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On the error term of the logarithm of the lcm of a

quadratic sequence

par JuANJO RUE, PauLius SARKA et ANA ZUMALACARREGUI

RESUME. Nous étudions le logarithme du plus petit commun
multiple de la séquence de nombres entiers 124+1,22+1,...,n° +
1. En utilisant un résultat de Homma [5] sur la distribution des
racines de polyndémes quadratiques modulo des nombres premiers,
nous calculons le terme d’erreur dans les formules obtenues par
Cilleruelo [3].

ABSTRACT. We study the logarithm of the least common multi-
ple of the sequence of integers given by 12 +1,22 4+ 1,...,n% + 1.
Using a result of Homma [5] on the distribution of roots of qua-
dratic polynomials modulo primes we calculate the error term for
the asymptotics obtained by Cilleruelo [3].

1. Introduction

The first important attempt to prove the Prime Number Theorem was
made by Chebyshev. In 1853 [2] he introduced the function

P(n)= > logp

m<n

and proved that the Prime Number Theorem was equivalent to the asymp-
totic estimate 1(n) ~ n. He also proved that if ¢(n)/n had a limit as n
tends to infinity then that limit is 1. The proof of this result was only com-
pleted (independently) two years after Chebyshev’s death by Hadamard
and de la Vallée Poussin.

Observe that Chebyshev’s function is precisely ¢(n) = loglem (1,2, ..,n),
so it seems natural to consider the following question: for a given polyno-
mial f(x) € Z[x], what can be said about the loglem (f(1), f(2),..., f(n))?
As Hadamard and de la Vallée Poussin proved, for f(z) = x this quantity
asymptotically behaves as n. Some progress has been made in the direc-
tion of generalising this result to a broader class of polynomials. In [1] the
authors use the Prime Number Theorem for arithmetic progressions to get
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the asymptotic estimate for any linear polynomial f(x) = ax + b:

g -1
loglcm(f(l),f(2),...,f(n))Nnk@ ];::1 7

(k,q)=1
where ¢ = a/ged(a,b). Recently, Cilleruelo [3] extended this result to the
quadratic case, obtaining that for an irreducible polynomial f(z) = az? +
bx + ¢ € Z[z] the following asymptotic estimate holds:

(1.1) loglem(f(1), f(2),..., f(n)) = nlogn+ Byn + o(n),

where the constant By is explicit. The author also proves that for reducible
polynomials of degree two, the asymptotic is linear in n. For polynomials of
higher degree nothing is known, except for products of linear polynomials,
which are studied in [6].

An important ingredient in Cilleruelo’s argument is a result of Téth [10],
a generalisation of a deep theorem of Duke, Friedlander and Iwaniec [4]
about the distribution of solutions of quadratic congruences f(z) = 0
(mod p), when p runs over all primes. Recent improvements of the latter
result in the negative discriminant case [5] allowed us prove Theorem 1.1,
sharpening the error term in a special case of expression (1.1).

We focus our study on the particular polynomial f(x) = x? + 1, which
simplifies the calculation, and shows how the method developed in [3] works
in a clear manner. The same ideas could be extended to general irreducible
quadratic polynomials of negative discriminant, however, a generalisation
of [5] (in the same direction as Téth’s) would be necessary.

For this particular polynomial the expression for B is given by

log 2 _ Z (_?1) logp

(1.2) 71

~ —0.0662756342,

pr2 P 1

where « is the Euler constant, (_71) is the Legendre symbol and the sum is
taken over all odd prime numbers (B can be computed with high numerical

precision by using its expression in terms of L-series and zeta-series, see [3]
for details). More precisely, we obtain the following estimate:

Theorem 1.1. For any 0 < 4/9 we have

loglem(12 + 1,22+ 1,...,n% +1) = nlogn+Bn—|—O(ne),
(logn)
where the constant B is given by Expression (1.2).
The infinite sum in (1.2) appears in other mathematical contexts: as it
is pointed in [8] this sum is closely related to multiplicative sets whose

elements are non-hypotenuse numbers (i.e. integers which could not be
written as the hypothenuse of a right triangle with integer sides).
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Plan of the paper: in Section 2 we recall the basic necessary results and
fix the notation used in the rest of the paper. We explain the strategy for
the proof of Theorem 1.1 in Section 3, which is based on a detailed study of
medium primes (Section 4). Then, using these partial results, in Section 5
we provide the complete proof of Theorem 1.1.

