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A note on the number of
irrational odd zeta values 11

par L1 LAI

RESUME. Nous prouvons qu’il y a au moins 1.284-1/s/ log s nombres irration-
nels parmi ¢(3),¢(5),{(7),...,{(s — 1) pour tout entier pair s suffisamment
grand. Ce résultat améliore la constante d’un travail antérieur. La démons-
tration combine la technique d’élimination de Fischler—Sprang—Zudilin (2019)
avec la méthode du facteur ®,, de Zudilin (2001).

ABSTRACT. We prove that there are at least 1.284 - 1/s/ log s irrational num-
bers among ¢(3),((5),¢(7),...,((s—1) for any sufficiently large even integer s.
This result improves the constant of a previous work. The proof combines the
elimination technique of Fischler—Sprang—Zudilin (2019) with the ®,, factor
method of Zudilin (2001).

1. Introduction

Let ((s) := Y po_;m™* (for Re(s) > 1) be the Riemann zeta function.
We are interested in the special values ((s) for odd integers s > 1 (referred
to as odd zeta values for brevity). The aim of this note is to prove the
following:

Theorem 1.1. For any sufficiently large positive integer s, we have

#{odd i € [3,s]|C(i) € Q} > 1.284579 - log s
This theorem represents a small progress on the irrationality of odd zeta
values. Let us briefly review a few previously known results on this topic.
In 1979, Apéry [1] proved that ((3) is irrational. The next significant devel-
opment was made by Rivoal [8] in 2000 (see also Ball and Rivoal [2]), who
showed that the dimension of the Q-linear span of 1,¢(3),{(5),...,((s) is
at least (1 — o(1))(logs)/(1 + log2) as the odd integer s — oo. So far,
the irrationality of ((5) remains open, although Zudilin [10] in 2001 proved
that at least one of ((5),{(7),((9),¢(11) is irrational. A key ingredient of
Zudilin’s theorem is the consideration of certain arithmetic factors, usually
denoted by ®,,. We refer to it as the “®,, factor method” in this note.

Manuscrit regu le 12 aott 2025, révisé le 27 janvier 2026, accepté le 2 mars 2026.
2020 Mathematics Subject Classification. 11J72, 11M06, 33C20.
Mots-clefs. Irrationality, zeta values, hypergeometric series.
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During 2018-2020, following a series of developments in [4, 6, 9, 13], it
was proved that the number of irrationals among ((3),{(5),...,((s) is at
least 1.192507 - \/s/log s for any sufficiently large odd integer s (see [6,
Thm. 1.1]). A key ingredient of this result is an elimination technique,
whose effectiveness was first demonstrated by Fischler, Sprang, and Zudilin
in [4]. Roughly speaking, the elimination technique of Fischler, Sprang, and
Zudilin is useful for removing undesirable terms in the linear combinations
of 1 and odd zeta values.

Recently, the author [5] incorporated Zudilin’s ®,, factor method into
the original proof of the Ball-Rivoal theorem [2] and improved the constant
1/(14log2) to 1.119/(1+4log 2). However, this result in [5] is subsumed by a
much stronger result of Fischler [3], where it was proved that the dimension
of the Q-linear span of 1,{(3),¢(5),...,((s) is at least 0.21 - y/s/log s for
any sufficiently large odd integer s.

In this note, we combine the elimination technique of Fischler, Sprang,
and Zudilin with Zudilin’s ®,, factor method to prove Theorem 1.1.

The structure of this note is as follows: In Section 2, we construct ra-
tional functions and linear forms. In Section 3, we study the arithmetic
properties of the linear forms. In Section 4, we estimate the linear forms. In
Section 5, we utilize the elimination technique to transform our task into a
computational problem. Finally, in Section 6, we present the computational
results and provide a proof for Theorem 1.1.

2. Rational functions and linear forms

2.1. Parameters. We fix a positive integer M and a finite collection of
non-negative integers {d; }3]:1 such that

0<B<hH< <<
Here, J > 1 is the number of 4;’s.

