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Journal de Théorie des Nombres
de Bordeaux 24 (2012), 487-504

Invariants and coinvariants of semilocal units

modulo elliptic units

par STEPHANE VIGUIE

RESUME. Soient p un nombre premier, et k un corps quadratique
imaginaire dans lequel p se décompose en deux idéaux maximaux
p et p. Soit ks l'unique Z,-extension de k non ramifiée en de-
hors de p, et soit K, une extension finie de k., abélienne sur k.
Soit Uy /Coo la limite projective du module des unités semi-locales
principales modulo le module des unités elliptiques. Nous prou-
vons que les différents modules des invariants et des co-invariants
de U /Coo sont finis. Notre approche utilise les distributions et la
fonction L p-adique, définie dans [5].

ABSTRACT. Let p be a prime number, and let k& be an imaginary
quadratic number field in which p decomposes into two primes p
and p. Let ko be the unique Zp-extension of k which is unramified
outside of p, and let K., be a finite extension of k., abelian
over k. Let Uy, /Coo be the projective limit of principal semi-local
units modulo elliptic units. We prove that the various modules
of invariants and coinvariants of U, /Co, are finite. Our approach
uses distributions and the p-adic L-function, as defined in [5].

1. Introduction

Let p be a prime number, and let k£ be an imaginary quadratic number
field in which p decomposes into two distinct primes p and p. Let k be the
unique Z,-extension of k£ which is unramified outside of p, and let K, be a
finite extension of k., abelian over k. Let G, be the Galois group of K /k.
We choose a decomposition of G4, as a direct product of a finite group G
(the torsion subgroup of G,) and a topological group I' isomorphic to Z,,
Goo =G xT. For all n € N, let K,, be the field fixed by I';, := Fpn, and let
G, := Gal (K, /k). Remark that there may be different choices for I', but
when p" is larger than the order of the p-part of G, the group I';, does not
depend on the choice of T'.

Let F/k be a finite abelian extension of k. We denote by Op the ring of
integers of F'. Then we write O for the group of global units of F, and Cr
for the group of elliptic units of F' (see section 3). We set Cp := Zp @z Cp.

Manuscrit regu le 14 mars 2011.
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For all prime ideal q of O above p, we write Fy, OF,, and O;q respectively
for the completion of F' at g, the ring of integers of Fy, and the group of
units of Op,. Then we write Ug for the pro-p-completion of H (’);q. The
alp
injection Op — HO;‘; induces a canonical map Z, ®z Oj — Up. The
alp

Leopoldt conjecture, which is known to be true for abelian extensions of k,
states that this map is injective. For all n € N, we write C,, and U, for Ck,,
and Uk, respectively. We define Co, := @ C,, and Uy, := l&n U, by taking
projective limit under the norm maps. The injections C, — U, are norm
compatible and taking the limit we obtain an injection Coo “— Uno-

For any profinite group G, and any commutative ring R, we define the
Iwasawa algebra

R[[G]] := lim R[H],

where the projective limit is over all finite quotients H of G. Then C,, and
Us are naturally Zj, [[Goo]]-modules. It is well known that they are finitely
generated over Z,[[I']]. Moreover one can show that Us,/Coo is torsion over
Zp|[T]] (see [17, Proposition 3.1]). Let us fix a topological generator ~y of
I', and set T := v — 1. We denote by C, the completion of an algebraic
closure of Q,. For any complete subfield L of C,, finitely ramified over Q,,,
we denote by O, the complete discrete valuation ring of integers of L. Then
the ring O [[I']] is isomorphic to O [[T]]. It is well known that Of[[T]] is a
noetherian, regular, local domain. We also recall that Or[[T]] is a unique
factorization domain. If uy, is a uniformizer of Oy, then the maximal ideal 9
of O, [[T7]] is generated by uy, and T', and Op[[T7]] is a complete topological
ring with respect to its 9t-adic topology. A morphism f : M — N between
two finitely generated Op[[T]]-module is called a pseudo-isomorphism if
its kernel and its cokernel are finitely generated and torsion over Op. If a
finitely generated Op[[T]]-module M is given, then one may find elements
Py, ..., P in O[T, irreducible in Of[[T]], and nonnegative integers no, ...,
n,, such that there is a pseudo-isomorphism

M — O[T & @ 0L [T/ (B).

Moreover, the integer ng and the ideals (P;"), ..., (P/'"), are uniquely de-
termined by M. If ng = 0, then the ideal generated by P! --- P is called
the characteristic ideal of M, and is denoted by chare, j771(M).

