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Algebraic functions with infinitely many values in
a number field

par Fedor PAKOVICH

Résumé. Nous donnons plusieurs caractérisations des courbes algébriques
X : F (x, y) = 0 définies sur Q qui satisfont la propriété suivante : il existe un
corps de nombres k et un ensemble infini S ⊂ k tels que, pour tout y ∈ S, les
racines du polynôme F (x, y) appartiennent à k.

Abstract. We provide several characterizations of algebraic curves
X : F (x, y) = 0 defined over Q that satisfy the following property: there
exist a number field k and an infinite set S ⊂ k such that, for every y ∈ S,
the roots of the polynomial F (x, y) belong to k.

1. Introduction
The Hilbert irreducibility theorem, in its simplest form, states that if

F (x, y) is an irreducible polynomial over Q, then for infinitely many in-
tegers n, the polynomial F (x, n) remains irreducible in Q[x]. This result
has numerous generalizations, the most relevant for this paper being the
following extension to number fields: if F (x, y) is irreducible over a number
field k, then for infinitely many elements τ in the ring of integers Ok, the
polynomial F (x, τ) is irreducible in k[x].

The Hilbert irreducibility theorem is equivalent to the statement that,
for infinitely many values of n, the degree of the field Q(xn), generated by a
root xn of F (x, n), attains the maximum possible degree over Q. However,
this theorem provides no information about the fields Q(xn) themselves.
In particular, the following question is outside the scope of the Hilbert
theorem: how many distinct fields can be among Q(xn)? A closely related
question is: how quickly do the degrees of fields generated by adjoining a
sequence of such roots xn to Q grow?

This latter problem was investigated by Dvornicich and Zannier in [6],
where they proved that if degx F ≥ 2, then there exist constants c and N0,
depending on F , such that Q(x1, x2, . . . , xN ) has degree at least e

cN
log N over

Q whenever N ≥ N0. Dvornicich and Zannier’s result was later generalized
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to number fields by Bilu ([2]), who showed that if F (x, y) is defined over a
number field k of degree d, then the field obtained by adjoining to k roots
xτ of F (x, τ), where τ ranges over all elements of Ok with height less than

B, has degree at least e
cBd

log B for B greater than B0. For further results in
this direction, see [3, 4, 7].

If, instead of the sequence of fields Q(x1, x2, . . . , xN ), one considers the
sequence Q(xi1 , xi2 , . . . , xiN ), where i1, i2, . . . , iN , . . . is an arbitrary infinite
sequence of integers, the degrees of Q(xi1 , xi2 , . . . , xiN ) over Q do not nec-
essarily grow. For example, if F (x, y) = xr−y, then for any y that is an rth
power of an integer, the roots of F (x, y) lie in the same field k generated
by the rth roots of unity.

This phenomenon motivates the following general question: for which
irreducible algebraic curves X : F (x, y) = 0 over Q do there exist a number
field k and an infinite set S ⊂ k such that, for each y ∈ S, the y-fiber of X,
defined as the set of roots of F (x, y), is contained in k?

A related question was studied by Zannier [21], who imposed the stronger
condition that S lies in the ring of integers Ok. If, for such a set S, the corre-
sponding y-fibers of a curve X lie in a number field k, then Siegel’s theorem
implies that the Galois closure Σ of the field extension Σ = C(X)/C(y) has
genus 0, and Zannier’s results describe the possible fields k and the Galois
groups Gal(Σ/Σ). We also mention the work of Bilu [1], whose results imply
that the finite sets S ⊂ Ok satisfying the above property can be described
effectively, which is essentially equivalent to an effective version of Siegel’s
theorem for integral points on Galois coverings of the projective line (see
also the Appendix to [6]).

For brevity, we will refer to curves for which there exists a number field
k and an infinite set S ⊂ k such that, for each y ∈ S, the y-fiber of
X is contained in k as curves with infinitely many y-fibers in a number
field. In this paper, we describe such curves and, in particular, show that
the problem is equivalent to a seemingly stronger version (in the spirit of
arithmetic dynamics) asking whether there exists a set S as above that
forms the forward orbit of a point under a rational function. Notice that
any graph x = P (y), where P ∈ Q(z), obviously has infinitely many y-fibers
in a number field. Thus, we will always assume that the curves we consider
satisfy degx F ≥ 2.

Our main result is the following statement.

Theorem 1.1. Let X : F (x, y) = 0 be an irreducible affine curve over Q
such that degx F ≥ 2. Then the following conditions are equivalent.

(1) The curve X has infinitely many y-fibers in a number field.
(2) There exists a rational function A of degree at least two over Q

satisfying the following condition: for every y0 ∈ Q, there exists a
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number field k such that y-fibers of X belong to k for every y ∈ Q
that belongs to the forward orbit of y0 under A.

(3) There exists a self-rational map ψ : X → X of degree at least
two, defined over Q, which maps each y-fiber of X bijectively onto
another y-fiber for all but finitely many values y ∈ C.

(4) The Galois closure of the field extension C(X)/C(y) has genus zero
or one.

