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A note on the number of
irrational odd zeta values II

par Li LAI

Résumé. Nous prouvons qu’il y a au moins 1.284 ·
√
s/ log s nombres irration-

nels parmi ζ(3), ζ(5), ζ(7), . . . , ζ(s − 1) pour tout entier pair s suffisamment
grand. Ce résultat améliore la constante d’un travail antérieur. La démons-
tration combine la technique d’élimination de Fischler–Sprang–Zudilin (2019)
avec la méthode du facteur Φn de Zudilin (2001).

Abstract. We prove that there are at least 1.284 ·
√
s/ log s irrational num-

bers among ζ(3), ζ(5), ζ(7), . . . , ζ(s−1) for any sufficiently large even integer s.
This result improves the constant of a previous work. The proof combines the
elimination technique of Fischler–Sprang–Zudilin (2019) with the Φn factor
method of Zudilin (2001).

1. Introduction
Let ζ(s) :=

∑∞
m=1m

−s (for Re(s) > 1) be the Riemann zeta function.
We are interested in the special values ζ(s) for odd integers s > 1 (referred
to as odd zeta values for brevity). The aim of this note is to prove the
following:

Theorem 1.1. For any sufficiently large positive integer s, we have

#{odd i ∈ [3, s] | ζ(i) ̸∈ Q} ⩾ 1.284579 ·
√

s

log s.

This theorem represents a small progress on the irrationality of odd zeta
values. Let us briefly review a few previously known results on this topic.
In 1979, Apéry [1] proved that ζ(3) is irrational. The next significant devel-
opment was made by Rivoal [8] in 2000 (see also Ball and Rivoal [2]), who
showed that the dimension of the Q-linear span of 1, ζ(3), ζ(5), . . . , ζ(s) is
at least (1 − o(1))(log s)/(1 + log 2) as the odd integer s → ∞. So far,
the irrationality of ζ(5) remains open, although Zudilin [10] in 2001 proved
that at least one of ζ(5), ζ(7), ζ(9), ζ(11) is irrational. A key ingredient of
Zudilin’s theorem is the consideration of certain arithmetic factors, usually
denoted by Φn. We refer to it as the “Φn factor method” in this note.
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2020 Mathematics Subject Classification. 11J72, 11M06, 33C20.
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During 2018–2020, following a series of developments in [4, 6, 9, 13], it
was proved that the number of irrationals among ζ(3), ζ(5), . . . , ζ(s) is at
least 1.192507 ·

√
s/ log s for any sufficiently large odd integer s (see [6,

Thm. 1.1]). A key ingredient of this result is an elimination technique,
whose effectiveness was first demonstrated by Fischler, Sprang, and Zudilin
in [4]. Roughly speaking, the elimination technique of Fischler, Sprang, and
Zudilin is useful for removing undesirable terms in the linear combinations
of 1 and odd zeta values.

Recently, the author [5] incorporated Zudilin’s Φn factor method into
the original proof of the Ball–Rivoal theorem [2] and improved the constant
1/(1+log 2) to 1.119/(1+log 2). However, this result in [5] is subsumed by a
much stronger result of Fischler [3], where it was proved that the dimension
of the Q-linear span of 1, ζ(3), ζ(5), . . . , ζ(s) is at least 0.21 ·

√
s/ log s for

any sufficiently large odd integer s.
In this note, we combine the elimination technique of Fischler, Sprang,

and Zudilin with Zudilin’s Φn factor method to prove Theorem 1.1.
The structure of this note is as follows: In Section 2, we construct ra-

tional functions and linear forms. In Section 3, we study the arithmetic
properties of the linear forms. In Section 4, we estimate the linear forms. In
Section 5, we utilize the elimination technique to transform our task into a
computational problem. Finally, in Section 6, we present the computational
results and provide a proof for Theorem 1.1.

2. Rational functions and linear forms
2.1. Parameters. We fix a positive integer M and a finite collection of
non-negative integers {δj}J

j=1 such that

0 ⩽ δ1 ⩽ δ2 ⩽ · · · ⩽ δJ <
M

2 .

Here, J ⩾ 1 is the number of δj ’s.
Fix a positive rational number r. Denote by den(r) the denominator of

r in its reduced form. Eventually, we will take r to be sufficiently close to
a real number r0 determined by the parameters M, δ1, . . . , δJ .

Let B be a positive real number, and let s be an integral multiple of 2J .
In the sequel, we always assume that:

(2.1) Both s and B are sufficiently large, and s ⩾ 10(2r + 1)MB2.

Eventually, we will take B = c ·
√
s/ log s for some constant c > 0

depending only on the parameters M, δ1, . . . , δJ . Thus, the condition
s ⩾ 10(2r + 1)MB2 is automatically satisfied when s is sufficiently large.

