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Counting pairs of conics over finite fields that

satisfy the Poncelet n-gon condition

par TiANHAO WANG

RESUME. Un couple ordonné de coniques lisses satisfait & la condition du
triangle de Poncelet s’il existe un triangle inscrit dans la premiére conique et
circonscrit & la seconde. Sur un corps fini F, de caractéristique strictement
supérieure & 3, Chipalkatti a montré que la densité des couples de coniques
lisses satisfaisant a la condition du triangle de Poncelet est % +O(q™?). Nous

améliorons ce résultat en montrant que la densité est exactement qz‘i;qlﬂ.

Nous considérons le probleme de la détermination de la densité des couples
de coniques satisfaisant a la condition du n-gone de Poncelet pour des valeurs
de n plus grandes. Nous prouvons une version corrigée d’une conjecture de
Chipalkatti, en montrant que la proportion de couples de coniques lisses sa-
tisfaisant & la condition du quadrilatere de Poncelet est o + O(q~3/?). Nous
montrons que lorsque n est un entier impair premier avec ¢, la densité des
couples de coniques lisses satisfaisant a cette condition est % + O(q’S/ ),
ot d(n) est le nombre de diviseurs de n. Plus généralement, nous conjecturons
que la densité des couples de coniques satisfaisant & la condition du n-gone de
Poncelet est d'(n)/q en général, ott d’'(n) est le nombre de diviseurs de n dif-
férents de 1 et 2. Notre argument repose sur ’analyse des points de n-torsion
sur une certaine courbe elliptique sur le corps de fonctions K = F,(A).

ABSTRACT. An ordered pair of smooth conics satisfies the Poncelet triangle
condition if there is a triangle inscribed in the first conic and circumscribed
in the second conic. Over a finite field F; with characteristic greater than 3,
Chipalkatti showed that the density of pairs of smooth conics satisfying the
Poncelet triangle condition is % + O(q™?). We improve this result, showing

that the density is exactly ﬁ.

We consider the problem of determining the density of pairs of conics satis-
fying the Poncelet n-gon condition for larger n. We prove a corrected version
of a conjecture of Chipalkatti, showing that the proportion of pairs of smooth
conics satisfying the Poncelet tetragon condition is % + O(q*?’/ 2). We show
that when n is an odd integer coprime to ¢, the density of pairs of smooth

conics satisfying this condition is % +0(q3/?), where d(n) is the number
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of divisors of n. More generally, we conjecture that the density of pairs of con-
ics satisfying the Poncelet n-gon condition is d’'(n)/q in general, where d'(n)
is the number of divisors of n not equal to 1 or 2. Our argument involves
analyzing the n-torsion points on a certain elliptic curve over the function
field K =Fy(\).

1. Introduction

1.1. Poncelet triangles and Poncelet n-gons. Let (A, B) be an or-
dered pair of smooth plane conics defined over a field k with transversal
intersection. We say that (A, B) satisfies the Poncelet triangle condition if
there is a triangle defined over k that is inscribed in A and circumscribed
in B.

A AN

7

FIGURE 1.1. An example of a Poncelet triangle.

We are interested in the density of pairs of smooth conics satisfying
the Poncelet triangle condition when £ = F,. We introduce the Poncelet
construction to explain what we mean by “inscribed in 4 and circumscribed
in B” in an arbitrary field k.

Suppose that the conics A and B intersect transversally. Let B* be the
dual conic of B, consisting of tangent lines to 5. We define £ C A x B* as
the set of all (P,&) where P € £. The idea of the Poncelet construction is
that we start from (P,§) € E. The tangent line £ intersects 4 at another
point P’; and we let £’ be the other tangent line to B passing through P’.
This defines an operation

(P& — (P,8).

The pair (A, B) satisfies the Poncelet triangle condition if there is (P, ) €
E such that j3(P,€) = (P,£). We also call (P,¢) the initial data for the
construction. More generally, we say that (A, B) satisfies the Poncelet n-gon
condition if there is (P, &) € E such that j™(P,§) = (P, €).

We observe that F is a ramified cover of A via the natural projection.
This is a degree 2 covering with 4 ramification points, each of ramification
index 2, corresponding to the 4 intersection points of A and B. Hence, by
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P/

FIGURE 1.2. The Poncelet construction j : (P,§) — (P, &).

the Riemann—Hurwitz formula, we know that F has genus 1, and so it is an
elliptic curve. Griffiths and Harris showed that F is birationally equivalent
to the elliptic curve with equation

y? = det(zA + B)

where A, B are the matrix representations of the conics A, B [7]. They
further give a criterion for (A, B) to satisfy the Poncelet n-gon condition in
terms of this elliptic curve.

Theorem 1.1 (Griffiths-Harris). Let (A, B) be an ordered pair of smooth
plane conics with transversal intersection, and (A, B) be their matriz rep-
resentations. Then the pair (A, B) satisfies the Poncelet n-gon condition if
and only if the point (0, +/det(B)) is an n-torsion point of the elliptic curve
y? = det(zA + B).

One consequence of this theorem is that the initial data (P,&) for the
Poncelet construction does not matter. If there is a Poncelet n-gon with
some initial data, then any initial data will give a Poncelet n-gon. This is
the statement of Poncelet’s theorem.

1.2. Main results. The first density result for pairs of conics satisfying
the Poncelet triangle condition was obtained by Chipalkatti [3].

Theorem 1.2 ([3, Theorem 2.1]). Let Fy be a finite field with characteristic
greater than 3. Let WU be the set of ordered pairs of smooth conics with
transversal intersection, and I's be the subset consisting of those satisfying
the Poncelet triangle condition. Then we have

q—16 S|F3!S ¢+5
qlg+1) = ¥ 7 (¢—=2)(¢—3)
In particular ||FV3|| = % + O(q%). If ¥, has characteristic 3, then % =

:+0(3).
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The idea in Chipalkatti’s proof is to first classify pairs of smooth conics
with transversal intersection up to projective automorphisms defined over
F,. Such a class is determined by the field of definition of the four inter-
section points of the two conics, and there are exactly 5 cases to consider.
Chipalkatti gives the exact count of pairs of smooth conics satisfying the
Poncelet triangle condition in the case where each of the four intersection
points is defined over F, and gives bounds for the density when the con-
ics have the other possible intersection types. The density turns out to be
asymptotically 1/q in each of the classes.

We follow the strategy of Chipalkatti and obtain the precise count
for |T's].

Theorem 1.3. If F, has characteristic greater than 3, then

T3] = (¢° — ¢*) (g + 1)q(q — 1)*,

and therefore
Il _ g1
ICETESS

Let '), be the subset of ¥ consisting of pairs of smooth conics satisfying
the Poncelet n-gon condition. Chipalkatti also made a conjecture based on
computational results that |I',|/|¥| ~ u,/q where

pa =35 =1, 6 =4, u7 =1, u8 = 6, f19 = 2

However, it seems that the data was obtained from computing the density
in a fixed class of smooth conic pairs. We prove that for n = 4, the density
of pairs of smooth conics satisfying the Poncelet n-gon condition is different
in different classes. Averaging over the possible intersection types, we prove
that u4 = 1, which is different from the conjectured value. We again follow
the strategy of Chipalkatti, where we also use the Hasse—Weil estimate for
the number of [F-rational points of a curve. However, it is hard to proceed
beyond n = 4 because of the complexity of the equations involved.

In Section 3, we return to Theorem 1.1 and describe the connection
between the density of pairs of smooth conics with a given intersection
type satisfying the Poncelet n-gon condition and the n-torsion points of an
elliptic curve over Fy(\).

Theorem 1.4 (Main result on the n-torsion points of a family of elliptic
curves). Let Fy be a finite field with characteristic greater than 3. Let E
be a non-isotrivial elliptic curve defined over the function field K = Fq(\).
We denote the reduction of E at a degree 1 place \g € P! (Fq) by Ey,. Let
r(n, Xo) be the number of roots of the n-th division polynomial A, (x, Xo) of
E, defined over IF,.
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Then, for all but finitely many odd numbers n coprime to q, we have

> r(n, Ao) = (d(n) —1)g + O(/q)

Ao
where the sum s over all \g € IF’l(IFq) such that E has a good reduction
at )\0.