Notice that the first condition of the theorem readily follows from the
second. It is also easy to verify that a self-rational map satisfying the third
condition can be written in the form

(1.1) ψ : (x, y) 7−→ (ϕ(x, y), A(y)),

where A is a rational function of one variable satisfying the second con-
dition. Hence, the third condition entails the second. Finally, the theo-
rem of Faltings yields that the first condition leads to the fourth. Thus,
the essential step in the proof of Theorem 1.1 is to establish the direc-
tion (4) ⇒ (3), whose proof relies on a description of semiconjugacies be-
tween holomorphic maps of compact Riemann surfaces obtained in a series
of papers [13, 16, 17, 18].

Let us mention that the fourth condition of Theorem 1.1 can be effec-
tively verified solely in terms of the ramification of y, and that the function
A in the second condition and the map ψ in the third condition (more
precisely, families of such functions and maps) can also be effectively con-
structed.

We illustrate Theorem 1.1 with the following two examples (for more
details, see Section 2.4). Let X : F (x, y) = 0 be an algebraic curve of genus
zero. Then X admits a generically one-to-one parametrization
z 7→ (U(z), V (z)) by some rational functions U and V , and the fourth
condition of the theorem is satisfied, for example, for V = 3z4 − 4z3 and
arbitrary U . A possible choice of A in this case is the rational function

(1.2) A = z2 (
z3 − 240z2 + 19200z − 512000

)
625z4 + 16000z3 + 153600z2 + 655360z + 1048576 .

Indeed, one can check that for the function

(1.3) B = −z2 (
3z3 − 10z2 + 20z − 40

)
15z4 − 20z3 + 32 ,

the diagram

(1.4)
CP1 B //

V
��

CP1

V
��

CP1 A // CP1
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commutes, and B sends the roots of V (z) = z0 to the roots of V (z) = A(z0)
generically bijectively, since C(V,B) = C(z). In turn, this implies that the
diagram

(1.5)
CP1 B //

(U,V )
��

CP1

(U,V )
��

X
ψ
// X

commutes for some ψ of the form (1.1), which sends y-fibers of X to y-
fibers. In particular, if ψ is defined over Q and the elements of the y0-fiber
of X belong to a number field k, then, for every i ≥ 1, the elements of
the A◦i(y0)-fiber also belong to k, as they are simply images of the y0-fiber
under ψ.

Another example illustrating Theorem 1.1 is given by an elliptic curve
in the short Weierstrass form
(1.6) X : y2 = x3 + ax+ b

defined over Q. It is not difficult to see that, unless a = 0, such a curve
does not satisfy the fourth condition of Theorem 1.1, and thus does not have
infinitely many y-fibers in a number field. On the other hand, Theorem 1.1
implies that curve (1.6) always has infinitely many x-fibers in a number
field. As a rational function A in this case one can take for example the
Lattès map

(1.7) A = z4 − 2az2 − 8bz + a2

4z3 + 4az + 4b
associated with the multiplication-by-2 endomorphism of X.

The rest of this paper is organized as follows. First, we recall a construc-
tion that realizes the Galois closure of the field extension C(X)/C(y) via
fiber products. Next, we relate the fourth condition of Theorem 1.1 to the
semiconjugacy relation for holomorphic maps of compact Riemann surfaces.
Finally, we prove Theorem 1.1, present several examples, and conclude with
a version of the theorem for finitely generated fields.

2. Proofs
2.1. Normalizations and orbifolds. Let C be a compact Riemann sur-
face and V : C → CP1 a holomorphic map. A normalization of V is defined
as a compact Riemann surface NV together with a holomorphic Galois cov-
ering of the minimal degree Ṽ : NV → CP1 such that Ṽ = V ◦H for some
holomorphic map H : NV → C. The normalization is characterized by
the property that the field extension M(NV )/Ṽ ∗(M(CP1)) is isomorphic
to the Galois closure of the extension M(C)/V ∗(M(CP1)), where M(C)
denotes the field of meromorphic functions on a compact Riemann surface
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C (see e.g. [11, Section 2.9]). In particular, if X : F (x, y) = 0 is a curve
over C and CX is its desingularization, that is, a compact Riemann surface
CX provided with holomorphic maps U : CX → CP1 and V : CX → CP1

such that the map
(2.1) θ : t −→ (U(t), V (t)) ⊂ CP1 × CP1

is an isomorphism between CX andX outside a finite set, then the condition
that the Galois closure of the field extension C(X)/C(y) has genus zero or
one is equivalent to the condition that g(NV ) equals zero or one.

For a holomorphic map V : C → CP1 of degree n ≥ 2 its normalization
can be described in terms of the fiber product of V with itself n times as
follows (see [10, Section I.G] or [20, Section 2.2]). Let LV be an algebraic
variety consisting of n-tuples of Cn with a common image under V ,

LV = {(xi) ∈ Cn |V (x1) = V (x2) = · · · = V (xn)},

and L̂V a variety obtained from LV by removing components that belong
to the big diagonal

∆C := {(xi) ∈ Cn |xi = xj for some i ̸= j}

of Cn. Further, let L be an arbitrary irreducible component of L̂V and
N θ−→ L the desingularization map. Finally, let ψ : N → CP1 be a holomor-
phic map induced by the composition

N θ−→ L πi−→ C
V−→ CP1,

where πi is the projection to any coordinate. In this notation, the following
statement holds.