2. Background and notation

Throughout the paper p will denote a prime number and the Landau
symbols O and o, as well as the Vinogradov symbols <, > will be employed
with their usual meaning. We will also use the following notation:

m(n) = Kp:p<n}l,
m(n) =Hp:p=1(mod 4),p < n},
71 ([a, b)) ={p:p=1 (mod 4),a < p < b}|.

The Prime Number Theorem states that the following estimate holds:

(2.1)  9¥(n) =loglem(1,2,...,n) =n+ E(n), E(n) = O((lognn),{)

where x can be chosen as large as necessary. We also use the following

estimate, which follows from the Prime Number Theorem for arithmetic
progressions:

(2.2) ) =" 4+0 <(”2> .

T2 logn logn)

The result needed in order to refine the error term of (1.1) is the main
theorem in [5], which deals with the distribution of fractional parts v/p,
where p is a prime less than or equal to n and v is a root in Z/pZ of a
quadratic polynomial f(x) with negative discriminant. For this f, we define
the discrepancy Djf(n) associated to the set of fractions {v/p : f(v) =
0 (mod p), p < n} as

D¢(n) = sup
[u,v]€[0,1]

r[u,vn—ﬂln)z Y1

p<n  u<v/p<v
f(¥)=0 (mod p)

where |[u,v]| := v — u. Under these assumptions, the main theorem of
Homma [5] can be stated as follows:

Theorem 2.1. Let f be any irreducible quadratic polynomial with integer
coefficients and negative discriminant. Then for any § < 8/9 we have

As a consequence of this result, we have the following lemma;:
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Lemma 2.1. Let g : [0,1] — R be any function of bounded variation, and
n < N two positive real numbers. Then for any § < 8/9

Y oy (;) = 27r1([n,N])/Olg(t) dt + 0 (Oog?\;)w) .

n<p<N
0<v<p
v?2=-1 (mod p)

Proof. We know by the Koksma—Hlawka identity (see Theorem 2.11 in [9])
that for any sequence A = {aj,as,...,a,}, A C [0,1], with discrepancy
D(n) and for any ¢ : [0,1] — R with bounded variation, we have

LS gta) = [ gty + 0D,

> gla) =Y gla) = > g(a)
i=n =1 i=1

— (N—n) /01 g(t) dt + O(ND(N)) + O(nD(n)).

In our case, using Theorem 2.1, we get

Y (V) _ 2771([n,N])/Olg(t) dt + 0 (&J]\Qé) _

n<p<N p
0<v<p
v2=—1 (mod p)

Using the rough estimate m1(N) = O (ﬁngN
term. -

) we get the required error

3. The strategy

The content of this section can be found in [3]. We include it here for
completeness and to prepare the reader for the forthcoming arguments.

Denote by P, = [["4(i* + 1) and L,, = lem(1? + 1,22 +1,...,n% + 1),
and write a,(n) = ord,(P,) and B,(n) = ordy(Ly). The argument for
estimating L, stems from the following equality:

log L, =log P, + Z(ﬁp(n) — ap(n)) logp.
P
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Clearly it is not difficult to estimate log P,. Indeed, using Stirling’s approx-
imation formula, we get

n n n 1
logH(i2 +1)= logl_[z'2 +logH (1 + 22)

i=i i=1 i=1
= 2logn! +0(1)
= 2nlogn — 2n + O(logn),

and so in the remainder of the paper we will be concerned with the esti-
mation of 37 (By(n) — ap(n))logp. We start here by making three simple
observations:

Lemma 3.1.
i) Ba(n) — az(n) = —n/2 4+ O(1),
ii) By(n) —ap(n) =0, when p > 2n.
iii) Bp(n) = ap(n) =0, when p =3 (mod 4).