Fix a positive rational number r. Denote by den(r) the denominator of
r in its reduced form. Eventually, we will take r to be sufficiently close to
a real number ry determined by the parameters M, d1,...,0d;.

Let B be a positive real number, and let s be an integral multiple of 2.J.
In the sequel, we always assume that:

(2.1) Both s and B are sufficiently large, and s > 10(2r + 1) M B2

Eventually, we will take B = ¢ - /s/logs for some constant ¢ > 0
depending only on the parameters M,d1,...,d07. Thus, the condition
s > 10(2r + 1)M B? is automatically satisfied when s is sufficiently large.

2.2. Normalization factors. As usual, we denote Euler’s totient func-
tion by ¢(-).
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Definition 2.1. We define the following two sets depending only on B:
Up:={beN|pb) < B},
Zg = {Z EQH(O,l]‘bE Up,1<a<b, and ged(a,b) = 1}.
Moreover, we define the following two numbers A (B) and A3 (B) depending

only on M, r, and B:

Al(B) = H b(2r+1)M¢(b)’
bevp
AB):= [ [ p@+oMe®/o-D,

beUp p|b
p prime

By [6, Prop. 2.2], we have the following properties for the sets ¥p and
Zp:

C(2)¢(3
(2.2) W] = ((4265) + 03%00(1))3,
1
(2.3) {b,i,...,Z}CZB for any b € Up,
(2.4) |Zp| < B? for any sufficiently large B.
By [6, Lem. 2.4], we have the following estimates for A;(B) and Az(B):
1¢(2)¢(3
(2.5) A1(B) = exp((QC(ng;) + OB_>+OO(1)) (2r 4+ 1)M B?log B),

(2.6) A2(B) < exp(10(2r+1)MB2(log log B)2) for any sufficiently large B.
2.3. Rational functions. Define the integer
PB,den(r) = Zden(T) -LCM bev {p - 1}7
prime pl|b
where LCM denotes the least common multiple. Note that for any n €
Pp gen(r)N, we have A1(B)" € N and A2(B)" € N. For any positive integer
k, we denote by
@) =xz(xz+1)...(z+k—-1)
the Pochhammer symbol.
Definition 2.2. For any n € Pp gen(r)N, we define the rational function
R, (t) € Q(t) as follows:
=1 (M = 26;)n)1/
(TL/ den(r))!den(r)(2r+1)M|ZB|7den(r)M

(t—TMn)rMn(t+Mn+1)TMn HGEZB\{l}(t_TMn—i_e)(Qr—‘rl)Mn

J s/J
j=1(t+ 5j”)(1/\/1—25j)n+1

R, (t) := A1 (B)"A2(B)" -

(2t 4+ Mn)

X
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Note that the degree of the denominator of R, () is
J

Z M —=26)n+1) > =Y (n+1) = (n+1)s.

7j=1 7j=1

<l

Meanwhile, the degree of the numerator of R, (t) is
14 ((2r + 1)M|Z2g| — M)n < (2r + 1)MB*n
by (2.4). Under our assumption (2.1), we conclude that
deg R, (t) < —2
for any n € Pp gen(-)N. Thus, the rational function R, (f) has the unique

partial-fraction decomposition of the following form.

Definition 2.3. For any n € Pp genr)N, we define a,;x € Q (1 <7 < s,
oin < k < (M —01)n) as the coefficients appearing in the partial-fraction
decomposition of R, (t):

s (M—=é1)n

e - 3 v

i=1 k=6n

2.4. Linear forms.

Definition 2.4. For any n € Pp gen(»)N and any 6 € Zp, we define

(2.8) Sn.o = i Ry, (m +0).

m=0

It is easy to check that the set Zp\ {1} is invariant under the transform
x +— 1 —z. Since s is a multiple of 2J and n is a multiple of Pp gep(y), all of
s/J, rMn, and (2r + 1)Mn are even integers. Thus, the rational function
R, (t) has the symmetry

Rp(—t — Mn) = —Ry(t).

