 = A;l TG, and then, by g, X =

_ —a, 1
Xy, to: Xy = ASX, = ( L 0

Because of this formula, the continued fractions algorithms may be called

> Xy,; therefore: xp 11 = xp—1 — apxn.

subtractive. This leads to the recursive relation: £,11 = 5% —a, = &+ — [é] .

én

In particular, if g and g; are the column vectors of G, then the column
vectors of the following matrix G x C = G X (11 (1)) are (go — g1) and

g1. Our two-dimensional algorithm is built in a similar way, in the next
subsection.
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1.2.4. Use of the orthogonal projections. From a more geometrical
point of view, let’s denote by g, and gf, the orthogonal projections of

0.1 )

/!
1,n
Concerning a Dirichlet property of the algorithm, it can be written:

g0,n and g1, on D. Then we also have: X,, = [|X|| (

For each n, H g’l’nH ¢n < 1. Our matricial formalism would permit to
prove easily the Lagrange Theorem for a quadratic number x, using this
Dirichlet property.

Now we are going to generalize all these properties and demonstrations
in dimension two.

1.3. Results in this paper. Now we are in dimension two. Throughout
this paper we suppose that the triplet X = T (g, 21, 22) of real numbers is
rationally independent, and verifies 0 < zg < 1 < x2. We use the canonical
euclidean norm in R3 and the canonical scalar product. We denote by D
the line D = Rx and by P the plane orthogonal to D.

As it is usually done in this field, the index () of the sequences will be
above, in parentheses.

Definition. The Smallest Vector Algorithm is described by the following
sequence (G(S))SeN of 3 x 3 integer matrices, which is inductively defined
by:

a) GO =1, the Identity matrix.

b) Let’s suppose G6) = ( és),ggs), ggs)) has been defined. Let g;(s) and
g’ gs) denote the respective orthogonal projections of ggs) on D and P. Let
Apnin denote A, = min (Hgll(s) - g'o(s) , g;(s) — gll(s) glg(s) — gg(s) )

We define first the three column vectors (fy, f1, f2) of GG+ in disorder:

9

(fo,f1,f2) = (gé‘s)jgﬁs) - g(()s)7g§8)> if Apin = g’l(s) = gf)(s) ;

(fo. 1. 2) = (g6 81 &8 —&”) if Ain = [|g5” — &7

(fo, f1, ) = (257,81, &8 — 6”) if Awin = &8 — &f”

G+l = <g(()s+1), g§s“)7g§5+1)) is defined as any of the permutations of

g//(()SJrl)H < 'g//gSJrl)H < ‘g//gSJrl)H'

the vectors (fy, f1, f2) such that we have: ‘

The columns g(()s), ggs), gg‘s) of the matrices G®) realize integer approx-

imations of the plane P. They play the same role in dimension 2 as, in
dimension 1, the matrices G,, studied above.
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As in dimension 1, the cofactors vector X(®) is fundamental. It’s defined

by: X)) = Ix| - T (‘ gg(s) , glll(s) , gg(s) ), and the vector x®), the
‘ gg(s) g;/1/(5)
"projective” version of X (), is defined by x(®) = T o Tl 1
8> 85

The Smallest Vector Algorithm has a Lagrange property, which is ex-
pressed by Theorem 1 of subsection 1.1. The demonstration of this theorem
(see below) is essentially the same as in dimension one, based on a Dirichlet
result (In dimension two, Theorem 2).

First we introduce the unimodular positive integer matrix B®), defined as
the polar matrix of G() (the transposed matrix of the inverse of G(*)). We

denote by bés),bgs),bgs) the column vectors of B(*) which realize integer

approximations of the line . The vectors bfj(*), bY(*) b}(*) will be the
(s)

orthogonal projections of these vectors on D, and the b; * their orthogonal

projections on P. In the same way are defined the g (5) and the g;(s), and,
for any vector h, the projections h’ and h” of h on P and D,

Theorem 2 (Dirichlet Properties). For each rationally independent triplet
X of real numbers, with 0 < xo < x1 < x2, the Smallest Vector Algorithm
has the following properties

a) There exists an infinite set S of natural integers such that:

2
g ) (,in, ] )

lim (min ‘ ()

s—+00, s€S \i=0,1,2 [I=*

11(s)

< 400, with also:

)=o.

In other words, this algorithm provides a Diophantine approxzimation of P
which possesses a Dirichlet property, with the optimal exponent, 2, and with
a form which s rather strong.

b) If there exists ¢ > 0 such that for any integer point h # 0,

||| |0”|| > ¢ holds (id est, if the couple <a?17 aa) is badly approzimable,
rog Xo
as it is proved in Section 3), then the following relation holds with the

Smallest Vector Algorithm, with the same infinite set S:

&) (m, 8]

lim (max ‘ ()

s—+o00, s€S \i=0,1,2 117"

sup || max ’
scs | \i=0,1,2

< 400, with also:

)-o.

g!®)

sup || max ’
scs | \i=0,1,2
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¢) If again there exists ¢ > 0 such that for any integer point h # 0,

|h|| |h”|| > ¢ holds, then
2
sup [( max ‘ ) (maX ’ >
scS =0,1,2 0,1,2
lim ( max ’ b;(s)H> =0.

s——+oo, s€S \i=0,1,2
Theorem 3 (Geometrical Theorem). The Smallest Vector Algorithm pos-
sesses the following property. Let H'®) be the convex hull

1O — oo ({g, g, g, —g, (7 —,gl"}) inP.

b’(S)

%

b;/(s)

< +oo; with also:

Let p®) be the radius of the greatest disk in P with center 0 contained in
H'(S). Then there exists an infinite set S of natural integers such that:

/(s)

max ‘ g,
i=0,1,2
sup < 400.
seS p(s)
max /(S>
Definition. If liminf % < +o00, with the notations of the above

S—+400
Geometrical Theorem, it will be said that the algorithm is balanced.

As a Best Approzimation result, we give our Prism Lemma, which is
proved in Subsection 3.1.. It is a very easy result, but it is true and impor-
tant for any continued fraction algorithm, and the author has not seen this
statement anywhere in literature.

Lemma (Prism Lemma). Let g((]s), g(ls), gg %) be the column vectors of the

matriz G generated at the s-th step by the Smallest Vector Algorithm.
Let the sets H'®) be the convex hulls:

H/(S) = CONV ( ( )7 gl( )7 g/2(8)7 _gi)(S)a g/(S) g2( )) mn P.

We shall omit the indices ). Let H be the prism: H=H + 1D . Then,
with the usual notation h" for the orthogonal projection of h on D :

-For each non zero integer point h in H , ||| > ||gf|| holds.

-For each integer point h in H which is not of the form nogo, with ng
integer, ||h"|| > ||gY|| holds.

-For each integer point h in H  which is not of the form nggo + n1g1,
with ng and ny integers, |h"|| > ||gh|| holds.

- That implies that, if (ho,hi, hy) is a free triplet of integer points in H,
then g (1) > e (g ) = g4l
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The previous theorems suppose that the initial values (zg; z1;z2) of our
algorithm are rationally independent. The reader may wonder what hap-
pens when they are not.

Theorem 4. The Smallest Vector Algorithm finds rational dependence. If
the initial values (xg, x1,x2) of our algorithm are rationally dependent, then
the SVA generates at some step an integer triplet (gés),ggs), gés)) such that:

‘gg(S)H = g(()s) e X = 0. This relation gives the coefficients of the rational
(integral) dependence of (xo,x1,x2).

The proof uses Lemma 2 in the next subsection, the Geometrical Theo-
rem and the Prism Lemma. The demonstrations of these three results are
still valid if (xg,x1,x2) is rationally dependent. With these three results,
the proof of Theorem 4 is very short.