Let x be an irreducible C,-character of G. Let L(x) C C, be the abelian
extension of L generated by the values of x. The group G acts naturally
on L(x) if we set, for all ¢ € G and all x € L(x), g.« := x(g)z. For any
OL[G]-module Y, we define the x-quotient Y, by Yy := Op) ®0,(q] Y-
If Y is an Of [[Go]]-module, then Y, is an O, [[T]]-module in a natural
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way. Moreover if L contains a [Kj : k]-th primitive root of unity, then there
is (a,b) € N? such that

(1.1) u‘icharoL[[T”(M) = uli HCharoLHT“ (MX) s
X

where the product is over all irreducible C,-character on G.

For any profinite group G, any normal subgroup H of G and any Oy, [[G]]-
module M, we denote by M the module of H-invariants of M, that is to
say the maximal submodule of M which is invariant under the action of
H. We denote by Mz the module of H-coinvariants of M, which is the
quotient of M by the closed submodule topologically generated by the
elements (h — 1)m with h € H and m € M.

In this article, we prove that for all n € N, the module of I',-invariants
and the module of T',-coinvariants of U, /Co are finite (see Theorem 6.1).
It generalizes a part of a result of Coates-Wiles [4, Theorem 1], where
this result is shown at the y'-parts, for i # 0 modulo p — 1, and for y
the character giving the action of G on the p-torsion points of a certain
elliptic curve. But the result of [4] is stated for non-exceptional primes p
(in particular p ¢ {2,3}), and under the assumption that Oy is principal.
Here we prove the general case.

Moreover we would like to mention an application of Theorem 6.1 to the
main conjecture of Iwasawa theory. For all n € N, we set &, := Z, ®z (’)[X(n
and we denote by A, the p-part of the class-group Cl(Ok,) of Ok, .
We define £ := m E, and Ay = I&H A, projective limits under the
norm maps. A formulation of the (one variable) main conjecture says that
charz, (1) (€x/Co),, = charz, () (Aoc,x), Where Zy(x) is the ring of
integers of Q,(x). It has been proved in many cases by the use of Euler
systems. We refer the reader to the pioneering work of Rubin in [15, Theo-
rem 4.1] and [16, Theorem 2], adapted to the cyclotomic case by Greither
in [7, Theorem 3.2]. The method is now classical, applied by many authors,
see [2, Theorem 3.1], [11] and [17]. However the result of Gillard [6] which
implies the nullity of the p-invariant of A is stated for p ¢ {2,3}, and for
p € {2,3} we just obtain a divisibility relation

(1.2) charzp(x)[m] (Aoo,x) divides pacharz( T (OO/C )

for some a € N (see [11] and [17]). Following the ideas of Belliard in [1], in
[18] we deduce from Theorem 6.1 that for p € {2,3} the Z,[[I']]-modules
Ex/Cs and Ay have the same Iwasawa’s p and A invariants. This result,
together with (1.2), implies that there is (a,b) € N? such that the following
raw form of the main conjecture holds,

wyeharz, (yir)) (Ase,x) = wychars, o) (Ee/Coo)y

where u,, is a uniformizer of Z,(x).
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2. Distributions.

In this section, let A be a commutative ring and let G be a profinite
group. We denote by X(G) the set of compact-open subsets of G. Remark
that for any X € X(G), one can find a finite subset F' of X, and an open
normal subgroup H of G, such that X = zLeJF xH.

Definition 1. An A-distribution on G is an application u : X(G) — A,
such that for all (X1, Xo) € X(G)?, if X1 N Xy = @, then

p (X1 U Xo) = pu(X1) + p(Xz).

We denote by M (G, A) the A-module of A-distributions on G. Moreover
for X € X(G) and p € M (G, A), we denote by yx the A-distribution on
G defined by

px  X(X) —= A, Y —— p(Y NX).

Let 7 : G — G’ be a continuous map between two profinite groups. To
any distribution p € M (G, A) we attach the unique A-distribution 7.u on
g', such that for all X € X (G'),

rp(X) = p (7(X)).

For any o € G, let us also denote by o.u the unique A-distribution on G,
such that for all X € X(G),

o (X)) = (O'_IX) .

Assume moreover that 7 is an open (continuous) group morphism, such that
Ker(r) is finite. To any distribution ' € M (G’, A) we attach the unique

A-distribution ﬂ'ﬁ// on G, such that for all g € G, and all open subgroup H
of G,

(2.1) T (gH) = # (KN Kex(m) g (7 (gH))

Then we have

22 s 3 o and il = Ker(n) gy
oeKer(mw

For (a1, a0) € M (G, A)Q, there is a unique A-distribution 8 on G x G such
that for all (X1,X2) € X(G)%, B(X1 x Xo) = ai(X1)aa(Xs). Then the
convolution product ajag of a1 and as is defined by ajas := m. 5, where
m:GxG — G, (01,09) — o102. Once equipped with the convolution
product, M (G, A) is an A-algebra. For any A-distribution p on G, let us
denote by p the unique element in A [[G]] such that for all open normal
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subgroup H of G, the image 1, of p in A[G/H] is given by

ty, = Y. p(@H)g,
geG/H

where for any g € G/H, g € G is an arbitrary preimage of g. Then we have
a canonical isomorphism

M(G,A) — A[lG]], nr— p
and for any u € M (G, A) and any o € G, we have o,u = op. Also we
mention that if 7 : A[[G]] — A[[G’]] is the canonical morphism defined by
7, then we have the following commutative squares,

M(G,A) ——= A[[G]] and M(G,A)—— A[|F]] h
T T
M (G, A) —= A[[G]] M (G, A) —= A[[G']] g

where for all g € G, $h is the sum over all h € G such that w(h) = g.

