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The joint distribution of ()-additive functions on
polynomials over finite fields

par MICHAEL DRMOTA et GEOrRG GUTENBRUNNER

RESUME. Soient K un corps fini et Q € K[T] un polynome de
degré au moins égal & 1. Une fonction f sur K[T] est dite (com-
plétement) Q-additive si f(A + BQ) = f(A) + f(B) pour tous
A,B € K[T) tels que deg(A) < deg(Q). Nous montrons que les
vecteurs (f1(4),...,fa(A)) sont asymptotiquement équirépartis
dans I'ensemble image {(f1(A4),..., f4(4)) : A € K[T)} siles Q;
sont premiers entre eux deux a deux et si les f; : K[T] — K[T
sont ();-additives. En outre, nous établissons que les vecteurs
(g1(A), g2(A)) sont asymptotiquement indépendants et gaussiens
si 91,92 : K[T] — R sont Q1- resp. Q2-additives.

ABSTRACT. Let K be a finite field and Q € KT a polynomial
of positive degree. A function f on KIT] is called (completely)
Q-additive if f(A+ BQ) = f(A) + f(B), where A, B € K[T] and
deg(A) < deg(Q). We prove that the values (f1(A),..., fa(4))
are asymptotically equidistributed on the (finite) image set
{(f1(A),..., fa(A)) : A € K[T} if Q; are pairwise coprime and
fi + K[T] — K[T] are Q;-additive. Furthermore, it is shown
that (g1(A), g2(A)) are asymptotically independent and Gaussian
if 91,92 : K[T] — R are Q- resp. Qq-additive.

1. Introduction

Let g > 1 be a given integer. A function f : N — R is called (completely)
g-additive if

fla+bg) = f(a) + f(b)

for a,b € N and 0 < a < g. In particular, if n € N is given in its g-ary
expansion
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n= Z €g,3 (n)g’

=0

then

f(n) =) f(egi(n).
j=20
g-additive functions have been extensively discussed in the literature, in
particular their asymptotic distribution, see [1, 3, 4, 5, 6, 7, 8, 9, 11, 12, 14,
15]. We cite three of these results (in a slightly modified form). We want to
emphasise that Theorems A and C also say that different g-ary expansions
are (asymtotically) independent if the bases are coprime.

Theorem A. (Kim [13]) Suppose that g1,...,94 > 2 are pairwise coprime

integers, my, ..., mq positive integers, and let f;, 1 < j < d, be completely
gj-additive functions. Set
H := {(fi(n) mod my,..., fg(n) mod mg) : n > 0}.

Then H is a subgroup of Zm, X -+ X Ly, and for every (ai,...,aq) € H
we have

. fi(n) mod m; = a4,

= N: : Dy =—+0 (N ‘5) :

N# n < : : Fi +

fd(n) mod mqg = Qg

where § = 1/(120d%g*m?) with

q = : d m = :
7= jgaxe nd = mum,
and the O-constant depends only on d and g1, - .., gq4.

Remark. In [13] the set H is explicitly determined. Set F; = f;(1) and
dj = gcd{m;, (¢;—1)Fj, fj(r)—rF; (2 < j < ¢;—1)}. Then (a1,...,aq4) € H
if and only if the system of congruences Fjn = a;modd;j, 1 <j <d, has a
solution.

Theorem B. (Bassily-Katai [1]) Let f be a completely g-additive func-
tion and let P(x) be a polynomial of degree r with non-negative integer
coefficients. Then, as N — oo,

P(n)) —ruslog, N
%# n<N:f( (n)) — ruyslogg N G
rU%loggN
and
1 P —rurlog, N
S PR (L .71 X O S

\/ 7"(7]2c logg N
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where
14 10
MfZEZf(T) and Uff:ng(T)Q—M%,
r=0 r=0
and

T
®(z) = \/%/ e /2 gt
—0Q

Remark. The result of [1] is more general. It also provides asymptotic
normality if f is not strictly g-additive but the variance grows sufficiently
fast.

Theorem C. (Drmota [6]) Suppose that g1 > 2 and g2 > 2 are coprime
integers and that fi and fo are completely g1- resp. go-additive functions.
Then, as N — oo,

<z
\ /012,1 log, N \/ o2 %, logg, N

— ®(z1)P(x2).

1

Remark. Here it is also possible to provide general versions (see Steiner
[17]) but — up to now — it was not possible to prove a similar property for
three or more bases g;.

The purpose of this paper is to generalize these kinds of result to poly-
nomials over finite fields.