Proof. Let’s suppose that we have an integral dependence relation, of the
shape h ¢ X = 0, h being a non null integer vector. By the Lemma 2 of the

next subsection: lim (‘max ‘ g;(s) > = +00. In addition, by the Geomet-
s—+oo \1=0,1,2
max g;<s>
rical Theorem above, lim inf % < +00. Then limsup pt® = 4o0.
s—++00 P s—400

Then h belongs to some hexagon H'(®) defined as a convex hull in the Prism

(s)

Xeg >0
X

holds. Then X o g = 0. O

Lemma just above. By this Prism Lemma, 0 = ||h"|| > ||g(]| =

1.4. Numerical examples. We give two examples of Lagrange Loops
when the initial values are in some cubic field.

Example. (7o;21;22) = (1;2cos (7/7) ;4 cos? (r/7)). The sequence of the

(s) .(s)
<%' z ) is the simplest the author has met. Almost every couple in it

1
CB(QS) ) xés)
repeats infinitely. We have: 3 —22 — 221 +1 = 0, and (25 — 2)* + (22 — 2)*—
(s) _.(s)
2 (zg — 2)—1 = 0; the algorithm provides the following (s + 1, (xo ! ))

zés) I Jj;s)

{1,{1.80193773580484,  3.24697960371747} }
{2,{1.80193773580484,  2.24697960371747} }
{3,{1.24697960371747,  2.80193773580484} }
{4,{1.24697960371747,  1.80193773580484} }
{5,{1.80193773580484,  2.24697960371747} }

]

{292, {1.24697960371747,  1.80193773580484}}

{293, {1.80193773580484,  2.24697960371747}}
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{294, {1.24697960371747, 1.80193773580484} }
{295, {1.24697960371747, 1.55495813208737}}
{296, {1.80193773580484, 2.24697960371747}}
{297, {1.24697960371747, 1.80193773580484} }
{298, {1.80193773580484, 2.24697960371747}}
{299, {1.24697960371747, 2.80193773580484}}
{300, {1.24697960371747, 1.80193773580484} }

Example. (zo;x1;22) = (1; J13; v 132). The algorithm provides the fol-

x(()s) ng)

lowing sequence (s + 1, ( &ys >)> Here there are very few repetitions

s)? (s
Ty ' Ty

(loops), but they exist.

{1, {2.35133468772075748950001, 5.5287748136788721414723}}
{2,{2.35133468772075748950001, 4.5287748136788721414723} }
{3,{1.35133468772075748950001, 4.5287748136788721414723} }
{104, {2.35133468772075748950001, 5.528774813678872141472} }
{105, {2.35133468772075748950001, 4.528774813678872141472}}
{106, {1.35133468772075748950001, 4.528774813678872141472}}
{160, {5.5057084068852398563646, 47.82563987973201144317}}
{219, {1.35133468772075748950001, 4.5287748136788721414723}}
{308, {2.35133468772075748950001, 5.5287748136788721414723}}

{411, {2.35133468772075748950001, 5.5287748136788721414723}}

1.5. PLAN of the paper. We shall prove the Results above in the order
in which they are written in this first section, and, in fact, in the reverse of
the logical order.

e In the second section, we admit that the Smallest Vector Algo-

rithm or SVA has the Dirichlet Properties of Theorem 2, and we
prove that this implies the Lagrange properties. But this demons-
tration is made only in a particular case, namely X =

(1, N,V N2) with N natural. The complete proof of the La-

grange Property for three numbers in a cubic number field is given
in Section 5. But this general demonstration is intricate, and the
particular case gives all the main ideas involved. That’s why we
prefer to begin with this particular case, for more clarity.

In the third section, we admit the geometrical property of the
SVA, namely that it is balanced. We prove that this property implies
the Dirichlet Properties.
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e In the fourth section, we prove the Geometrical Theorem, namely
that the SVA is balanced.

e In the fifth section, we give the general demonstration of the La-
grange Theorem. Then all theorems are proved.

e In Section 6, we locate the results of this paper in relation to the
main themes in Multidimensional Dimensional Fractions Theory
and Homogeneous Diophantine Approximation, with some biblio-
graphical references.

2. Demonstration of Lagrange Properties (particular case)

2.1. Four basic Lemmas. We're going to need the following lemmas.

Lemma 1 (Basic Properties of Brentjes’ Algorithms). a) Inductively, by
the way of building the Smallest Vector Algorithm, we have the following
properties:

0<Xegy” =Xl |g)]| < Xogl” =
= Xl [le5®
b) The following equality holds for every s € N:
by VX)) g5 ]| 5 =
That’s the reason why . Xl ‘ g\ are called

cofactors.
c) For every s € N: TGE)X = X©) or, which is the same:

(B<s>)*1 X = X,

Proof. First of all, the a) Property is true at the step s = 0. Let’s suppose
it’s true at the step s. The construction of the new g§-5+1) by subtraction

1(s)

is always done in accordance with the order of the X o ggs) = || X]| ‘ g

Then, at the next step, each of the X e g( s+ i positive, and then equals
1X]|
(s +1). Then the property is obtained at step (s + 1), and a) is true by
induction. For the b) property, the equality

(Xegf”) by + (Xegl”) bl + (Xegl”) b =X

holds. To see that, make the scalar product of both the left-hand and the
right-hand vector of the equality with each of the ggs)

7
same as the equality in b).

g/ (s+1) H The rule of the algorithm is to order these numbers at step

. This equality is the
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Because X) = T (X . g[()s), Xe ggs),X o ggs)), the equalities of c) are
obvious. O
Lemma 2. For the Smallest Vector Algorithm, and more generally in any
gg(s) ) = +00.
Proof. If this limit does not hold, there exist a real number M and an infi-
nite set 1" such that for any s € T', and for i = 0, 1, 2, } g;(s) < M holds.

In addition, by the subtractive nature of these algorithms, the

Brentjes’ algorithm, we have: lim | max ‘
s—+oo \1=0,1,2

g/,

1 = 0,1,2 are also bounded. Then the set of the triplets (g((]s),ggs),gés))

with s € T is bounded. Then it is finite. Then there exist two distinct
natural numbers s and ¢ such that (g(()s), ggs)7g25)) = (g(()t ,glt ,ggt ) and

particularly: (gg’(s),g’l’<s),g’2’(s)) = (gg(t),g'f(t),gg(t)>. But that’s impossi-
ble, again by the subtractive nature of these algorithms. Our hypothesis
was false, and then the conclusion of the theorem holds. O

Now, we state two lemmas which will provide the Second Part of our
Lagrange Theorem.

Lemma 3 (Degree in a Loop). Let X = T (zg,21,29) be any rationally
independent triplet of real numbers, with 0 < xo < x1 < x2. Let’s suppose
that the Smallest Vector Algorithm applied on the triplet X "makes a loop"
i.e. that X5tP) = XX with p > 0. Then A cannot be a quadratic real
number.

Proof. If the case of such a loop, we have X(1P) = )\ng), or equivalently

(B(s+p))_1 X — )\ (B(S))_l X or (B(8+p))_1 BOX6) — \x©).
Let’s denote: B := (B<s+p>)‘1 B). Then: B X = AX(®), with
X0 = T (o, 2 o).

(s) (s)
Let’s denote: Y:= T <m° = 1> =T (Yo, y1, 1).

Then also: BY = AY, which can be written

Boo Bor Bo2 Yo AYo
B0 P B2 yi | =1 A |,
B20 P21 P22 1 A

where each f3;; is an integer. Then we have: Bagyo + B21y1 + S22 = A. From
now on, we suppose that A is a quadratic real number.

First Case: f2; = 0. In this case, yp belongs to Q (A). In addition, the
same equality of matrices provides S1oyo + S11y1 + S12 = Ay1, which can be
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. +
written: Bioyo + (B11 — A) y1 + P12 = 0. Then y; = M and y; also

A= bu
belongs to Q (\).
Second Case: (21 # 0. Then: y1 = Yoyo +y1A+72, with 49, 71, 72 ratio-
nals. The same equality of matrices provides Sooyo + Bo1y1r + Bo2 = Ayo, or

Aty +
(Boo + Boivo — A) yo+ BorviA+ 72+ oz = 0. Then yp = omA + 72 ﬁOQ-
A — Boo — Bo1vo

Then, in both cases, both yp and y; belong to Q(X), which is a vecto-
rial space with dimension 2 over Q. Then the three numbers gy, y1 and 1

are rationally dependent. So are therefore the three numbers x(os),xgs),xés),

(0) (0) (0)

and then the three numbers g = xy”’, z1 = x;’, v2 = x5, because
X(©) = BG)X() This contradicts our hypothesis. Then A\ cannot be a
quadratic real number. O

Lemma 4. (Converse Statement in Lagrange Theorem). Let X =
T (xo,x1,22) be any rationally independent triplet of real numbers, with
0 < xp < x1 < xo. Let’s suppose that the Smallest Vector Algorithm ap-
plied on the triplet X makes a "loop” i.e. that X51P) = XX() with p > 0.
Then X is an algebraic integer of degree 3, and a unit. The minimal poly-
nomial of \ can be easily deduced from the relation X51P) = A\X(5) g5 also

the expressions of i—g and % as rational fractions of .

Proof. By hypothesis,we have: X(51P) = A\X () or equivalently
-1 -1 -1
(B(S+P)) X — )\ (B(S)) X or (B(S+P)) (B(S)) X () — AX).

~ —1 ~
Let’s denote: B := (B*7)) " (B®)). Then: B X(®) = AX(). Let F ()

be the polynomial: F' (§) = det (E - 51), we have: F'(A\) = 0. But B is an
integer matrix with determinant +1; then we have a relation of the shape:
A3 4+ mA?2 +n)\ £ 1 =0, with m and n natural integers.