Theorem 2.1. The map ψ : N → CP1 is the normalization of V .

We recall that a pair O = (R, ν) consisting of a Riemann surface R
and a ramification function ν : R → N which takes the value ν(z) = 1
except at isolated points is called an orbifold. For an orbifold O the Euler
characteristic of O is the number

(2.2) χ(O) = χ(R) +
∑
z∈CP1

( 1
ν(z) − 1

)
,

the set of singular points of O is the set
c(O) = {z1, z2, . . . , zs, . . . } = {z ∈ CP1 | ν(z) > 1},

and the signature of O is the set
ν(O) = {ν(z1), ν(z2), . . . , ν(zs), . . . }.

If R1, R2 are Riemann surfaces provided with ramification functions ν1,
ν2, and f : R1 → R2 is a holomorphic branched covering map, then f is
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called a covering map f : O1 → O2 between orbifolds O1 = (R1, ν1) and
O2 = (R2, ν2) if for any z ∈ R1 the equality

(2.3) ν2(f(z)) = ν1(z) degz f

holds, where degz f stands for the local degree of f at the point z.
A universal covering of an orbifold O = (R, ν) is a covering map between

orbifolds θO : Õ → O such that R̃ is simply connected and ν̃(z) ≡ 1. If θO
is such a map, then there exists a group ΓO of conformal automorphisms
of R̃ such that the equality θO(z1) = θO(z2) holds for z1, z2 ∈ R̃ if and only
if z1 = σ(z2) for some σ ∈ ΓO. A universal covering exists and is unique
up to a conformal isomorphism of R̃, unless O is the Riemann sphere with
one ramified point, or the Riemann sphere with two ramified points z1, z2
such that ν(z1) ̸= ν(z2) (see [9, Section IV.9.12]). Abusing notation we will
denote by Õ both the orbifold and the Riemann surface R̃.

With each holomorphic map V : C → CP1 one can associate in a natural
way two orbifolds OV

1 and OV
2 setting νV2 (z) equal to the least common

multiple of local degrees of f at the points of the preimage V −1{z}, and

νV1 (z) = νV2 (V (z))/ degz V.

By construction, V : OV
1 → OV

2 is a covering map between orbifolds.
Furthermore, since a composition of covering maps f : O1 → O′ and
g : O′ → O2 is a covering map

g ◦ f : O1 −→ O2

(see e.g. [13, Corollary 4.1]), the composition

V ◦ θOV
1

: ÕV
1 −→ OV

2

is a covering map between orbifolds, implying by the uniqueness of the
universal covering that

(2.4) θOV
2

= V ◦ θOV
1
.

For a holomorphic map V : C → CP1, the condition g(NV ) ≤ 1 can be
expressed merely in terms of χ(OV

2 ) as follows (see [19, Lemma 2.6]).

Lemma 2.2. Let C be a compact Riemann surface and V : C → CP1 a
holomorphic map. Then g(NV ) = 0 if and only if χ(OV

2 )> 0, and g(NV ) = 1
if and only if χ(OV

2 ) = 0.

Notice that orbifolds with χ(O) ≥ 0 and corresponding ΓO and θO can
be described explicitly as follows. The equality χ(O) = 0 holds if and only
if the signature of O belongs to the list

(2.5) {2, 2, 2, 2} {3, 3, 3}, {2, 4, 4}, {2, 3, 6},
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while χ(O) > 0 if and only if either O is the non-ramified sphere or the
signature of O belongs to the list

(2.6) {n, n}, n ≥ 2, {2, 2, n}, n ≥ 2, {2, 3, 3}, {2, 3, 4}, {2, 3, 5}.

Groups ΓO ⊂ Aut(C) corresponding to orbifolds O with signatures (2.5)
are generated by translations of C by elements of some lattice L ⊂ C of
rank two and the rotation z → εz, where ε is an nth root of unity with n
equal to 2,3,4, or 6, such that εL = L. Accordingly, the functions θO may be
written in terms of the corresponding Weierstrass functions as ℘(z), ℘′(z),
℘2(z), and ℘′2(z) (see [12], or [9, Section IV.9.5]). Groups ΓO ⊂ Aut(CP1)
corresponding to orbifolds O with signatures (2.6) are the well-known five
finite subgroups Cn, D2n, A4, S4, A5 of Aut(CP1), and the functions θO
are Galois coverings of CP1 by CP1 of degrees n, 2n, 12, 24, 60, calculated
for the first time by Klein.

By Lemma 2.2 and equality (2.4), for a holomorphic map V : C → CP1

the inequality g(NV ) ≥ 0 holds if and only if V is a “compositional left
factor” of one of the functions θO described above. Notice that this condition
is very restrictive. In particular, rational functions V for which g(NV ) = 0
can be listed explicitly. On the other hand, the simplest examples of rational
functions with g(NV ) = 1 are Lattès maps (see [15]).