Let F, be a finite field of characteristic p (that is, ¢ = |F,| is a power
of p) and let Fy[T] denotes the ring of polynomials over Fy. The set of
polynomials in Fy of degree < k will be denoted by P, = {A € F,[T] :
deg A < k}. Fix some polynomial @ € F,[T] of positive degree. A
function f : F4[T] — G (where G is any abelian group) is called (com-
pletely) @Q-additive if f(A + BQ) = f(A) + f(B), where A, B € F,4[T] and
deg(A) <deg(Q). More precisely, if a polynomial A € Fy[T] is represented
in its Q-ary digital expansion

A=) Do;(A)Q’,
320

where Dg j(A) € Py are the digits, that is, polynomials of degree smaller
than k = deg @), then

f(A) =) f(Dq;(4)).

320
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For example, the sum-of-digits function sq : Fg[T] — F¢[T] is defined by
sq(4) =) " Dq;(A).
j=0

Note that the image set of a Q-additive function is always finite and that (in
contrast to the integer case) the sum-of-digits function satisfies sg(A+B) =
5Q(A4) + sQ(B).

2. Results
The first theorem is a direct generalization of Theorem A.

Theorem 2.1. Let Q1,Qo,...,Qq and M1, M, ..., My be non-zero poly-
nomials in Fy[T| with deg Q; = k;,deg M; = m; and (Q;,Q5) =1 fori # j.
Furthermore let f; : Fg[T] — Fq4[T] be Q;-additive functions (1 < i < d).
Set
H := {(f1(4) mod My, ..., f4(A) mod My) : A € F,[T]}.
Then H is a subgroup of Py, X -+ x Py, and for every (Ry,...,Rq) € H
we have
1 1
lim —#{A€ P, : fi(A) mod My = Ry, ..., fa(A) mod My = Ry} = —.
l—o0 g IHl
Since the image sets of f; are finite we can choose the degrees m; of M;
sufficiently large and obtain
1 1
l. - A P M A = P A = = ——
Jim q,#{ € P : fi(A) = Ry,..., fa(A) = Rq} Tdt
where
H = {(fl(A)) ey fd(A)) tA€ FQ[T]}'
In particular this theorem says that if there is A € F,[T'] with f;(4) = R;
(1 < i < d) then there are infinitely many A € F,[T'] with that property.
The next theorem is a generalization of Theorem B.
Theorem 2.2. Let Q € Fy[T],k = degQ > 1 be a given polynomial,
g : Fg[T] — R be a Q-additive function, and set

@) am g e, ob= o S e s

A€P; A€EP;

Let P(T) € F4[T] with r = deg P and suppose that 03 > 0. Then, as
n — 0o,

0n  Lulacn 1P~ Fu
q" "

<zp—d(x)
nr ;2
k%
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and

QWMD—Tw<w

2
9

1
—#LAel,:

23) %]

- ®(z),
Lo

where I, denotes the set of monic irreducible polynomials of degree < n.

Finally we present a generalization of Theorem C.

Theorem 2.3. Suppose that Q1 € Fy[T] and Q2 € Fy[T] are coprime
polynomials of degrees k1 > 1 resp. ko > 1 such that at least one of the
deriatives Q}, Q4 is non-zero. Further suppose that g1 : Fg[T] — R and
g2 : Fg[T] — R are completely Q1- resp. Q2-additive functions.

Then, as n — 00,

kl “91 92( k2 'U'gz

2 n -2
V kl T4 V kz 99,

— & (.’L’l) 0] (mz) .

i# AEPn:
q‘n

Furthermore, Theorems 2.1 and 2.3 say that Q-ary digital expansions are
(asymptotically) independent if the base polynomials are pairwise coprime.

3. Proof of Theorem 2.1
Throughout the paper we will use the additive character E defined by

(3.1) E(A) := ™ tr(Res(A)) /p,

that is defined for all formal Laurent series

A= Z ajT_j

i>—k

with k£ € Z and a; € Fq. The residue Res(A) is given by Res(A) = a; and
tr is the usual trace tr : g — .

Let Q1,Q2,...,Qq4 and M, My, ..., My be non-zero polynomials in Fy[T]
with deg Q; = k;,deg M; = m; and (Q;,Q;) = 1 for i # j. Furthermore let
fi be completely Q;-additive functions. For every tuple R = (Ry,...,Rq) €
Pp, x -+ x Py, set

(3.2) gr,(A) =FE <%fi(14))

and
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Ny
(3.3) gr(A): Hg& (Zﬁfi(A)>.
i=1" "

Proposition 3.1. Let Q1,Qq,...,Qq4, My, My, ..., My, and R = (Ry,...,
R;) be as above. Then we either have

gr(A) =1 for all A € Fy[T)]

or

lim — Z gr(A) =0.

l
- d AGP[

We will first prove Proposition 3.1 (following the lines of Kim [13]).
Theorem 2.1 is then an easy corollary.

3.1. Preliminaries.

Lemma 3.1. Let H # 0,H,G € F4[T], and let E be the character defined
in (3.1), then:

(3.4) S F (E R) _ { g " if H divides G

H 0 otherwise.
deg R<deg H

The next lemma is a version of the Weyl-van der Corput inequality.