2.2. Normalization factors. As usual, we denote Euler’s totient func-
tion by φ( · ).
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Definition 2.1. We define the following two sets depending only on B:
ΨB := {b ∈ N |φ(b) ⩽ B},

ZB :=
{
a

b
∈ Q ∩ (0, 1]

∣∣∣∣ b ∈ ΨB, 1 ⩽ a ⩽ b, and gcd(a, b) = 1
}
.

Moreover, we define the following two numbers A1(B) and A2(B) depending
only on M , r, and B:

A1(B) :=
∏

b∈ΨB

b(2r+1)Mφ(b),

A2(B) :=
∏

b∈ΨB

∏
p|b

p prime

p(2r+1)Mφ(b)/(p−1).

By [6, Prop. 2.2], we have the following properties for the sets ΨB and
ZB:

|ΨB| =
(
ζ(2)ζ(3)
ζ(6) + oB→+∞(1)

)
B,(2.2) {1

b
,
2
b
, . . . ,

b

b

}
⊂ ZB for any b ∈ ΨB,(2.3)

|ZB| ⩽ B2 for any sufficiently large B.(2.4)
By [6, Lem. 2.4], we have the following estimates for A1(B) and A2(B):

A1(B) = exp
((1

2
ζ(2)ζ(3)
ζ(6) + oB→+∞(1)

)
(2r + 1)MB2 logB

)
,(2.5)

A2(B) ⩽ exp
(
10(2r+1)MB2(log logB)2

)
for any sufficiently largeB.(2.6)

2.3. Rational functions. Define the integer
PB,den(r) := 2 den(r) · LCM b∈ΨB

prime p|b
{p− 1},

where LCM denotes the least common multiple. Note that for any n ∈
PB,den(r)N, we have A1(B)n ∈ N and A2(B)n ∈ N. For any positive integer
k, we denote by

(x)k := x(x+ 1) . . . (x+ k − 1)
the Pochhammer symbol.

Definition 2.2. For any n ∈ PB,den(r)N, we define the rational function
Rn(t) ∈ Q(t) as follows:

Rn(t) := A1(B)nA2(B)n ·
∏J

j=1((M − 2δj)n)!s/J

(n/den(r))!den(r)(2r+1)M |ZB |−den(r)M · (2t+Mn)

×
(t−rMn)rMn(t+Mn+1)rMn

∏
θ∈ZB\{1}(t−rMn+θ)(2r+1)Mn∏J

j=1(t+ δjn)s/J
(M−2δj)n+1

.
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Note that the degree of the denominator of Rn(t) is

s

J

J∑
j=1

((M − 2δj)n+ 1) ⩾ s

J

J∑
j=1

(n+ 1) = (n+ 1)s.

Meanwhile, the degree of the numerator of Rn(t) is

1 + ((2r + 1)M |ZB| −M)n ⩽ (2r + 1)MB2n

by (2.4). Under our assumption (2.1), we conclude that

degRn(t) ⩽ −2

for any n ∈ PB,den(r)N. Thus, the rational function Rn(t) has the unique
partial-fraction decomposition of the following form.

Definition 2.3. For any n ∈ PB,den(r)N, we define an,i,k ∈ Q (1 ⩽ i ⩽ s,
δ1n ⩽ k ⩽ (M − δ1)n) as the coefficients appearing in the partial-fraction
decomposition of Rn(t):

(2.7) Rn(t) =:
s∑

i=1

(M−δ1)n∑
k=δ1n

an,i,k

(t+ k)i
.

2.4. Linear forms.

Definition 2.4. For any n ∈ PB,den(r)N and any θ ∈ ZB, we define

(2.8) Sn,θ :=
∞∑

m=0
Rn(m+ θ).

It is easy to check that the set ZB \ {1} is invariant under the transform
x 7→ 1 −x. Since s is a multiple of 2J and n is a multiple of PB,den(r), all of
s/J , rMn, and (2r + 1)Mn are even integers. Thus, the rational function
Rn(t) has the symmetry

Rn(−t−Mn) = −Rn(t).

Using similar arguments as in [4, Lem. 1], we can express Sn,θ as a linear
form in 1 and Hurwitz zeta values. Recall that the Hurwitz zeta values are
defined by

ζ(i, α) :=
∞∑

m=0

1
(m+ α)i

for any i ∈ Z⩾2 and α > 0.

Lemma 2.5. For any n ∈ PB,den(r)N and any θ ∈ ZB, we have

Sn,θ = ρn,0,θ +
∑

3⩽i⩽s−1
i odd

ρn,iζ(i, θ),
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where the rational coefficients are given by

ρn,i =
(M−δ1)n∑

k=δ1n

an,i,k (3 ⩽ i ⩽ s− 1, i odd),(2.9)

ρn,0,θ = −
(M−δ1)n∑

k=δ1n

k−1∑
ℓ=0

s∑
i=1

an,i,k

(ℓ+ θ)i
.(2.10)

Note that the coefficients ρn,i (3 ⩽ i ⩽ s − 1, i odd) do not depend on
θ ∈ ZB.