Using similar arguments as in [4, Lem. 1], we can express S, ¢ as a linear
form in 1 and Hurwitz zeta values. Recall that the Hurwitz zeta values are
defined by

[e.e]

0 m+a

for any ¢ € Z>5 and a > 0.

Lemma 2.5. For any n € Pp gen(r)N and any 0 € Zp, we have
Snﬂ = Pn,0,0 + Z pn,iC(ia 0),

I<i<s—1
i odd
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where the rational coefficients are given by
(M—é1)n
(2.9) pi= D anix (3<i<s—1, i odd),
k=d1n
(M=61)nk—1 s

(2.10) Proo=— D ZZ a”’”“

kélnEOzl

Note that the coefficients p,; (3 < i < s—1, i odd) do not depend on
0 e Zg.

3. Arithmetic properties
As usual, we denote by
D,, =LCM{1,2,3,...,m}

the least commom multiple of the numbers 1,2,3...,m for any positive

integer m. We denote by £ (t) the A-th order derivative of a function f(t)

for any non-negative integer A. For a prime number p, we denote by v,(x)

the p-adic order of a rational number x, with the convention v,(0) = +ooc.
We first state two basic lemmas.

Lemma 3.1. Let a,b,ag,by be integers such that ag < a < b < by and
bo > ag. Consider the rational function
b—a)
G(t) — %
(t+a)p—at1
Then, we have
1
3 (COE+R)Y| ez

for any integer k € [ag, bo] N Z and any non-negative integer A.
Moreover, for any prime number p > /by — ag, any integer k € [ag, bp] N
Z, and any non-negative integer A, we have

I N R e N R s R |

Proof. See [12, Lem. 16, 18]. We have replaced b and by in [12, Lem. 16, 18]
by b+ 1 and by + 1, respectively. O

(3.1) D oo -

Lemma 3.2 ([5, Lem. 4.2]). Let a,b, c,m be integers with m > 0 and b > 0.
Let
pm(0) =™ T ptm/e=bl,

plb
p prime
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with the convention pm (1) = 1. Consider the polynomial

B (ct +a/b)m
P(t) = pim(8) - 02,
Then, we have
R
Dy, - ﬁF (t)\t:_k ez

for any integer k € Z and any non-negative integer A.

In the rest of this section, we will first establish the arithmetic properties
of the coefficients ay,; (defined by (2.7)). Following this, we will address
the coefficients p,; (defined by (2.9)) and py, 0,6 (defined by (2.10)).

Lemma 3.3. For any n € Pp gen)N with n > 52, we have

@;S/JD(SJ\_/[i_Qél)n cOnik €L (1<i<s, oin<k<(M-—d1)n),

where the factor ®,, is a product of certain primes:

(3.3) D, = H p/p),

VMn<p<(M—261)n
p prime

and the function w(-) is defined by

J

(34)  wla) = min S(UM —28)a) — ly— o) — |(M ~ &)a — y)).

Proof. Fix any i € {1,2,...,s} and any k € [01n, (M —01)n]NZ. By (2.7),

we have

(35) an,i,k = (
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Define the following rational functions (we use the notation p,,(b) as
defined in Lemma 3.2):

Fo(t) =2t + Mn,
(t —rMn+ (v — 1)“/ den<7"))n/den(r)

Fy_,(t) :=

1w (t) (n/ den(r))!
forv=1,2,...,den(r)rM,
t+Mn+14 (v—1)n/den(r)),/den(r

Froo(t) = ( (v = 1)n/ den(r))n/ den(r)

(n/den(r))!
forv=1,2,...,den(r)rM,

(¢ —rMn 40+ (v~ D/ den(r)) gens
F97V(t) ‘= Hn/den(r) (den(@)) ' (n/ den(r))! / den(r)

for € Zp\ {1} and v =1,2,...,den(r)(2r + 1)M,

(M= 255)n)!
Gy (t) : (t 4 (5jn)(M,25j)n+1

forj=1,2,...,J.