Proof.

i) 42 + 1 is never divisible by 4 and is divisible by 2 for every odd i.
ii) Note that a,(n) # B,(n) only if there exist i < j < n such that p|i®+1
and p|j2 + 1. But this implies p|(i — j)(i + 7), and so p < 2n.
iii) 42 + 1 is never divisible by p = 3 (mod 4) as —1 is not a quadratic
residue modulo such prime.

g

Since we have dealt with the prime 2, from now on we will only consider
odd primes. Lemma 3.1 also states that it is sufficient to study the order of
prime numbers which are smaller than 2n and are equivalent to 1 modulo
4. We split these primes in two groups: ones that are smaller than n?/3 and
others that are between n?/3 and 2n, small and medium primes respectively.

The computation for small primes is easy and is carried out in the lemma
below, after obtaining simple estimates for a,(n) and Sy(n). Analysis of
medium primes, which is left for the next section, is more subtle and will
lead to improvement of the error term.

Lemma 3.2. For primes p =1 (mod 4) the following estimates hold:
. It
i) By(n) < lez2,

.. 1
i) ap(n) = 2% + O (122).

Proof.
i) Tt is clear that £,(n) satisfies p®(™ < n? 41, so

log(n?+1) logn
< .
) < ogp < logp
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ii) In order to estimate cy,(n) note that for primes p = 1 (mod 4) the
equation i = —1 (mod p®) has two solutions v and v in the interval
[1,p%] and every other solution is of the form vy + kp® or vo + kp?,

k € Z. The number of times p® divides 2 + 1, i = 1,...,n is given by

(3.1) 24+ VL ;GVIJ + V ;GVQJ ,

which equals to 0 for p® > n? 4+ 1 and 2n/p® + O(1) for p* < n? + 1.
Therefore we get

[

ap(n) =2 Z Tl,—i—O(lOgn)

log p

_ =1 5 s 1 0 logn
Syt 2 5t O
j:Llog(n +1)J+1

log p

and the claim follows. O

Lemma 3.3. The following estimate holds:

=) nlo
> (apln) ~ Byln)logp = Y O”p”_))l = omh,

2<p<n?/3 2<p<n?/3

Proof. Using the estimates from Lemma 3.2 we get

Z Bp(n)logp < Z logn < n?/3,

2<p<n?2/3 2<p<n?/3
and also
2nlogp
Y. an)logp = Y ——1 " O(logn)
2<p<n?/3 p<n?/3 p
p=1 (mod 4)
1+ (;1) nlogp .
= 2 ( p_)l +0(n*?),

2<p<n?2/3 p

and hence the claim follows. O
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4. Medium primes

In order to deal with the remaining primes, we note, that if a prime
p =1 (mod 4) satisfies n2/3 < p < 2n then it divides i2 + 1 for some i < n.
However, since such a prime is sufficiently large compared to n? + 1, the
case that p? divides some i2 + 1, i < n is unlikely.

Having this in mind, we separate contribution of higher degrees from the
contribution of degree 1. Define for p =1 (mod 4):

() = ‘{2‘ pli2+ 1,0 < n,
Bp(n) =1,
and, for p = 3 (mod 4), aj(n) = B;(n) = 0. Then
Y. Be(m)—ay(n))logp= > Bin)logp— >  ap(n)logp

n2/3<p<2n n2/3<p<2n n2/3<p<2n

(4.1) + Y (Bp(n) = By(n) — ap(n) + ap(n)) logp

n2/3<p<2n

We now estimate each sum in the previous equation. We start estimating
the last one:

Lemma 4.1. The following estimate holds:

ST (Bp(n) = Bi(n) — ap(n) + aj(n)) logp < n*3logn.
n2/3<p<2n

To prove this lemma we need some preliminary results. As it was in-
tended, if (By(n) — B,(n) — ap(n) + a;(n)) logp is nonzero, then we must
have p?|i? + 1 for some i < n. We claim, that number of such primes is
small:

Lemma 4.2. The following estimate holds:

‘{p: PPli2+1, 03 <p<2m,i< n}’ < n?/3.