Lemma 3.2. For each A € Fg[T] let ug be a complex number, with |ua| =
1, then

2

(3.5) Z ugl < E— + lr Z Z UAUA+D] -

T Ach pepnfoy |4 Aep,

Proof. Since (P}, +) is a group we have

QTZUAZ Z ZUA—B

AeP, BeP, AeP,

ZZI<ZUA—B>.

Aepl BGPT
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Hence, using the Cauchy-Schwarz-inequality

2
FADIETIED SR oDyt

A€eP, AeP, A€P |BeP:

=g Z Z Z UA-BUA-C

A€P, BeP, CeP;

=q Z Z Z UA-BUA—B+D

DeP, AeEP; BEP,

=g Z Z Z UA-BUA-B+D

DeP, BeP, A€P,

I —
=¢"" > Y Tavarp

2

DePr AeP,
— ql+r Z |UA|2_|_ql+r Z Z EA'U/A+D-
AcP, DeP\{0} A€P,
The desired result follows from |ug| = 1. O

Lemma 3.3. Let f be a completely Q-additive function, andt € NJK, R €
Fq[T] with deg R,deg K < degQ'. Then for all N € F,[T] satisfying
N = Rmod Q! we have
(3.6) f(N+K) - f(N)=f(R+ K) — f(R).
Proof. Due to the above conditions, N = A - Q'+ R for some A € Fy[T].
Since f is completely Q-additive, and deg(R + K) < deg(Q?), we have

f(N+EK)—f(N) = f(AQ'+ R+ K) — f(AQ" + R)

= f(A)+ f(R+ K) — (f(4) + f(R))

f
(3.7) f(R+K) - f(R).

a

3.2. Correlation Estimates. In this section we will first prove a corre-
lation estimate (Lemma 3.4) which will be applied to prove a pre-version
(Lemma 3.5) of Proposition 3.1.

Let Q € Fy[T] of degQ = k, M € Fy[T] of degM = m, and f be a
(completely) @Q-additive function. Furthermore for R € P, set g(A) :=
E (17 £(4)).

Unless otherwise specified, n and [ are arbitrary integers, and D € Fy[T]
arbitrary as well. We introduce the correlation functions

$,(D) = qi S SA)g(A+ D)
AeP,
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and

Z |@n(A)]*.

AEP[

Lemma 3.4. Suppose that |®x(R)| < 1. Then

72 |5 X B(5p v m - )

HEP[ AePn
|‘I>k(R)|2>
k k

2

< exp (— min{n, l}

Proof. We begin by establishing some recurrence relations for ®, and @,
namely

(3-8) Pp4n(QK + R) = ®4(R)Pn(K)

for polynomials K, R with R € P;. By using the relation g(AQ + B) =
g(A)g(B) and splitting the sum defining ®,,(QK + R) according to the
residue class of A modulo ) we obtain

P (QK +R) =Y Y g(AQ + Dg(AQ+ 1 + QK + R)
I€P, AEP,

=Y Y 9(A)g(Dg(A+ K)g(I + R)

IeP, A€EP,

=Y gMgI+R) > g(A)g(A+K)
IGPk AePn

= ¢*®(R)q"®n(K).

This proves (3.8).
Next observe that

M Opikin = Y Y Vpn(QA+ DPpin(QA+ 1)

IeP, A€P,
S BB A1) (4)
IeP, A€P,
= Y HDD) Y TaAea(4)
IeP; AeP,
(3.9) = ¢* )1 Py -

Thus
(3.10) Prribrn = PriPrn
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and consequently

(3.11) Ditttibtn = (Prk) Pun.

Since |<I)l,n| < 1 we also get |(I)ik+l,ik+n| < |(I>k,k|i.
Hence, if n and [ are given then we can represent them as n = ik+r,[ =
ik + s with ¢ = min([n/k], [l/k]) and min(r,s) < k. By definition we have

1
== Y |®(A))
A€Py
with |®x(A)] <1 for all A. Since |®;(R)| < 1 we also have

_ 2 1— 2
LB (LSRR

Dpr<1-—
q q

and consequently

, 1—1% 9
|@1n| < |Pr il < exp (— min{!, n}_l_ké%@) )

O
Remark. We want to remark that |®;(R)| = 1 is a rare event. In particu-
lar, we have

VR:|®(R)|=1 & VRVAE Py :9(A)g(A+ R) is constant
& VR,YA,B € Py : g(A)g(A+ R) = g(B)g(B+ R)

& VA Be Py :g(A+ B) =g(A)g(B).

Thus, there exists R with |®x(R)| < 1 if and only if there exist A, B € P
with g(A)g(B) # g(A + B).

Next we prove a pre-version of Proposition 3.1.