Since n is an integral multiple of Pp gen(r, the exponent (n/den(r))/(p—1)
of any prime p appearing in

[t/ den(r) (den(e)) _ den n/den r) H p (n/ den(r) -1)
plden(6)
p prime
is an integer. This eliminates the need for the integer-part symbol in
[in/ den(r)(den(@)). One can verify that

den(r)(2r+1)M n n
[T (o) denr(den(6))) = Ai(B)" A2(B)".
0cZp\{1}
Therefore, by Definition 2.2, we have
den(r)rM
(3.6) Ru()(t+k) =Fo(t) [[ (F-u(t)F.()
v=1

den(r)(2r+1)M

J
X H H F@V 1:[ t+k S/J-

bezp\{1}  v=1

By Lemma 3.2 (with the convention p,,(1) = 1), for any polynomial F(¢)
of the form Fy(t), F1+,(t), Fp,(t), we have

1
(37) D?L/den(r) ’ ﬁF(A) (t)|t:_k €Z
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for any non-negative integer A\. By (3.1) of Lemma 3.1 (with ag = d1n and
bp = (M — 61)n), we have

(3.8) Dossyn 3 GO+ KNV, €2

for any j = 1,2,...,J and any non-negative integer A. Now, substitut-
ing (3.6) into (3.5), applying the Leibniz rule, and using (3.7) and (3.8), we
obtain

(39) DfMZ 261)n “Anik € 7.

Moreover, for any prime p such that vVMn < p < (M — 261)n, taking
also (3.2) of Lemma 3.1 into consideration, and noting that p > s (because
n > s2), we obtain

)

N _(S_Z,)Jrjliq(M—%j)nJ B {k—éjnJ B {(M—éj)n—kJ)

p p p

(3:10) vy a) = v ((BalO)t + 1)

where the function w(-) is given by (3.4). Combining (3.9) and (3.10), we
obtain the desired conclusion:

1 D s, ik €Z (1<i<s, sin<k<(M—=d)n). O

Lemma 3.4. For any n € Pp gen(r)N with n > 52, we have

O, DG sy i €T (3<i<s—1, i odd),
Proof. 1t follows directly from (2.9) and Lemma 3.3. O

Lemma 3.5. For any n € Pp gen(r)N with n > s2, and any 0 € Zg \ {1},
we have

7 Dirs g50ym * P € Z.
Proof. We prove by contradiction. Let §# € Zp \ {1} and suppose that

q’ES/JDfozal)n Py & L.

By substituting (2.10) into above equation, we obtain that, there exist
integers kg, ¢p such that d1n < ko < (M — d1)n, 0 < £y < ko, and

—s/J s 2 an,z,k
(I)n / D(M—261) Z(f +60) ¢Z
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Note that 1 — 0 € Zg \ {1} and t + ko — ¢p — 0 is a factor of (t —rMn +
1 —0)@r4+1)mn- Thus, t + ko — £o — 0 is a factor of the numerator of Ry, (t)
(see Definition 2.2) and

Then, by (2.7) we have

—s/J s . Qn,i,ko
(I)n D(M—Qél)n Z (EO + 0)1

s (M—=é1)n

— QAp gk
= ;%' D7 i 27
(M—261)n ; kzg (k‘ — ko + 4y + 9)2 ¢
k£ko
Therefore, there exist a prime p, two indices ig,i; € {1,2,...,s}, and an

index ky € {é1n,...,(M — 01)n} with k; # ko such that

—s/J s an,z 7](3
Up<q>n / (M—281)n ° W) <0

,S/J s . an’ihkl
and v, ((I)n D(M—251)n (k1 — ko + 6o + H)il) <0

By Lemma 3.3, we have
vp( S/JDFMZO% n an,io:kO) 0 and vp( S/Jij\jl% n an’il’kl) =0
Thus,

vp(bo +0) > Up(D(M_Q(Sl)n) and vy (k1 — ko + Lo + 0) > Up(D(M—Qél)n).