We prove this theorem by analyzing the n-torsion point field, K(E[n]),
which is the field extension of K obtained by adjoining the x- and y-
coordinates of all n-torsion points on £. We demonstrate that the number
of roots of A, (x,\g) is governed by the conjugacy class of the Frobenius
element at the place A\g. Finally, we apply the Chebotarev density theorem
to complete the proof.

Theorem 1.4 holds for an integer n if SLo(Z/nZ) C Gal(K(E[n]/K)). We
will be interested in 3 particular elliptic curves that correspond to different
intersection types of pairs of smooth conics. For those 3 particular elliptic
curves, we will show that Theorem 1.4 holds for all odd integers n coprime
to q

With the above theorem, we are able to obtain the density of smooth
conic pairs satisfying the Poncelet n-gon condition.

Theorem 1.5 (Density of smooth conic pairs satisfying the Poncelet n-gon
condition). Let F, be a finite field with characteristic greater than 3, and n
be an odd integer coprime to q. We have

[Cal _ d(n) —1
V]

We also note that very recently Radinovic and Ragas [13] studied Pon-
celet triangles and tetragons over finite fields of odd characteristic, treating
the cases n = 3 and n = 4. Their work considers pairs of conics more
generally, allowing the inscribed conic A to be singular and permitting
non-transversal intersections, while B remains smooth. In addition, they
analyze the Poncelet triangle problem in characteristic 3, showing that the
asymptotic probability remains 1/q in that setting. They also obtain ex-
act probability formulas for the cases n = 3 and n = 4, which agree with
the corresponding results of the present paper in the smooth, transversal
intersection case.

+0(q7%?).

2. Poncelet triangles and tetragons

2.1. Pencils of conics and Cayley’s criterion. We first introduce Cay-
ley’s criterion on the existence of a Poncelet triangle, which is used in the
proof of Theorem 1.2. Let k be a field with characteristic greater than 2. A
projective plane conic A over k is defined by the equation

az’® 4+ bry + cxz + dy? +eyz + f22 = 0.
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We can associate a symmetric matrix to this conic:

a b/2 ¢/2
A=1b/2 d e/2].
c/2 e/2 f

The conic A is smooth if and only if det A # 0. Any smooth conic A is
isomorphic over k to the conic Z : 22 4 y? + 22 = 0.

Let (A, B) be an ordered pair of smooth conics with transversal inter-
section, and E : 42 = det(zA + B) be the elliptic curve from Theorem 1.1.
We consider the following formal Maclaurin expansion

det(vA+ B) = Ho + Hiz + Hyx* + - - .

Theorem 2.1 (Cayley’s criterion). A pair of smooth projective plane conics
(A, B) with transversal intersection satisfies the Poncelet triangle condition
if and only if Hy = 0.

For a proof, see [7, (10)]. Although Griffiths—Harris work over C and
use ordinary derivatives in the construction of the Wronskian determinant,
the argument extends to fields of positive characteristic p > 2. The only
place where characteristic zero is used in [7] is in the non-degeneracy of
the Wronskian constructed from ordinary derivatives. In characteristic p,
ordinary derivatives must be replaced by Hasse derivatives in order to detect
linear dependence of functions. The corresponding Wronskian determinant
defined using Hasse derivatives enjoys the same non-vanishing criterion for
linear independence (see [16, Section 1]). Since the proof of (10) in [7] relies
only on this Wronskian criterion and not on analytic arguments, the proof
remains valid over any field of characteristic p > 2 after replacing ordinary
derivatives by Hasse derivatives.

We point out that Theorem 2.1 is also the criterion for the point P € F
with z(P) = 0 to be a 3-torsion point of E. There is a generalization of
Cayley’s criterion that determines when a pair of smooth conics satisfies
the Poncelet n-gon condition. We define the Hankel determinant

[ Hy Hzy - Hpq

Hj Hy - Hpgo

Jomyr =det| : :

_Hm+1 Hm+2 e H2m _
[ Hj Hy -+ Hpyyr

Hy Hs -+ Hpyo

f2m = det . . m .

_Hm+1 Hm+2 toe H2m _

Then the pair (A, B) satisfies the Poncelet n-gon if and only if f, = 0 [7].
In particular, we see that f3 = Hs and f; = Hs.
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The other ingredient in the proof of Theorem 1.2 is the classification
of pairs of smooth conics up to projective automorphism. We introduce
the notion of a pencil of conics in order to state the classification. Let
A, B be distinct projective plane conics, and F(z,vy,2),G(z,y, z) be their
defining equations. The one-parameter family of conics {nF + G = 0 :
n € PL(k)} is called the pencil of conics generated by A, B, where 1 = oo
gives the conic {F' = 0}. We see that any pair of distinct conics in this
pencil will share the same set of intersection points. If the generators A, B
intersect transversally at 4 points in k, then these 4 points will determine
the pencil uniquely, in the sense that the pencil consists of all conics passing
through those 4 distinct points. In [3, Section 3], Chipalkatti describes
Dickson’s classification of pencils of conics, which shows that there are only
5 projective equivalence classes of pencils of smooth conics with transversal
intersection. If two conics defined over F, have transversal intersection, then
their intersection points are permuted by the Frobenius automorphism, and
the projective equivalence class of the pencil is determined by the cycle
structure of this permutation, which gives a partition of the integer 4. We
refer to the projective equivalence class of the pencil by this cycle structure,
so for example we write (1,1,1,1) to denote the class of the pencil where
the two generators intersect at 4 Fq-points, and write (2,1,1) to denote the
class where the generators intersect at a pair of conjugate F,2-points, and
two other F,-points.

The following table lists each of the projective equivalence classes of
pencils and also the number of pencils in each class. The entries of this
table can be determined by counting sets of four points in P?(F,) with no
three points in a line that are fixed by the Frobenius automorphism. We
omit the proof since this kind of count is standard. For a more complicated
analogue of these results for collections of five points, and collections of six
points, see Table 1 and Table 2 in [5].

Pencil Intersection Type | Number of Pencils of This Type
(1,1,1,1) 5@ =" ="+ 4%
(2,1,1) ==+ )
(2,2) W= -+
(3,1) 3@ ==+
(4) i = -+

There are also other equivalence classes of pencils of conics where the
common intersection may not be 4 distinct points, and there are extra
classes when k has characteristic 2. For a complete classification of the
classes of pencil of conics, we refer the reader to Table 7.7 of Hirschfeld’s
Projective Geometries over Finite Fields [9].
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2.2. Number of pairs of smooth conics satisfying the Poncelet tri-
angle condition. We follow Chipalkatti’s strategy for the proof of Theo-
rem 1.2. For each of the equivalence classes of pencils of conics described
in the previous section, we choose an explicit pair of conics generating the
pencil and use the equations defining these conics to compute Hy from
Theorem 2.1. We count the number of Fg-points of the resulting curve
{Hy = 0}. The computation for the pencil class with intersection type
(1,1,1,1) is done in [3]. We reproduce it here, since we will use the same
strategy for the other classes.

Let F, be a finite field with characteristic greater than 3, and {F, G} be
a generator of a pencil of conics. We write C,, = rF + G with r € P*(F,) to
denote a conic in the pencil, and Hy(r, s) for the Hs associated to the pair
of conics (Cy,Cs). We will see that Ha(r,s) is a quadratic function in r,
and compute its discriminant (disc Hs)(s), which is a function of s. Then,
we count the number of sy € [, such that Ha(r,sg) has 0,1,2 Fg,-roots
respectively.

We also observe that if A is a matrix representation of a smooth conic A,
then for the smooth conic pair (A, A), we can compute Hy = 3det A # 0.
Therefore, if we get Ha(r, s) = 0 in a pencil of conics, it is a guarantee that
C,, Cs are distinct conics and they intersect transversally.

We will also see that the number of pairs of smooth conics satisfying
the Poncelet triangle condition in a pencil of type (1,1,1,1) is the same as
the number of such conics in a pencil of type (2,2). In Section 3 we will
relate this observation to the 3-torsion points of certain elliptic curves. The
main point is that there are 3 singular conics defined over F, in each of the
pencils. We note that a corresponding statement about counting pairs of
conics satisfying the Poncelet triangle condition holds for pencils of type
(4) and pencils of type (2,1,1). Each of these pencils contains exactly 1
singular conic defined over F,.

We also note that there will be different behaviors when ¢ =1 (mod 3)
and when ¢ = —1 (mod 3). We will see the similar behavior again when
counting pairs of smooth conics satisfying the Poncelet n-gon condition.