Lemma 3.5. Let Q1,Q2,...,Qq € Fy[T] be pairwise coprime polynomials,
My, My, ..., Mq € Fg[T), and R = (R1, R, ..., Rg) € Py X -+ X Py, such
that |®y, (R;)| < 1 for at least one j = 1,...,d. Then

(3.12) lim Z gr(A

AeP;

where gr(4) = [To_, gr, (4) with gr,(4) = E (32 f3(4)).
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Proof. Set B; = Q;j and suppose that b; = t; deg (Q; satisfies that r < b; <

2r with r = gla. Given S = (S1,S52,...,854) and By, Ba, ..., By, we define
Ns :={A € P : A= SimodBy,...,A = Sgmod Bg}. By the Chinese
remainder theorem we have for | > Z;-lzl b;

! d
|NSI = dq—b = ql_Zj:I b;
j=19"

Furthermore set S := P, X -+ X F,. By Lemma 3.3 we obtain for
D e P\ {0}:

> 9r(A)gr(A+D)=>" Y gr(A)gr(A+ D)

A€eP, SeS AeNg

=y Y HQR i) 9r;(S;j + D)

Ses AeNs j=1

—ZHQRJ i) 9r; (S; + D) Zl

Ses] 1 A€ENg
l
—H 3" 97,(5) 98,(Sj + D) = ——
bA
j=1S5;€P,, Hj:qu

—qu > 9r,(S)) 9r,(S; + D).

Jj= 1 SePb

According to Lemma 3.2 we obtain for r <

2
S gr(A)] < T+dT Y | 9r(A)gr(A+ D)

A€P, DeP,\{0} |A€P,

d
_ q2l—-r Z H q_bj Z 9R; (Sj)gRj (Sj + D)
DeP;\{0} |j=1 S;€Ps;

S

=
+ O(q2l—r).
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Holder’s inequality gives
q Y 8

dr1\ 1/(d+1)

d
<L DD (e DD 9r,(Si)gr,(S; + D)

=1 \DeP\{0}|  SieP;,

4 9y 1/(d+1)
<d[Ile" D |o% D 98,(S)9r,(S;+ D)

j=1 DeP;\{0} S;€Py,

For some j we have |®x;(R;)| < 1, so that Lemma 3.4 is applicable and
thus

2

g Y g% Y 9r,(Si)er,(S;+D)| —0
DeP\(0}| SRy

as T =1/(3d) — oo. For all other j we trivially estimate by < 1 and obtain

1
(3.13) =D gr(A)| -0
7 |Acp,

as | — oo. O

3.3. Proof of Proposition 3.1. As above we set gr(A) = ]—[‘Jj.l:1 9r;(A) =

E ( ‘;=1 % f](A)) We split up the proof into several cases.

Case 1: There exist j and A, B € Py, with gr;(A)gr;(B) # gr,(A + B).

This case is covered by Lemma 3.5 (compare with the remark following
Lemma 3.4).

Case 2: For all j and for all A,B € Py, we have ggp (A)gr,(B) =
gR](A+B)

In this case we also have (due to the additivity property) gr, (A)gr, (B) =
gr;(A+ B) for all A, B € Fy[T] and consequently g(A)g(B) = g(A+ B) for
all A, B € F,[T).

Case 2.1: In addition we have g(A) =1 for all A € F,[T].

This case is the first alternative in Proposition 3.1.
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Case 2.2: In addition there exists A € Fy[T] with g(A) # 1.

For simplicity we assume that ¢ is a prime number. Thus, if A =
Y isoa:I" then we have g(A) = [[;509(T*)%. Consequently there exists
i > 0 with g(T*) # 1. Furthermore

qg—1 . 1
ha_ Ja ifg(T?) =1
;g(TJ) '{0 if g(T7) # 1.

Hence, if | > i we surely have

q—1 ¢-1 qg—1
> 94 = Y g(T0)g(Th) - g(T! )
A€EP, ap=0a1=0 aj—1=
g—1 qg—1
- (Z g(TO)ao) ( Z g(Tll)al_1>
ag= a;—1=0
(3.14) =0

If g is a prime power the can argue in a similar way. This completes the
proof of Proposition 3.1.

3.4. Completion of the Proof of Theorem 2.1. We define two (addi-
tive) groups

G:= {R:(R1,R2,...,Rd)€Pml X--'XPmd:VAE]Fq[T] gR(A)=1}

and

Ho = {Serl x..-med:VReGE(Z—-%&> =1}.
T

Furthermore, set

d . .
(3.15) F(S) = |—é¢| S E (Z ‘%) .



The joint distribution of Q-additive functions on polynomials 137
Now, by applying Proposition 3.1 we directly get
1
?#{A eEPR: fl(A) = Symod My, .. ,fd(A) Sq mod Md} =

¢ R,
12 DA DY 22 i) = 5)

g AeP, q Zims REPm; XX P j=1
1 > Z
L= 7 Ach,

q REPm XX P,

1
g RXe:c (

- L8 _p(s)+o

g%i=1 mj

i

More precisely the coefficient F(S) characterizes Hp.