Proposition 2.1. Let m : G — Go be an open continuous morphism of
profinite groups, such that Ker(r) is finite. The morphism 7* : M (Gy, A) —
M (G1, A) is injective if and only if m is surjective. Moreover if # (Ker(m))
is not a zero divisor in A, then the image of 7 is M (Gy, A)Ker(”).

Proof. Let pg € M (Ga, A). From (2.1) it is straightforward to check that
7y = 0 if and only if py(X) = 0 for all X € X(Im(n)), and then we
deduce that 7 is injective if and only if 7 is surjective. For any o € Ker(r),
any g € Gy, and any open subgroup H of Gy, we have

oy (gH) = # (H N Ker(m)) po (77 (0_197-[>)
= # (H N Ker(m)) p2 (m (gH))
= s (gHM)

hence oyl = wls, and Im (Wﬁ) C M (G, A)Ker(ﬁ)'

Now let 1 € M (Gy, A)Ker(”). Let H be an open subgroup of Im(7), and
g € G1. Let W be an open normal subgroup of 71 (#) such that WNKer(r)
is trivial. Let R be a complete representative system of 7~ !(#) modulo
WKer(m). Then (07)(yr)cKer(r)xR 18 @ complete representative system of
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7~ (H) modulo W, and we have
m (M (Myg) = X (o)

(o,r)€Ker(m)x R
= Z (0_1>* w1 (rWg)
(o,r)eKer(m) xR
= Y m(rWy)
(o,r)eKer(m)xXR
= # (Ker(m)) Z w1 (rWg) .
reR
Hence m,pu; takes values in # (Ker(7)) A, and we deduce the equality pu; =
7t (# (Ker(m)) ™ w*ul) from (2.2). O

Now assume A := Op, for some complete subfield L of C,,, finitely ramified
over Q,. An A-distribution on G is called a measure. Let ; € M (G, A) be
such a measure, and let V' be a complete separated topological A-module,
such that the open submodules of V form a neighborhood basis for 0.
Let C(G,V) be the A-module of continuous maps from G to V', equipped
with the uniform convergence topology. For any X € X(G), we denote by
1x : G — A the map such that 1x(z) = 1 for z € X and 1x(z) = 0 for
x € G\ X. Then there is a unique continuous A-linear map

@)=V, fr— [10dult
such that for all X € ¥(G) and all v € V, / Lx(8)o.du(t) = u(X)v (see
[9, Chapter 4, §1]). For X € X(G) and f € C(G,V), we write /Xf.du for
/1Xf.du. Then for 0 € G, we have

(2.3) | s o = [ set.dut).

the equality being obvious if f is locally constant, and then extended to all
f € €(G,V) by continuity. Then for p € M (T, A), we have

(2.4) p=[0+1 au(o) i ALT],

where £ : I' = Z,, is the unique isomorphism of profinite groups such that
#(v) = 1. Moreover if we write mc, for the maximal ideal of Oc,, then for
any x € mc, we have

(2.5) p(z) :/(1+x)”(”> du(o) in C,,
see [9, Chapter 4, §1, Theorem 1.2, p. 98].
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3. Elliptic units.

For L and L' two Z-lattices of C such that L C L’ and [L' : L] is prime
to 6, we denote by z + 1 (2;L, L") the elliptic function defined in [14].
For m a nonzero proper ideal of O, and a a nonzero ideal of Oy prime to

6m, G.Robert proved that 1 (l;m, a_lm) € k(m), where k(m) is the ray
class field of k, modulo m. If ¢y, (1) € k(m)™ is the Robert-Ramachandra

invariant, as defined in [12, p. 15], or in [5, p. 55], we have by [13, Corollaire
1.3, (iii)]

12m
(3.1) W (1;m, a—lm) — o (1) V@O (@k(m)/),

where m is the positive generator of m N Z, N(a) := # (O/a) and
(a,k(m)/k) is the Artin automorphism of k(m)/k defined by a. Let S(m)
be the set of maximal ideals of O which divide m. Then (1;m, a_lm)
and ¢n(1) are units if and only if [S(m)| > 2. More precisely, if we denote
by wy the number of roots of unity of k which are congruent to 1 modulo
m, and if we write wy, for the number of roots of unity in &, then by [13,
(iv’), p. 21], we have

(1) if 2<|S(m)]|
(3.2) #m (1) O(m) :{ (g™ i S(m) = {a},

where (q)g(m) is the product of the prime ideals of Oj(y,) which lie above q.
Moreover, if a is prime to 6mq, then by [13, Corollaire 1.3, (ii-1)] we have

(3:3)  Ni(m)/k(m) (w (1;mq, a’lmq))wmwgé

P (1;111, a
P (1;m7 a’1m> if q|m.