2.2. Semiconjugacies over Q. A detailed description of the solutions to
the functional equation

(2.7) A ◦ V = V ◦B,

where A, B, and V are holomorphic maps on compact Riemann surfaces,
was obtained in a series of papers [13, 16, 17, 18]. The result below partially
follows from the analysis in these papers. However, since we require an
additional conclusion concerning definability over Q, we provide a complete
proof, focusing on the existence of some A and B with the desired properties
rather than on their full description.

Theorem 2.3. Let C be a compact Riemann surface and V : C → CP1 a
holomorphic map such that χ(OV

2 ) ≥ 0 and c(OV
2 ) ⊂ Q. Then there exist

holomorphic maps A and B of degree at least two such that the diagram

(2.8)
C

B //

V
��

C

V
��

CP1 A // CP1

commutes, the compositum of the subfields V ∗M(CP1) and B∗M(C) of
M(C) is the whole field M(C), and A is defined over Q.
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Proof. We start by observing that if the degrees of the maps B and V
in (2.8) are coprime, then the condition

(2.9) V ∗M(CP1) ·B∗M(C) = M(C)

is automatically satisfied. Indeed, this condition can be restated as requiring
that the equalities

V = V̂ ◦ T, B = B̂ ◦ T,
where

T : C −→ Ĉ, V̂ : Ĉ −→ CP1, B̂ : Ĉ −→ C,

are holomorphic maps between compact Riemann surfaces, imply that
deg T = 1. Since deg T divides both deg V and degB, the coprimality of
deg V and degB ensures that this is true.

Assume first that χ(OV
2 ) > 0. In this case ÕV

2 and hence C is the sphere
and the functions θOV

2
and θOV

1
related by equality (2.4) are rational Ga-

lois coverings. Moreover, without loss of generality we may assume that
c(OV

2 ) = {0,∞} if ν(OV
2 ) = {n, n}, n ≥ 2, and c(OV

2 ) = {0, 1,∞} oth-
erwise. Indeed, since critical values of V are algebraic numbers, there ex-
ists a Möbius map ν with algebraic coefficients that maps these values to
{0, 1,∞}, and if A satisfies the conclusions of the theorem for ν ◦ V, then
ν−1 ◦A ◦ ν satisfies them for V . Thus, below we always will assume that

c(OV
2 ) ⊆ {0, 1,∞}.

Let us also observe that for a given rational function V , we can fix the
universal covering θOV

2
in (2.4) to be any of its representatives, which are

defined up to the change θOV
2

→ θOV
2

◦ µ, where µ is a Möbius transforma-
tion. Thus, below we will use such well-known representatives.

If ν(OV
2 ) = {n, n}, n ≥ 2, then as θOV

2
in (2.4) we can take θOV

2
= zn,

and (2.4) implies that V = zn ◦ µ, where µ is a Möbius transformation.
Setting now

A = zm, B = µ−1 ◦ zm ◦ µ,
we see that the diagram (2.8) commutes and A is defined over Q. Moreover,
if GCD(m,n) = 1, then (2.9) also holds.

Further, if ν(OV
2 ) = {2, 2, n}, n ≥ 2, then as θOV

2
we can take

θOV
2

= 1
2

(
zn + 1

zn

)
,

implying by (2.4) that either

V = 1
2

(
zn + 1

zn

)
◦ µ,
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or V = Tn◦µ, where Tn is the nth Chebyshev polynomial and µ is a Möbius
transformations (see e.g. [15, Section 4.2]). Setting now

A = Tm, B = µ−1 ◦ zm ◦ µ,
in the first case, and

A = Tm, B = µ−1 ◦ Tm ◦ µ
in the second, and requiring that GCD(m,n) = 1, we see that the dia-
gram (2.8) commutes and (2.9) hold.

Assume now that ν(OV
2 ) = {2, 3, 4}. Then as θOV

2
in (2.4) we can take

the function

(2.10) θOV
2

= −
(
z8 + 14z4 + 1

)3

108z4 (z4 − 1)4 ,

for which the corresponding group ΓO is generated by the Möbius trans-
formations

(2.11) z −→ iz, z −→ z + i

z − i
.

In this case, the existence of the required A and B can be deduced from
the fact that the rational function

(2.12) F = −z5 + 5z
5z4 − 1 ,

found in [14], satisfies the following properties: the degree of F is coprime
to

deg θOV
2

= |S4| = 24,
and F is ΓOV

2
-equivariant, meaning it satisfies the equality

(2.13) F ◦ σ = σ ◦ F
for every σ ∈ ΓOV

2
.

Indeed, it follows from (2.13) that F maps orbits of ΓOV
2

to orbits of
ΓOV

2
, and orbits of ΓOV

1
to orbits of ΓOV

1
, as ΓOV

1
is a subgroup of ΓOV

2
.

