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On a conjecture of Dekking : The sum of digits
of even numbers

par TURIE BOREICO, DANIEL EL-BAZ et THOMAS STOLL

RESUME. A propos d’une conjecture de Dekking : la somme des
chiffres des nombres pairs

Soient g > 2 et s, la fonction somme des chiffres en base g. Pour
j=0,1,...,9g — 1 on considére

#O0<n<N: s;2n)=j (modq)}.

En 1983, F. M. Dekking a conjecturé que cette quantité est stric-
tement supérieure & N/q et, respectivement, strictement inférieure
a N/q pour une infinité de N, affirmant ce faisant ’absence d’un
phénomene de dérive (ou phénomeéne de Newman). Dans cet ar-
ticle, nous démontrons sa conjecture.

ABSTRACT. Let ¢ > 2 and denote by s, the sum-of-digits func-
tion in base q. For j =0,1,...,q — 1 consider

#{0<n<N: s4(2n)=j (modq)}.

In 1983, F. M. Dekking conjectured that this quantity is greater
than N/q and, respectively, less than N/q for infinitely many N,
thereby claiming an absence of a drift (or Newman) phenomenon.
In this paper we prove his conjecture.

1. Introduction

Let ¢ > 2 and denote by s, : N — N the sum-of-digits function in the
g-ary digital representation of integers. In his influential paper from 1968,
Gelfond [5] proved the following result.!

Theorem 1.1. Let q,d,m > 2 and a,j be integers with 0 < a < d and
0<j<m.If(mqg—1)=1 then
(1.1)

#{0<n<N: n=a (modd), sg(n)=j (modm)}= N

N

where g(N) = Oy(N*) with \ = 21§gq log qsifli(n;%:%) <1.

Manuscrit regu le 18 novembre 2012, accepté le 19 février 2013.
LAs usual, we write f(N) =0(1) if |f(N)| < C for some absolute constant C, and f(N) =
O4(1) if the implied constant depends on q.
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Shevelev [8, 9] recently determined the optimal exponent A in the error
term in Gelfond’s asymptotic formula when ¢ = m = 2, and Shparlinski [10]
showed that in this case it can be arbitrarily small for sufficiently large
primes d.

The oscillatory behaviour of the error term g(N) in (1.1) is still not
completely understood. The story can be said to have originated with the
observation by Moser in the 1960s that for the quintuple of parameters

(1.2) (¢;a,d,j,m) = (2,0,3,0,2)

the error term seems to have constant positive sign, i.e., g(N) > 0 for all
N > 1.1In 1969, Newman [7] (with a much more precise result by Coquet [2])
proved this observation and there is at present a large number of articles
which establish so-called Newman phenomena, Newman-like phenomena or
drifting phenomena for general classes of quintuples (q,a,d, j,m) extend-
ing (1.2). The two main techniques come from a direct inspection of the
recurrence relations using the g-additivity of the sum-of-digits function,
and from the determination of the maximal and minimal value of a related
fractal function which is continuous but nowhere differentiable [6, 2, 11].
We refer the reader to the monograph of Allouche and Shallit [1] and the
article of Drmota and Stoll [4] for a list of references. Characterizing all
(q,a,d,j,m) for which one has a Newman-like phenomenon is still wide
open.

The aim of the present article is to prove a related conjecture Dekking
(see [3, “Final Remark”, p. 32-11]) made in 1983 at the Séminaire de Théorie
des Nombres de Bordeaux concerning a non-drifting phenomenon, that is,
a situation where the error g(N) is oscillating in sign (as N — 00). To our
knowledge, this conjecture has not yet been addressed in the literature, and
we will provide a self-contained proof here.