It follows that vy(k1 — ko) > vp(D(ar—26,)n), Which is absurd because 0 <
|k1 — ko| < (M — 261)n. O

Remark 3.6. For § = 1, we can prove that
J 17
@;S/J H D}Swjn : pn70’1 S Z7

where M; = max{M — 261, M — §;}. The proof is the same as that of [5,
Lem. 4.4]. In some sense, the arithmetic property of py0.1 is the worst
among the coefficients p, 0¢ (f € Zp). We will eliminate p;, 0,1 in our final
linear forms (see the proof of Lemma 5.1).

4. Asymptotic estimates

Recall that S, 9 (6 € Zp) are defined by (2.8). We have the following
asymptotic estimates for S, ¢ (6 € Zp) as n € Pp gen(m)N and n — oo,
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Lemma 4.1. For 0 =1 € Zp, we have
lim S /1 = g(z0),

n—oo

s/J
9(x) = A1(B)As(B) den(r) @+ DMIZsl=M (ﬁw - zaﬂMﬁj)

j=1
(rM + )™
((r 4+ 1)M + z)r+1)M

e ( (rM + 6; + )™M+ )S/J
(( ’

X
jl—[l r+1)M —§; + ) rFDM=0;

X ((2r + 1)M 4 z)@rrHMIZs]

and xg s the unique positive real solution of the equation f(z) =1 with

Fz) = ((2r+1)M+x>'ZB| Mt li[ rM+oi+z )\
T T (r+)M+z S\ (r+1)M—d;+x '
Moreover, for any 0 € Zp, we have
lim oml 1,

n—oo n,0

Proof. We first prove that the equation f(z) = 1 has a unique positive real
solution z = xg. A straightforward calculation for the logarithmic derivative
of f(x) yields

P @)
flx)  x(@2r+1)M+2z)’
where the function u(x) is defined on (0, +00) by

€ (0, 4+00),

(4.1) u(z) = —(2T+1)M|ZB|+M(1—( (nggg ;M)+ x)>
s (rM +3;)((r +1)M —§;)
+szl (M —265) ( (rM +6;+x)((r+1)M -4 +ﬂf)>

Noting that M —26; > 1 and

B (TM—F(%)((T—F 1)M —5j)
(rM+6;+x)(r+1)M —0; + z)

B z((2r+1)M + z)
(M + 8+ 2)((r+1)M — 65 + )

x
> T forj=1,2,...,J,
2r+1)M+ = orJ
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(4.2) u(x) > —2r+1)M|Zp| +s- € (0, 400).

T
2r+1)M + 2’

(2r +1)2M?|Zp|
— (2r+1)M| 2|’

x9 1= (we have zo > 0 by (2.1) and (2.4))

which is the root of the right-hand side of (4.2). Then wu(z2) > 0. On
the other hand, by (4.1), the function u(x) is increasing on (0, +o00) and
uw(0T) = —(2r + 1)M|Zp| < 0. Thus, there exists a unique z1 € (0, z2)
such that u(z1) = 0. Therefore, f(x) is decreasing on (0, z1) and increasing
on (z1,+00). Since f(0%) = +oo and f(400) = 1, there exists a unique
xo € (0,21) such that f(xg) = 1. Moreover, f(z) > 1 for x € (0,z9) and
f(z) <1 for z € (zg,+00). By (2.4), we have

(2r +1)2M?| Zp| o 2+ 1)2M? B2

43 <zp= < .
(43) ST T T s )M 25| S s — (2r + 1) MB?