3. Arithmetic properties
As usual, we denote by

Dm = LCM{1, 2, 3, . . . ,m}

the least commom multiple of the numbers 1, 2, 3 . . . ,m for any positive
integer m. We denote by f (λ)(t) the λ-th order derivative of a function f(t)
for any non-negative integer λ. For a prime number p, we denote by vp(x)
the p-adic order of a rational number x, with the convention vp(0) = +∞.

We first state two basic lemmas.

Lemma 3.1. Let a, b, a0, b0 be integers such that a0 ⩽ a ⩽ b ⩽ b0 and
b0 > a0. Consider the rational function

G(t) = (b− a)!
(t+ a)b−a+1

.

Then, we have

(3.1) Dλ
b0−a0 · 1

λ! (G(t)(t+ k))(λ)∣∣
t=−k

∈ Z

for any integer k ∈ [a0, b0] ∩ Z and any non-negative integer λ.
Moreover, for any prime number p >

√
b0 − a0, any integer k ∈ [a0, b0] ∩

Z, and any non-negative integer λ, we have

(3.2) vp

(
(G(t)(t+ k))(λ)∣∣

t=−k

)
⩾ −λ+

⌊
b− a

p

⌋
−
⌊
k − a

p

⌋
−
⌊
b− k

p

⌋
.

Proof. See [12, Lem. 16, 18]. We have replaced b and b0 in [12, Lem. 16, 18]
by b+ 1 and b0 + 1, respectively. □

Lemma 3.2 ([5, Lem. 4.2]). Let a, b, c,m be integers with m > 0 and b > 0.
Let

µm(b) = bm
∏
p|b

p prime

p⌊m/(p−1)⌋,
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with the convention µm(1) = 1. Consider the polynomial

F (t) = µm(b) · (ct+ a/b)m

m! .

Then, we have

Dλ
m · 1

λ!F
(λ)(t)

∣∣
t=−k

∈ Z

for any integer k ∈ Z and any non-negative integer λ.

In the rest of this section, we will first establish the arithmetic properties
of the coefficients an,i,k (defined by (2.7)). Following this, we will address
the coefficients ρn,i (defined by (2.9)) and ρn,0,θ (defined by (2.10)).

Lemma 3.3. For any n ∈ PB,den(r)N with n > s2, we have

Φ−s/J
n Ds−i

(M−2δ1)n · an,i,k ∈ Z (1 ⩽ i ⩽ s, δ1n ⩽ k ⩽ (M − δ1)n),

where the factor Φn is a product of certain primes:

(3.3) Φn :=
∏

√
Mn<p⩽(M−2δ1)n

p prime

pω(n/p),

and the function ω( · ) is defined by

(3.4) ω(x) = min
0⩽y<1

J∑
j=1

(⌊(M − 2δj)x⌋ − ⌊y − δjx⌋ − ⌊(M − δj)x− y⌋).

Proof. Fix any i ∈ {1, 2, . . . , s} and any k ∈ [δ1n, (M − δ1)n] ∩Z. By (2.7),
we have

(3.5) an,i,k = 1
(s− i)! (Rn(t)(t+ k)s)(s−i)

∣∣∣
t=−k

.
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Define the following rational functions (we use the notation µm(b) as
defined in Lemma 3.2):

F0(t) := 2t+Mn,

F1,−,ν(t) :=
(t− rMn+ (ν − 1)n/den(r))n/ den(r)

(n/ den(r))!
for ν = 1, 2, . . . ,den(r)rM,

F1,+,ν(t) :=
(t+Mn+ 1 + (ν − 1)n/ den(r))n/ den(r)

(n/den(r))!
for ν = 1, 2, . . . ,den(r)rM,

Fθ,ν(t) := µn/ den(r)(den(θ)) ·
(t− rMn+ θ + (ν − 1)n/ den(r))n/ den(r)

(n/ den(r))!
for θ ∈ ZB \ {1} and ν = 1, 2, . . . ,den(r)(2r + 1)M,

Gj(t) := ((M − 2δj)n)!
(t+ δjn)(M−2δj)n+1

for j = 1, 2, . . . , J.

Since n is an integral multiple of PB,den(r), the exponent (n/ den(r))/(p−1)
of any prime p appearing in

µn/ den(r)(den(θ)) = den(θ)n/ den(r) ∏
p|den(θ)
p prime

p(n/ den(r))/(p−1)

is an integer. This eliminates the need for the integer-part symbol in
µn/ den(r)(den(θ)). One can verify that

∏
θ∈ZB\{1}

(
µn/ den(r)(den(θ))

)den(r)(2r+1)M
= A1(B)nA2(B)n.