Lemma 3.6. We have
(1) F(S)=1 for S € Hy
(2) F(S) =0 for S ¢ Hy.
Furthermore |G| - |Ho| = | Py X - ++ X Pp,| = g™ 1tmae,
Proof. 1t is clear that F'(S) =1if S € H,.
Now suppose that S € Hp. Then there exists R® = (R}, R3,...,R)) € G

with B (S0, — 572 ) # 1. Since

(i) e )

ReG 1=1 ReG i=1

) )

i=1 ReG i=1 M;

it follows that F'(S) = 0.
Finally, by summing up over all S € Pp, X -+ X By, it follows that
|G| - |Ho| = |Pmy X -+ X Pm,|. O

In fact we have now shown that (as [ — 00)

;117#{14 € P : fi(A) = Simod My, ..., fa(A) = Sgmod My} = +0(1)

L
|Ho
if S = (S51,...,584) € Hp and (as | — 00)

1

?#{A €EPR: fl(A) = Symod My, ... ,fd(A) = Sy mode} = 0(1)
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if § =(S1,...,54) & Hy. The final step of the proof of Theorem 2.1 is to
show that

H = {(fi(A) mod My, ..., fo(A) mod My) : A € F4[T]} = Ho.

In fact, if S € Hy then we trivially have S € H.
Conversely, if S € H then there exists A € Fy[T] with fi(4) = S
mod My, ..., fa(A) = Sgmod My. In particular, it follows that

d

gr(A) =E (]Z; B —L A)) (}2 ) .

Moreover, for all R € G we have

d
R;S;
2905 — 1,
7=1

Consequently, S € Hy. This proves H = Hp and also completes the proof
of Theorem 2.1.

4. Proof of Theorem 2.2

4.1. Preliminaries. The first lemma shows how we can extract a digit
Dg ;(A) with help of exponential sums.

Lemma 4.1. Suppose that Q € Fg[T] with deg@ =k > 1. Set

1 DH
enp=—E-221).
D= gk ( Q )

Then
AH 1 if Dg;(A)=D
H%; cwp (QJ“) { 0 z‘fDZ,;(A) #D.

Proof. Consider the Q-ary expansion

(4.1) A=) "Dq;(4A)Q" with Dq;(A)€ P
j20

Then it follows that for H € P

()2
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Consequently, for every D € P, we obtain

> ono (gra) = 2 2(-0) 2 (aw)

HeP, HeP,

kZ ( (Dq,;(A) — ))

HePy

[ 1 if Do (A) =D,
=\ 0 if Dg;(A) # D.

The next two lemmas are slight variations of estimates of [2].

Lemma 4.2. Suppose that Q € Fy[T] has degree deg@Q = k > 1 and that
P € Fy[T] is a polynomial of degree deg P =1 > 1. Then

2 £ (gmrw)

22-—1‘

1

qn

(4.2) <n —(@Dk2T" 27T q(j+1)k2_'—nr2_'”>

max (q

Corollary 4.1. Let n'/3 < j+1< 0 —nl/3. Then there ezists a constant
¢ > 0 such that uniformly in that range

5| T (grr)

AeP,

<e —enl/3
q

A similar estimate holds for monic irreducible polynomials I, of degree
< n. Note that |I| = ¢"/((g — 1)n) + O(¢"/?) ~ ¢*/((g — 1)n).

Lemma 4.3. Let %nl/g <j+1< - Zkfnl/3, and H be a polynomial
coprime to Q. Then

1 H 9—2r 1/3
— 1> E(WP(A)> n’e
Ael,

(4.3) < (logn) - n4/3+2_2_2rq’r

| In|

With help of theses estimates we can prove the following frequency esti-
mates.

Lemma 4.4. Let m be a fized integer and %nl/B <51 <ja<: < jJm<
v - 2—,:711/3. Then

515 “#{A€ P, : Do, (P(A) = Di,..., Do, (P(A)) = Dm}

1 —enl/3
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and

1

g A€ T Doy (P(A) = Di,...., Dg,jn (P(A)) = Dm}

1
= qk—m +0 (e—cnl/3)

uniformly for all Dy,..., Dy € Py and for all ji,. .., jm in the mentioned
range.