Then A is an algebraic integer and a unit. Then, if A is a rational number,
it has to be: A = +1. But that’s impossible because we should have X (17) =
+X (%) which is impossible by the subtractive form of the recursive relation

on the sequence (X(S)). By the previous Lemma A cannot be a root of
a second degree polynomial. Then F' (&) is the minimal polynomial of A
over Q, and A is a cubic algebraic integer. Its norm is 1, and the relation
A (A2 + mA +n) = F1 shows that A is a unit.

Now, we have to solve the equation (]~3 — /\I) X() =0, or (]§ — )\I) Y =
0, Y being the unknown vector, with the classic method of linear algebra.
Because Y = (B(S)>_1 X, the triplet Y is rationally independent, then
ys # 0. If we just want to obtain one vector solution, we may even suppose
that y3 = 1. Let A be the matrix (E — AI) without its third row, let as be
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the third column of the matrix A, and let A’ be the matrix A without its

third column. Let also Y’ be the vector Y without its third coordinate. V/Vith
Y

1) =

0. This gives A’ x Y/ +a3 x 1 =0, or Y = — (A’) ' a,. We know that

det (A') # 0, because F (£) is the minimal polynomial of X\. Then we have

block submatrices, we have to solve in Y’ the equation: [A’ ; ag | x

n—1
X = |7 (Aa) 2] for some a, and then: X = BOX®) = oaB®) x
n—1
[_ (Al) 2] Of course, X is defined up to a multiplicative coefficient.

Note that A’ and as are rational fractions of the unit A. Then the vector

- n—1 ~ o~
Z .= [ (Al) 821 can be also obtained as an expression of A. Let bg, by,

b be the three rows of the matrix B®); then we have

.CU[)/O( l}o E)()Z
551/04 =|b1|Z=|biZ

To/a by by Z
ro __ EOZ xr1 /I:;lZ xo T :
Then £ = 202 and & = 22 and we can express =2 and %L as rational
T2 boZ T2 boZ T2 T2
fractions of A. O

2.2. Demonstration of the Lagrange Property (particular case).
In this subsection, we prove the Theorem on the Lagrange Property, admit-
ting the Dirichlet Theorem which is proved in other section; we’re doing
this proof only in the special case X = T (1,6,6%), with 6 = V/N,
N being an natural number, but not . For the complete proof, see
Section 5.. We’re going to prove that the Smallest Vector Algorithm in
this case makes a loop.

It is a basic result in Diophantine Approximation that there exists a
real number e > 0 such that for any non-null integer point h = T (m, n,p),
the inequality (max (|m/|, |n], |p|))? x |h e X| > e holds. See for instance [6]
(Cassels), Theorem III, page 79, statement (2), which is much stronger. But
in finite dimension, all the norms are equivalent. Then there exists d > 0
such that for any non-null integer point h, the inequality ||h/? h e X| >
d holds, id est ||h||*||h”|| x ||X]|| > d. Then, by our Dirichlet Property
Theorem 2, which we admit temporarily, there exists an infinite set of

integers S such that:
2
O]) (g o) | = 2 <
i=0,1,2

sup || max ‘
scs | \i=0,1,2
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with in addition: lim ( max ‘

s—+o0, s€S \1=0,1,2 ) =0
Let s be any element of .S, and let (b(()s), bgs), bgs)) be the column vectors

b;(S)

of (B(S)) . We choose one of those three vectors, say b(()s), which will be more

simply denoted: b(*) = b(()s). Let’s define its coordinates:
s) _ T s s s
bl = T (507,60, ().
From now on and for a while, we may omit the indices (*).

Notation 1. The notation M](Ds) =My or M [b(s)} will denote the inte-
b, by bz

ger matriz: My = M [b(s)} =| N-b, b, by |, which has the in-
N-b, N-by b,

1 1
teresting property: MpX = My, ( 0 ) = (b, + byb + b,6?) ( 0 ) . Let’s
62 62

denote by \p, or A {b(s)] the following element of Z0):

Ao = (s + by + byt?)

Then we have: MpX = M X; i.e. Ay is an eigenvalue of My with eigen-
vector X.

We consider the sequence of the matrices II¢®) = IT = TMpG. Let
(b##, b#, b) be the three column vectors of My. Then

H — TMbG’ = b# [ ] go b# [ gl b# [ ] g2 = (T‘-Z,j) 9
beg beg; beg

i=0,1,2;j=0,1,2.

Lemma 5 (Main Lemma for Lagrange). The matrices I1®) are bounded
independently from s.

Proof. We have to find an upper bound for each of the | |, i = 0,1,2;

j=0,1,2. Let’s consider first the ’b# e g;|. We have:
b, 0 10
b*=Q* [ b, | =Q7b, withQ#* = 0 0 1 |.
b, N 0 0
X

We also have Q#X = #X. Let n be: n = Then also Q#n =6n.

X1
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We have, with always the same kind of notations, b# = b#’ + b#”
b# eg; = (b7 +b#")  (g] + g/) = b™ e g/ + b e g7,
with g} = + (b) A b, + b} AbY); g/ = +b) A bj,. Then:
b

’b# °g; b’

<o

671 B + [o*

HH'H+Hb#'

b2l -

. !/ __ / /! —
Let’s denote: ' = [max, |Ibi|| and 3 [max,

Then:

; ||, so that: (,8) B" < L.

(8"
But we also have: b#* = Q#b = Q¥ (b} + ||b}j||n) = Q¥b{, + ||bj|| on.
This proves first that the distance Hb#’ H between b# and D is less than

@]

(2.2) Hb#’

(2.1) ‘b# og;

< [o*

88 + Hb#/

88" + Hb#//

< e,

< [l < il <

(this using the norm of the matrix). Furthermore, we have the following
equality: b? + b#" = b# = Q#b}, + ||blj|| #n, and we deduce:

b#" = ||by| 6n+ Q*by —b".
Then:
(2.3) Hb#”

< [bgll0 +2|/Q*|| [bg] <8

Putting 2.2 and 2.3 in 2.1, we obtain:

\b# +] < (91) 00 (2 Q?] +0) + 2 @] ()

st < 1 2] +) 20 ()

The limit of the last term is 0, by the ¢) of the Dirichlet Properties Theorem.
Then the set of the ‘b#(s) ° ggs)’, with s in 5, is bounded. By a similar
(s)

demonstration, we prove that the numbers ’b##(s) og,

‘ are also bounded

and so are, in an obvious way, the numbers ‘b(()‘s) ° ggs) ‘ Then the set of the

1) is bounded, and the Lemma is proved. U

With this Lemma, the demonstration of the Lagrange result is easy.
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Proof of the Lagrange Result. The set of the II®) with s in S is bounded:;
but these matrices have integral coefficients. Then the number of all the
I1®) is finite. Then there exist s and ¢, with s < ¢, such that II®) = I1(s),

This means: TM [b@)} x G = TM [b<8>} x G). By transposition:
(BY) s M [b0] = (BO) i [p].
We apply that to the column vector X; we obtain
(B@)*1 x M [b@] x X = (B“"))*1 x M [b@)} x X;
then, by "eigenvalue”, see Notation above:
(B9) "< (Ap] -x) = (B) < (A[p7] - x) .
We recall that A [b(®)] is a real number in Z [¢]. Then
A [b(S)]
A [b®)

[b(e)
Ab®)]?

(B(f)f1 X = (B(S)>71 X.

—

>

This reads X® = AX), with A =

is obtained.

We have already proved the Second Part of the Theorem, by Lemma 4
of the previous subsection. With this Second Part, we also obtain the final
assertions of the First Part.

In particular, xg, x1, x2, are rationally independent, then so are also % ,

7L and 1. Then (‘”0 =, 1) is a basis of Q (p) over Q. But we know by the

xg

and the first part of the Theorem

Lemma 4 that IO and L o, are rational fractions of A, therefore they belong

to Q (\) and then Qp)=QN). O
3. From the Geometrical Property to the Dirichlet Properties

In this section, the Geometrical Theorem is admitted, and we prove the
Theorem 2 on Dirichlet Properties.

3.1. Proof of Part a) of Theorem 2.

Lemma 6 (Prism Lemma). Let g(() ), ggs), gg Jbe the column vectors of the

matriz G generated at the s-th stage by the Smallest Vector Algorithm.
Let the sets H'®) be the convex hulls:

H'¢) = CONV( ’(S),gl(s), g( g g6(5)7 —gll(s), —gé(s)) in PP.
We shall omit the indices ). Let H be the prism: H := H +D. Then, with

the usual notation h” for the orthogonal projection of h on D:
-For each non zero integer point h in H , ||h"| > ||gf|| holds.
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-For each integer point h in H which is not of the form nogy, with ng
integer, ||h"|| > ||gY|| holds.