Conjecture (Dekking, 1983): Let ¢ > 2 and 0 < j < ¢ and set

(Q7 a” d’j’ m) = (q’ 07 27j7 Q)'
Then ¢g(N) < 0 and g(N) > 0 infinitely often.
Dekking was mostly interested in finding the optimal error term in (1.1)
(or, as he puts it, the typical exponent of the error term) and obtained
various results for the cases ¢ = 2, d arbitrary, and d = 2, ¢ arbitrary. As

for the conjecture, he proved the case of ¢ =3, j =0, 1,2 via an argument
with a geometrical flavour.

Our main result is as follows.
Theorem 1.2. Let ¢ > 2,0 < j < q and set
(q7 a? d7j7 m) = (q7 a’ d7j7 q)'
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(i) If d | q, then g(N) = O(1) and g(N) changes signs infinitely often
as N — oo.

(ii) If d | g — 1, then g(IN) can take arbitrarily large positive values as
well as arbitrarily large negative values as N — co.

In the case of d = 2 this proves Dekking’s conjecture and covers all bases
q=>2.

2. Proof of Theorem 1.2
For an integer n > 0, we write
n = (ks Ek—1,---,€0)q

to refer to its g-ary digital expansion n = Y.F jei¢'. Let U(n) = {z €
C| 2™ = 1} denote the set of the nth roots of unity. We will make use of
the following well-known formula from discrete Fourier analysis.

Proposition 2.1. Let f(z) = 02 apz® € Clz], n > 1,1 > 0 and set
Wy, = e2™/n Then

1 n—1

> apr® = - > w, S fwiz).

k=l ( mod n) s=0

Proof. The coefficient of 27 in % Z?:_& w B f(wix) is % Z?:_& ajwz(j_l), that

is a; if j =1 (mod n) and 0 otherwise. O
We deal with (i) d | ¢ and (ii) d | ¢ — 1 in Theorem 1.2 separately in the

two subsequent sections.

2.1. The case d | q. For d = 2, q even, Dekking remarked and left to the
readers of his article (see [3, Remark before Proposition 5, p.32-08]) that
the typical exponent A equals 0, i.e., g(IN) = O(1). This is due to the fact
that when ¢ is even then the parity of an integer is completely encoded
in the last digit of its base g expansion. A similar situation applies when
d | g. In order to find the oscillatory behaviour of g(N), we calculate g(NN)
explicitly.

Define .
fi(n) =c¢j(n) — 7
where
¢ (n) = {1 if Sq(n). =j (mod q);
0 otherwise.
Consider
(2.1) Di(N)= Y fin),

0<n<N
n=a (mod d)
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thus

N 1[N-a

2.2 N)=D;(N) — — + — .

(22) o(V) = Dy(N) = o+ | =

We want to find infinitely many values of N such that g(IN) > 0, respec-
tively, g(IN) < 0. Since an integer in base ¢ (with ¢ divisible by d) gives
remainder a mod d if and only if its last digit in base ¢ gives remainder a
mod d, we get for N = (e, ...,€0)q,

m
—

T

k
N):Z Z Z fj((5k7--~757’+1757ir—17---;i0)q)
r=2 §f=

0 0<70,01,eeyir—1<g—1

i0=a (mod d)
e1—1 q—1
+ Z Z fj((Ek,--'7€2)5vi0)q)
=0 10=0
i0=a (mod d)
8()—1
+ Z fj((€k7"'75175)(1)'
0=a é(zngod d)

For r > 2 we get

Z fj((Ek,...,€T+1,(5,7:7«_1,...,i0)q)

0<i0,i1,--yir—1<g—1
ip=a (mod d)

j*Ek*"'*Er-&-l*é(qr) =0.