Therefore, by Definition 2.2, we have

(3.6) Rn(t)(t+ k)s = F0(t)
den(r)rM∏

ν=1
(F1,−,ν(t)F1,+,ν(t))

×
∏

θ∈ZB\{1}

den(r)(2r+1)M∏
ν=1

Fθ,ν(t) ×
J∏

j=1
(Gj(t)(t+ k))s/J .

By Lemma 3.2 (with the convention µm(1) = 1), for any polynomial F (t)
of the form F0(t), F1,±,ν(t), Fθ,ν(t), we have

(3.7) Dλ
n/ den(r) · 1

λ!F
(λ)(t)

∣∣
t=−k

∈ Z
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for any non-negative integer λ. By (3.1) of Lemma 3.1 (with a0 = δ1n and
b0 = (M − δ1)n), we have

(3.8) Dλ
(M−2δ1)n · 1

λ! (Gj(t)(t+ k))(λ)∣∣
t=−k

∈ Z

for any j = 1, 2, . . . , J and any non-negative integer λ. Now, substitut-
ing (3.6) into (3.5), applying the Leibniz rule, and using (3.7) and (3.8), we
obtain

(3.9) Ds−i
(M−2δ1)n · an,i,k ∈ Z.

Moreover, for any prime p such that
√
Mn < p ⩽ (M − 2δ1)n, taking

also (3.2) of Lemma 3.1 into consideration, and noting that p > s (because
n > s2), we obtain

(3.10) vp(an,i,k) = vp

(
(Rn(t)(t+ k)s)(s−i)

∣∣∣
t=−k

)

⩾ −(s− i)+ s

J
·

J∑
j=1

(⌊(M−2δj)n
p

⌋
−
⌊
k−δjn

p

⌋
−
⌊(M−δj)n−k

p

⌋)

⩾ −(s− i)+ s

J
·ω
(
n

p

)
,

where the function ω( · ) is given by (3.4). Combining (3.9) and (3.10), we
obtain the desired conclusion:

Φ−s/J
n Ds−i

(M−2δ1)n · an,i,k ∈ Z (1 ⩽ i ⩽ s, δ1n ⩽ k ⩽ (M − δ1)n). □

Lemma 3.4. For any n ∈ PB,den(r)N with n > s2, we have

Φ−s/J
n Ds−i

(M−2δ1)n · ρn,i ∈ Z (3 ⩽ i ⩽ s− 1, i odd).

Proof. It follows directly from (2.9) and Lemma 3.3. □

Lemma 3.5. For any n ∈ PB,den(r)N with n > s2, and any θ ∈ ZB \ {1},
we have

Φ−s/J
n Ds

(M−2δ1)n · ρn,0,θ ∈ Z.

Proof. We prove by contradiction. Let θ ∈ ZB \ {1} and suppose that

Φ−s/J
n Ds

(M−2δ1)n · ρn,0,θ ̸∈ Z.

By substituting (2.10) into above equation, we obtain that, there exist
integers k0, ℓ0 such that δ1n ⩽ k0 ⩽ (M − δ1)n, 0 ⩽ ℓ0 < k0, and

Φ−s/J
n Ds

(M−2δ1)n

s∑
i=1

an,i,k0

(ℓ0 + θ)i
̸∈ Z.



Irrational odd zeta values 477

Note that 1 − θ ∈ ZB \ {1} and t + k0 − ℓ0 − θ is a factor of (t − rMn +
1 − θ)(2r+1)Mn. Thus, t+ k0 − ℓ0 − θ is a factor of the numerator of Rn(t)
(see Definition 2.2) and

Rn(−k0 + ℓ0 + θ) = 0.

Then, by (2.7) we have

Φ−s/J
n Ds

(M−2δ1)n

s∑
i=1

an,i,k0

(ℓ0 + θ)i

= −Φ−s/J
n Ds

(M−2δ1)n

s∑
i=1

(M−δ1)n∑
k=δ1n
k ̸=k0

an,i,k

(k − k0 + ℓ0 + θ)i
̸∈ Z.

Therefore, there exist a prime p, two indices i0, i1 ∈ {1, 2, . . . , s}, and an
index k1 ∈ {δ1n, . . . , (M − δ1)n} with k1 ̸= k0 such that

vp

(
Φ−s/J

n Ds
(M−2δ1)n · an,i0,k0

(ℓ0 + θ)i0

)
< 0

and vp

(
Φ−s/J

n Ds
(M−2δ1)n · an,i1,k1

(k1 − k0 + ℓ0 + θ)i1

)
< 0.

By Lemma 3.3, we have

vp

(
Φ−s/J

n Ds−i0
(M−2δ1)n · an,i0,k0

)
⩾ 0 and vp

(
Φ−s/J

n Ds−i1
(M−2δ1)n · an,i1,k1

)
⩾ 0.

Thus,

vp(ℓ0 + θ) > vp(D(M−2δ1)n) and vp(k1 − k0 + ℓ0 + θ) > vp(D(M−2δ1)n).