Since the orbits of ΓOV
2

and ΓOV
1

coincide with the fibers of θOV
2

and θOV
1

,
respectively, this implies that there exist rational functions A and B such
that the diagrams

(2.14)
CP1 F //

θOV
2
��

CP1

θOV
2

��

CP1 A // CP1

CP1 F //

θOV
1
��

CP1

θOV
1

��

CP1 B // CP1

commute. Furthermore, it follows from (2.14) and (2.4) that
A ◦ V ◦ θOV

1
= V ◦ θOV

1
◦ F = V ◦B ◦ θOV

1
,
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implying that the diagram (2.8) also commutes. In addition, since F and
θOV

2
are defined over Q, the first diagram in (2.14) determines the coeffi-

cients of A through a system of linear equations over Q. Since this system
has at most one solution, we conclude that A is also defined over Q. Finally,
since

deg V | deg θOV
2

= 24

by (2.4), the degrees deg V and degF are coprime.
If ν(OV

2 ) = {2, 3, 5}, the proof also can be deduced solely from the exis-
tence of θOV

2
, defined over Q, and a rational function F , also defined over

Q, which is ΓOV
2

-equivariant and whose degree is coprime to

deg θOV
2

= |A5| = 60.

Examples of such functions, as well as a description of all ΓOV
2

-equivariant
functions, can be found in [5]. For instance, the function f11 of degree 11
given on p. 166 of [5] is a valid choice for F .

To complete the proof in the case χ(OV
2 ) > 0, observe that, since

A4 ⊂ S4, for the remaining signature ν(OV
2 ) = {2, 3, 3}, we can choose the

corresponding function θOV
2

to be a compositional right factor of the
function (2.10). Consequently, the function F , defined by (2.12), remains
ΓOV

2
-equivariant for ν(OV

2 ) = {2, 3, 3}, and can be used to complete the
proof. Alternatively, since A4 ⊂ A5, one may instead use the function f11.

In case χ(OV
2 ) = 0, the proof proceeds in a similar way. Assume, for

example, that ν(OV
2 ) = {2, 2, 2, 2}. Then θOV

2
is equal to the Weierstrass

function ℘(z), and the group ΓOV
2

⊂ Aut(C) is generated by translations of
C by elements of some lattice L ⊂ C of rank two, along with the rotation
z 7→ −z. One can easily see that the multiplication by m on C maps the
orbits of ΓOV

2
to the orbits of ΓOV

2
, and the orbits of ΓOV

1
to the orbits

of ΓOV
1

. Thus, arguing as above, we conclude that there exist holomorphic
maps A and B that make the diagrams

(2.15)
C F=mz //

θOV
2
��

C
θOV

2
��

CP1 A // CP1

C F=mz //

θOV
1
��

C
θOV

1
��

CP1 B // CP1

and (2.8) commutative. Furthermore, since degA = degB = m2, the de-
grees of B and V are coprime whenever m and deg V are coprime.

To prove that A is defined over Q, we consider the algebraic curve
X in the short Weierstrass form (1.6), parametrized by ℘(z) and ℘′(z).
Since (2.4) implies that the finite critical values of V coincide with those of
℘(z), which are roots of the polynomial in the right part of (1.6), it follows
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from the assumption c(OV
2 ) ⊂ Q that X is defined over Q. Further, it is

clear that multiplication by m on C induces a self-rational map of X of the
form

ψ : (x, y) 7−→
(
A(x), R(x, y)

)
for some rational function R(x, y). Finally, since the addition operation on
X is defined over the field of definition of X, this self-rational map, and in
particular the function A, are also defined over Q.

Further, if ν(OV
2 ) = {3, 3, 3}, then θOV

2
= ℘′(t) and the group

ΓO ⊂ Aut(C) is generated by translations of C by elements of a trian-
gular lattice L ⊂ C and the rotation z → εz, where εz is the 3rd root of
unity. In this case, the proof goes similarly with the only exception that
now the required A is given by the second coordinate of the self-rational
map of X, induced by the multiplication by m on C.

Consider finally the case ν(OV
2 ) = {2, 4, 4}; the case ν(OV

2 ) = {2, 3, 6}
can be considered by an obvious modification. In this case, θOV

2
= ℘2(t),

and, as above, the multiplication by m on C leads to holomorphic maps
B and A that make diagram (2.8) commutative. To show now that A is
defined over Q, we observe that by what is proved above

℘(mz) = Ã ◦ ℘(z)

for some rational function Ã defined over Q. Therefore, it follows from

℘2(mz) = A ◦ ℘2(z)

that

z2 ◦ Ã ◦ ℘ = A ◦ z2 ◦ ℘,

implying that

z2 ◦ Ã = A ◦ z2.