2.2.1. Intersection type (1,1,1,1).

e Generators of the pencil: F = zy, G = 22 + yz + 2.

e Singular members: n; =0, e = 1, n3 = co.

e After clearing denominators, Hy(r,s) = r? + (652 — 453 — 4s)r + s*.

o (disc Hy)(s) = 16(s®> — s + 1)(s(s — 1))2.

e Density of pairs of smooth conics satisfying the Poncelet triangle
condition: %.
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We now justify the count for pairs of smooth conics in this pencil that
satisfy the Poncelet triangle condition. The claim about the singular mem-
bers of this pencil is clear. There are ¢ + 1 choices for r, and only g — 2 of
them define smooth conics. Hence, the number of pairs of smooth conics
with transversal intersection in this pencil is (¢ — 2)(¢g — 3).

We first remove solutions that correspond to a pair of conics in which at
least one member is singular. When s = 0,1, we get (disc H2)(s) = 0, and
there is one value of r corresponding to each of these two values of s, which
are 7 = 0,1 respectively. We also see that when r = 0,1, there is exactly
one value of s such that Ha(r, s) = 0, which are s = 0, 1 respectively.

Now, we assume that s # 0, 1. We know that if Ha(r, s) = 0, we will also
have r # 0,1. Hence, if s # 0,1 and Hy(r,s) = 0, we know that both C,
and Cs are smooth.

Since s # 0,1, the square factor (s(s — 1))? of (disc Hz)(s) is always a
non-zero square. We follow the notation in [3], we denote the non-square
part of (disc Hy)(s) as f(s) = s> —s+ 1= (s — 1/2)? + 3/4. Therefore we
can determine the number of roots of (disc H2)(s) by determining whether
f(s) is zero, a non-zero square, or a NON-zero NON-square.

If f(s) = y? for some y € F,, then we have

3
(—s+1/2(+s-1/2) =3
Let a = y — s+ 1/2, which implies y +s—1/2 = %. Solving for s and y in
terms of a, we get
3+ 4a — 4a® 4a® + 3
§= ——+—— = .

8a Y 8a

This allows us to parameterize the values of s such that f(s) is a square
in F,.

We see that a and —3/(4a) give the same value for s in the above formula.
Hence, each s value with f(s) being a square has two distinct a correspond-
ing to it except when a = —3/(4a). In this case, a = :l:@ s=3+ @,
and f(s) = 0. We separate the discussion into two cases based on whether
—3 is a square in [Fy.

)

Case 1. If ¢ = —1 (mod 3), then —3 is not a square in F,. We know that
f(s) has no roots defined over Fy, and each s such that f(s) is a non-zero
square has two values of a corresponding to it. Hence, the ¢ — 1 choices for
a give q;—l choices for s such that f(s) is a non-zero square. After excluding
s = 0,1 where f(s) is also a square, we have q;25 values of s such that
(disc H2)(s) is a non-zero square. There are 2 values of r corresponding
to each of these values of s. In total, we get ¢ — 5 pairs of smooth conics

(Cr, Cs) in this pencil satisfying the Poncelet triangle condition.
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Case 2. If ¢ =1 (mod 3), then —3 is a square in F,. In this case f(s) has
two roots defined over F,. The values of a corresponding to these roots are
a = ++/=3/2. Hence the q — 3 choices for a will give qg—g values of s such
that f(s) is a non-zero square. By excluding s = 0, 1 as we did above, there

are 2 values s such that (disc H2)(s) = 0, and qj values of s such that

(disc H2)(s) is a non-zero square. Hence, there are in total 2+ 2- q%? =q-—5
pairs of smooth conics (C,, Cs) in this pencil satisfying the Poncelet triangle
condition.

2.2.2. Intersection type (2,1,1).

e Generators of the pencil: F = 2y, G = y? + yz + 2z + ez? where
T? + T + e is irreducible over F,.

e Singular members: n = oo.

e After clearing denominators, Ha(r,s) = r?(4e—1)+1(4s3e? —6s%e—
4se +4s —2) + (—se? + 6s%e — 4s + 3).

o (disc Hs)(s) = 16(s%e* — se — 3e + 1)(s%e — s + 1)%.

e Density of pairs of smooth conics satisfying the Poncelet triangle
condition: —L—1- =1

q(g—1) — ¢

We justify this last formula following the same strategy as in the previous
case. There are ¢ choices for r so that C, is a smooth conic, and hence, there
are in total ¢(¢ — 1) pairs of smooth conics in the pencil.

Since T? + T + e is irreducible over F,, we know that 1 — 4e is not a
square in [Fy. In particular, it does not equal zero, and hence, Hy(r,s) is a
quadratic polynomial in r.

Consider the square factor (s?e — s+ 1)2 of (disc Hz)(s). Note that s%e —
s+ 1 has no roots over [, since its discriminant is 1 — 4e, which cannot be
a square by assumption. Therefore, we can determine the number of roots
of (disc Hz)(s) by determining whether s?e¢? — se —3e+ 1 is zero, a non-zero
square, or a non-zero non-square. This is equivalent to determining whether
s?—se t—3e T+e?is Z€ero, a non-zero square, or a NOnN-zero non-square.

We follow the same strategy as in previous case. We write s> — se™! —

3e 14672 = (s—b)%+c where b = % and ¢ = % #0.1f (s—b)%+c = y?
for some y € [, then we have (y —s+0b)(y+s—0b) =c. Leta=y—s+b,
which is non-zero since ¢ # 0. This implies y + s — b = . By solving for s
in terms of a, we get

c + 2ba — a?

§=——p —— aclF,\ {0}

as a parametrization of s in terms of a. We note that a, —c/a will give the
same value for s.

Case 1. If ¢ = —1 (mod 3), then —3 is not a square in Fy, and so —¢ =
—3(1—4e)

1z is asquare in Fy. Then (s — b)2 + ¢ has two roots over F, which are
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s = b=+ (v/—c). These roots occur when a = —c/a = ++/—c. For each of the
other ¢ — 3 choices of a, there is another value of a giving the same value
of s, and each of these s are such that (s — b)? + ¢ is a non-zero square. In
summary, we have 2 values of s such that (disc H2)(s) = 0, which means
that each of them has 1 value of r such that Hy(r,s) = 0. There are also
q;—?’ values of s such that (disc Hs)(s) is a non-zero square, which means
that for each of these values there are 2 values of r such that Ha(r,s) = 0.
Then, we have 2 + (1;—3 -2 = q — 1 pairs of smooth conics in this pencil

satisfying the Poncelet triangle condition.

Case 2. If ¢ = 1 (mod 3), then —c is not a square in F,. We know that
(s — b)? + ¢ has no roots over F,, and there are q;—l values of s such that

it is a non-zero square. In total, there are % -2 = q — 1 pairs of smooth
conics in this pencil satisfying the Poncelet triangle condition.

2.2.3. Intersection type (2,2).

e Generators: F = zy, G = e1x’+egy’ +xz+yz+22 where T2 +T+e;,
T? + T + ey are irreducible over F,.

1+\/(174€1)(174€2) . 17\/(17461)(17462)
2 » 2 = 2 )

e Singular members: 1 =
N3 = Q.

o After clearing denominators, Ha(r,s) = 72(—16eies + 4e; +
4eg — 1) +r(16seren + 45> — 652 — 4se; — 4ses + Sejeq + 4s — 2e1 —
2¢9) + (—s* — 245%e1 60 +48¢e3e3 + 65%e; + 65%ea + 165e1 69 — 24369 —
24e1e3 — 4seq — 4seg + 3e? + 3e3 + Gejea).

o (disc Hs)(s) = 16(s? + 12e1e3 — s —3e; — 3ea + 1)(—s? +4ejea + 5 —
€1 — 62)2.

e Density of pairs of smooth conics satisfying the Poncelet triangle
condition: 7((1_‘21)_(2_3).

We now justify this last formula. Since T2 + T 4 e; and T% + T + ey
are irreducible over Iy, we know that 1 — 4e; and 1 — 4eo are not squares
in F,. Therefore, we know that (1 — 4e;)(1 — 4ez) is a square in F,, and
n1,1n2 € Fy. Then, there are ¢ — 2 choices of r so that C; is a smooth conic,
and (¢ — 2)(¢ — 3) pairs of smooth conics in this pencil.