It follows that vp(k1 − k0) > vp(D(M−2δ1)n), which is absurd because 0 <
|k1 − k0| ⩽ (M − 2δ1)n. □

Remark 3.6. For θ = 1, we can prove that

Φ−s/J
n

J∏
j=1

D
s/J
Mjn · ρn,0,1 ∈ Z,

where Mj = max{M − 2δ1,M − δj}. The proof is the same as that of [5,
Lem. 4.4]. In some sense, the arithmetic property of ρn,0,1 is the worst
among the coefficients ρn,0,θ (θ ∈ ZB). We will eliminate ρn,0,1 in our final
linear forms (see the proof of Lemma 5.1).

4. Asymptotic estimates
Recall that Sn,θ (θ ∈ ZB) are defined by (2.8). We have the following

asymptotic estimates for Sn,θ (θ ∈ ZB) as n ∈ PB,den(r)N and n → ∞.



478 Li Lai

Lemma 4.1. For θ = 1 ∈ ZB, we have

lim
n→∞

S
1/n
n,1 = g(x0),

where

g(x) := A1(B)A2(B) den(r)(2r+1)M |ZB |−M

 J∏
j=1

(M − 2δj)M−2δj

s/J

× ((2r + 1)M + x)(2r+1)M |ZB | · (rM + x)rM

((r + 1)M + x)(r+1)M

×
J∏

j=1

(
(rM + δj + x)rM+δj

((r + 1)M − δj + x)(r+1)M−δj

)s/J

,

and x0 is the unique positive real solution of the equation f(x) = 1 with

f(x) :=
((2r+ 1)M +x

x

)|ZB | rM +x

(r+ 1)M +x
×

J∏
j=1

(
rM + δj +x

(r+ 1)M − δj +x

)s/J

.

Moreover, for any θ ∈ ZB, we have

lim
n→∞

Sn,1
Sn,θ

= 1.

Proof. We first prove that the equation f(x) = 1 has a unique positive real
solution x = x0. A straightforward calculation for the logarithmic derivative
of f(x) yields

f ′(x)
f(x) = u(x)

x((2r + 1)M + x) , x ∈ (0,+∞),

where the function u(x) is defined on (0,+∞) by

(4.1) u(x) := −(2r + 1)M |ZB| +M

(
1 − (rM)((r + 1)M)

(rM + x)((r + 1)M + x)

)

+ s

J

J∑
j=1

(M − 2δj)
(

1 − (rM + δj)((r+ 1)M − δj)
(rM + δj +x)((r+ 1)M − δj +x)

)
.

Noting that M − 2δj ⩾ 1 and

1 − (rM + δj)((r + 1)M − δj)
(rM + δj + x)((r + 1)M − δj + x)

= x((2r + 1)M + x)
(rM + δj + x)((r + 1)M − δj + x)

>
x

(2r + 1)M + x
for j = 1, 2, . . . , J,
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we have

(4.2) u(x) > −(2r + 1)M |ZB| + s · x

(2r + 1)M + x
, x ∈ (0,+∞).

Let

x2 := (2r + 1)2M2|ZB|
s− (2r + 1)M |ZB|

, (we have x2 > 0 by (2.1) and (2.4))

which is the root of the right-hand side of (4.2). Then u(x2) > 0. On
the other hand, by (4.1), the function u(x) is increasing on (0,+∞) and
u(0+) = −(2r + 1)M |ZB| < 0. Thus, there exists a unique x1 ∈ (0, x2)
such that u(x1) = 0. Therefore, f(x) is decreasing on (0, x1) and increasing
on (x1,+∞). Since f(0+) = +∞ and f(+∞) = 1, there exists a unique
x0 ∈ (0, x1) such that f(x0) = 1. Moreover, f(x) > 1 for x ∈ (0, x0) and
f(x) < 1 for x ∈ (x0,+∞). By (2.4), we have

(4.3) x0 < x2 = (2r + 1)2M2|ZB|
s− (2r + 1)M |ZB|

⩽
(2r + 1)2M2B2

s− (2r + 1)MB2 .

The rest of the proof is similar to that of [6, Lem. 4.1]. We only give a
sketch. Since Rn(m + θ) = 0 for m = 0, 1, . . . , rMn − 1 and θ ∈ ZB, we
have

Sn,θ =
∞∑

k=0
Rn(rMn+ k + θ).