Proof. Let us split the interval [nQ/ 3 2n] into dyadic intervals, consider one
of them, say [@,2Q)], and define

P.={p:i*+1=kp* for some i <n}.
We estimate the size of the set P, N [Q,2Q)], which is nonempty only when
k < (n?41)/Q?. For every p € P,N[Q,2Q] we have i® —kp? = (i+vkp)(i—
Vkp) = —1, thus
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On the other hand, all fractions i/p, p € Py, are pairwise different, since
ip’ = 4'p implies p = p’ (otherwise pli, and so p|i? — kp? = —1, a contradic-
tion), therefore

v 7 S 1 S 1

p Pl Q%

Combining both inequalities we get |P, N [Q,2Q]| < 1 for every k < (n? +
1)/Q%. Recalling that P, N [Q, 2Q] is empty for other values of k we have

n2

Q*

Summing over all dyadic intervals the result follows. O

{p: P12+ 1,Q < p<2Q, i <n}| = (P N[Q.2Q))] <

Now we use this estimate to prove Lemma 4.1.

Proof of Lemma 4.1. We use estimates from Lemma 3.2 and the estimate
for a(n), which follows from Expression (3.1):

p
Bp(n) og
P logp’
_2n logn
() p-1 +O<logp>’
N 2n
ay(n) = — +O(1)

2/3 < p < 2n, such that p?|i? 4+ 1 for some i < n, we get

o) = B50) — () + ] = 4 0 (20 ) < B

It follows from Lemma 4.2 that the number of such primes is < n?/3, thus

ST (Bp(n) = By(n) — ap(n) + aj(n)) logp < n*3logn.

n2/3<p<on

For any prime n

We continue estimating the second sum in Equation (4.1):

Lemma 4.3. The following estimate holds:

Z B;(n)logp:n—i—O( n )

logn
n2/3<p<2n &
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Proof. Summing by parts and using estimate (2.2) for m(z) we get:

> Byn)logp= > logp

n2/3<p<2n n2/3<p<2n
p=1 (mod 4)

= Z log p + O(n*?)

p<2n
p=1 (mod 4)

— log (2n) 71 (2n) — /

2
:n—|-0< n >
logn

Finally, we deal with the contribution of the coefficients ;. In this point
we need to take care of the error term in a more detailed way:

Lemma 4.4. For any 6 < 8/9 the following estimate holds:

Z ay(n)logp =n Z (1+(;))logp+0(( r )

1 572
n2/3<p<2n n2/3<p<2n b logn)

Proof. Using (3.1) and noting that v; + o = p, where 1 < vy,15 < p are
solutions of i2 = —1 (mod p), we get

o=+ |52+ [252]

p

:2+2£_ v+ o _{n—vl}_{n—yg}
p p p p
2n 1 {n—yl} 1 {n—yg}
= 45— +s - :
p 2 p 2 p
so the sum over all primes in the interval [n?/3,2n] is equal to

(1 + (_1)> logp

Z ay(n)logp =n Z I;}
n2/3<p<2n n2/3<p<2n
1 n—v
+ Z logp(—{ })
23 2 p
n?/3<p<on

v2=-1 (mod p)
0<v<p
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We rewrite
—1 -1
S (1—|— (7)> logp Y (l—i- (7)) 10gp+0(n1/3logn)
n2/3<p<on p n2/3<p<an p-1
and

1 n—v

2 2, logp (2 - { })

n2/3<p<2n 0<v<p p
v2=—1 (mod p)

1 _
zlognz Z (2_{n V})+O
p<2n 0<v<p p
v2=-1 (mod p)

()

Notice that for any sequence a, satisfying a, < 1 we have by a summing
by parts argument that

Zaplogp:longap—/lm1Zapdt:logx2ap+0< x )

p<zx p<z p<t p<z log r

In order to get the claimed bound, it remains to show that

S5 (5o )

0<v<p
v2=—1 (mod p)

To do that, we divide the summation interval into 1 + H parts [1,2n] =
[1,AJUL;U---U Ly, where
I < 2nAH 2nAH }
C\2n(H i+ 1)+ A — 1) 2n(H — i) + Ai]

We choose A = |n/(logn)%/?] and H = |(logn)®] in order to minimize the
error term, but we continue using these notations for the sake of conciseness.