-For each integer point h in H which is not of the form nggo + n1g1,
with ng and ny integers, |h"|| > ||gh|| holds.

- This implies that, if (ho,hi, hg) is a free triplet of integer points in H,
then max (|[bf])) > max ([lgfll) = llez]-

—Y%h

Proof. Let h be any non-null integer vector in H. Since det (G(S)> = 41,
there exist three relative integers ng, n1, no such that h =nggo+n1g1+n28s.
Let h' be the orthogonal projection of h on P. We have h'=nog(, + n1g} +
negh and also h’ € H', which is the convex hull of six points. But an easy
geometrical study shows that, in the plane, if p is in the convex hulls of six
points, it has to be in the convex hull of three among these six points. In
this proof, "positive" will mean: "> 0", and not "> 0.

Then h' is the positive barycenter of three points among gf, g7, g5, —£0,
—g), —gh. This means that h’ is the positive barycenter of three points of
the shape £0g(, 18], €285, with £; € {—1,1}. Then there exist positive real
numbers yg, y1, y2 such that yg + y1 + y2 = 1 and such that

h' = yoeog) + y1618] + Y2285 = nogy + Ny + nogh.
Then (ng — yogo) g+ (n1 — y1e1) g1 + (n2 — yae2) gh = 0. But we have also
111 by ]| & + 1 [ &8 + 1| [ 65¢)| &8 = X, tike in the first
Lemma of the Section 2, and then, with z; = || X|| ’ by ()

, we have:

2080 + 2181 + 2285 = 0,
with z; > 0, by orthogonal projection on P. By the uniqueness of the

barycentrical coordinates, up to a multiplicative coefficient, we get: for some
real number \,

ng — Yoo = A20; N1 — Y1€1 = AZ1; N2 — Y2g2 = A29.

Then ng — yoco, n1 — Yy1€1, N2 — Y22 have the same sign (0 has both signs).
Without loss of generality, this sign may be supposed to be positive. Then
we have ng > yoeo > —1, n1 > y1e1 > —1, ng > yaeg > —1.

- If for every ¢ = 1,2,3, we have n; > —1 h, then ng, ni, ns have the
same sign.

- If now, for some 4, we have n; = y;6; = —1, theny; = 1, and y; = y, = 0,
with {4, j,k} = {0,1,2}. Moreover, A = 0, and then n; = —1, nj = yje; =0,
ng = yr€r = 0. Then, in every case, ng, n1, no have the same sign. Then
[0 = [inog) + me + noghll = Inol |ghl+lna| Ig4]l + ns g4]l, and the
conclusions of the theorem become obvious. O

Let’s notice that the Prism Lemma shows that in some way, our algorithm

gives best integer approximations of the plane on P. In fact, each g(()s) is a
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best approximation, and so are, after the nggé ), the vector g(l s) and, after

the vectors nog(() - n1g§ ), the vector gé ). The vectors g(() ), g§ )7g§8) are

not necessarily successive best approximations with disks of the euclidean

norm in P, but so are they for the "hexagon" (which can be a parallelogram)

H'(®) which depends on <g(() ), gg ), ggs)) themselves.

Proof. Let’s now prove the assertion a) of Theorem 2.

We recall that, by convention, ‘ g”éSH)H < ‘ g”(15+1)H < ’ g”éSH)H and we
denote by (g§ ),g(n),gﬁ)l) the permutation of (g((,s),g(ls),gés)> such that

g/I(S) < ‘g/I(IS ) < l( ) . We admit the Geometrical Theorem, namely
that there exists an mﬁmte set S of natural integers such that:
/
’ gI(IS%
sup =L < +o0.
sesS p(s)

This will be proved in the next section. For any s € S, we consider the
cylinder with center at 0, with basis in P, radius p{*), and height ( ?))2,
m(p's

namely:

r¢) = Disk ' (o*)) + Disk ” <42>
m (p))
(the second disk being in D, and being a segment). The volume of ') is
8. Then, by Minkowski’s first Theorem, there is an integer point h # 0 in
I'(®). For this theorem, see for instance, [6](Cassels), Theorem IV, page 154.
Then we have, by the Prism Lemma for the second inequality,

e e <2

/(s) 1(s)
or HgIII go
proved. This last result, with the help of the Lemma 2 of Section 2, namely
/(s)

gr11

&l < 22 ()" ) < 1

1m(
€111 K

0

|

lim ’
s—4o00, s€S

= +o00, implies the last statement of a), id est

. /!
lim @) = 0.
s—4o00, s€S

O

3.2. Demonstration of assertions b) and c) in Theorem 2. We shall
need some well known results in Diophantine Approximation or Geometry
of Numbers.

Lemma 7 (Transference Theorem in dim 2). Let 1, o, 8 be three rationally
independent real numbers, let X be: X = T (1,0, ) and let D be D = RX.
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Let h:=(m,n,p) be an integral point in Z3\ {0}. The following siz asser-
tions are equivalent:
inf X o h| x JpDP? >0
() h =(m,n,p) with (n,p)#(0,0) X o i > {max(fni. |p})
(b)

. 2
X —nl, - >0
oI ] ¢ fmas (Jam — n]. [ — p)]

h =
a inf X e h| x [max (|m|,|n|, 250
(@) 6 (X b x fax (ol ol )] |
v inf max (|m|, [n|, |p|) x [max (Jam — n|, |Bm — >0
() o n o ma (ml nl ll) x mas (fam = [9m )]
(A) inf |Xeh|x|h|?>0

hez3\{0}
(B) inf Il x ((am = n)*+ (Bm —p)*) >0

h=(m,n.p)€Z%\{0}

Proof. The equivalence of (a) with (b) is a classical result. See for instance:
[6] (Cassels), Theorem II and Corollary. The other equivalences are also
classical and easy. O

Lemma 8 (Transference Theorem, geometrical point of view). Let 1, a,
be three rationally independent real numbers, let X be: X = T (1,, 8) and
let D be D = RX. As usual, let h’ and h” be the orthogonal projections of h
on D and P = D*. The following three assertions are equivalent, and also
are equivalent to assertions (A) and (B) of the previous Lemma.

(C) _f |n"[x [h]*>0

hez3\{0}
D inf ||h W|*>0
(D) heé?\{o}” | > [[h[]" >
E inf ||h” (% >0
(E) heé?\{o}u | > [[h[]" >

Again, the proofs are easy.

Definition. When one of the assertions (a), (b), (a’), (b’), (A), (B), (C),
(D), (E) of Lemmas 7 and 8 is true (id est, all of them), it will be said that
the couple (P, D) is badly approzimable.

We shall also need famous Minkowski’s theorem on successive minima.

Lemma 9 (Minkowski’s Successive Minima Theorem). For any convex set
E in R3 which is symmetric about 0, let A; (E), fori = 0,1 or2, be the lower
bound of the numbers A such that N\E contains (i + 1) linearly independent
integer vectors. Then, if the volume of E is 8, ¢ < Ag (E) A (E) Ay (E) < 1
holds. See Cassels [5] (Cassels) Ch. VIII, page 201 and following, especially
assertions {12} and {13} page 203, or [6] (Cassels), Theorem V page 156.

Proof of the b) and ¢) of Th. 2 (Dirichlet Properties). We suppose that the
Hypothesis of the b) Property of Theorem 2 holds: there exists ¢ > 0 such
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that for any non-null integer point h, ||h|?||h”|| > ¢. Then, by our Geo-
metrical Transference Lemma, there exists d > 0 such that for any non-null
integer point h, ||b/||* ||h”|| > d.
4
Like above, let T'g be the cylinder: ' = Disk’ (R) + Disk” (R2>
T
md

1
Let’s define Ky = (4) *. The inequality ||h’||* |[h”|| > d implies that

there’s no non-null integer point in KoI'g. Then, for any R, Ag(I'r) >
K. In addition, we have Ag (I'r) A1 (T'r) A2 ('g) < 1 and also A; (I'r) >
Ao (TRr) > Ky , so that we get KZA2 (I'g) < 1 and then Ay (Tr) < K2, with

Ky = Then, for each R, the cylinder KsI'r contains a free triplet of

K2
integer Vectors (ho, hy, hy).
(s)

< L. We may suppose R = p
Ky

gIII

Let now be s in S, verifying
that

e , SO

KoT'p = Disk! (p(s)) + Disk” <4K§2> ,
T (p(s))
which contains a free triplet of integer vectors (hg, hy,hs), but the basis
of which, Disk’ (p(s)), is contained in the "hexagon' H'(*) generated by our
algorithm. Then, by the Prism Lemma,

e < 22 () e ()" (|

and the main statement of b) is proved. The second statement follows from
/(s)