Since 1—4e1, 1 —4e3 are not squares over F,, neither of them can be zero.
We see that the coefficient for r2 in Hay(r, s) is (—16ejes + 4eq +4eg — 1) =
—(4e1 — 1)(4e2 — 1) # 0. Hence, Ha(r, s) is a quadratic polynomial in 7.

We consider the square factor (—s? +4ejea + s —e1 — eg) in (disc Ha)(s).
It has two roots n1, n2. Hence, for s # 11,12, we know that disc Hy is zero
or a non-zero square if and only if s? + 12ejes — s — 3e; — 3ea + 1 is zero or
a NoN-zero square.

We also need to remove solutions to Ha(r,s) = 0 where at least one of
the conic is singular. When s = 11,172, we compute that disc H, = 0, and
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there is one value for r corresponding to each of these two values of s. We
also see that Hao(ny,n1) = 0, Ha(n2,m2) = 0, Ha(n1,s) = (s — n1)* and
Hy(2,5) = (5 —m2)™.

Therefore, we know that if Hy(r,s) = 0 and s # 1,72, then both of
the conics Cy, Cs are smooth. We also know that (disc Hz)(s) is zero or a
non-zero square if and only if s? + 12e1e9 — s — 3e; — 3ea + 1 is a zero or a
non-zero square.

We follow the same parameterization trick as previously. We write
s2 + 12e1e9 — s — 3e1 —3ea + 1 = (s — b)? + ¢ where b = % and ¢ =
3(4e1 — 1)(4e — 1) # 0. We solve that (s — b)? + ¢ is a square if

¢+ 2ba — a®
R ae€F,\{0}.
We note that a,—c/a will give same value for s. If a = —c/a, then

a = £+/—c. In this case, we would have s = b & y/—c. Those are the only
two values of s such that (s — b)? + ¢ is a square (zero), and has only one
pre-image in a. All other values of s such that (s — b)2 + ¢ is a square will
have exactly two pre-images in a.

We also notice that when s = 7,12, we would have (s — b)? + ¢ =
(1 —4e1)(1 —4eg) is a non-zero square in [F,. Therefore, when counting the
number of s such that (s —b)? + ¢ is a non-zero square, we need to remove
those two values of s corresponding to singular conics.

Case 1. If ¢ = —1 (mod 3), then —3 is not a square in Fy, and so —c =
3 (4e1 — 1)(4ez — 1) is also not a square in F,. We know that (s — b)? + ¢
has no roots in F,, and the ¢ —1 choices of a will yield % choices of s such
that (s — b)? + ¢ is a non-zero square. After removing s = 71,72, we have
(15—5 choices of s such that disc Hy is a non-zero square. In total, there are
q;—5 -2 = q — b pairs of smooth conics in this pencil satisfying the Poncelet
triangle condition,

Case 2. If ¢ =1 (mod 3), then —c is a square in F,. Following the same
argument we applied in the previous pencil, we know that there are %
values of s such that (s — b)? + ¢ is a non-zero square, and 2 values of s
such that it is zero. After removing s = 11, 72 corresponding to the singular
conics, we have in total 2 - ((1;—3 —2) + 2 = ¢ — 5 pairs of smooth conics in

this pencil satisfying the Poncelet triangle condition.

2.2.4. Intersection type (4).
e Generators: F' = 2% — ay?, G = 22 — by? + 2cxy where /a ¢ F,

Vb2 —4dac® ¢ F,.

e Singular members: n = oo
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e After clearing denominators, Ha(r,s) = r2(4ac® — b%) + r(4s3a® +
6s2ab — 4sac® + 4sb® + 2bc?) + (—s*a? + 6s%ac? + 4sbc? + 3ct).
o (disc Hs)(s) = 16(s%a® + sab — 3ac® + b*)(s%a + sb + c2)?
° Denlsity of smooth pairs satisfying the Poncelet triangle condition:
q(qq—l) - %‘
The proof in this pencil is exactly the same as the proof in the pencil
of intersection type (2,1, 1). We sketch the proof instead of writing all the

details.

(1) Hz is always a degree 2 polynomial in r by assumption.

(2) The square term of (disc H2)(s) has no roots over F,, and hence
disc Hy is a zero or a non-zero square if and only if s%a® + sab —
3ac? 4+ b? is a zero or a non-zero square.

(3) There is only one singular conic 77 = oo in this pencil. We follow the
same parametrization technique that we applied previously. Then,
we can show that there are ¢—1 pairs of smooth conics in this pencil
that satisfy the Poncelet triangle condition.

2.2.5. Intersection type (3,1).

e Generators: F = y?> — 22, G = 22 4+ by? + cxy +yz where T3 +bT? +
cT' 41 is irreducible over [F,.

e Singular members: None

e After clearing denominators, Ha(r, s) = r2(3s* +4s3b + 6s%c — c® +
125+ 4b) + 7r(2s%b + 453b? — 4s3c + 65%bc + 4sc? — 1852 — 4sb +2¢) +
(—s%b? + 4stc + 125 + 65%b + dsc + 3).

e Hy(r,00) = 3r? + 2rb — b? + 4c with discriminant 16(b*> — 3c).

o (disc Hs)(s) = 16(s?(b* —3c) +s(bc—9) + % —3b) (53 + s2b+sc+1)2.

e Density of pairs of smooth conics satisfying the Poncelet triangle
condition: ~4L = 1

(¢+D)g — q°

The main difference from the earlier proofs lies in the absence of singular
conics defined over [, in this pencil. Therefore, we must account for the
case 1, s = 0o when solving Ha(r, s) = 0. Another difference is that Ha(r, s)
may have degree less than 2 in the variable r. To handle this, we treat the
case s = oo separately. For s # 0o, we homogenize Hy(r, s) in the variable
7, allowing us to count its roots in P*(F,) using the discriminant.

We observe that the square factor in (disc Ha)(s) is s> + s2b + sc + 1,
which has no roots in F, by assumption. Consequently, (disc Hz)(s) is zero
or a non-zero square if and only if s2(b> — 3¢) + s(bc — 9) + ¢? — 3b is zero
Or a non-zero square.

The discriminant of s2(b* — 3c¢) + s(bc — 9) + ¢ — 3b is given by A =
3b%c? — 54bc + 12¢® + 12b% + 81, which equals —3 times the discriminant
of T3 + bT? + ¢T + 1. Since T3 + bT? + ¢TI + 1 is irreducible over F, by
assumption, we know that A # 0. Additionally, b> — 3¢ and bc — 9 cannot
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both be zero, as this would make A = 0. Hence, (disc H2)(s) is either a
quadratic or linear polynomial in s, but never constant.
We now analyze three cases:

Case 1. If b — 3¢ = 0, then (disc Ha)(s) is linear. There are ‘I;Ql values
of s such that (disc H3)(s) is a non-zero square, and one value where
(disc H2)(s) = 0. Thus, we obtain 2 - q;—l + 1 = ¢ pairs (r,s) such that
Hj(r,s) = 0. For s = oo, the discriminant of Hs(r,00) is zero, so there is
exactly one rg € F, where Hy(rg,00) = 0. In total, this gives ¢ + 1 smooth
conic pairs in this pencil.

Case 2. If b> — 3¢ is a non-zero square in Fy, then the discriminant of
Hj(r,00) is a non-zero square, so there are two roots r € F, satisfying
Hy(r,00) = 0. For s # oo, using the same counting method as before, we
find q;21 values of sy € F, such that (disc H2)(s) is a non-zero square. In
total, we find 2 + 2 - q;—l = ¢ + 1 pairs of smooth conics in this pencil
satisfying the Poncelet triangle condition.

Case 3. If b — 3c is not a square in F,, then Ha(r, 00) has no roots in F,.
For s # oo, we divide (disc Hy)(s) by b? — 3¢, observing that (disc Hs)(s) is
zero or non-zero square if and only if (disc Ha)'(s) = s + sbbzc__?? -+ Zz%gg is
zero or non-square. We follow the parametrization technique as previous.
If (disc Hz)'(s) has roots in F,, then there are 2 values of s where
(disc Hy)'(s) = 0, and ‘15—3 values of s where (disc Hy)'(s) is a non-zero

square. Therefore, there are ¢ — (q;23 +2) = q;—l values of s such that

(disc Hs)'(s) is a non-square. In total, this results in 2+2- % = q+1 pairs
of smooth conics in this pencil that satisfy the Poncelet triangle condition.