The rest of the proof is similar to that of [6, Lem. 4.1]. We only give a
sketch. Since R,(m 4+ 60) = 0 for m = 0,1,...,7rMn — 1 and 0 € Zp, we
have

Sng =Y Ru(rMn+k+0).
k=0

We can express R, (rMn + k + 0) almost as a ratio of Gamma functions.
Specifically, we have

Ry(rMn +k + )
T, (M — 26;)n)1s//
' (n/ den(r))/den(N@r+ DM Zp[—den(r) M
I M(2r+1)Mn+k+0+06)
T(k+0+0)

= Ay(B)"Ay(B)"

X ((2r +1)Mn + 2k + 20) -
0'cZp
y L(rMn+k+0)
F((r+1)Mn+k+1+0)

11[ T((rM +6;)n + k + 6) o7
(r+1)M —0;)n+k+1+6) '

J=1
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Suppose for the moment that £ = xn for some constant x > 0, then by
Stirling’s formula we have (as n — c0)

R,(rMn + kn + 0)
— nOW) . A;(B)" Aa(B)" den(r)(CrHOMIZs/—M)n
s/J
3 2r+1)M+r)n \ 1 25|
x| TT(M = 20;)01=20m | . (((2r )M 4 5)(@r)Mtr) )
Jj=1 D
(TM + /{I)(""M-‘rﬁ)n

“((r + DM + ) (FDMFRn

y 1:’[ (PM + §; + ) (PMF3F)n o/
P ’I” + 1)M 5 + ﬁ)((r+1)M dj+K)n
nO0) .

\/)—‘

(f(ff)”g(f”v))”-

Define the function h(z) := f(x)*g(z) on (0,+00). A direct calculation
yields h/(x)/h(x) = log f(x). Thus, h(z) is increasing on (0,z() and de-
creasing on (zg, +00). Based on this observation, one can argue as in the
proof of [6, Lem. 4.1] to show that S, 9 = n®Mh(xp)" for any § € Zp.
Consequently, we have

lim S:L{: = h(zo) = g(=0).

n—oo

Moreover, for any fixed small g > 0 and any 6 € Zp, we have

Sn1 = (140(1)) > Ry(min+k+1),
(zo—e0)n<k<(zo+e0)n
Sno = (14+0(1)) Z R,(min+k+0).

(xo—e0)n<k<(zo+e0)n

Using the relation T'(z + 1 — 0)/T'(z) = (1 4 04— 100(1))z' Y, we obtain
uniformly for (z¢g — ep)n < k < (g + £0)n that
Ry(rMn+k+1)

Ao k19 ~ (Lo (k/m)' ™" asn— oo

Therefore,
f(xo +20)' ™" < lim inf Sn’e < lim sup S:; < flzo —e0)' ™.
Letting g — 0, we obtain
lim oL — O
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Next, we estimate the factor ®,, (defined by (3.3)). It is well known that
the prime number theorem implies

(4.4) Dy = ™M) a5 m — oo,

The following lemma is also a corollary of the prime number theorem. For
details, we refer the reader to [11, Lem. 4.4].

Lemma 4.2. We have
®,, = exp(wn +o(n)) asn — oo,

where the constant
1 1/(M—261) da
(4.5) w:/o w(z) d¢(x)—/0 wlz) 55

The function ¢(-) is the digamma function, and the function w(-) is given
by (3.4).

5. Elimination procedure

We use the elimination technique of Fischler-Sprang—Zudilin [4] to prove
the following.

Lemma 5.1. If

(5.1) log(g(x0)) + s - (—? + (M — 251)) <0,

then there are at least |Vp| — 1 drrational numbers among ((3), ¢(5),...,

C(s—1).

Proof. Suppose that the number of irrationals among ¢(3), ¢(5), ..., ((s—1)
is less than |Up| — 1; then we can take a subset I C {3,5,...,s — 1} with
|I| = |¥p| — 2 such that ((i) € Q for all i € {3,5,...,s —1}\I.Let Ae N
be a common denominator of these rational zeta values; that is, A-((i) € Z
for all i € {3,5,...,s =1} \ I.