Observe that in every of these parts, except the first one, n/p is almost
constant, which enables to use the fact that v/p is well distributed. More
precisely, if p € L; then

" e D Ai 1) = [Qn(H—i) +Ai 2n(H —i+ 1)+ A(i — 1)) |
p

2AH ’ 2AH

and the length of such interval is small: |[\;, \i_1)| = 2252. We would then
like to replace % by A\; whenever % € [Ai, Ai—1) using

(gl

but this equality does not hold if A; < % +k < % for some integer k,
in particular % + k € [N\, Ai—1]. Therefore we must distinguish these two
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cases: if Aj < ¥+ k < Ay for some k we rewrite it as 2 € [Aj, Ai—1]1 and
o & [Xi, Ai—1]1 otherwise.
We now split the previous sum into three parts:

> <;_{n_y}>:El+22+23+O(W1(A)),

p<2n 0<v<p p
v2=—1 (mod p)

where Y1, Y9 and Y3 are defined as

mery o (-g-(3-4)

v2=—1 (mod p)
ZeMiAi-1ha

Recall that A = n/(logn)®/24+0(1) and H = (logn)’ +0(1), so m (A) =
O(n/(logn)'*9/2). We now estimate each of the sums X1, ¥y, X3 separately,
making use of Lemma 2.1. For the first one note that

/01@—{&4}) dt =0,

so we get, using Lemma 2.1,

=l 1 v
m-y s 2 (- {vg))
el VZE—IV(<mz:)d D)

2nAH 146
log - 2nAH__ )
i=1 ¢ <2n(H — i)+ Az’/ ( 08 2”(H—z)+Az)

o ( 2nAH /H di >
(logn)1*9 Jo  2n(H — i) + Ai
( 2nAH log2n/A> B O( nloglogn )
(logn)+d 2n — A ) (logn)t+d/2 )"

—~
e
w

~—

I

=0
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For the second sum we use Equation (4.2):
1 n
2=>Y ¥ {E-a

i—1pel;  0<v<p p

v2=-1 (mod p)

%%P\i,)\i—lh
(4.4) <> Yo el

2n — A n
< — = —_— .
< Sag M@ =0 ((logn)1+6/2)

Finally, for the third sum we use the notation I}y, y,_;j, for the indicator
function of the interval [A;, A;_1] modulo 1, which satisfies

1
[ oo = Al

so using Lemma 2.1 we get

Y3 < i Z 1= Z Z Inixicah (V)

i=1  0<v<p€L; i=1  0<v<peL p
v2=—1 (mod p) v2=—1 (mod p)
Ze[Xidim1h

H
_;27ri(Li)|[>\i,/\i—1”+O<2n(H_i)+Ai/(log%(Hi)+Ai) >

—O( nloglogn )
B (log n)1+6/2 ’
estimating similarly as in the derivation of (4.3) and (4.4).

Finally, we note that any function f satisfying f(n) = O (%) for

every 0 < 8/9 also satisfies f(n) = O (W) for every § < 8/9, hence
this concludes the proof. O

5. Proof of theorem 1.1

Combining Lemmas 3.3, 4.1, 4.3 and 4.4, and taking 6 = §/2, we get
that
(5.1)

log 2 1+ (3)) logp
logLn:2nlogn—n<1+ o8 + Z ( (p—)l) & )+O( n 9>,

2 2 <pson D (logn)
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for any constant 6 < 4/9. Note that,

> (1+(_)1)10gp > 107g1i+ 5 () logp

2<p<2n 2<p<on P~ ocpeon P 1

For the first sum, observe that Merten’s Theorem irnplies

(5.2) > logp _ > lc;gjp og2+ Z pJ =logn —~vy+o(1),

—1 <
2<p<2n P pi<2n pi>2n
2<p<2n

and the error term can be bounded by O (1/logn) using Prime Number
Theorem in the form (2.1) and summation by parts. Note that this bound
can be sharpened to O(exp(—cy/logn)) for certain constant ¢, see [7] (Ex-
ercise 4, page 182).

For the second sum, we recall that the complete oscillating sum is conver-
gent, and it follows from Prime Number Theorem in arithmetic progressions

that
5 (5 )logp Z log p O( 1 >

2<p<2n logn

Thus we have that, for every 6 < 4 / 9,

log 2 (_—l)logp n
log L, =nlogn—n|1-— ~2Z_— 1 +0
og nlogn n( v+ 5 +Z 1 + ((logn)e)’

pF2

which completes the proof.
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