1(s)

82 /2/(5)

h/-/(S)

™

) 4K3 L2
S &«

= 400 from Lemma 2 at the

this very result and from lim ‘
s—>+00, sES

beginning of Section 2.
Let’s now verify the ¢) Property. We've just proved that under the Ge-

) < M holds. Now,

8

ometrical Theorem, for some M, sup (H gIHH

if e = det( B )) = det (G( )> = =41, and if (4,7,k) is a direct circular
permutation of (0, 1,2), forgetting the indices, we have:
bi=c(g Ae); bj== (g net+ejrel); bl == (g Aeh)-

Then for cach i, [[b}]| < 2 [lghre | 8”2, and [ < llgher]>. Then

(max\;<s>\|)2(max )§4(1 |
0,1,2 0,1,2

and the main conclusion of the Part c) is proved. Furthermore, we have

b;(s) gg(s)

/(s)

b”,gs) 8111 /2,(8)

2
) < 4M?,

seen that for each s and each 1, ; in addition:
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the Lemma 2 of §2.1, SEI-‘POO Hg;(fI)H = +00. Then

b;<S>H> =0

and the second part of c) is proved. O

S 2 S S
g2 %

< 2M_ But, by
g’(S)
III

lim max ‘
s—+o00,s€S \i=0,1,2

4. Demonstration of the Geometrical Theorem of §1.3.

The demonstration of the Geometrical Theorem, Theorem 3. in Subsec-
tion 1.3., involves only very elementary geometry, but is a little long. In
order to prove it, we first need some auxiliary sets and definitions.

4.1. The area A®) and the set T (advances of HgI(S)

Notation 2.
* We’ll denote by A®) twice the area of the triangle (gg(s)gll(s)g;(s)).

* We’ll denote by (g/I( ),gI(I), gI(II)> the permutation of (gg(s),gll(s),ggs))

* In the Smallest Vector Algomthm, let’s denote by T the set of all inte-
/(s+1) H
III

* The set T is infinite, because by Lemma 2, we have:

gers s such that Hg/I(ISI)

/(S)H = +o00.

lim ‘
s—+400

Remark. a) A®) = gi” A gl + 17 neri! + et A gt

b) It’s easy to establish that for some 7 and j among {0, 1,2}, we have
Als+1) — A(s)+’ g;(s) A g;(s)

; ¢) Then the sequence (A(5)> is increasing.
seN

Notation 3. In this paper, for two non null vectors a and b in R3, we

shall consider the angle of these two vectors corresponding to the canonical

euclidean norm, and the measure of this angle which belongs to |—m; .

This measure will be denoted either by "< (a,b)”, or, more simply, when

no ambiguity can occur, by "(a,b)”

Lemma 10 (Geometry on T'). In the Smallest Vector Algorithm, for any
/(s)

. Moreover, fori, j € {0,1,2} we have:

<)
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/(s) /(s)

Proof. Let i,j € {0,1,2}, ¢ # j. We have HgISH H < ‘gi —g;"| and
1(s)
o i < g+ e (12068 [
Without loss of generality, we may suppose ‘ gl(s)H > H g;(s) . Then, by
the cos formula above, if ‘é (g;(s), g;(s)ﬂ < § would hold, we would have
et < &2 < et
and s wouldn’t be in T". Then ‘A (gi( ),gj( ))‘ > % holds. Moreover
ol < ] = st - ] <2
Hence “g;(f)" > 5‘ (<) O

4.2. The notion of "Needling". As A.J. Brentjes has already noted in
[3], if we want our vectors to have good approximation qualities, their pro-
jections g, g}, g5 on P must avoid the needling, i.e. flattening phenomenon.

We’re going to define and study this phenomenon, but first we need the
following Lemma in elementary geometry. It is very easy and its proof will
be omitted here.

Lemma 11. Let a and b be two vectors of the plane, with 0 < ||b|| < ||a]|.
Let’s suppose that there exist real numbers € > 0 and M > 0 such that:

e<|4L(a,b)| <7 —¢c and |‘|| H > M.

Let p be the radius of the greatest disk centered at 0 and included in the
parallelogram (a,b, (—a),(—b)). Then there exists a real number M' > 0,

depending only on € and M, such that Hp” > M.
a

As an immediate corollary, we have:

Lemma 12. (Needling Sequence of Parallelograms)
Let (a(s), b, (—a(s)) , (—b(s))) be a sequence of parallelograms, with:

0< b < |at
pts)
If these parallelograms are needling, id est Zf hm m = 0, where p is
a S
defined like in the preceding Lemma, then
b(s)
SLHJPOOSIH (a ,b ) X Ha(s)H =0.
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Proof. If the conclusion were false, then, for some 1 > 0 and for any s in

(s)
some infinite set U, we should have: sin (a(s), b(s)) > nand Hb(”” > n, and

Tao (S>” > M’ for some M’ and for s € U. But

this negates the hypothesis of our Lemma. Then the conclusion is true. [

then, by the preceding Lemma,

This last Lemma leads to the more important Lemma, which describes
the needling phenomenon on the set 7T'.

Lemma 13. (Needling Triangles) The three following assumptions are log-
Als)
ically equivalent: @ ) lim ——— =0;
5—+00,5€T ‘ (s)
8111

(s)
b ) lim p/i = 0, where p'®) is the radius of the greatest disk cen-
s—+o0,s€T I(Is])Z

tered at 0 and included in the convexr hull:

H/(S) = CONV (gE)a glla g/27 _g67 _glla _g/Q) in Pa

), (1 e (et a)))) o

Proof. First, let’s prove a)=b). Omitting the indices *), we have:

g;(s)

/(s
gI(I)

H/ = CONV (g67 g/17 g/27 _g67 _g/1_7 g/2) in P.

Let now K’ be the convex hull of all the points 2g; — g, with i # j
and {i,5} C {0,1,2}. Each g} belongs to K’, because g/ = 2 <2g§ - g;) +
% (2g; — g;) In addition, the projection of the cofactors relation on P leads
to:

X [51] - &6 + IIXI[ {[b1]] - &1 + X |[bz] - g5 = 0.
Then, 0 is in the triangle g{gigs. Let Fy be the homothety with center
g, and with scaling 2. Then F,(0) = —g is inside F (g(g}g5), which
is the triangle with summits g); 2g} — gf; 2g, — g(- Then (—gj), and,
in the same way, (—g}) and (—g5), belong to K. Then H C K’; then
2

T (p(s)) < area (K’(S)). But K'® is formed with 13 triangles, each of
them isometric to the triangle g{g}g5. Then:

T (p(s)>2 < area (K'(S)) < 13A0),

/(s)

gIH & (S), Wlth hm £ (5) = 0

r—4oc0,x€T

2
Then, using a), we have 7 (p(s)) ’
This implies b).
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Second, let’s prove b)=>c). If b) is true, we also have  lim RSN
s—+o0,s€T ’( )

0, if p® is the radius of the greatest disk centered at 0 and included in
the parallelogram with summits gf;, g{y;, —&[;, —8&f;;- Then, by the last
Lemma:

/(s)
I

: @ ey B
o m st (gH ’gm) ‘gﬁ;) =0
1
But, by the Lemma "Geometry on 7" of the last subsection above, o >
8111
1 : : (s) (s)\ _ .
5 holds. Then sﬁllorgseT sin (gﬂs ,gHSI) = 0. By the same Lemma:
T
‘4 (gH agI(ISI))‘ 3"
A E _ () I\ [ —
Then.s%igg}seT (77 ‘A{ (gH ,gHI)D =0.
This last result, with the help of 'A{ (gi(s),g;(f:[)‘ > %, by the same
Lemma, leads to: limsup ‘A (g{(s),g?[(ls ))‘ < %’r We also have by the
s—+o00,s€T
same Lemma, ( (S) I(I)>’ > 5. Then: siiflogggT ’sin (gi(s),gll(f)ﬂ > 0.

. . . (s)
But, if b) is true, lim %
III

= 0 holds, if p® is the radius of
s—+00,s€T ||g

the greatest disk centered at 0 and included in the other parallelogram,

/(s)
811

g/(S)

III

we also have:

with summits gf, gf;;, —81, —&y, and then, by > %,

LA 0. Then, by the last Lemma on the needling parallelo-

s—+00,s€T g;(IS)

'(8>
g1

/(s)

grams: lim  sin (gi(s), g/I(IS )> X = 0, and using the lim inf above,
s—+o0,s€T

&1
‘ g
we obtain:  lim = 0. The proof of the part b)=-c) is done.
s—>+oo,s€T’ g
Finally, the implication c¢)=-a) is obvious. O

In order to refute the needling phenomenon, we're going to study what
happens when the projections on P are "almost flat". This will allow us to
prove that the needling CANNOT happen.
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4.3. Almost Flat Triangles. Set T™* of indices.