Since the functions z2 and Ã are defined over Q, we conclude as above that
the same is true for the function A. □

Our proof of Theorem 2.3 follows the proof of a similar existence state-
ment over the field C given in [14]. Notice, however, that the proof in [14]
contains an erroneous claim that the function f11 commutes with all the
groups A4, S4, and A5. Since S4 ̸⊂ A5, this is not true for S4, and a
different S4-equivariant function is needed to prove the theorem for
ν(OV

2 ) = {2, 3, 4}. For example, one can use the function (2.12) mentioned
above, which is found in the same paper [14].
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2.3. Proof of Theorem 1.1. To prove the implication (1) ⇒ (4), let us
consider an algebraic curve E in the space C2n with coordinates
(x1, y1, x2, y2, . . . , xn, yn) defined by the equations

F (x1, y1) = F (x2, y2) = · · · = F (xn, yn) = 0, y1 = y2 = · · · = yn,

where n = degx F . Since the map (2.1) is an isomorphism off a finite set,
the map

(2.16) (θ, θ, . . . , θ) : CnX −→ Xn ⊂ (CP1)2n

induces an isomorphism between components of the curve LV ⊂ CnX defined
above and components of the curve E ⊂ Xn. On the other hand, it is easy
to see that the first condition of the theorem implies that the image of L̂V
under (2.16) has infinitely many points over k. Therefore, at least one of
irreducible components of this image also has infinitely many points over
k. Thus, the fourth condition of the theorem holds by Theorem 2.1 and the
Faltings theorem [8].

To prove the implication (4) ⇒ (3), let us observe that since X is defined
over Q, critical values of U and V in the map (2.1) are algebraic. In addition,
by Lemma 2.2, the inequality χ(OV

2 ) ≥ 0 holds. Therefore, Theorem 2.3 is
applied to V and C = CX , and the map B in (2.8) obviously descends to
a self-rational map ψ of X that makes the diagram

(2.17)
CX

B //

(U,V )
��

CX

(U,V )
��

X
ψ
// X

commutative and has the form

(2.18) ψ : (x, y) −→ (R(x, y), A(y)),

where R(x, y) is a rational function over C.
Clearly, ψ maps y-fibers of X to y-fibers. Furthermore, R(x, y) can be

chosen to be defined over Q. Indeed, if deg V = n, then R(x, y) can be
represented on X by some rational function R̂(x, y) of the form

(2.19) R̂(x, y) = P0(y) + P1(y)x+ P1(y)x2 + · · · + Pn−1(y)xn−1,

where Pi, 0 ≤ i ≤ n− 1, are rational functions over C. Since X and A are
defined over Q, for any algebraic point (x1, y1) on X, the points (xj , yj),
j ≥ 1, on X defined by

(xj+1, yj+1) =
(
R̂(xj , yj), A(yj)

)
j ≥ 1,

are also algebraic. Thus, coefficients of R̂(x, y) satisfy a system of linear
equations over Q. Moreover, since any function of the form (2.19) may
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have only finitely many zeroes on X, this system has a unique solution,
implying that coefficients of R̂(x, y) belong to Q.

Finally, it follows from (2.9) by the primitive element theorem that
(2.20) M(C) = V ∗M(CP1)[h]
for some h ∈ B∗M(C). As elements of M(C) separate points of C, equal-
ity (2.20) implies that for all but finitely many z0 ∈ C the map h takes
deg V distinct values on the set V −1{z0}. Since h ∈ B∗M(C), this yields
that for all but finitely many z0 ∈ C the map B takes deg V distinct values
on V −1{z0}. By (2.17), this implies in turn that the map induced by ψ on
y-fibers is generically bijective.

To prove the implication (3) ⇒ (2), let us observe that the self-rational
map ψ : X → X can be lifted to some holomorphic map B : CX → CX that
makes the diagram (2.17) commutative. Moreover, since ψ sends y-fibers
of X to y-fibers, B maps V -fibers to V -fibers, implying that diagram (2.8)
commutes for some rational function A, and ψ can be represented in the
form (2.18). Furthermore, since X and ψ are defined over Q, there exists
an infinite sequence of algebraic points yj , j ≥ 1, such that A(yj) = yj+1,
which implies that A is also defined over Q.

Given a rational map A, it is clear that to prove the second condition for
a point y0 it suffices to prove it for a point ŷ0 = A◦k(y0) for some k ≥ 1.
Thus, without loss of generality, we may assume that for all points y of the
forward A-orbit of y0, the map on y-fibers induced by ψ is bijective.

Set yi = A◦i(y0), i ≥ 0, and let k0 be a number field containing the
coefficients of R(x, y) and A(y). By assumption, the roots

ζi1, ζ
i
2, . . . , ζ

i
n

of F (x, yi), i ≥ 0, are distinct and satisfy
ζi+1

1 = R(ζi1, yi), ζi+1
2 = R(ζi2, yi), . . . , ζi+1

n = R(ζin, yi),
which implies inductively that the yi-fibers of X lie in the field
(2.21) k = k0(ζ0

1 , ζ
0
2 , . . . , ζ

0
n, y0)

for every i ≥ 0. Finally, since a finitely generated algebraic extension of a
number field is finite, k is itself a number field.

Eventually, the implication (2) ⇒ (1) is essentially obvious, since one
can take y0 to be any non-preperiodic point of A (note that, by Northcott’s
theorem, such a point exists in any number field) and extend the field k to
a field containing the A-orbit of y0. □

Theorem 1.1 implies the following corollary.