Since the generalized Vandermonde matrix

(3
[ }be\I/B, 1€{0,1}UT
is invertible (see [4, §4]), there exist integers wy € Z (b € ¥p) such that

Z wyb® =0 for any i € {0} U I, and
bevp

Z wpb # 0.

bev g
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By (2.3), we have k/b € Zp for any b € Up and any k = 1,2,...,b; thus
Sn,k/p is defined by Definition 2.8. For any n € Ppg gen()N with n > 52, we
define

b
Sy 1= Z waSnvk/b.

be¥p k=1
By Lemma 2.5 and the fact

b
> ¢, k/b) = b'¢(0),
k=1

we have
b

§n = Z Wy Z Pn,0,k/b + Z ( Z wbbl> Pn,z((l)

beVUp k=1 7:6{3,5,.“,8—1} bevp

b—1
= D WD Pnokspt > ( > wbbi) Pn,i€(4).

belp k=1 i€{3,5,...,s—1}\I \b€¥p

By Lemma 4.1, we have

S, = ( Z wpb + 0(1)) Sp1 as n— 0.

beV¥p

By Lemma 3.4 and Lemma 3.5, we have
A-2,°1 D8y o5y, - Sn € L.

On the other hand, by Eq. (4.4), Lemma 4.2, Lemma 4.1, and Eq. (5.1),
we have
~ (1/n
: —s/J
0.< lim [A- 8Dy 35, - S|

= g(xo)exp<s‘ (—Tj + (M — 251))) <1,

a contradiction. O
The next theorem reduces our task to a computational problem.
Theorem 5.2. Fix any positive integers M and J, and any non-negative
integers 01,09, ...,07 such that
M

0<51<52<”'<5J<?-

Let @ be the real number determined by M, d1,09,...,07 as follows:

m= [Cwt@ w - [ o &

22’
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where Y(x) =T"(x)/T(x) is the digamma function, and
J

wiz) = min ) (LM —20;)x] =y - x] = [(M =)z —y]).
<v<1 4

Let rg € (—01/M,+00) be the real number determined by M, 01,02, ...,0;
as follows:

<

) S —25) (1o((ro + 1)M — &) + log(roM + ) )
7=1

J
= —2w +2J(M — 26;) + ZM 26;) log(M — 26;).

If ro > 0, then we have

S

i€ (3,505 = LHC() € Q) 2 (Co— o) -1

as the even integer s — oo, where the constant

o l2¢2) 1 (ro+1)M =g
CO_J (6 3; roM +06;

Proof. Let s be a sufficiently large multiple of 2J. Take B = ¢y/s/log s
for some constant ¢ > 0, and let r € Q. By the definition of g(z¢) (see
Lemma 2.5) and using Eqgs. (2.4), (2.5), (2.6), and (4.3), we have

lim log(g(xo))
S—>00 S

B=cy/s/log s

~1¢(2)¢3) c? A ,
=3 ) (2r +1)M - 5+ le — 26;) log(M — 24;)

K. \

J
Z( (rM+68;)log(rM+68;)— ((r+1)M —4d,) log((r—i-l)M—éj)).

If the constant c satisfies

(5.3) <
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where

J
F(r) = (2H—11)M] . (JZ:((T + 1)M — §;) log((r + 1) M — §,)

1

J

ZTM+5 log(rM + 6 )
J

Z — 20;) log(M — 26;)

+w—J(M—251)>,

then (5.1) is satisfied when s is sufficiently large, and hence

(5.4) #{i€{3,5,...,5 =1}|C()) € Q} = (1 +o(1))

as s — 00, by Lemma 5.1 and Eq. (2.2).
Therefore, we want to maximize F'(r). Note that

1

F0) = g

G(r),

where
J
G(r) == —2w +2J(M —261) + 2> (M — 25;)log(M — 26;)
j=1

J
= 3= (M — 25;) (log((r + 1)M — &) + log(rM + ;).
7j=1

Obviously, G(r) is decreasing on (—d1 /M, +00). Since G((—d1/M)*) = 400
and G(400) = —oo, there exists a unique rg € (—d;/M,+o0) satisfy-
ing (5.2); that is, G(rg) = 0. Thus, F(r¢) is the maximum value for F'(r). We
have F(rg) > 0 because F(r) is decreasing on (rg, +00) and F(400) = 0.