If (disc H2)'(s) has no roots in Fy, there are q;21 values of s such that

(disc Hs)'(s) is a non-zero square. Therefore, there are (¢ — qg—l) = %

values of s where (disc Hz)(s) is a non-square. In total, we find 2 - %1 =
q + 1 pairs of smooth conics in this pencil satisfying the Poncelet triangle

condition,

2.3. Asymptotic density of pairs of smooth conics satisfying the
Poncelet tetragon condition. In [[3], Section 4], Chipalkatti conjectured
that the asymptotic density of pairs of smooth conics satisfying the Poncelet
tetragon condition is 3/q as ¢ — oo, based on computational data. However,
we observe that the computational data only applies to conic pairs in the
pencil of intersection type (1,1,1,1). In this section, we demonstrate that
the true asymptotic density for the tetragon case is 1/q.
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Theorem 2.2. Let [, be a finite field of characteristic greater than 3. Using
the same notation as in Theorem 1.2, we have

Tqf 1 ~3/2

= o),

vl q
Furthermore, the asymptotic density corresponding to each pencil type is
given in the following table:

Pencil Density of Den‘sity. of Conic Pairs
Intersection Type Pencils Satisfying the Poncelet
Tetragon Condition
(1,1,1,1) 1/24 3/q+0(¢~°")
(2,1,1) 1/4 1/¢+0(q—*?)
(2,2) 1/8 3/q+0(q~°")
(3,1) 1/3 0
(4) 1/4 1/q+ O(qg3?)

Proof. By Cayley’s criterion (Theorem 2.1), a pair of smooth conics satis-
fies the Poncelet tetragon condition if and only if Hs = 0. We follow the
approach from the previous section, computing the Fq-roots of H3(r,s) in
each pencil. Using the Hasse—Weil estimate, we calculate the asymptotic
number of Fy-rational points on the curve H3(r,s) = 0 as ¢ — oo. The nu-
merator of the density result in the table above corresponds to the number
of geometrically irreducible components of Hs(r, s) = 0 that is defined over
F,. Additionally, we ignore the smoothness requirement of the conics when
calculating the asymptotic density, as each pencil contains at most three
singular conics.

Intersection type (1,1,1,1). Using the same generators for the pencil as in
Section 2.2, we factor H3(r,s) over F, (after dropping denominators)

Hs(r,s) = (=2rs + 5% +71)(s* —r)(s* + 7 — 25).

Each factor is also irreducible over F,. Hence, Hs(r, s) has three geomet-
rically irreducible components defined over [F,. By the Hasse-Weil estimate,
H3(r, s) has 3¢+ O(,/q) Fq-rational points. Thus, the density of conic pairs
satisfying the Poncelet tetragon condition is % + O(g%/?) in this pencil.

Intersection type (2,1,1). Let the pencil generators be F' = zy and G =
y? +yz+xz + ez?, where T? + T + e is irreducible over F,. After dropping
denominators, Hs(r, s) factors as

Hs(r,s) = (—2rse + s’e +r — 1)
- (s1e? — 2s3¢ + 4r’e — 8rse + 65%e — 1% + 2rs — 25 + 1).
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The second term factors over E as
e*(s> + Ar+ Bs+e 1) (s> — Ar + (=2¢7 ' = B)s + e 1),

where A = e '\/1T —4e and B = —e~! — e '\/1 —4e. Since T?> + T + ¢ is
irreducible over Fy, v/1 —4e € F2 \ Fy, and thus A, B € F2 \ Fy.

Therefore, Hs(r,s) has three irreducible components over F,, one of
which is defined over F,, contributing ¢ + O(,/q) F4-rational points. The
[F,-rational points on the second F,-component arise from the intersection
of its two F-components, contributing at most four points. Thus, Hs(r, s)
has ¢ + O(,/q) rational points, and the density of conic pairs satisfying the
Poncelet tetragon condition is % + O(g%/?) in this pencil.

Intersection type (2,2). We choose generators F = zy and G = ej2? +
62y2 +xz+yz+ 22 where T?> + T 4 e and T? + T + ey are irreducible over
F,. We factor H3(r,s) over [, as
Hs(r,s) = (—2rs+ 4 r+4dejes —eg — €2)
(s> + Ar+ Bs+O)
(s> = Ar+ (=2 - B)s + C),

where A = /(1 —4e1)(1 —4ey), B=—1— /(1 —4e1)(1 — 4ez), and C =
e1 + ea —4erep. We have A, B,C' € T, since T2+ T+eand T2+ T + ey
are irreducible over IF,.

Therefore, H3(r, s) has 3 components over F,, and those components are
also irreducible over F,. It follows that the density of conic pairs satisfying
the Poncelet tetragon condition is 3/¢ + O(g~%/?) in this pencil.

Intersection type (4). Let the generators be F' = x? — ay? and G = 22 —
673/2 + 2cxy, where /a ¢ F, and vVb? — 4ac® ¢ F,. Factoring Hs(r, s) over
F,, we have
Hs(r,s) = a®(2rsa — s?a +rb+ ¢?)

(s*+ Ar 4+ Bs+a"'c?)

(s> = Ar+ (2a7'b — B)s + a7 '¢?),
where A = a='/b2 — 4ac? and B = a 'b—a~'Vb% — 4ac?. Since A, B ¢ F,,
H3(r,s) has one F-component and two conjugate F 2-components. By a
similar argument as in type (2,1, 1), the density is % +0(q~3/?).

Intersection type (3,1). We pick generators F' = y? — xz and G = 2% +
by? + cxy + yz for this pencil, where T2 + bT? + ¢T + 1 is irreducible over
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F,. Then, we can factor Hs(r,s) over F, as
Hs(r,s) = <T82 + (—2a)rs + (2a + b)s* + (—2a* — 2ba — ¢)r
+ (202 4 2ba + 2¢)s + 1)
: (7'32 + (=2a/)rs + (2a/ +b)s® + (—2a/* — 2ba’ — ¢)r
+ (20 4 2ba’ + 2¢)s + 1)
: (7'32 + (—2a")rs + (20" + b)s* + (=20 — 2ba” — ¢)r
+ (20" 4 2ba” + 2¢)s + 1),

where o, o/, " € Fs are roots to T3 4+ bT?% + T + 1.

The F,-rational points of H3(r,s) = 0 are in the intersection of these
3 conjugate cubic curves defined over F s, which has at most 9 points.
Hence, the density of conic pairs satisfying the Poncelet tetragon condition
is 0 + O(¢™?) in this pencil. We will prove in the next section that this
density is exactly 0. d

3. Poncelet n-gons and n-torsion points of elliptic curves over
function fields

3.1. Connection between Poncelet n-gon and n-torsion points of a
family of elliptic curves. By the theorem of Griffiths and Harris (The-
orem 1.1), the conic pair (A, B) satisfies the Poncelet n-gon condition if
and only if the point (0, det B) is an n-torsion point on the elliptic curve
y? = det(zA + B). To count the number of smooth conic pairs within a
pencil generated by A and B that satisfy the Poncelet n-gon condition, we
fix the first conic A and allow the second conic to vary across all members of
the pencil. This process is equivalent to counting the number of n-torsion
points on the elliptic curve y? = det(zA + B) with x-coordinates in F,.
Furthermore, we show that varying the first conic in the pencil corresponds
to selecting a different elliptic curve from a family of elliptic curves.
The following results formalize these observations:

Lemma 3.1. Let (A, B) be a pair of smooth conics with transversal inter-
section, and let E : y?> = det(xA + B) be the corresponding elliptic curve.
Define

nA:Hcqu:

Then,

cA+ B is smooth, and
(A, cA+ B) satisfies the Poncelet n-gon condition

na= 5P € Bln]\ B2 : o(P) € F,)|.
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Theorem 3.2. Let P be a pencil with intersection type (1,1,1,1) or (2,2),
and Ey be the Legendre family of elliptic curves:
Ey:y? =z(z—1)(z—\).

We view Ey as an elliptic curve over the function field Fy(X), and let Ey,
denote the reduction of Ey at a degree 1 place \g € PL(F,).