Notation 4. T* will denote the set of all integers s € T such that the
/(s)
1(s) (s) /(s) ;

g
triangle g,"'g, '8y s "almost flat’, namely such that: H I() < 0.1 and
7]

‘4 (gIII) 8/1(1))‘ > 3;))7:

Lemma 14 (Flat Triangle Lemma). If s € T* (i.e. if the triangle gg(s)gll(s)

glz(s) is "almost flat"), then we also have the following relations:

BT i (aeh )| < 1T ama 27 < | (gl )| < 1T

and also:

/(s)

g /I(I :%

g

8111

> 0.979, [ + &)

and:

/(s) /(s)

Hgl — 811 — 8111 ) .

/(

. l S
Proof. Because in T, Hgl —

> ng ‘
lowing inequalities also hold:

(s) )

H and Hg:[:[ _g:[

The first inequality leads to:
(s)

I

/
( gr11

2

/(s) 1(s)]|2

8111

1| || ()

gr11

1(s) — 2cos (gI(II) g;( )))
Then: 0.1 — 2cos (g;(f%,g;(s)) > 0; then: cos (g;(fl),gll(s)) < 0.05. Hence:

|« (151 &1”)| > 22 Hence |« (g1, 1")| < 4F.
In the same way, we obtain:

‘4 (gII g:[( ))‘ 2 1?15171- and ’4 (gIII gI( ))’ > 137717T
Again, let’s use the inequality: HgHSIH < HgH - g/I( 9|* . Then
/(5|12 (s)]|2 (gl(x) g )) /)| [1g2)]]
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But —2cos((g1<§),g’l(5))) < —2cos(177f) < 0.31. Then, dividing by

31
2
Hg?[(fl)‘ , we obtain
/ 2 /
gI(IS) ‘ gI(IS) . 9
1< FENE + 0.01 4+ 0.031 o et + 0.031x — 0.99 > 0,
S
gIIIH
;(IS) g’(S)
with z = o . This implies x = . > 0.979. We have
gI:[;[ gIII
307
€9+ < e “racon (20 )] e
then
Ol —1.9897 x 0.979 ] MOl
then
et + &152 | < v0.0521 ||gi|| <
Hence the last conclusion is obtained. O

4.4. From a Lemma to the Geometrical Theorem (Theorem 3).

Notation 5. The sequence (a(s)) is defined by: o) = A;g))

III

If limsup a® > 0, then the algorithm is balanced, i.e. the triangles on
S——+00

P do not needle.

Lemma 15. (Monotonic Subsequence Lemma) Let [m;+oo| be an
interval of N such that [m; +o00[NT C T*, which means that every advancing
triangle with its range in [m;4oo[ is almost flat. Then the sequence (a(s))
is increasing on [m;4+o0o[NT, which means that for any s,t € [m;+oo[NT
with s <'t, AL) < A© 5 holds.

2
/(s) /(t)
8111 111

Let’s admit this Lemma, which is proved in the next Subsection. Then
we can demonstrate the Geometrical Theorem, Theorem 3.

Proof of Theorem 8. Let’s suppose that the conclusion of the geometrical

Lemma is FALSE, namely that  lim P, Then, by the Lemma

s—400,5€T g;(ISI)

A(s)
)
U
gI(ISI)

on needling triangles of the second subsection above,  lim =0.

s—~+o0,s€T
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By the same Lemma, we have

| e
lim
s—+00,5€T ’

/(s)
I

/(s)
I

(ol e ) <o

Then, there exists an integer m such that [m;+oo[NT C T%, which means
that with a range great enough, any advancing triangle is almost flat. Then,

by the Monotonic Subsequence Lemma, the sequence of the als) = _A®

/(s)
8111

with s > m is increasing on T, which is infinite. This is contradictory
A(s)

g

2

with lim
s—+00,s€T ‘

(s)
5> = 0. Then, we have limsup 2 > 0 and the

s—+00,5€T || gty

/(s
gI(II)
Geometrical Theorem is proved. O

This Monotonic Subsequence Lemma has now to be proved.

4.5. Proof of the Monotonic Subsequence Lemma. Let s be an in-

teger in the interval [m;+oo[NT C T™ as in the Hypothesis. Let’s denote

s’ the successor of s in T, i.e. the smallest integer ¢ in T such that s <t
In order to establish our Lemma, it suffices to show that

Als) A
(4.1) 7 = 2
‘ /(s) ’ ’(s')
III 8111
We have four cases: Either g;(f;rl) = g/I(S) — g/I(IS) (Case (I ~ 1II)), or
gV =g — gl (1~ 1), or gV = g - &Y (1T N 1), o

gl =glf) — g (111 \ 1),

We're going to prove the inequality (Ineq 4.1) only in the case (II ~ I).
The demonstration is similar, or easier, in the three other cases.
1(s+1 / /
Case (IT \ I): gI(IsI = gI(IS) _gI(S)'
We have to obtain first

PR GO GO Hgll(f) —g
T e N P
It’s sufficient to show:
AGH) (1+ |t )2
= (g
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But:
A+ AL g,I(I% A g;[(
IO A0
B 19) 5 gl
R B O RS O B O B S B O

A gII) + 81" A 8rrr + 8111 N 81

It’s sufficient to show:

1(5) \ glle g\
T D + D n gD A | § (1 e ) |
ie.:
/(s) A g/I( 5) ’ g/I(S) ’ g/I(S)
Hg:[ A gI(I) + gI(I) A gI(I% + g;[(;[% g/(s) - ‘ g/I(iS% (’ g/I(I:% ' 2) |
ie.
1 ( /\g()H )/\gI(I% 3 ()‘
o ) e '
gri1 A gI H HgIII N g1 g/I(S) ( g;ﬁ) " 2)
To obtain that, it’s enough to show:
1(s) A g/I(IS UCUN gI(I) /(s)
TS| T eS| T 2 [
ie.:
g 21 |lg | |le A gl 2.1k A0
- Hg'zfiH H/(s Hg}(& negr” H( i Ag'( T -
We have:
it 2 s (J(ei i) e |
ot [eiiner”] ] s (617 1)]) [
2 1x0.1

<0.22

- 17\ —
sin ( 31 )
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In addition:

' g'I(S) /(s) /\gI(I% - 2 1sin <‘(gI(II)7gI(I))D /(s)
R Jene] () [
S 2.1.sin1<7301”) .
sin <—17r)
Finally:
21 x g
® <2.1x0.1<0.21.
8111

The three last inequalities lead to the sufficient condition: (Ineq 4.2).
Then we have proved:

A) Als+1)
el et

If (s+1) € T, the proof of (Ineq 4.1) is finished. If now (s+1) ¢ T,

i ‘ gt ?)||, and A® < ACT2) then 1?((:)) 3 <

III

then we have both HgI

% and again the proof of (Ineq 4.1) is finished.
8111
In the same way, as long as (s +1¢) ¢ T, for i = 1,2, ..., we have:
Als) As+2) As+3) Als+i) A)
< < <. < —=< ..
1s)||12 = || (s+2) Ms43) |12 = 7 T || s+ |2 T T T s ]2
‘ 8111 ’ 111 H 8111 H ‘ 8111 ’ 8111
Als) A(s/)
s’ being the successor of s in T'. Then ! 5 and the conclu-
S
‘gIII III ’

sion (Ineq 4.1) is reached in the case (IT ~ I).
The reasoning is similar in all the four cases.

Then the conclusion of the Monotonic Sequence Lemma is es-
tablished. So is the Geometrical Theorem, and also the Dirichlet
Theorem and the Lagrange Theorem, but the last one only in a special
case. We have to prove it generally.

5. Lagrange Theorem from Dirichlet properties: complete
demonstration

Now, using the Theorem on Dirichlet Properties, we prove the Lagrange
Theorem with the help of some Definitions, Lemma, Propositions. First we
give the statements, then the proofs.
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5.1. Definition and Statements of §5.