Set o« = j — 5¢(IN) +e1 +¢e0 and 8 = j — s4(N) + £¢. For the other two
terms we then get by a direct calculation,

e1—1 e1—1

Z Z fi((ek, -+ 2,0,40)q + Z 3 1
t07=0 0<io<q
ip=a (mod d) io=a (mod d)
i0=a—4§ (mod q)
and
eo—1 1 co—a
(24) Z fj((€k,...,€1,5)q) = —— ’V ] —‘ + Z 1.
=0 9 0<d<eo
0=a  (mod d) 0=a (mod d)
0=B (mod q)

From (2.2), (2.3) and (2.4) it is straightforward to find sequences of positive
integers N with g(N) > 0, respectively g(N) < 0. In fact, if a # 0 we can
take all N with &1 = 0, g9 = a to get g(N) = — 24 < 0. For a = 0 we take all
N withe; =1,e0 =aand s4(N) # j+1 (mod d) to get g(N) = —1/d < 0.
On the other hand, if a + 1 < ¢ we may take all N withe; =0,e9g=a+1
to find g(N) = 1—|—§— atl 1 5 0. If a + 1 = ¢ (which again implies
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d = q) we take all N withe; =1, 9 =0 and s4(N) = j+2 (mod q) to get
g(N) = —% 41> 0. This completes the proof in this case.

2.2. The case d | ¢ — 1. In what follows, set
Eoj(k)=#{0<n<q¢": n=a (modd), s,(n)=j (modq)},
where a, j are fixed integers with 0 < a < d, 0 < j < g and k > 1. Consider
the generating polynomial in two variables
P(z,y) = [[(1+ay” + 2% + - 29 yle D7),
i=0
which encodes the digits of integers less than ¢* in base ¢. Denote by
[x%y"] P(x,y) the coefficient of z%y" in the expansion of P(x,y). By Propo-
sition 2.1,

1 .
Ea= Y Py =1 Y w e Pw.e).
u=j (mod q) q weU(q)
v=a (mod d) ecU(d)

For € € U(d) with d | ¢ — 1 we have /' = ¢! for 0 <1 < ¢ — 1 and thus
P(w,e) = (1 +we + w4+ wq_lg‘l—l)k'

Since we = 1 if and only if w = ¢ =1 (d and ¢ are coprime) and w%? = ¢
we get

k—1 k
q 1 i 1—¢
(2.5) Boj(k) = T =0 >0 we ( ) |
d dq wella) 1 —we
eeU(d)
we#l

We now take a closer look at the dominant term on the right hand side
in (2.5). Note that for w € U(q),e € U(d) with we # 1, we have

1arg(1_€>€(@.

T 1—we

—€

are all pairwise distinct. Indeed, for
— we
any point on the unit circle z # 1, it can easily be seen (geometrically or

otherwise) that arg((1 — 2)?) = arg(z) + «. It follows that

arg <<11—_w€5>2> = —arg(w).

/

We claim that the numbers

Therefore, if
1—¢ 1—¢

1 —we 1 —we
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then we conclude that w and w’ have the same argument so w = w’, and
then e = &’. This means that there are no cancellations in (2.5).
Write

1—
R:max{ _;8 : welUl(g), eeUd), wa;él}
and let r1,rg,..., 7, be all of the numbers (1 —¢)/(1 — we) whose absolute

value equals R.

The set U(d) divides the unit circle into d > 2 equal parts, so it always
contains an element g in the open half-plane Re(¢) < 0. Similarly, U(q)
must contain an element wyp in the closed half-plane Re(egw) > 0. Then
11 — o] > /2 while |1 — wpeo| < /2, thus

1-— €0
‘ 1 — woeo
Note also that wpeg # 1 as (d,q) =1 and g9 # 1.

It follows that R > 1, which in particular implies that the value 1 is not

among these r;. Then, as k — oo,

i —af 1—¢€ k kh ri\*
Z wle <l—we> - R;Ci(R>’

> 1.

for certain ¢; € C which are not all zero. As the r; all have arguments
equal to rational multiples of m, the r;/R, i = 1,...,h, are roots of unity.
Therefore there exists an integer M > 1 such that (r;/R)M = 1 for all i.