Proof. By Lemma 4.1 we have

#{AE Pa: Doy (P(A) = D ... Dan (P(4)) = D} =

-5 I 3 oo (girP)

A€P, i=1 \ H;€Py

= Y enn > ZE(PM)(a?rlﬁ*“‘*féi%))

Hy,.. ,HmeP;c =1 AePn
- CO»DI 60me
*
H, H,
by emng X B (P (gt + o))
H,..., Hp P i=1 AeP,
1
= an" + S,

where }_* denotes that we sum just over all (Hy,...,Hp) # (0,...,0). In

order to complete the proof we just have to show that S = O(e™"
Let [ be the largest ¢ with H; # 0 then

H H,, H
" Z < (le}l'l Foect Q]m+1)> q" A; E( QJl—H)

AEP

where H = H;+ H;_1Q%~3-1 4 ...+ H;Q#~71, By our assumption we have
%nl/B ST - %T-nl/?’. Hence by Lemma 4.2 the first result follows.
The proof for A € I, is completely the same. O
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4.2. Weak Convergence. The idea of the proof of Theorem 2.2 is to com-
pare the distribution of g(P(A)) with the distribution of sums of indepen-
dent identically distributed random variables. Let Y, Y3,... be indepen-
dent identically distributed random variables on Py with P[Y; = D] = ¢*
for all D € P,.. Then Lemma 4.4 can be rewritten as

31,;# {A € P,: Dgj(P(A) = Dy,..., Dy (P(A)) = D}

=P[Yj, =Dy,...,Y;, =Dp]+ O (e_cnl/a) ‘

Note further that this relation is also true if j1,...,jm vary in the range
%nl/“q‘ <Jnd2scydm S - 2rn!/3 and are not ordered. It is even true
if some of them are equal.

In fact, we will use a moment method, that is, we will show that the
moments of g(P(A)) can be compared with moments of the normal distri-
bution. Finally this will show that the corresponding (normalized) distri-
bution function of g(P(A)) converges to the normal distribution function
®(z).

It turns out that we will have to cut off the first and last few digits, that
is, we will work with

9(P(A)) := > 9(Dq,;(P(4)))

2r n1/3<ignr__2r . 1/3
CEASSAS b 2

instead of g(P(A)).

Lemma 4.5. Set

p=— 3 g(H) =Eg(Y;).
7 gep,

Then the m-th (central) moment of g(P(A)) is given by

D)) (st - (5 -27n2) )" -

=E 3 (9(55) ) | +0 (nmee).

2r 1/3<icnr_2r.1/3
/A< <ar—gnt/



142 Michael DRMOTA, Georg GUTENBRUNNER
Proof. For notational convenience we just consider the second moment:

P Z ( (P(4)) (%—%n1/3>u)2=

AeP,

= Z Z g(Dl)g(DQ)qin#{A € Py DQJ:‘(P(A)) =D;, i=1,2}

J1,52 D1,D2
= 3" 3" oD #{A € Pa': Doy (P(4)) = D1} Zu
j1 D1
=130 Y oD #{A € Pa: Douu(P(4) = Do} + 31
g b Ji.j2
_Z Z 9(Dy P[YJl—DhY}z—DQ]{—O( 2 —cn1/3)
J1,J2 D1,D2
=3 g(D)PY;, = D] p
j1 D1 2
= nY Y oDl = 2]+ 03w
7 j2 Do 5

2
=E[) (9(¥j)-mw | +0 (nZe—m”"‘) .
J
The very same procedure works in general and completes the proof of the
lemma.

Since the sum of independent identically distributed random variables
converges (after normalization) to the normal distribution it follows from
Lemma 4.5

in# AGPn:
q

Because of
9(P(4)) = 9(P(A))] < n'/?
and n!/3/n1/2 = n=1/% — 0 it also follows that
1 P(A)) - =
q—n# {AePn AGHC ik 2 20 e Sx} = ®(z) + o(1).
V'k

This completes the proof of Theorem 2.2.
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5. Proof of Theorem 2.3

5.1. Preliminaries. As usual, let v (4) = deg(B) — deg(A) be the valu-
ation on Fg(T).

Lemma 5.1. For a,b € Fy(T) we have

(5.1) v(a+ b) > min{v(a), v(b)}.
Moreover, if v(a) # v(b), then
(5.2) v(a + b) = min{v(a), v(b)}.

Furthermore, we will use the following easy property (see [10]) that is
closely related to Lemma 3.1.

Lemma 5.2. Suppose that v (g) >0 and that n > v (g), then

(5.3) > E @A) =0.

A€P,
Another important tool is Mason’s theorem (see [16]).

Lemma 5.3. Let K be an arbitrary field and A, B,C € KI|T] relatively
prime polynomials with A+ B = C. If the derivatives A’, B',C’' are not all
zero then the degree deg C is smaller than the number of different zeros of
ABC (in a proper algebraic closure of K ).

We will use Mason’s theorem in order to prove the following property.