Definition (Max-Dirichlet Property). It will be said that a sequence
(P(s)) = (pés) , pgs), pgs)) of triplets of integer vectors has the max-Dirichlet
Property concerning D = RX (resp: P = X1) if there exists an infinite sub-

o))" (s, [

F) =0 oo |
) =0 e i (s,

< 400, with

)0

Lemma 16 (Polarity and Dirichlet Property). Let (P(S)) be a sequence of
integer matrices, all with the same determinant D > 0, up to the sign, id
est, for each s € N, det (P(S)) =)D, with ) € {—1;1}. Let (P(S))* be
the polar matriz of P©). Let X be a triplet of rationally independent real

numbers.
If the sequence (P(S)) has the mazx-Dirichlet Property for the plane P =

X1 then the sequence (D. (P(S)>*> has the max-Dirichlet Property for the
line D = RX.

set S of N such that: sup [(}max
ses | \i=0,1,2

lim max ‘ p”gs)
s—+oo,s€S5 \1=0,1,2

Proposition 1. Let 0 be a real root of a third degree irreducible polyno-
mial P(t) = t3 — mt — n, with m and n rationals. Let the vector © be
e="T (1,6,6%). Let R be any rational matriz, with det (R) # 0, such that
CR has integral coefficients, with C' an integer. Let X be: X = RO =
RT (1,0,02). Let’s suppose that: X = T (xo,x1,22), with 0 < xp < 1 <
9. Let (G(s)) be the sequence of integer matrices generated by the Smallest
Vector Algorithm with initial value X = RO.

Then the sequence (G(S)> has the maz-Dirichlet Property for the ap-

prozimation of P =X+ and (C’.TRG(S)> has the mazx-Dirichlet Property
for the approzimation of II = @L. Moreover, there exists an integer A
such that the matrices A®) = AR (G(S)) are integer, and such that the

sequence (A(S)> has also the max-Dirichlet Property for the approrimation
of A = RO.

Proposition 2. Let 0 and © be like in the previous Proposition. Let A be:
A =RO. Let (A(S)) be any sequence of integer matrices having the max-
Dirichlet Property for A, and all having the same determinant D > 0, up
to the sign. Let (J(s)) be the polar matrices of the (A(S)). Then there exists

a sequence of rational matrices (M(S)) and an integer QQ, which depends
only on m and n, such that:
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e For each s, ® is an eigenvector for M) ;
e liminf (HDQ M) 3(s) ) < 400, the matrices (DQ TM(S)J(S))
S$——+00
having integral coefficients.

Proposition 3. Let 6 be, like in the two previous propositions, a real root
of a third degree irreducible polynomial P (t) = t3 — mt — n, with m and
n rationals. Let X = T (zo,x1,22) be a free triplet of three positive real
numbers from the ring Q[0]. Then the Smallest Vector Algorithm applied
on X makes a loop: there exist integers s and t, s # t, and a real number

A such that:
)= ( 1]

(

5.2. Demonstration of the Lemma. Let’s denote:
(P(S))* = Q(S) = (q(()S)vquQ)a ng)) )

then, for any direct circular permutation (i, j, k) of (0, 1,2), forgetting the
indices (¥) we have:

g//(()5) 1n(s)

g’ [|lg”s

t t
7 § g//é ) g/lg )

) )

€

19
4=+ (PjAPK); 4 D

D

Let’s denote:

(P} A}, + ) APY) qé’z%(p}APZ)'

1n(s)

p"! 1(s)

o =0 o |

max ’
i=0,1,2

i=0,1,2

2
By hypothesis, (,u’ (s)) 1) < L holds for some L and for every s in the
infinite set S. For each i, and any s € S, we have: Hqg(s)H < %MI(S)M"(‘S),

and ’q”gs) <3 (u’(s))Q. Then
(ii%?f‘fz ‘ q;(s>H>2 (121“0?1",‘2 ‘ qNES)‘D < % <(M/(s))2 M//(S)>2 < %32,
and then:

(‘max HDq;(S)

2
D //(S)
i=0,1,2 ) (.max H 4.

=0,1,2

) < 4L°.

We have to prove in addition that the limit of the first factor is null. By
hypothesis:

lim ( max ‘ p”l(.s) ) =0.
s—+o00,s€S \i=0,1,2
This implies:
lim < max ‘ pé(S)H) = +00.
s—+o0,s€S \i=0,1,2
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Otherwise, the set of all the integer vectors pgs), with s in some infi-

nite set T C S, would be bounded, and then finite. Then the sequence

<'max ‘ p” gs)‘ ) would have a non-null minimum. Contradiction!
1=0,1,2 seT
Then we have:  lim  p/(¥) = 4+00. But we also have, for every s € S,
s—+o00,s€8
2
1(s) 1(s)
/(s) 2 7 //)72(M )“ or 1
o] < B = i — < H o

Then lim (max HDq;(S)
s—+o0,s€S \i=0,1,2

quence (D. (P(s))*) has the max Dirichlet Property for the line D = RX.

) = 0. We have established that the se-

5.3. Demonstration of Proposition 1. Let 6 be a real root of a third
degree irreducible polynomial P (t) = t> — mt — n, where m and n are
rationals.

For the initial value X = R® = R T (1,0,6?), let (B(S)> and (G(S))
be the sequences of integral matrices generated by the Smallest Vector
Algorithm.

First, we establish that the couple (P,D) = (XL,]RX) is badly approx-
imable, in the sense of the Lemma 8 and the following Definition in Sub-
section 3.2.

By a classical theorem that we have already cited, (see [6] (Cassels),

Theorem III, page 79, statement (2)) the couple (@L,R(ﬂ) is badly ap-
proximable. Then:

inf _[[ke®].[K|’| >0.
k integer #0

Let’s suppose that the couple (P,D) = (XL,RX) is NOT badly approx-
imable. Then we would have:

inf _[|heRO|.|[n]’| =0;

h integer #0
then 2
vl [|("Ru) e ®].[TRA[] o

Let ¢ be an integer number such that ¢R has integral coefficient; then

h intierégr 40 U (q TRh) * 9‘ : Hq TRhHQ} =0,

with (q TRh) non-null integer. Then

inf [[ke®].[K[’| =0.
k integer #0
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Contradiction. Then the couple (P, D) = (XL, RX) is badly approximable.
By the Dirichlet Properties Theorem of Subsection 1.3., part b), the
sequence (G(S)>, generated from X by the Smallest Vector Algorithm, have

the max-Dirichlet Property for the approximation of P =X*. There exists
an infinite subset S of N such that
2
)

(s)
e (s - ) (s,

< 400,
i=0,1,2
ggs) . R(—)D = 0. Then:

with lim max
s—+o00,s€S \i=0,1,2

sup [(}max ‘(C.TRgiS)> . (-)D (.max HC.TRggs) < 400,

ses | \i=0,1,2 i=0,1,2

;

with lim ('max ’(C.TRgES)> ° G)D = 0. That means that the se-

s——+oo,s€5 \i=0,1,2
quence (C’.TRG(S)) has the max-Dirichlet Property for the approxima-

tion of II = ©1. But the (C.TRG(S)) have all the same determinant
(C3det (R)), up to the sign. Let A be A = C3det (R). Then, by the pre-
vious Lemma, the sequence (A (TRG(S))*) = (AR_1 (G(s))*) of integer
matrices has the max-Dirichlet Property for the approximation of A = R©®

5.4. Demonstration of Proposition 2. Let (A(5)> be a sequence of
integer matrices having the max-Dirichlet Property for

A:R@:RT@ﬂﬁﬂ,

with 83 = mf + n.
We suppose that the matrices A(®) have all the same determinant D > 0,
up to the sign, which means that for each s € N, det (A(S)) — () D, with

el e {~1;1}.
Let (a((]s) , ags), ag)) be the column vectors of A(®). We choose one of these

three vectors, say a((]s)7 which will be more simply denoted: al®) .= a(()s). Let’s
(s) — T ( (s) (s) a(s)).

define its coordinates by: a az Gy, az

Let’s denote: 1//(*) = max, Ha;(S)H and z"(*) = max ‘ a”gs)H. We suppose

i i=0,1,2

that there exist an infinite set S of integers and a real number L such that
2

for each s € S, the inequality (,u’ (5)> 1/"®) < I holds. Let s be any element

of S. From now on, we may omit the indices (5).
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The notation M = M) will denote the rational matrix

—m.a; + a, Qy Qg
M) = n-ag a ay | .
n - Qy N.agz +Mm.ay a,
If Q) is a natural such that Qm and Qn are integers, then QM) has integral

coefficients.
We have:

1 1
M@:M(Q ) = (—m.ax+az+ay0+ax92> ( 0 )

02 02
Let’s denote by A the following element of Z [6]:
A= (—m.az +a, +ayl + ax92> .
Then we have M@ = A@®; X is an eigenvalue of M with eigenvector © .

Let (J (5)) the polar matrices of the (A(s)). We consider the sequence of

the matrices IT(®) = IT = TM.J.
Let (a##,a#,a) be the three column vectors of M. Then, with scalar

products:

aF# e jo i o aF# e jo
M= "MJ=| a*ej, a%ej aejs = (mj),
aej aej aeji

say, with i = 1,2,3; j = 1,2, 3.
We now have to find an upper bound for each of the |m; ;|.