Corollary 2.4. Let V be a rational function over Q. Then the roots of the
equation V (x) = t belong to some number field k for infinitely many t ∈ Q
if and only if χ(OV

2 ) ≥ 0.
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Proof. To reduce Corollary 2.4 to Theorem 1.1, it is enough to observe that
if the first condition of the corollary is satisfied, then the corresponding
values of t belong to the field k̃ obtained from k by adjoining coefficients
of V . Thus, k̃ is a number field, and the curve V (x) − y = 0 has infinitely
many y-fibers in k̃. □

Finally, let us state an analogue of Theorem 1.1, where finitely generated
extensions of Q are considered instead of number fields. In accordance with
the above definition, we say that a curve X has infinitely many y-fibers in
a finitely generated field if there exists such a field k and an infinite set
S ⊂ k such that, for each y ∈ S, the y-fiber of X is contained in k.

Theorem 2.5. Let X : F (x, y) = 0 be an irreducible affine curve over C
such that degx F ≥ 2. Then the following conditions are equivalent.

(1) The curve X has infinitely many y-fibers in a finitely generated field.
(2) There exists a rational function A of degree at least two over C

satisfying the following condition: for every y0 ∈ C, there exists a
finitely generated field k such that y-fibers of X belong to k for every
y ∈ C that belongs to the forward orbit of y0 under A.

(3) There exists a self-rational map ψ : X → X of degree at least two
over C, which maps each y-fiber of X bijectively onto another y-fiber
for all but finitely many values y ∈ C.

(4) The Galois closure of the field extension C(X)/C(y) has genus zero
or one.

Proof. The proof is similar to that of Theorem 1.1. Specifically, the impli-
cation (1) ⇒ (4) follows from a stronger form of Faltings’ theorem, where
finitely generated fields are considered instead of number fields ([8]).

Furthermore, the proof of Theorem 2.3 clearly simplifies to yield the exis-
tence of maps B and A satisfying condition (2.8) for any V with χ(OV

2 ) ≥ 0.
This permits a straightforward modification of the proof of Theorem 1.1 to
establish the implication (4) ⇒ (3).

Finally, the modifications of the proofs of the implications (2) ⇒ (1) and
(3) ⇒ (2) are straightforward since the orbit of a point y0 under a rational
map A is contained in a finitely generated field, and the field (2.21) is
finitely generated by construction. □

2.4. Examples. To give an example of Corollary 2.4, one can consider
the orbifold O defined by
(2.22) ν(0) = 2, ν(1) = 3, ν(∞) = 4,
and its universal covering θO given by (2.10). For this θO, one can find
infinitely many t ∈ Q such that the roots of θO(x) = t lie in Q(i). Indeed,
one can check that the first diagram in (2.14) commutes for the functions
A and F given by (1.2) and (2.12). Thus, F sends the roots of θO(z) = z0
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to the roots of θO(z) = A(z0) generically bijectively. On the other hand,
if a is a rational number, then all roots of θO(z) = θO(a) lie in Q(i),
since they form an orbit under the group ΓO generated by the Möbius
transformations (2.11).

A less obvious example is given by the rational function
(2.23) V = 3z4 − 4z3

mentioned in the introduction, for which the orbifold O defined by (2.22)
serves as OV

2 . One can check that for this function, the relation (2.4)
holds for

θOV
1

=

(
1
6(1 + i)z2 − i

3z + 1
6(1 − i)

) (
z4 + 2 z3 + 2 z2 − 2 z + 1

)
(z2 + 1) (z + 1) (z − 1) z ,

and the diagram (2.8) commutes for the functions A and B given by (1.2)
and (1.3). Thus, B sends the roots of V (z) = z0 to the roots of V (z) = A(z0)
generically bijectively. Furthermore, any algebraic curve X : F (x, y) = 0 of
genus zero, with a generically one-to-one parametrization by some rational
function U and the function V given by (2.23), has infinitely many y-fibers
in a number field. Let us observe that substituting B(z) for z into

F (U(z), V (z)) = 0
and using (2.8), one obtains

F (U ◦B(z), A ◦ V (z)) = 0.
Thus, to construct for such X the endomorphism ψ, it is enough to express
the rational function U ◦B in the form U ◦B = ϕ(U, V ) for some rational
function ϕ(x, y) over Q.