Lemma 5.4. Let Q1,Q2 € Fy[T] be coprime polynomials with degrees
deg(Q;) = k; > 1 such that at least one of the derivatives @, Q5 is non-
zero. Then there exists a constant c such that for all polynomials Hy € Py,
and Hy € Py, with (Hy,H2) # (0,0) and for all integers my,ma > 1 we
have

deg(H1Q5 + H2QT") > max{deg(H1Q3"?), deg(H2Q1")} — c.
Proof. Set A = H1Q5?%, B = HQ7", and C = A+ B. If A and B
are coprime by Mason’s theorem we have deg(A) < no(ABC) — 1 and

deg(B) < no(ABC)—1, where ny(F') is defined to be the number of distinct
zeroes of F'. Hence

max{deg(A),deg(B)} < no(ABC) — 1
=no(H1H2Q1Q2C) — 1
< deg(H1H2Q1Q2) + deg(C) — 1
and consequently
(5.4) deg(C) > max{deg(A), deg(B)} — deg(H1H2Q1Q2) + 1.

This shows that (in the present case) ¢ = 2k; + 2k, is surely a proper choice.
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If A and B are not coprime then by assumption the common factor D is
surely a divisor of H;H,. Furthermore, there exists m’ > 0 such that D?
is a divisor of HqHo (Qng)m/. Consequently we have

(A/D)(B/D) = (HyHy(@Q:Q2)™ /DA QT ™ Q2™

and by a reasoning as above we get

deg(C/D) >
max{deg(A/D),deg(B/D)} — deg((HH2(Q1Q2)™ /D?)Q1Q2) + 1.

or

deg(C) > max{deg(A),deg(B)} — deg((HlHQ(QIQQ)m,/DQ)QlQQ) +1.

Since there are only finitely possibilities for H;, Hy, and D the lemma
follows. a

5.2. Convergence of Moments. The idea of the proof of Theorem 2.3 is
completely the same as that of Theorem 2.2. We prove weak convergence
by considering moments. The first step is to provide a generalization of
Lemma 4.4.

Lemma 5.5. Let mi,mo be fized integers. Then there exists a constant
d >0 such that for all0 < i1 <ia <+ < ipmy < %—c’ and 0 < j1 < jo <
o+ < Jmy < g — ¢ we have

1
q_n#{A € Py DQl,il(A) =Dy,... 7DQ1,im1(A) = Dm,,

DQZJ] (A) = El, ceey -DQz,jm2 (A) = Emz}

1
flmlq

—
q kama

Instead of giving a complete proof of this lemma we will concentrate on
the cases m; = mg = 1 and m; = mg = 2. The general case runs along the
same lines (but the notation will be terrible).
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First let m; = mo = 1. Here we have

1
—#{A € Pyt Dgui(4) = D1, Do, 5(4) = Fu

1 AHI AH2
ZZI—E Z Z CH1,Qu,01 ¥ <Q—11+T) Z cHz,Qz,ElE (@)

AeP, H EPkl H2€Pk2
_ 1
- qu—kz
1 H; Hs
+ Z cHlle»chHLQZ»Ela;{ Z E (A (QTI_ + W)) .
(H1,H2)#(0,0) AeP, 1 @2

Now we can apply Lemma 5.4 and obtain

(s ) (e
Q21+1 Qgﬁ-l Qzl—f-lQ,;-H
<k(i+1)+k(+1)
— ma.x{deg(Hl) + kQ(] + 1), deg(Hl) + kl(l + 1)}
+c
< min{ki1(¢ + 1),k2(j + 1)} +c.

Thus, there exists a constant ¢’ > 0 such that
min{k1(i + 1), ke(j + 1)} +c<n

for all 4,7 with 0 < i < ﬁ —cdand0<j< ,:‘—2 — /. Hence, by Lemma 5.2

H  H
Ela|l =t +=2 ) =o.
Ag?n ( <Q§+l Q%“))

This completes the proof for the case m; = mo = 1.
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Next suppose that mi = mq = 2. Here we have

1
q—n#{A € P, : Do, ,(A) = Dy, Dg,.:,(A) = D,

DQz,jl (A) = By, Dszjz(A) = EQ}

1 Hy,
2 X s ()

AeP, \Hii EPkl

Hip
Z €Q1,H2,D: B <Q7;12+1 A)

Hi2€Py,

Hyy
> cQuinBE (@;ﬁA>

H21€P;c2
Hoo
Z CQa,Hao, Er 0 <Qj2+1A
Ha2€Py, 2

= § : CQ1,H11,D1 €Q1,H12,D2 €Q2,H21,E1 €Q2,H22,E>
Hi1,H12€ Py ,Ho1,H22€ Py,

1 Hy Hyo Hoy Has
XgT—L Z E (A (Qi11+1 + Qilz-i-l + Qng + Q_;é-l-l))

A€eP,

Of course, if Hy; = Hyp = H9; = Hay = 0 then we obtain the main term
—2k, _—2k
q, 1‘12 2.
For the remaining cases we will distinguish between four cases. Note

that we only consider the case where all polynomials Hy, Hia, Ho1, Hoo are
non-zero. If some (but not all) of them are zero the considerations are still
easier.

Case 1. iy — i1 < ¢1,J2 — j1 < co for properly chosen constants ¢, ca > 0.