We have:
ag
a? = Q# ay | = Q#a,

Qaz

-m 0 1
with Q## = n 0 0 |.
0 n O

We have:
Q*@ = 0O, and Q**O = (—m i 92) e.
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First let’s consider the ‘a# ®jil.

Let v be: v _Hg’ Then also Qv =0v.

With always the same kind of notations, we have a# = a#’ + a#” and:

# 0j = (a#/ + a#”) . (_]; —l—jé’) — a? .j; + at! Oj;, — a# .j; + at! °j§/,

with

ji= o (g Aan)s 5= (af Aak+aj Aal) i = 5 (a) Aal).
Then:
6 o ei] < L (] s o] o o] 60)

and we have also a” = Q%a = Q¥ (a) + ||a]|| v) = Q¥a} + ||aj| Ov.
This proves first that the distance Ha# H between a# and I is less than

@]

(5.2) Ha#’

< @#a] < @ x i) < |

(this using the norm of the matrix).
Moreover, we have a#’ + a#” = a¥ = Q*a), + ||a]|| fv, then:

a?”’ = ||af|| ov + Q¥ ag—a®.

Then:
63 o] < laglo+2|QF | x gl <
Putting 5.2 and 5.3 in 5.1, we obtain:

2#0 e if7] < 5 (0) w0 (2] +0) + 5 @] ().
and then:

w5 < 5 (@] o) + 5 Q7] ()"

The limit of the last term is 0.
Then the set of the ‘a#( 5) o ( )

, with s in S, is bounded. A similar

demonstration shows that the a##(s) ° jl(.s)’ are also bounded and so are

in an obvious way the ‘a(()s) ojgs)‘. Then the set of the ITI(®) = TM () J(5) ig
bounded. But J®) = (A(S))*, with det (A(S)) = +D. Then the matrices

DJ®) have integral coefficients. We have seen that the matrices QM(®)
have also integral coefficients. In addition, the sequence (DQ ™M) (5)>
is bounded, and the proof is done.
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5.5. Demonstration of Proposition 3. Let 6 be a real root of a third
degree irreducible polynomial P (t) = t3 — mt — n, with m and n rationals.
Let X = T (29,21, 22) be a free triple of three positive real numbers from
the ring Q [0]. Let ® be ® = * (1,0, 6%). Then there exists a rational matrix
R , with det (R) # 0, such that X = R®.

Then, by Proposition 1, there exists an integer A such that the matrices
AL = AR (G(S))* are integer, and such that the sequence (A(S)) has
the max-Dirichlet Property for the approximations of A = R@®. All the ma-
trices A(®) have the same determinant, say D > 0, up to the sign; then, by
Proposition 2, there exists a sequence of integer matrices (M(s)> such that,

for each s, ©® is an eigenvector for M) and lim inf (HDQ.TM(S)J(S) ) <

S$—+00

—+00, the matrices (DQ.TM(S)J(S)) having integral coefficients, with

30 = (A©)" = (AR (G¥))" = 41 TRGE).

There exists an infinite subset S of N, such that the set of all the integer
matrices (DQ TM(S)J(S)) with s in S is bounded; then it is finite. Then

there exist s and t, t # s, such that TMG)TR G = TMOTR GO, By
1 -1
transposition: (B(S)> RM®) = (B(t)) RM®). We apply that to the

-1 -1

column vector ©: (B(S)) RM®)@ = (B(t)> RM®@; then, by "eigen-
-1 -1

vector”, and because RO = X, we have \(*) (B(5)> X =\® (B(t)) X,

then (B(S))_lX — i((t)) (B<t>)_1x

This reads: X®) = AX®), with \ = iég, and our Lagrange Theorem is

proved if X = T (zg,21,22) is a free triplet of three positive real numbers
from the ring Q[0], 6 being a real root of a third degree irreducible poly-
nomial P (t) = t> — mt — n, with m and n rationals. Of course this case is
general, as we're going to verify it.

5.6. From Proposition 3 to the Lagrange Theorem. This part is
very quick. Let p be a real root of a third degree irreducible polynomial
S(t) = t* — at® — bt — ¢, with with a,b,c rationals. Then 6 = p — ¢ is
a real root of a third degree irreducible polynomial P (t) = > — mt — n,
with m and n rationals. If xg, 1, 25 are elements of Q [p], they also belong
to Q[0] = Q[p]. Then Proposition 3 implies the conclusion of the main
Lagrange Theorem (first part). The second part of the theorem has been
established in Section 2.
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6. Bibliography and Themes related to this Paper

The work nearest to the present paper is the book by A.J. Brentjes [3]. A
lot of themes are in common: the approach of the continued fractions with
matrices and linear algebra, the fact that non vectorial algorithms are used,
the study of angular properties and of the needling phenomenon...Brentjes’
book is mainly concerned with algebraic results, best approximation, and
(strong) convergence, rather than with "Dirichlet" approximation, with the
optimal exponent, or "Lagrange" results. However, it contains a Lagrange-
type statement, in the Corollary, page 106, but with a lattice which is not
73.

Most multidimensional continued fractions algorithms, among those
which are additive (or subtractive, or multiplicative), are of the wvecto-
rial type. This means that in such an algorithm, the vector X+ de-

pends only on X = || X]|| (gg(s), glll(s),gg(s)), in a simple way, and not on
(g’o(s), g’l(s), glg(s)) in the plane P. In this case, the algorithm defines clearly

a discrete dynamical system, the orbits of which are the sequences (X(s)>.
There are a lot of interesting studies of these dynamical systems, by Fritz
Schweiger, J.C. Lagarias and many others, but our algorithm, like Brent-
jes’ one, is non vectorial, and different techniques are used. With such non
vectorial algorithms, results everywhere may be obtained. With vectorial
ones, most of the results are obtained almost everywhere.

Apart from Brentjes’ book, there is another treatise by Fritz Schweiger on
multidimensional continued fractions [22]. It is very complete and presents
the general Brentjes’ algorithms, but deals mainly with vectorial algorithms
and dynamical systems.

The continued fractions are only a tool in the theory of Diophantine
Approximation. Here we use two theorems by Minkowski in Geometry of
Numbers. The references in these fields are for instance: [5], [6], [14], and
[21].

In the area of algorithms which aim to best approximation, apart from the
specific Brentjes’ algorithm, we may cite the Furtwéingler’s algorithm [12]
(an error was pointed out by K.M. Briggs, see his paper), which inspired
Keith Briggs [4] and Vaughan Clarkson [9]; see also the Ph. D. thesis of
V. Clarkson: [8].

There are some studies of the matrices of best approximations, which
could be connected to our work: By J.C. Lagarias: [18], and [17], and a
review by N.G. Moshchevitin: [20].

In the present paper, the result on best approximations is the Prism
Lemma, at the beginning of Section 3. It is an easy result, but perhaps
it clarifies the problem. It is more efficient if the hexagon it involves is
balanced, and we have some results in this direction in this paper.
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J.C. Lagarias has also build in [19] a very interesting algorithm, which
is additive but not positive, and which provides best approximations. See
also the very complete paper by N. Chevallier: [7].

The LLL algorithm (named after A.K. Lenstra, H.-W. Lenstra, L. Lovasz)
is very efficient in Number Theory. It provides good approximations, and
even Dirichlet approximations, with the optimal exponent: see [2], by W.
Bosma and I. Smeets. But maybe it is not designed to possess approxima-
tion properties with triplets of integer vectors, nor Lagrange properties, as
the Smallest Vector Algorithm does.

There is an another kind of Multidimensional Continued Fractions, very
different from the additive (i.e. subtractive) ones we have considered until
now. These other constructions use stars of sails, obtained from hyperplanes
and pyramids in R*. The original idea is due to K. Klein, H. Minkowski,
and G. F. Voronoi. V. I. Arnold renewed the interest toward this theory:
[1]. "Lagrange" results seem to have been obtained, by G. Lachaud, [16], E.
Korkina [15], or O.N. German and E.L Lakshtanov: [13]. But their state-
ments don’t seem as simple as the Theorem 1 of the present work. In the
cited paper, V.I. Arnold has written:

"The attempts to generalize to higher dimensions the algorithm (empha-
sized by V.I. Arnold) of continued fractions lead to complicate and ugly
theories. For instance the sail corresponding to a cubical irrational number
is a double-periodic surface. However the algorithms define instead of this
surface a path on it. [...] the path is not periodic at all and looks like a
rather chaotic object; it is unclear how to describe the cubic irrationals in
terms of the combinatorics of this path'.

We can just hope that Arnold was only partly right. It would be inter-
esting to study the relation between the regularities we have pointed out
in the "chaotic" paths generated by our algorithm for cubic numbers, and
the symmetries of the corresponding sails.
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