Definition 2. Let F' C C be a finite abelian extension of k, and write u(F’)
for the group of roots of unity in F. Let m be a nonzero proper ideal of

Ok. We define the Z[Gal(F'/k)]-submodule W(F, m) of F*, generated by

the wy-roots of all Nim)/km)nr (¢ (1;m, ailm)), where a is any nonzero

ideal of Oy, prime to 6m. Also, we set U/'(F,m) := OF N U(F,m).
Then, we let Cr be the group generated by u(F) and by all ¥'(F,m),
for any nonzero proper ideal m of Oy.

1—(q,k(m)/k)~?!
1m) (9,k(m)/k) it qfm,

Remark 1. Let m and g be two nonzero proper ideals of Oy, such that
the conductor of F/k divides m. Let us denote by g A m the ged of g
and m. If gAm = 1, then ¥’ (F,g) C Cr N O}, Else by (3.3) we have

k(1)
U (F,g) C V' (F,gAm).
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We define C,, := Z), ®7, Ck,,, and Cy := @ (Cn), projective limit under
the norm maps. For any nonzero ideal g of Oy, we define

[o.¢] . o0 .
U (K, gp™) = U ¥ (K op') and W' (K, gp™) = uv (K, gp') -
Then the projective limits under the norm maps are denoted by

T (Koo, 08) = lim (2, 2, % (K, 05)
v (Koo, gp™) 1= ILH (Zp ®z V' (K, gpoo)) .

Let us write Z for the set of nonzero ideals of Oy, which are prime to p. For
g €7, we set Koo := k(gp™) = nLgJNk;(gp"), and Gy = Gal (Kyoo/k).
Then we write Gy for the torsion subgroup of Gy .. We denote by Z' the
subset of Z containing all the g € Z such that wyg = 1. In the sequel, we
fix once and for all f € Z’ such that K., C K; . We choose arbitrarily a
subgroup of Gj o, isomorphic to Z,, such that its image in G is I'. Then
for any g € Z such that g|f, we have the decomposition Gy oo = Gg X T

Remark 2. From Remark 1, Cy is generated by all the b (Koo, g0™°),
where g € 7 is such that g|f.

From (3.3), for g € Z such that g|f, and for any nonzero ideal a of Oy
which is prime to 6gp, there is a unique

1/) <ga Cl> e W (Kgp()hgpoo)

such that for large enough n € N, the canonical image of ¥ (g, a) in Z, ®z
W (k (gp"), gp™) is 1@ ¢ (13gp" 0 'gp").

4. From semilocal units to measures.

Let Q)" € C,, be the maximal unramified algebraic extension of Q,, and
let L be the completion of Q)". We denote by Oj the ring O, [(], where (
is any primitive [Kjg : k]-th root of unity in C,. For all (g1,g2) € Z* such
that g1|g2, we denote by 7y, g, : Ggo.00 = Ggy,00 the restriction map. We
write Ng, g, : (9,:@217(/{92,00 — O@Zpuglm for the norm map and we write
Vga,g1 O;@Zpugl,oo — O;@Zpumo for the canonical injection.

For all g € 7', de Shalit defined in [5, 1.3.4, 11.4.6, and 11.4.7] an injec-
tive morphism of Z, [[G]]-modules ig t Uy oo = M (Gy o0, Or), which we
extend by linearity to a morphism 4 from (’)f@@zplxlgm to M (Gg .00, Of).
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Lemma 4.1. There is a unique way to extend the family (ig)geZ' to I such
that for all (g1, g2) € Z?, if g1|g2 then the following squares are commuta-
tive,
(4.1)

0107, Ugy 00 — = M (G006, 05)  and 058z, Uy, 0o —> M (Gy, 00, Oj)

iNﬂz»ﬂl l(”szm)* J{U*’?'El l(”ﬂzvm)ﬁ
0187, Up, 00— M (Gyy 00, Oj) 0587, Ugy 00 —2= M (G, 0, O)

Proof. This was proved by de Shalit in the case p # 2 (see [5, II1.1.2
and II1.1.3]). Let g1 € Z\ Z', and let go € Z' be such that gi|go. When
p # 2 de Shalit uses the surjectivity of Vg, 4, in order to construct ig,. If
p = 2, Ny, 4, may not be surjective. However we have Im (ig, 0 vg,4,) C
M (Gyy 00, Of)Ker(ﬂE’?’gl). But by Proposition 2.1, (7g,.q, )" is injective and
Im (7T927gl)ﬁ =M (Gg%oo,Of)Ker(W”’”l). Hence there is a unique map ig,
such that the right hand square of (4.1) is commutative. The rest of the
proof is identical to [5]. O

Lemma 4.2. For all g € I, iy is an injective pseudo-isomorphism of

O5[[T]]-modules.