Fix any small ¢ > 0. If 9 > 0, then we can take r € Q¢ sufficiently
close to 7o such that F(r) > (1 —¢/2)F(rg). Take

_ A 4 )
c= Wl ) o o
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then (5.3) is satisfied, and hence by (5.4) we have

#{i€ 3,55 —1}[C() £ Q} > <1_;>\/ZK(CQ()(§)(3)F(T0)-\/@

€ s
=(1=2)\¢C,-
< 2> 0 log s

for any sufficiently large s which is a multiple of 2.J. Thus,

. . S
#i€{3,5, .., s =1} C() £ Q} > (1 —)Co - /5
og s
for any sufficiently large even integer s. O
6. Computations
In this section, we will take explicit parameters M, d1,d9,...,d 5 in Theo-

rem 5.2 and calculate the corresponding w, rg, and Cy. We refer the reader
to [7, §5] for the method of calculating wo using MATLAB.

If we take M = 1, J = 1, and §; = 0, then we find that @w = 0,
ro = 2.263884 ..., and Cy = 1.192507.... Thus, we rediscover the result
in [6]: for any sufficiently large even integer s,

#{i € {3,5,...,s— 1}|C(d) ¢ Q) > 1.192507 -

ogs

The simplest parameters to improve the above result are: M = 7,
J = 2,6 = 0, and 99 = 1. For this collection of parameters, we have
w = 2.284309..., ro = 1.850170..., and

Cp =1.197980.....
Take M =57, J = 18, and
(01,09,...,018) = (1,1,1,1,1,2,2,3,3,5,5,6,6,7,8,9, 10, 12).
Then, we find that w = 238.966249. .., ro = 1.573948 ..., and
Co =1.262672....

Proof of Theorem 1.1. Take M = 563, J = 76, and d1,62,...,076 as in
Table 6.1.

Using MATLAB, we find that w = 12694.987927..., rg = 1.502726...,
and Cy = 1.284579 .... By Theorem 5.2, we obtain

#{i€{3,5,....s—1}[(() £Q} > 1.284579-\/@

for any sufficiently large even integer s. O
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TABLE 6.1. The choice of d1,d9,.. ., d7g

=1 010 =5 o3 =16 0934 =30 045 =52 56 =74 g7 = 96
bo=1 013 =06 094 =17 0935 =32 046 =54 057 =76 dgs =98
03=1 01y =7 0Oo5 =18 36 =34 047 =56 J58 =78 Jdgg = 100
04=1 0d5=8 d6=19 63y =36 d48 =58 J59 =80 d79 = 102
0s =1 d916=9 027y =20 0353 =38 d49 =60 dg0 =282 dr =104
06 =2 017 =10 d28 =21 039 =40 d50 =62 g1 =84 g =108
67 =2 Sis=11 o9 =22 640=42 85 =64 g2 =86 673 =112

0g = 019 =12 630 =23 041 =44 050 =66 g3 =88 74 = 116
dg = 090 =13 631 =24 O49 =46 053 =68 s =90 d75 = 120
d10 = 0901 =14 039 =26 040 =48 054 =70 g5 =92 07 = 124
o011 = 020 =15 033 =28 44 =50 55 =72 dgg = 94

Remark 6.1. The 6; values from Table 6.1 were initially found in [5]
(with a different M) for a highly related problem. These parameters are
not theoretically special; they are merely empirically effective. They were
obtained through a random search and several manual adjustments, such
as fixing all 9; values and varying M, or fixing all other parameters while
varying, adding, or deleting one 9.
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