Then, the number of smooth conic pairs in the pencil P that satisfy the
Poncelet n-gon condition, denoted by n¥, is given by

P=l Y HPEByln\ Byl2): x(P) € F)|
Ao€Fg\{0,1}

3

We also observe that F has 3 degree 1 places of bad reductions, specifi-
cally at 0, 1, and oo. This corresponds to the fact that there are 3 singular
conics defined over FF, in these pencils.

Similar results can be derived for pencils with other intersection types.
For pencils of intersection type (2,1,1) and (4), the corresponding family
of elliptic curves is

Ey:y?=(z— )N (2® —b),
where b € I is a fixed constant that is not a square in [F,.

For pencils with intersection type (3, 1), the corresponding family of el-

liptic curves is

)
Ay = a+ A o + A "+ N)’

where o € Fs \ Fy, and o, o are the conjugates of .

Remark 3.3. The theorem above also shows that the number of smooth
conic pairs that satisfy the Poncelet n-gon condition is the same in the
pencils with intersection types (1,1,1,1) and (2,2), and also the same in
the pencils with intersection type (2,1,1) and (4). This matches up with
our computation for the Poncelet triangle and tetragon cases in Section 2.2
and Section 2.3.

Now, we use the Griffiths-Harris Theorem (Theorem 1.1) along with a
change of coordinates to prove the above results.

Proof of Lemma 3.1. When counting the number of smooth conic pairs
(A,cA + B) that satisfy the Poncelet n-gon condition, we require that
¢ # 00, as otherwise cA + B = A would not intersect transversally with A.

Let E° be the elliptic curve y? = det(zA+ (cA+ B)) = det((x+c¢) A+ B).
By the Griffiths—Harris theorem, the pair (A, c.A + B) satisfies the Poncelet
n-gon condition if and only if the point P € E° with x(P) = 0 is an n-
torsion point of E°. Using the change of coordinates #' = x + ¢, this is
equivalent to requiring that the point P¢ € E with z(P°) = ¢ € F, be an
n-torsion point of the elliptic curve E : y? = det(zA + B).
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Next, we exclude those ¢ such that cA+ B is a singular conic. If cA+ B is
singular, then y? = det(cA+B) = 0, which implies that the point P’ = (c,0)
is a 2-torsion point of E. The converse also holds. Therefore, we exclude all
2-torsion points from the counting.

Finally, we divide the result by 2, since for any point P, the point —P # P
also has the same z-coordinate. 0

We now prove a criterion for two conics to intersect transversally before
proceeding to the proof of Theorem 3.2. An important observation is that
if the field k£ has characteristic greater than 2, every conic is projectively
equivalent to the conic Z : 22 4 y? + 22 = 0. Without loss of generality, we
may assume that the first conic is Z. This leads to the following result:

Lemma 3.4. The conic T intersects B transversally if and only if matriz
representation of B has three distinct eigenvalues over k.

Proof. Let I and B denote the matrix representations of the conics Z and
B respectively.

Suppose that Z and B intersect transversally. Then the equation 32 =
det(xI + B) defines an elliptic curve. Rewriting this equation, we have
y? = (z — m)(z — n2)(z — n3) for some ny,n2,n3 € k. Since the curve is an
elliptic curve, the roots 11, 72, 13 are distinct. Consequently, the eigenvalues
of B, which are —ny, —n9, —n3, are also distinct.

Conversely, assume that B has three distinct eigenvalues —ny, —n92, —n3 €
k. Then the matrix B + 1] has rank 2, as each eigenspace of B has di-
mension 1. This implies that the conic represented by B + 71 is a union of
two distinct lines. These two lines intersect Z at four distinct points. Since
B lies in the pencil generated by Z and B + 111, it follows that B intersects
7 transversally at those four points. U

Proof of Theorem 3.2. By a projective change of coordinates, we may as-
sume that the pencil P is generated by the smooth conics Z and B, where
the corresponding matrix B has three distinct eigenvalues —np, —192, —73.
Since P has intersection type (1,1,1,1) or (2,2), the three singular conics
in this pencil are defined over F,. Thus, we have n,72,73 € F4. By re-
placing the generators of P with Z and B + mZ, we may assume 177 = 0.
Additionally, by scaling the matrix B (choosing a different representation
of the conic B), we can set 72 = 1.

The singular conics in the pencil P are then given by B, B+ Z, B + nsZ.
We fix the first smooth conic to be B+ AZ for A € PL(F,) \ {0,1,73} and
consider the corresponding elliptic curve

E* - y? = det(z(B + \I) + B),

with £ : y? = det(zI + B). By Lemma 3.1, the number of smooth conic
pairs in P with the first conic being B+ A\Z that satisfy the Poncelet n-gon
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condition is
1
niixz = 5|{P € EXnl \ E)2): o(P) € F,}|

The total number of smooth conic pairs in P satisfying the Poncelet n-gon

condition is
n” = Z NB+AT-
AEP (Fg)\{0,1,m3}

Next, we show that the family of elliptic curves {E* : A € PY(F,) \
{0,1,73}} can be replaced by the Legendre family {E), : Ao € PL(F,) \
{0,1,00}}, completing the proof.

Consider the elliptic curve E* : y? = det(x(B+ X )+ B) for A € PL(F,)\
{0,1,7n3}. Since the conic B+ AZ is non-singular, det(B + AI) # 0, and we
can rewrite the defining equation of E* as

E* : y? = det(B + M) det(zI + B(B + XI)71).

Performing a coordinate change y' = y/+/det(B + AI), which does not af-
fect the field of definition of the z-coordinates, we may rewrite the equation

of E* as )
ot se )t
LA N i (S |

Using another coordinate change 2’ = (—=14+\)z, v’ = y/+/(—1 + )3, which
again preserves the field of definition of the z-coordinate, we may replace
the equation for E* as

E* y? = a(x — 1)<m _ BT IRA "‘773)\)_

-3+ A

The map A — __”%ﬂj)‘ is a bijection between P(F,) \ {0,1,73} and
P(F,)\{0, 1, 00}. Hence, the family {E* : X\ € PL(F,)\{0, 1,73} } is precisely

the Legendre family {E), : Ao € PL(F,) \ {0,1,00}}. O

3.2. Proof of Theorem 1.5. We now prove Theorem 1.5, assuming that
Theorem 1.4 holds for all odd integers n coprime to ¢ for the elliptic curves
E) in Theorem 3.2. For the reader’s convenience, we restate Theorem 1.5
below:

Theorem (Density of smooth conic pairs satisfying the Poncelet n-gon
condition). Let Fy be a finite field with characteristic greater than 3, and
let n be an odd integer coprime to q. Then,

Tn| _d(n) -1 -3/2
= +0 ,
w =g PO

where d(n) is the number of divisors of n, ¥ is the set of ordered pairs of
smooth conics with transversal intersection, and I'y, C U is the subset of
pairs of smooth conics satisfying the Poncelet n-gon condition.
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Proof. Let E) denote one of the elliptic curves defined in Theorem 3.2. The
number of smooth conic pairs in a pencil P that satisfy the Poncelet n-gon
condition is given by

nP = %Z‘{P S E,\O[n] \E)\O[Q] x(P) S Fq}‘v
Ao

where )\ ranges over elements of P}(F,) such that E) has good reduction
at )\0.

Since n is odd, the only n-torsion point on E), that is also a 2-torsion
point is the identity O. Thus, we can simplify

nP = 5 SHP € B[]\ {0} : 2(P) € B} = Y r(n, ),
Ao Ao

where r(n, \g) is the number of F,-roots of the n-th division polynomial

A(.%', )\0) of E)\O.
By Theorem 1.4, we have

> r(n,20) = (d(n) — 1)g + O(Vq),
Ao
where d(n) is the number of divisors of n. Therefore, the density of smooth
conic pairs in P satisfying the Poncelet n-gon condition is % +O(q_3/ ).
Since this result holds for all pencils P, we conclude that the density of
smooth conic pairs satisfying the Poncelet n-gon condition is also

= + 0 . O
|| q (@)

4. The n-torsion points of a family of elliptic curves

In this section, we develop the tools necessary to prove Theorem 1.4.
Specifically, we analyze the arithmetic of the n-torsion points of an elliptic
curve E defined over the function field K = F,(\). For an elliptic curve Ej,
in the family, which arises as the reduction of E at a place A9, we control
the behavior of the n-torsion points on E), via the Frobenius at A\ in the
Galois extension K (E[n])/K, where K(FE[n]) is the n-torsion point field
defined earlier in this paper.