Proof. Let g1 € Z, and let g2 € Z’ be such that g;|gs. Then (7Tg2,gl)ﬁ, Ugo.g1 5
and ig, are injective, and by (4.1) we deduce the injectivity of i, .

By class field theory, one can show that for any prime q of K, o above p,
the number of p-power roots of unity in (Kg, ) q 18 bounded independantly
of n (see [17, Lemma 2.1]). Then it follows from [5, 1.3.7, Theorem] that i,
is a pseudo-isomorphism. Since (Of@ZpZ/[g%oo)Ker(ﬂgQ»El) = Oj®7, Uy, 00 and
since (7792,1;“)Ij is injective, it follows from (4.1) that M (Gy, 0, O) /Im (i4,)

is a submodule of M (G, 0, O5) /Im (ig, ), which is pseudo-nul since ig, is
a pseudo-isomorphism. O

An element of the total fraction ring of M (G0, Op) is called an Op-
pseudo-measure. For g € Z, let u(g) be the Op-pseudo-measure on Gy oo
defined in [5, 11.4.12, Theorem]. It is a measure if g # (1), and apu(l) is a
measure for all @ € J(1), where we write J(1) for the augmentation ideal of

O5 HG(U’O‘JH‘ By definition of p(g), we have
(4.2) ig (¥ (g,0)) = ((a, Kg00/k), — N(a)) p(g).
Moreover, for (g1, g2) € Z? such that g;|g, we have

(43) (Tza)o(02) = [T (1= (L Kayoo/R), ) 1 (81

[prime of O
[‘92 and [)[gl
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Lemma 4.3. For g € Z, we denote by pip~ (Kgo0) the group of p-power
roots of unity in Ky . Then we have

ig (0582, 7' (K00, 08™)) = Toii(0),

where Jy is the annihilator of the O;[[Gyoo)]-module O;&yz, e (Kgoo) if
g # (1), and where J(1y is the augmentation ideal of Of HG(l)’OOH'

Proof. We refer the reader to [5, II1.1.4]. O

5. Generation of the characteristic ideal.

For any g € Z such that g|f, and any irreducible (C or C,) character x
of Gy, let f,, € T be such that the conductor of x is f,p" for some n € N.
Then x defines a character on Gy, , which we denote by xo. We have

Os [[GMO]]X ~ O;[[I]] and M (G o, Of)x ~ M (T, 05),
where the isomorphisms are induced by the following maps,
X :05[[Ggool] = O5[[T]] and X' : M (Ggo0, O5) = M (T,05) ,
such that for any (g,0) € Gg xI', X(cg) = x(g9)o, and such that for any

p € M (Ggoo, O5), X' (1) = X (H) Moreover, remark that we have

(5.1) X(1) = X ((wg,fx)* u) for all p € M (Ggoo, O5),
and
(5.2) X o (71,375)ti =0 for all h € Z such that h # f, and b|f,.

For any finite group G, any irreducible C,-character x of G, and any
morphism f : M — N of O;[G]-modules, we denote by f, : M, — N,
the morphism defined by f. For any = € M, we write z, for the canonical
image of x in M,.

Lemma 5.1. Let g € T be such that g|f. Let x # 1 be an irreducible
Cp-character of Gy. Then

0, (O € (). (085 (5ymr™)). )

and the quotient is a pseudo-null Oj[[T]]-module.

Proof. Let h € Z be such that h|g, and let = € b (Kg,00,bp™). From
Remark 1, there is y € U (Kh/\fxpo,(h /\fx)poo> such that Ng; (v) =
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Vi, bAfy (). From (5.1), and then from (4.1), one has

(ig)y (2x) = X 0 ig(x) = Xp © (g, ) ia(®)
= X0 %, © Ngjj, ()
= X0 © ff, © Ve ()
(5.3) =X © (fo,wx)ﬁ 0 gy, (4)-
From (5.2) and (5.3), we deduce (ig), (zy) = 0if fy 1 b, and (ig), (zy) =
Xo © i, (y) = (if">xo (¥xo) if fy|b. By Remark 2, this states the inclusion
B C A, where we set

A= i), (08 (1), )
and
B := (ig),, ((Of®zpcg’w)x) '