As another example, let us consider an elliptic curve given in the short
Weierstrass form
(2.24) X : y2 = x3 + ax+ b, a, b ∈ Q,
where 4a3 + 27b2 ̸= 0. Clearly, the functions U and V in (2.1) have degrees
two and three respectively, and, since g(X) = 1, Lemma 2.2 implies that
the fourth condition of Theorem 1.1 is satisfied if and only if c(OV

2 ) belongs
to the list (2.5). Moreover, since V has a critical point of multiplicity three
over infinity, and the least common multiple of local degrees of a map V of
degree three at the points of the preimage V −1{z} cannot be equal six, the
only case c(OV

2 ) = {3, 3, 3} is possible. The last condition is equivalent to
the condition that for some points ±y0 ∈ C, the polynomial

x3 + ax+ (b− y2
0)

has a root of multiplicity two, which in turn is equivalent to the condition
a = 0. Thus, we conclude that X has infinitely many y-fibers in a number
field if and only if a = 0.
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Finally, let us observe that Theorem 1.1 implies that the curve (2.24)
always has infinitely many x-fibers in a number field. Indeed, since any
extension of degree two is Galois, for the corresponding map U , we have
Ũ = U and NU = CX . Thus, g(NU ) = g(CX) = 1. As a function A in this
case we can take the Lattès map A given by the formula (1.7), which is
defined by the commutative diagram

(2.25)
X

ψ
//

π

��

X

π

��

CP1 A // CP1 ,

where π is the projection map on the x-coordinate and ψ is the multiplic-
ation-by-2 endomorphism of X.
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[1] Y. Belotserkovskĭi, “Effective analysis of a class of Diophantine equations”, Izv. Akad.

Nauk BSSR, Ser. Fiz.-Mat. Nauk 1988 (1988), no. 3, p. 111-115.
[2] Y. Bilu, “Counting number fields in fibers (with an appendix by Jean Gillibert)”, Math. Z.

288 (2018), no. 1-2, p. 541-563.
[3] Y. Bilu & F. Luca, “Diversity in parametric families of number fields”, in Number theory

– Diophantine problems, uniform distribution and applications, Springer, 2017, p. 169-191.
[4] ——— , “Number fields in fibers: the geometrically abelian case with rational critical values”,

Period. Math. Hung. 75 (2017), no. 2, p. 315-321.
[5] P. Doyle & C. McMullen, “Solving the quintic by iteration”, Acta Math. 163 (1989),

no. 3-4, p. 151-180.
[6] R. Dvornicich & U. Zannier, “Fields containing values of algebraic functions”, Ann. Sc.

Norm. Super. Pisa, Cl. Sci. (4) 21 (1994), no. 3, p. 421-443.
[7] ——— , “Fields containing values of algebraic functions. II: On a conjecture of Schinzel”,

Acta Arith. 73 (1995), no. 3, p. 201-210.
[8] G. Faltings, “Complements to Mordell”, in Rational points. Seminar Bonn/Wuppertal

1983/84, Aspects of Mathematics, vol. E6, Vieweg & Sohn, 1984, p. 203-227.
[9] H. M. Farkas & I. Kra, Riemann surfaces, 2nd ed., Graduate Texts in Mathematics,

vol. 71, Springer, 1992, xvi+363 pages.
[10] M. D. Fried, “Introduction to modular towers: generalizing dihedral group-modular curve

connections”, in Recent developments in the inverse Galois problem, Contemporary Math-
ematics, vol. 186, American Mathematical Society, 1995, p. 111-171.

[11] E. Girondo & G. González-Diez, Introduction to compact Riemann surfaces and dessins
d’enfants, London Mathematical Society Student Texts, vol. 79, London Mathematical So-
ciety, 2012, xii+298 pages.

[12] J. Milnor, “On Lattès maps”, in Dynamics on the Riemann Sphere, European Mathemat-
ical Society, 2006, p. 9-43.

[13] F. Pakovich, “On semiconjugate rational functions”, Geom. Funct. Anal. 26 (2016), no. 4,
p. 1217-1243.

[14] ——— , “On algebraic curves A(x) −B(y) = 0 of genus zero”, Math. Z. 288 (2018), no. 1-2,
p. 299-310.

[15] ——— , “On rational functions whose normalization has genus zero or one”, Acta Arith.
182 (2018), no. 1, p. 73-100.

[16] ——— , “Semiconjugate rational functions: a dynamical approach”, Arnold Math. J. 4
(2018), no. 1, p. 59-68.



Algebraic functions with infinitely many values in a number field 531

[17] ——— , “Recomposing rational functions”, Int. Math. Res. Not. 2019 (2019), no. 7, p. 1921-
1935.

[18] ——— , “On generalized Lattès maps”, J. Anal. Math. 142 (2020), no. 1, p. 1-39.
[19] ——— , “Tame rational functions: Decompositions of iterates and orbit intersections”, J.

Eur. Math. Soc. 25 (2023), no. 10, p. 3953-3978.
[20] ——— , “Lower bounds for genera of fiber products”, Isr. J. Math. 269 (2025), no. 1,

p. 475-500.
[21] U. Zannier, “An effective solution of a certain Diophantine problem”, Rend. Semin. Mat.

Univ. Padova 93 (1995), p. 177-183.

Fedor Pakovich
Department of Mathematics
Ben Gurion University of the Negev, Israel
E-mail: pakovich@math.bgu.ac.il
URL: https://www.math.bgu.ac.il/~pakovich/

mailto:pakovich@math.bgu.ac.il
https://www.math.bgu.ac.il/~pakovich/

	1. Introduction
	2. Proofs
	2.1. Normalizations and orbifolds
	2.2. Semiconjugacies over Q
	2.3. Proof of Theorem 1.1
	2.4. Examples

	References