4.1. The n-torsion point field. Let E be an elliptic curve defined over
a field K, and let x,y be the regular functions appearing in the Weierstrass
equation of E. As noted previously, the n-torsion point field K (F[n]) is the
field extension of K obtained by adjoining all the xz- and y-coordinates of
points in En].
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We assume that n is coprime to char(K’). Then, the n-torsion group E|[n]
is isomorphic to Z/nZ x Z/nZ. The action of Gal(K*P/K) on E[n| induces
the representation

pEn : Gal(K*P /K) — Aut(E[n]) ~ GL2(Z/nZ),

where the kernel of pg ,, is Gal(K5P /K (E[n])). Consequently, the extension
K(FE[n])/K is Galois, and we can identify the Galois group with a subgroup
of GLa(Z/nZ) via the induced representation:

pen : Gal(K(E[n])/K) — GL2(Z/nZ).

Next, let [ be a prime coprime to ¢g. The Tate module T;(E) = m E[I*] ~
Zy x Z; encodes the action of the Galois group on the [-power torsion
points. We define K(E[I*°]) as the field extension obtained by adjoin-
ing the coordinates of all points in |, E[I¥], equivalently expressed as
K(E[I*®]) = U, K(E[I*]). The Galois group Gal(K(E[I*])/K) acts on
T;(E) and induces the representation

pp.  Gal(K(E[I®])/K) —> GLy(Z)).

This action is compatible with the multiplication-by-I map, yielding the
congruence pp = pg,; (mod )

From this point forward, we view an element of Gal(K (E[n])/K) as a
matrix in GLy(Z/nZ) via the representation pg,. We will use this matrix
to understand the arithmetic properties of E|[n].

Lemma 4.1. Let p,, denote the n-th roots of unity in K5°. Then, K (u,) C
K(E[n]), and for any o € Gal(K(E[n])/K), we have (° = (37 for all
C € pn.

Proof. We consider Weil’s pairing

en : En] x Eln] — pn,
which is compatible with Gal(K®°P/K’), meaning e, (P?,Q%) = e,(P, Q).
Since o € Gal(K*P/K(FE[n])) fixes all n-torsion points, it also fixes every
element in p,. Thus, K(u,) C K(E[n]).

Now, let {P,Q} be a basis for E[n], and let ¢ € Gal(K(FE[n])/K) C
GL2(Z/nZ) be represented by the matrix

[
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We know that e, (P,Q) = (, is a primitive n-th root of unity, and we
compute

en(P, Q)7

en(P7,Q7%)
en(aP + ¢Q,bP + dQ)
€n(P Q)Gd be
— 6n(P, Q)deta‘
Thus, o € Gal(K(E[n])/K) acts on ¢, via (7 = (7, and we have (7 =

n

¢deto for all ¢ € . O

Now, assume K = [F(C) is the function field of a smooth curve C' defined
over [F,. Let v be a degree 1 place of K, and let E, be the reduction of
at v, which is a cubic curve defined over the residue field , = F,. If E has
good reduction at v, the Néron—-Ogg—Shafarevich criterion implies that v
is unramified in the extension K(FE[n])/K. Let Frob, € Gal(K(E[n])/K)
denote the Frobenius of v, viewed as an element of GLy(Z/nZ), and let o,
be the Frobenius-g-map of the extension Gal(k,(Ey[n])/ky) C GL2(Z/nZ).
By construction, these elements act identically on E,[n], so we have Frob, =
04,0 as matrices in GLo(Z/nZ).

To compute r(n,v), the number of F,-roots of the n-th division poly-
nomial A, (z,v) of the elliptic curve E,, it suffices to count the points
P € E,[n] such that o4 ,(P) = £P. Thus, the arithmetic of E,[n] is con-
trolled by the conjugacy class of o,,. We will show that only finitely many
conjugacy classes of the matrix o, contribute to non-zero r(n,v). For each
such conjugacy class, we will use the Chebotarev density theorem to count
the number of degree 1 places v such that Frob, = 04, is in that class.

4.2. The Galois group of the n-torsion point field. In this section,
we investigate the size of the Galois group Gal(K(E[n])/K) as a subgroup
of GLy(Z/nZ). Our main goal is to prove that if K = Fy()\) and E : y* =
x(x — 1)(z — A) is the Legendre curve, then the geometric Galois group of
K(E[n])/K is isomorphic to SLa(Z/nZ) for all odd integers n coprime to g.

4.2.1. The Galois group of K(E[l])/K. We begin by recalling some
classical results in the number field setting and then explain their function
field analogues.

If K is a number field and F is an elliptic curve over K without complex
multiplication, a theorem of Serre shows that the natural representation

pr. : Gal(K(E[l)/K) — GLy(Z/Z)

is surjective for all but finitely many primes [. (See [14, Section 4.2, Theo-
rem 2|.) The primes for which surjectivity fails are called ezceptional primes.
Let ¢(E, K) denote the smallest integer such that for all primes ! > ¢(E, K),
[ is not exceptional. Mazur showed that for a semi-stable elliptic curve over
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Q, we have ¢(E,K) < 11 [12], and Duke proved that almost all elliptic
curves over Q have no exceptional primes [6].

In the function field case the situation is different. In particular, the sub-
extension K (u,)/K may not have degree ¢(n), so we expect the full Galois
group Gal(K(E[n])/K) to be smaller. To be precise, let K = F,(C) be the
function field of a smooth curve C' over F,. We say that an elliptic curve
E over K is non-isotrivial if its j-invariant is transcendental over F,. In
this case, we have Endg (E) = End(E) ~ Z, which is the function field
analogue of having no complex multiplication.

We call F = K(E[n]) NF, the field of constants of K(E[n]), and the
Galois group of K (E[n]) over F(C) as the geometric Galois group of K(E|[n])
over K. We will show later that the field of constants of K(E[n]) is Fg(pr,).

There is a short exact sequence

1 — Gal(K(E[n])/K (1)) — Gal(K (E[n])/K) — Gal(K () /K) — 1.
When n is coprime to g, we have
Gal(K (1) /K) = (q) € (Z/nZ)*.

By viewing Gal(K(E[n])/K) as a subgroup of GL2(Z/nZ) and identify-
ing 7 with the determinant map, it follows that Gal(K(E[n])/K (u,)) is a
subgroup of SLa(Z/nZ).

We now state Igusa’s theorem, which provides the function field analogue
of Serre’s result. We quote the following statement from [2, Theorem 3.12],
which is an intermediate step toward the full statement of Igusa’s theorem.

Theorem 4.2 (Igusa). Let K be a function field and let E be a non-
isotrivial elliptic curve over K. Then, for all but finitely many primes |
coprime to q, we have

Gal(K(E[l])/K) =T,
where I'y C GLa(Z/1Z) is defined by the short exact sequence

1 — SLy(Z/IZ) — Ty 2% (g) — 1.

More explicitly,
Iy ={o € GLy(Z/IZ) : deto = ¢' (mod 1) for some i}.

A theorem of Cojocaru and Hall [4] provides an upper bound for the
exceptional primes ¢(F, K) in the function field setting. In particular, we
obtain

1
¢(E,K) <2+ max{l prime: T {l — (6 + 3e2 + 463):| < genus(K)},

where eg = 1if [ =1 (mod 4) and eg = —1 otherwise, and e3 =1 if I = 1
(mod 3) and eg = —1 otherwise.
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To address the Poncelet n-gon problem, Theorem 3.2 suggests that we
focus on the Legendre curve
E:y?=xz(x—1)(z -\

defined over the function field K = [F()\). We begin by quoting a result of
Yu [8, Theorem 5.1], which shows that there are no exceptional primes in
this case. Using this result, we then deduce that the geometric Galois group
of K(E[n])/K is isomorphic to SLa(Z/nZ), with the field of constants of
K(E[n]) being Fy(jin).

Theorem 4.3 (Yu). Let [ be an odd prime, and E : y* = x(z — 1)(z — \)
be the Legendre curve defined over K = Fy(\). If I is coprime to char K,
then K (E[l])/K (w) is a geometric extension with Galois group SLo(Z/IZ).
As a corollary, we have Gal(K(E[l)/K) =T1.