Let m = [k (gp™) : k (f,p™)], and let = € i (waoo,fxpoo). Then mz =
Ngj, ©vgy, (7), and from (4.1) and (5.1), we obtain

m (ifx>xo (xXO) - X6 © ifx ° Ng,fx ° Ugafx (I‘)

=0 (Tos ), ©a © a1, (@)

=x'o ig O Vg f, (r)

= (ig),, (Ug,fx (m)x) ,
and we deduce that m annihilates A/B. Let o := H (1 — X0 (or[_ 1)),
[prime of O
I|g and Hfy

where oy is the Frébenius of [in Kj o /k. Let z € v’ (fo,ooa fxpoo). From
(3.3), there is y € U’ (Kg,00, 8p>°) such that ax = Ngj;, (y). Then by (4.1)
and (5.1), we have

@ (ifx)xo (Zyo) = X6 o if, © Ngj, ()

= xo° (mos,), ©ia(®)
= X/ o ig (y)
= (ig),, () -

Hence « annihilates A/B. As a particular case, if there is no maximal ideal
[ of O such that [|g and [ { f,, then @« = 1, A = B, and Lemma 5.1 is
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proved in this case. Now assume that there is a maximal ideal [ of Oy, such
that [|g and [ { f,. By class field theory, the decomposition group of [ in

Kj, oo/k has a finite index in Gal (fopo/k:). Hence oy ¢ Gy, , and there are

a topological generator ¥ of I', n € N, and g € Gj, such that O'[_l = g7*".
Then

G0 1) =10 =1l S ()T

i
i=0

where T := 7 — 1. Since m and xo(g) are coprime, and since —xo(g) is

the coefficient of TP" in the decomposition (5.4), we deduce that m and

1—xo (o[_ 1) are coprime. Then m and « are coprime, and annihilate A/B,

so that Lemma 5.1 follows. O

Lemma 5.2. Let g € T be such that g|f. Let x # 1 be an irreducible
Cp-character of Gy.
(i) If p # 2 or if wy = wy, , then Im (i), = Im (ifx)xo.
(ii) If p = 2, then Im (ig), € Im (ifx> , and the quotient is annihilated
X0
by 2.

Proof. For x € Uy, by (5.1) and (4.1), we have
(5.5) (ig)x (zy) = xp© (ﬂ'g’fx)* oig(®) = xg © i, © Ngj, ()

= (ifx>X0 (NMX (x)XO) :

We deduce Im (ig), € Im (ifx) . For n large enough, the ramification
X0

index of the primes above p in K ,,/Kj, , is wfxwg_l. If p # 2, then w]cxwg_1
is prime to p. Hence in case (i), K n/Kj, » is tamely ramified. Then Ng;

is a surjection from Ug o onto U, o0, and we deduce Im (ig), 2 Im (ifx)

X0
from (5.5). If p = 2, Us, oo/Nyj, (Ugoo) is annihilated by wfxwg_l which is
1 or 2, and we deduce (ii) from (5.5). O

For p # 2, Theorems 5.1 and 5.2 below were already proved by de Shalit
in [5, 111.1.10].

Theorem 5.1. Let g € T be such that g|f. Let u be a uniformizer of Oj.
Let x # 1 be an irreducible Cy,-character of Gj.

(i) If p # 2 or if wy = wy,, then charof[m] (Of®zp (L(gpo/Cg,oo))X is
generated by Xo (,U, (fx))

(ii) If p = 2, then the ideal chare 17 (O5®z, (Z/{gpo/Cgvoo))X is generated
by u”™xo (u (fx)), for some m,, € N.
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(In case f, = (1), we have expanded xo to the total fraction ring of
O HG(I)WH and to the fraction field of O;[[I']]. We still have X (,u (1)) €
O5[T]].)

Proof. Let us set Cy := (Of@)Zng,oo)x. We have the tautological exact se-
quence below,

(5:6) 0= Im (ig), / (ig), (Cy) — Im (ifx)xo / (ig), (Co)
— Im (z'fx)xo /Im (ig), — 0.

From Lemma 5.2, we deduce the existence of m, € N such that

(5.7) chare(r) (Im (ir,), /i (zg)x) — W™,

with m, = 0 in case (i). Since Tm (ig), / (ig),, (Co) = (O5@1, Ugo0/Caro)) s
from (5.6) and (5.7), we deduce that

(5.8) char@f[[T” (Of@)zp (ug,oo/c ’OO))X
= u_mxcharof[[T]] <Im (if)‘>><0 / (ig)x (CNg)> .