In this case we proceed as in the case m; = mg = 1 and obtain

y Hy; Hio Hyy Hy,
Qil-l-l io+1 Qj1+1 j2+1
1 1 2 2

_ (HnQ%™™ + H12)Q%2+1 + (HQlQ]éz_jl + Hyp)QP"!
=v Qi2+le2+l
1 2
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<ki(ig+1)+ka(ja+1)
— max{deg(H11Q? ™™ + Hya) + ka(j2 + 1),
deg(Hnggz_j1 + Hgo) + k1(i2 + 1)} + c(c1, c2)
< min{k;1 (i1 + 1), k2(j1 + 1)} + é(c1, ¢2)
for some suitable constants c(c1,c2) and é(cy, c2).
Case 2. i3 — i1 > ¢1, j2 — j1 > c2 for properly chosen constants c¢1,c2 > 0

First we recall that

Hy, Hs . . .
(? W) < min{ky1 (i1 + 1), k2(j1 + 1)} + ¢

Furthermore

H .
v ( i2142—1) > ki(ia + 1) — deg Hi2
> kl(ig — il) + klil > kl(il + Cl)
Hy .
14 (@T) > kQ(]l -+ CQ)
Thus, if ¢; and co are chosen that (¢c; — 1)k; > ¢ and (c2 — 1)kg > ¢ then

Hn Ho . His Hyy
ot gpmr) < () (g

and consequently by Lemma 5.1

Hu Hyp Hy Hy '\ Hyy Hy
”( e + B+ + Qi + Q1) = v Qitl + Qi

< min(kl(il + 1)7 kQ(jl + 1)) +c

Case 3. iy — i1 < ¢1,j2 — j1 > co for properly chosen constants c;,ca > 0

First we have

(2 + 2 s 22
(Han‘lz—h + le)QJQ'1+1 +H21Ql'12+1
=V < Qliz-l-lQ]z'l-l—l )
< ki(ia + 1)+ k2(j1 + 1)
— max{ky(i2 — 11) + k2(j1 + 1), k1(i2 + 1)} + c(c1)
= min{kl(il + 1), k:g(jl -+ 1)} + C(Cl).
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Furthermore,

H- .

v <Z)T22+2_1) > ka(jo +1) — deg(Ha)
2

> ka(j2 — 1) + ka2j1 > ka(j1 + c2)-

Hence, if co is sufficiently large then
Hy Hys Hy, Hy \ Hy Hys Hy
v <Q1'11+1 + Qe T T + o) T\ gp + Qi + Qi
< min(kl(il + 1), kg(jl + 1))
+ c(e1)

Case 4. i3 — i1 > c1,j2 — j1 < cg for properly chosen constants c1,co > 0

This case is completely symmetric to case 3.

Putting these four cases together they show that (with suitably chosen
constants cj,c) there exists a constant ¢ such that for all polynomials
(H11, Hi2, Ho1, H22) # (0,0,0,0) we have

[ Hu Hyp + Hy Hyy
1+1 21 1 2+ 1
Q'lll+ Qilz-i- Q_;H- QJ22+

Thus, there exists a constant ¢ > 0 such that

) < min(ky (i1 + 1), ko(j1 + 1)) + &

min{kl(il + 1), kg(jl + 1)} +c<n

for all i1, 77 with 0 < i; < kﬂl——c’ and 0 < j; < %—c’. Hence, by Lemma 5.2

Hy; Hio Hoy Hyo
E|lA : + — + — 4+ — =0.
A;ﬂ ( <Q"il +1 Qllz-l-l Q]Ql +1 Q%2+1 ) )

This completes the proof for the case m; = mg = 2.

As in the proof of Theorem 2.2 we can rewrite Lemma 5.5 as
1
q_n# {A € P DQl,il(A) =Dy,.. "DQl,iml (A) = Dm,,

DQZJI (A) = En,... ) DQZ,ij (A) = Emz}
:P[}fil‘-—:Dl)...,Y =Dm1,Zj1:E1,...,Z :Emzl,

imy Jmg
where Y; and Z; are independent random variables that are uniformly dis-
tributed on Py, resp. on P,.
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If we define
Gi(d) = > q1(Dg,;(A4)),
g
§2(A) = E gQ(DQz,jz (A))
Ja<g—¢

then Lemma 5.5 immediately translates to

Lemma 5.6. For all positive integers my,mg we have for sufficiently
large n

1 Z ( n ™ n me
23 (- ) (2 - o)
qn A€P, kl k2
mi ma
=E Z (gl(le) - “91) E Z (92(Zj2) - /1'92)
i<gE=¢ J2S gy —¢

Of course this implies that the joint distribution of g; and g is asymptot-
ically Gaussian (after normalization). Since the differences g;(A) — §1(A)
and g2(A) — g2(A) are bounded the same is true for the joint distribution
of g1 and g9. This completes the proof of Theorem 2.3.
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