We can express Rn(rMn + k + θ) almost as a ratio of Gamma functions.
Specifically, we have

Rn(rMn+ k + θ)

= A1(B)nA2(B)n ·
∏J

j=1((M − 2δj)n)!s/J

(n/den(r))!den(r)(2r+1)M |ZB |−den(r)M

× ((2r + 1)Mn+ 2k + 2θ) ·
∏

θ′∈ZB

Γ((2r + 1)Mn+ k + θ + θ′)
Γ(k + θ + θ′)

× Γ(rMn+ k + θ)
Γ((r + 1)Mn+ k + 1 + θ)

×
J∏

j=1

(
Γ((rM + δj)n+ k + θ)

Γ(((r + 1)M − δj)n+ k + 1 + θ)

)s/J

.
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Suppose for the moment that k = κn for some constant κ > 0, then by
Stirling’s formula we have (as n → ∞)

Rn(rMn+ κn+ θ)

= nO(1) ·A1(B)nA2(B)n den(r)((2r+1)M |ZB |−M)n

×

 J∏
j=1

(M − 2δj)(M−2δj)n

s/J

·
(

((2r + 1)M + κ)((2r+1)M+κ)n

κκn

)|ZB |

× (rM + κ)(rM+κ)n

((r + 1)M + κ)((r+1)M+κ)n

×
J∏

j=1

(
(rM + δj + κ)(rM+δj+κ)n

((r + 1)M − δj + κ)((r+1)M−δj+κ)n

)s/J

= nO(1) · (f(κ)κg(κ))n.

Define the function h(x) := f(x)xg(x) on (0,+∞). A direct calculation
yields h′(x)/h(x) = log f(x). Thus, h(x) is increasing on (0, x0) and de-
creasing on (x0,+∞). Based on this observation, one can argue as in the
proof of [6, Lem. 4.1] to show that Sn,θ = nO(1)h(x0)n for any θ ∈ ZB.
Consequently, we have

lim
n→∞

S
1/n
n,θ = h(x0) = g(x0).

Moreover, for any fixed small ε0 > 0 and any θ ∈ ZB, we have

Sn,1 = (1 + o(1))
∑

(x0−ε0)n⩽k⩽(x0+ε0)n
Rn(m1n+ k + 1),

Sn,θ = (1 + o(1))
∑

(x0−ε0)n⩽k⩽(x0+ε0)n
Rn(m1n+ k + θ).

Using the relation Γ(x + 1 − θ)/Γ(x) = (1 + ox→+∞(1))x1−θ, we obtain
uniformly for (x0 − ε0)n ⩽ k ⩽ (x0 + ε0)n that

Rn(rMn+ k + 1)
Rn(rMn+ k + θ) = (1 + o(1))f(k/n)1−θ as n → ∞.

Therefore,

f(x0 + ε0)1−θ ⩽ lim inf
n→∞

Sn,1
Sn,θ

⩽ lim sup
n→∞

Sn,1
Sn,θ

⩽ f(x0 − ε0)1−θ.

Letting ε0 → 0+, we obtain

lim
n→∞

Sn,1
Sn,θ

= 1. □
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Next, we estimate the factor Φn (defined by (3.3)). It is well known that
the prime number theorem implies

(4.4) Dm = em+o(m) as m → ∞.

The following lemma is also a corollary of the prime number theorem. For
details, we refer the reader to [11, Lem. 4.4].

Lemma 4.2. We have

Φn = exp(ϖn+ o(n)) as n → ∞,

where the constant

(4.5) ϖ =
∫ 1

0
ω(x) dψ(x) −

∫ 1/(M−2δ1)

0
ω(x) dx

x2 .

The function ψ( · ) is the digamma function, and the function ω( · ) is given
by (3.4).

5. Elimination procedure
We use the elimination technique of Fischler–Sprang–Zudilin [4] to prove

the following.

Lemma 5.1. If

(5.1) log(g(x0)) + s ·
(

−ϖ

J
+ (M − 2δ1)

)
< 0,

then there are at least |ΨB| − 1 irrational numbers among ζ(3), ζ(5), . . . ,
ζ(s− 1).

Proof. Suppose that the number of irrationals among ζ(3), ζ(5), . . . , ζ(s−1)
is less than |ΨB| − 1; then we can take a subset I ⊂ {3, 5, . . . , s − 1} with
|I| = |ΨB| − 2 such that ζ(i) ∈ Q for all i ∈ {3, 5, . . . , s− 1} \ I. Let A ∈ N
be a common denominator of these rational zeta values; that is, A ·ζ(i) ∈ Z
for all i ∈ {3, 5, . . . , s− 1} \ I.

Since the generalized Vandermonde matrix[
bi
]

b∈ΨB , i∈{0,1}∪I

is invertible (see [4, §4]), there exist integers wb ∈ Z (b ∈ ΨB) such that∑
b∈ΨB

wbb
i = 0 for any i ∈ {0} ∪ I, and

∑
b∈ΨB

wbb ̸= 0.
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By (2.3), we have k/b ∈ ZB for any b ∈ ΨB and any k = 1, 2, . . . , b; thus
Sn,k/b is defined by Definition 2.8. For any n ∈ PB,den(r)N with n > s2, we
define

S̃n :=
∑

b∈ΨB

wb

b∑
k=1

Sn,k/b.