We set U := ((’)ﬁ?@zp@’ (waooafxpoo))xo- From (5.8) and Lemma 5.1, we

deduce

(59) charof[[T” (Of®zp (Ugvoo/Cg,oo))X

= u_mxchal“@f[[T” (Im <ifx>xo / (ifx)xo (@)) .
Since Im (ifx)xo / <if’<>xo (\Tl) o~ (Im (ifx> / (i;x> (@))XO and since i;, 1is a

pseudo-isomorphism, we deduce from (5.9) and Lemma 4.3 that
(5.10) charo, (7)) (O5@z, (U 00/Cy,00 ))

oy (n (i) / () (3)).
(M (G100 03) /Tt (1))
(M@0 /X (T (1)) -

First we assume that f, # (1). Then xq (1« (fy)) M (T, 05) / xo (j;x,u (fx)) is
isomorphic to (O;@Zp [poo (waoo)) , hence pseudo-nul since f, (fo,oo)
X0

= u~"™charg, Nk

= u"charoyr)
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is finite. Then from (5.10) we deduce
char(gf[[T” (Of@Zp (Ug,oo/Cg,oo))X

= u~"charo, 7y (M (T, 05) /x0 (1 (F)) M (T, OF))

= w50 (1 (1)) OIIT),
and Theorem 5.1 follows in this case. Now assume f,, = (1). Then we expand
X0 to the total faction ring of M (G(l)m, Of) and to the fraction field of
M (T, O5). There is 0 € Gy such that x(o) # 1. Then

Xo (1 (1)) M(T, 05) /xg Ty (1)

is pseudo-nul, annihilated by 1 — x(¢) and 7. Since we have
X6 (T (1) € M(D,0),
we deduce the inclusion x (1 (1)) M (I',05) € M (T, ;) and from (5.10)
we obtain
char(gf“T” (Of@zp (Z/{g,oo/Cgpo))X
= u""xcharp, iy (M (T, Of) /xo (1 (1)) M (T, Oy)) .
(i) and (ii) follow immediately in this case. O

Theorem 5.2. Let g € Z be such that g|f. Let x be the trivial character on
Gy.
(i) If p # 2 or if wy = |u(k)|, then charp 1y (05@2, (ngpo/Cg,oo))X is

generated by Xo (Tu(l)).
(ii) If p = 2, then the ideal chare, 17 (O5®z, (Z/{gpo/Cgvoo))X is generated

by u”"™xxq <T@), for some m,, € N.
Proof. As in the proof of Theorem 5.1, we have
(5.11) charp 7)) (O®z, (Mg7oo/Cg,w))X
= u”"Xcharo, (] (M (T, 05) /X0 <~7(1)M (1))) ;
where m, € Nis zero in case (i). But xj, (j(l),u, (1)) = Xo (T (1)) M (T, 05),
and the theorem follows. g
6. Finiteness of invariants and coinvariants.

For any h € Z, we write L, j for the p-adic L-function of £ with modulus
h, as defined in [5, I1.4.16]. It is the map defined on the set of all continuous
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group morphisms ¢ from Gal (K /k) to C; (with £ # 1 if h = (1)), such
that

(6.1) Ly () = [ £(0)7du(t) (@),

Let n € N, and let x be an irreducible C,-character on Gal (k (hp") /k)
(with x # 1if h = (1)). We write F) for the subfield of k (hp™) fixed by
Ker(x), and we write xpr for the character on Gal (Fy/k) defined by x. By
inflation we can consider x as a group morphism Gal (K /k) — C,, so
that the notation L,y () makes sense. As in [5, I1.5.2], if n > 0 we set
6.2)

( L (x) = (1 — xpr (p, F\/E)) Lpp (x) if p is unramified in F),
pbpr X)) Lys (%) if p is ramified in F).

Lemma 6.1. Let g ¢ {(0), (1)} be an ideal of Ok, and let x be an irreducible
Cp-character on Gal (k(g)/k). If x # 1 and if none of the prime ideals
dividing g are totally split in F\ [k, then Ly, g (x) #0. If x =1, if g is a
power of a prime ideal, and if p{ g, then Ly 4 (x) # 0.

Proof. We set H := Gal (k(g)/k). For all maximal ideal v of Oy, let
us denote by v, the normalized valuation at v. Let q € {p,p} be such
that v (pg(1)) = 0 for all maximal ideal t of Oy not lying above q. Let
U C k(g)™ be the subgroup of all the numbers x € k(g)™ verifying the two
following conditions,

e v (z) = 0 for all maximal ideal v of Oy, not lying above g,

e v (z) = vs(x) for all maximal ideals v and s of Oy y) above q.
Using Dirichlet’s theorem and the product formula, we see that Q ®z U ~
Q[H]. Hence we can fix u € U such that Q ®z U is freely generated by
1 ® u over Q[HJ. Let us fix an embedding ¢, : k¢ < C,. We define the

morphism of k8 [H]-modules below,
by k8@, U — C,[H], a®x+ 1,(a) Z log,, (¢, (7)) o,
oceH
where log,, is the p-adic logarithm, as defined in [8, §4]. Let us show that