Write
h
T
-2 ()
i=1
Since E, ;(k) is real and ¢/(k + M) = ¢
d (k) € R for all k. Moreover,

'(k) for all k we must have that

Zew=yas (3) o

since 7; is not real for all i. Thus, among all the ¢/(k) there is at least
one positive and at least one negative value. Let —c] = /(k1) < 0 be the
smallest negative value and co = ¢/(k2) > 0 be the largest positive value
among them. Then, as k£ — oo,

k—1 /
(k) — 4 k =
E, (k) 7 ~ L Rk <0, for k=k; (mod M)
and
A
Ea’j(k:)—TNd—qR > 0, for k=ky (mod M).

This completes the proof.



On a conjecture of Dekking 23

3. Acknowledgment

We would like to express our gratitude to J.-P. Allouche, F. M. Dekking
and J. Shallit for related correspondence on this problem. T. Stoll was
supported by the Agence Nationale de la Recherche, grant ANR-10-BLAN
0103 MUNUM.

References

[1] J.-P. ALLOUCHE, J. SHALLIT, Automatic Sequences: Theory, Applications, Generalizations.
Cambridge University Press, (2003).

[2] J. COQUET, A summation formula related to the binary digits. Invent. Math. 73 (1983),
107-115.

[3] F. M. DEKKING, On the distribution of digits in arithmetic sequences. Séminaire de Théorie
des Nombres de Bordeaux, exposé no.32 (1983).

[4] M. DrRMOTA, T. STOLL, Newman’s phenomenon for generalized Thue-Morse sequences, Dis-
crete Math. 308, (7) (2008), 1191-1208.

[5] A. O. GELFOND, Sur les nombres qui ont des propriétés additives et multiplicatives données,
Acta Arith. 13 (1968), 259-265.

[6] S. GoLpsTEIN, K. A. KELLY, E. R. SPEER, The fractal structure of rarefied sums of the
Thue-Morse sequence, J. Number Theory 42 (1992), 1-19.

[7] D. J. NEWMAN, On the number of binary digits in a multiple of three, Proc. Amer. Math.
Soc. 21 (1969), 719-721.

[8] V. SHEVELEV, Generalized Newman phenomena and digit conjectures on primes, Int. J.
Math. Math. Sci., ID 908045 (2008).

[9] V. SHEVELEV, Ezact exponent in the remainder term of Gelfond’s digit theorem in the binary
case, Acta Arith. 136 (2009), 91-100.

[10] I. SHPARLINSKI, On the size of the Gelfond exponent, J. Number Theory 130, (4) (2010),
1056-1060.
[11] G. TENENBAUM, Sur la non-dérivabilité de fonctions périodiques associées a certaines fonc-

tions sommatoires, in: R.L. Graham & J. Nesetril (eds), The mathematics of Paul Erdéds,
Algorithms and Combinatorics 13 Springer Verlag, (1997), 117-128.



24 Turie BOREICO, Daniel EL-BAz, Thomas STOLL

Turie BOREICO

Department of Mathematics
Stanford University

450 Serra Mall

Stanford, California 94305, USA
E-mail: boreico@math.stanford.edu

Daniel EL-BAz

School of Mathematics

University of Bristol

University Walk

Bristol, BS8 1'TW, United Kingdom
E-mail: Daniel.E1-Baz@bristol.ac.uk

Thomas STOLL

1. Université de Lorraine

Institut Elie Cartan de Lorraine, UMR 7502
Vandoeuvre-lés-Nancy, F-54506, France

2. CNRS

Institut Elie Cartan de Lorraine, UMR 7502
Vandoeuvre-lés-Nancy, F-54506, France
FE-mail: thomas.stoll@univ-lorraine.fr


mailto:boreico@math.stanford.edu
mailto:Daniel.El-Baz@bristol.ac.uk
mailto:thomas.stoll@univ-lorraine.fr

	1. Introduction
	2. Proof of Theorem 1.2
	2.1. The case dq
	2.2. The case dq-1

	3. Acknowledgment
	References