By Lemma 2.5 and the fact
b∑

k=1
ζ(i, k/b) = biζ(i),

we have

S̃n =
∑

b∈ΨB

wb

b∑
k=1

ρn,0,k/b +
∑

i∈{3,5,...,s−1}

 ∑
b∈ΨB

wbb
i

ρn,iζ(i)

=
∑

b∈ΨB

wb

b−1∑
k=1

ρn,0,k/b +
∑

i∈{3,5,...,s−1}\I

 ∑
b∈ΨB

wbb
i

ρn,iζ(i).

By Lemma 4.1, we have

S̃n =

 ∑
b∈ΨB

wbb+ o(1)

Sn,1 as n → ∞.

By Lemma 3.4 and Lemma 3.5, we have

A · Φ−s/J
n Ds

(M−2δ1)n · S̃n ∈ Z.

On the other hand, by Eq. (4.4), Lemma 4.2, Lemma 4.1, and Eq. (5.1),
we have

0 < lim
n→∞

∣∣∣A · Φ−s/J
n Ds

(M−2δ1)n · S̃n

∣∣∣1/n

= g(x0) exp
(
s ·
(

−ϖ

J
+ (M − 2δ1)

))
< 1,

a contradiction. □

The next theorem reduces our task to a computational problem.

Theorem 5.2. Fix any positive integers M and J , and any non-negative
integers δ1, δ2, . . . , δJ such that

0 ⩽ δ1 ⩽ δ2 ⩽ · · · ⩽ δJ <
M

2 .

Let ϖ be the real number determined by M, δ1, δ2, . . . , δJ as follows:

ϖ =
∫ 1

0
ω(x) dψ(x) −

∫ 1/(M−2δ1)

0
ω(x) dx

x2 ,
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where ψ(x) = Γ′(x)/Γ(x) is the digamma function, and

ω(x) = min
0⩽y<1

J∑
j=1

(⌊(M − 2δj)x⌋ − ⌊y − δjx⌋ − ⌊(M − δj)x− y⌋).

Let r0 ∈ (−δ1/M,+∞) be the real number determined by M, δ1, δ2, . . . , δJ

as follows:

(5.2)
J∑

j=1
(M − 2δj)

(
log((r0 + 1)M − δj) + log(r0M + δj)

)

= −2ϖ + 2J(M − 2δ1) + 2
J∑

j=1
(M − 2δj) log(M − 2δj).

If r0 > 0, then we have

#{i ∈ {3, 5, . . . , s− 1} | ζ(i) ̸∈ Q} ⩾ (C0 − o(1)) ·
√

s

log s

as the even integer s → ∞, where the constant

C0 =

√√√√2ζ(2)ζ(3)
ζ(6) · 1

J

J∑
j=1

log (r0 + 1)M − δj

r0M + δj
.

Proof. Let s be a sufficiently large multiple of 2J . Take B = c
√
s/ log s

for some constant c > 0, and let r ∈ Q>0. By the definition of g(x0) (see
Lemma 2.5) and using Eqs. (2.4), (2.5), (2.6), and (4.3), we have

lim
s→∞

B=c
√

s/ log s

log(g(x0))
s

= 1
2
ζ(2)ζ(3)
ζ(6) (2r + 1)M · c

2

2 + 1
J

J∑
j=1

(M − 2δj) log(M − 2δj)

+ 1
J

J∑
j=1

(
(rM+δj) log(rM+δj)−

(
(r+1)M−δj

)
log
(
(r+1)M−δj

))
.

If the constant c satisfies

(5.3) c2 <
4ζ(6)
ζ(2)ζ(3) · F (r),
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where

F (r) := 1
(2r + 1)MJ

·
(

J∑
j=1

(
(r + 1)M − δj

)
log
(
(r + 1)M − δj

)
−

J∑
j=1

(rM + δj) log(rM + δj)

−
J∑

j=1
(M − 2δj) log(M − 2δj)

+ϖ − J(M − 2δ1)
)
,

then (5.1) is satisfied when s is sufficiently large, and hence

(5.4) #{i ∈ {3, 5, . . . , s− 1} | ζ(i) ̸∈ Q} ⩾ (1 + o(1))ζ(2)ζ(3)
ζ(6) · c ·

√
s

log s

as s → ∞, by Lemma 5.1 and Eq. (2.2).
Therefore, we want to maximize F (r). Note that

F ′(r) = 1
(2r + 1)2MJ

·G(r),

where

G(r) := −2ϖ + 2J(M − 2δ1) + 2
J∑

j=1
(M − 2δj) log(M − 2δj)

−
J∑

j=1
(M − 2δj)

(
log((r + 1)M − δj) + log(rM + δj)

)
.