¢, is injective on k& @7 U. We assume that it is not injective, and a
contradiction will arise. There is an irreducible C,-character ¢ of H such

that e¢l), (1 ® u) = 0, and then the family (logp (tp (u”))) . is not linearly

independant over ¢, (k:alg) By a theorem of Brumer [3, Theorem 1], we

deduce that there are integers A\, € Z, 0 € H, with A\s, # 0 for some
og € H, such that

log,, (Lp (H u)‘“”>> = Z Ao log,, (1) (u7)) = 0.

ccH oceH
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It is well known that Ker (logp> is generated by the roots of powers of p,

hence H 17 is a root of unity. Then we must have A, = 0 for all o € H,

oeH
which contradicts Ay, # 0. Thus we have verified the injectivity of ¢,. Now

assume Ly, 5 (x) = 0. From the p-adic version of the Kronecker limit formula
[5, IL.5.2, Theorem], we deduce that e, -1, (1 ® ¢4(1)) = 0in C, [H]. Then

(6.3) ey-1 (1®pg(1)) =0 in k@0,

where Y is identified to a group morphism H — k*# via tp. If x # 1, then
from [12, Théoreme 10] we deduce the existence of a maximal ideal v of O,
unramified in F) /k, such that t|g, and such that xp (v, Fy /k) = 1 (hence
totally split in F\ /k). If x = 1, from (6.3) we deduce Ny, g/ (pg(1)) € (k).
Then g must be divisible by at least two distinct prime ideals in virtue of
(3.2). O

Theorem 6.1. For alln € N, the module of I'y,-invariants and the module
of T'y,-coinvariants of U /Cxo are finite.

Proof. By [10, p.254, Exercise 3|, it is sufficient to verify that
(6.4)
charz, [77] (Uso/Co) is prime to ((1 + TP — 1) in Zy, [[T1), for all n € N.

For n large enough, Kj,/K, is tamely ramified if p # 2, and if p = 2 the
ramification index is 1 or 2. Hence we deduce that the cokernel of the norm
maps Us oo — Use and Us oo /Cj 0o —+ Uso/Coo are annihilated by 2. Then we
have

(6.5) chary, (7] (U /Coo)  divides 2%charg, 7)) (Uj,00/C0) 5

for some a € N. By (6.5), we are reduced to prove (6.4) in the case Ko =
Kj . Then by (1.1), in order to verify (6.4) we only have to show that
the ideal charo, (7] ((’);@ZPUOO/O@)ZPCOO)X is prime to ((1 LTy — 1) in
O; [[T]], for all n € N, and all irreducible C,-character x on Gj. Let x be
such a character, and let ¢ € gy (Cp,). We choose a maximal ideal £ of O,

prime to fp, such that xpr (¢, Fy/k) # 1 if x # 1, and such that ¢ is not
totally split in kj (the subfield of ko fixed by I'?) if y = 1. By Theorem

5.1 and Theorem 5.2, it suffices to prove xo ((1 - J[1> p (fx)) l7=¢—1 # 0,
where 0y := (¢, Kj/k). By (4.3) and by (2.5), we have

Xo ((1 - "e_l> M) [7=c—1 = Xo (ﬁfxé,fx (M)) I7=¢-1
(6.6 = [ (a0 (o),

where xj, ¢ is the character on Gj, ¢ defined by xo, and where r : I' = Z,, is
the unique morphism of topological groups such that x(y) = 1. From (6.6)
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and (2.3) we deduce

W ((1=0") pld) lr—c = 2 Xfxfz(g)/ré““(”)-d (971), 1(ic0) ().

9€Giye
= g%ﬂ X5£(9) /g ) ¢ du (1 0) (o)
(6.7 = [ S s 00) A G0 o),

where for any o € Gj, 4,00, go is the image of o through the projection
Giotoo = Gio- We define € : Gy po0 = CF, 0 = "9 °9)xs 4 (g,). Then &
is a group morphism, and if n € N is such that ¢?" = 1, then £ defines an
irreducible C,-character on Gy, ¢, := Gal (fogm / k:) Let g be the conduc-

tor of F¢. Since the restriction of § to Gy, ¢ < Gj, ¢ is Xj,¢, We deduce that
there is m € N such that g = f,p™, and from (6.2) we deduce that

(6.8) Lpge (67) = Ly (7).
Then from (6.7) and (6.1) we deduce

69) (1-% (7)) %o (1) lr=c
- /G S 0) =Ly ().

If x # 1, then xp (¢, F/k) # 1 implies that ¢ is not totally split in F¢/k.
If x =1and ¢ # 1, then k; C F¢ and / is not totally split in F¢/k. If x =1
and ¢ =1, then { =1 and g = (1). From (6.9), (6.8), and Lemma 6.1, we
deduce

(1= %0 (771)) o (1) Ir=c-1 = Lpge (€71) #0.
Ol
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