Obviously, G(r) is decreasing on (−δ1/M,+∞). Since G((−δ1/M)+) = +∞
and G(+∞) = −∞, there exists a unique r0 ∈ (−δ1/M,+∞) satisfy-
ing (5.2); that is,G(r0) = 0. Thus, F (r0) is the maximum value for F (r). We
have F (r0) > 0 because F (r) is decreasing on (r0,+∞) and F (+∞) = 0.

Fix any small ε > 0. If r0 > 0, then we can take r ∈ Q>0 sufficiently
close to r0 such that F (r) > (1 − ε/2)F (r0). Take

c =
√(

1 − ε

2

)
· 4ζ(6)
ζ(2)ζ(3) · F (r0),
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then (5.3) is satisfied, and hence by (5.4) we have

#{i ∈ {3, 5, . . . , s− 1} | ζ(i) ̸∈ Q} ⩾
(

1 − ε

2

)√4ζ(2)ζ(3)
ζ(6) F (r0) ·

√
s

log s

=
(

1 − ε

2

)
C0 ·

√
s

log s
for any sufficiently large s which is a multiple of 2J . Thus,

#{i ∈ {3, 5, . . . , s− 1} | ζ(i) ̸∈ Q} ⩾ (1 − ε)C0 ·
√

s

log s
for any sufficiently large even integer s. □

6. Computations
In this section, we will take explicit parameters M , δ1, δ2, . . . , δJ in Theo-

rem 5.2 and calculate the corresponding ϖ, r0, and C0. We refer the reader
to [7, §5] for the method of calculating ϖ using MATLAB.

If we take M = 1, J = 1, and δ1 = 0, then we find that ϖ = 0,
r0 = 2.263884 . . . , and C0 = 1.192507 . . . . Thus, we rediscover the result
in [6]: for any sufficiently large even integer s,

#{i ∈ {3, 5, . . . , s− 1} | ζ(i) ̸∈ Q} ⩾ 1.192507 ·
√

s

log s.

The simplest parameters to improve the above result are: M = 7,
J = 2, δ1 = 0, and δ2 = 1. For this collection of parameters, we have
ϖ = 2.284309 . . . , r0 = 1.850170 . . . , and

C0 = 1.197980 . . . .

Take M = 57, J = 18, and

(δ1, δ2, . . . , δ18) = (1, 1, 1, 1, 1, 2, 2, 3, 3, 5, 5, 6, 6, 7, 8, 9, 10, 12).

Then, we find that ϖ = 238.966249 . . . , r0 = 1.573948 . . . , and

C0 = 1.262672 . . . .

Proof of Theorem 1.1. Take M = 563, J = 76, and δ1, δ2, . . . , δ76 as in
Table 6.1.

Using MATLAB, we find that ϖ = 12694.987927 . . . , r0 = 1.502726 . . . ,
and C0 = 1.284579 . . . . By Theorem 5.2, we obtain

#{i ∈ {3, 5, . . . , s− 1} | ζ(i) ̸∈ Q} ⩾ 1.284579 ·
√

s

log s
for any sufficiently large even integer s. □



486 Li Lai

Table 6.1. The choice of δ1, δ2, . . . , δ76

δ1 = 1 δ12 = 5 δ23 = 16 δ34 = 30 δ45 = 52 δ56 = 74 δ67 = 96
δ2 = 1 δ13 = 6 δ24 = 17 δ35 = 32 δ46 = 54 δ57 = 76 δ68 = 98
δ3 = 1 δ14 = 7 δ25 = 18 δ36 = 34 δ47 = 56 δ58 = 78 δ69 = 100
δ4 = 1 δ15 = 8 δ26 = 19 δ37 = 36 δ48 = 58 δ59 = 80 δ70 = 102
δ5 = 1 δ16 = 9 δ27 = 20 δ38 = 38 δ49 = 60 δ60 = 82 δ71 = 104
δ6 = 2 δ17 = 10 δ28 = 21 δ39 = 40 δ50 = 62 δ61 = 84 δ72 = 108
δ7 = 2 δ18 = 11 δ29 = 22 δ40 = 42 δ51 = 64 δ62 = 86 δ73 = 112
δ8 = 3 δ19 = 12 δ30 = 23 δ41 = 44 δ52 = 66 δ63 = 88 δ74 = 116
δ9 = 3 δ20 = 13 δ31 = 24 δ42 = 46 δ53 = 68 δ64 = 90 δ75 = 120
δ10 = 4 δ21 = 14 δ32 = 26 δ42 = 48 δ54 = 70 δ65 = 92 δ76 = 124
δ11 = 4 δ22 = 15 δ33 = 28 δ44 = 50 δ55 = 72 δ66 = 94

Remark 6.1. The δj values from Table 6.1 were initially found in [5]
(with a different M) for a highly related problem. These parameters are
not theoretically special; they are merely empirically effective. They were
obtained through a random search and several manual adjustments, such
as fixing all δj values and varying M , or fixing all other parameters while
varying, adding, or deleting one δj .
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