4.2.2. The Galois group of K(E[l*°])/K. Next, we show that the
Galois group of K(E[I*°])/K () is SLa(Z;). This, in turn, implies that

Gal (K (B[I*))/ K (up)) =~ SLa(Z/1"2)

for all £ > 1. We begin with the following algebraic lemma (see [15, Chap-
ter IV, Section 3.4, Lemma 3]):

Lemma 4.4. Letl > 5 be a prime number, and let H be a closed subgroup
of SLa(Zy) that surjects onto SLa(Z/IZ). Then, H = SLo(Z;).

Corollary 4.5. Let K = F,(\) and E : y?> = x(x—1)(z—\) be the Legendre
curve over K. If | is an odd prime coprime to q, then the Galois group of
K(E[1?°])/ K (=) is SLa(Zy).

Proof. There is a natural surjection
Gal(K (E[I™])/K (=) — Gal(K(E[l])/K (1))

induced by the reduction map SLo(Z;) — SLo(Z/IZ). By Theorem 4.3, we
have Gal(K (E[l])/K (w)) ~ SLa(Z/IZ). For | > 5, it then follows from the
above lemma that

Gal(K (E[I®))/K (ju)) = SLa(Zy).

For [ = 3, we proceed as follows. First, we show that

[cl) ﬂ € Gal(K (E[3™))/K ().

This inclusion follows from Tate’s uniformization of E/ at a place of split
multiplicative reduction (see [2, Corollary 3.7] for details). Next, we will
show that [ % §] € Gal(K(E[3°°])/K (u3~)), and this implies that

=0 Al TR eyt
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Since the matrices [} 1] and [} {] generate SLy(Z;) (see [11, Chapter XIII,
Lemma 8.1]), it follows that Gal(K(E[3OO])/K([L300)) = SLa(Z3).

Now, we show that [ ] € Gal(K(E[3])/K (us=)). It suffices to
show that for every n, there is o € Gal(K(E[3%])/K(ug~)) such that
o= [9%%] (mod 3"). Since Gal(K(E[3])/K (us)) = SL2(Z/3Z), we can
find 0 € Gal(K(E[3°])/K (u3)) whose reduction modulo 3 is [ §].
Suppose that for some n > 1, there exists o € Gal(K(FE[3*])/K (us~))
such that ¢ = [¥ '] (mod 3"). We write ¢ = [V '] + 3"y, for some
y € M2(Z3). Then, we compute that

0.3 — l:_ol (1):| 3n+1 3 — |:01 (1):| (mod 3n+1)'
Thus, we have 0% € Gal(K (E[3*])/K (u3~)), whose reduction modulo 3"*1
is [ % §]. This completes the induction and hence the proof for the I = 3
case. g

4.2.3. The Galois group of K(E[n])/K.

Theorem 4.6. Let K = Fy(A\) and E : y> = x(z—1)(x—\) be the Legendre
curve over K. If n is an odd integer coprime to q, then

Gal(K (Eln])/ K (un)) = SLa(Z/nZ).

Proof. Let n = [[}I¥ be the prime factorization of n. Since K(u,) =
Fgm (A) for some m, Corollary 4.5 applies with K replaced by K(u,), and
we have

Gal(K (pn, E[I{]) | K (pn)) ~ SLa(Z/1]" Z)
for each prime factor l;. We now show that the fields K (pu,, E[l;?]) have
trivial pairwise intersection over K (,un) Therefore,

Gal(K (E[n])/K (1)) HGal (ks BIIT)) /K ()

e

H 2(Z/1}° )
~ S_LQ(Z/nZ)

For further details, we refer to [1, Figures 5.1 and 5.2], which list all normal
subgroups of SLy(Z/I"™Z). In those figures, we see that the nontrivial
quotient groups of SLg(Z/I™Z) have distinct cardinalities for different
primes {. This forces the pairwise intersections K (un, E[l7*]) N K (pin, E [la] )
(for i # j) to be trivial over K (p,). O
Corollary 4.7. With the same setting as above, the field of constants of
K(E[n]) is Fy(pn). Thus, the geometric Galois group of K(E[n])/K is
Cal(K (E[n]) /K () = SLa(Z/nZ).
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Proof. Let F = F,NK(E[n]) be the field of constants of K (E[n]). By Weil’s
pairing, we have u, C K(FE|[n|) and thus yu, C F. Let K’ = F()). Since
K(pn) € K" and K'(E[n]) = K(E[n]), we have

\SLz(Z/nZ)\ = [K(E[n]) : K(pn)]

"(En]) : K (pn)]

[K'(E[n]) K (pn)] - (K (i) = K (pin)]-

But Gal(K'(E[n])/K'(1n)) ~ Gal(K'(E[n])/K'(u,)) = SLa(Z/nZ), so

comparing cardinalities forces K'(u,) = K(uy). Consequently, we have
F = Fy(uin). 0

Lastly, we show that if ' is one of the other two elliptic curves considered
in Theorem 3.2, then for all odd integers n coprime to g, we still have

Gal(K(E[n])/K(pn)) = SLa(Z/nZ).

If E is one of these curves, then FE is isomorphic to the Legendre curve
over Fys(A) or F2(A). Let K’ = F3()) or F2(A). by Theorem 4.6, we have
Gal(K (E[n))/ K (1)) = SLa(Z,/n2).

We consider the following diagram

K(Nn)

Since [K'(pn) @ K(un)] < 3, the intersection K(E[n]) N K'(uy,) is either
K (jin) o1 (1),
In the first case, we have
Gal(K(E[n])/K (un)) ~ Gal(K'(E[n])/K'(1n)) = SLa(Z/nZ).
In the second case, we have K'(u,) C K(E[n]) so that K(FE[n]) =
K'(E[n]), and therefore

Gal(K (E[n])/K(un)) D Gal(K(E[n])/K' (1))
= Gal(K'(E[n])/K' (1))
= SLy(Z/nZ).
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Since Gal(K (E|[n])/K (un)) is a subgroup of SLo(Z/nZ), we conclude that
Gal(K (E[n])/K(un)) = SLa(Z/nZ)

in all cases.

4.3. Main theorem on the l*-torsion points of a family of elliptic
curves. We now prove Theorem 1.4 using the Galois groups of the n-
torsion point fields and Chebotarev Density Theorem. In this section, we
focus on the [*-torsion points, and generalize the results to arbitrary n-
torsion points in the next section.

Let K = F,4(\) be a function field with char(K) > 3, and let E be a non-
isotrivial elliptic curve defined over K. For any degree 1 place \g € P! (Fy),
we denote by Ej, the reduction of E at A\g. We also define

r(n, o) = #{Fq-roots to the n-th division polynomial A, (x, Ag) of E, },
R¥(n,Xo) = {P € Ex[n] : 04, (P) = P},

R™(n, o) = {P € Exy[n] : ogz,(P) = =P},

(n, Ao) =

) =

+
TL,O

{P € Bxy[n]\ {0} : 042 (P) = P}/(~
{P € Bxy[n]\ {0} : 042, (P) = —=P}/(—P ~ P)|,

where we write /(—P ~ P) to indicate that we only count each pair of a
point and its negative once. It is clear that r(n, Ag) = r(n, A\o) +7(n, Ag)-
If n is an odd integer, we also have r¥(n, \g) = W.

Since we are only concerned with degree 1 primes, we now quote a ver-
sion of the Chebotarev Density Theorem for such primes (see, e.g., [10,

Lemma 1]):

r

(n )\0

Theorem 4.8 (Chebotarev Density Theorem for Degree 1 Primes). Let K
be a function field over Fy, and L be a finite Galois extension of K. Denote
by Lo = LNF, the field of constants of L, and let € be a conjugacy class in
Gal(L/K). If Cy denotes the set of unramified degree 1 primes of K whose
Frobenius lies in €, then

_ ¢
In our setup, we will use K = Fy(\), L = K(E[n]), Lo = Fyq(un),
LoK = K(up), and [L : LoK] is the order of the geometric Galois group of

Theorem 4.9 (Main result on the [*-torsion points of a family of elliptic
curves). Let K = F,()\) be a function field with char(K) > 3, and E be a
non-isotrivial elliptic curve defined over K. Let | be an odd prime number
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coprime to q. If the geometric Galois group of K(E[I*])/K is SLa(Z/1*7),
we have

> (1%, o) = kq + O(/q).

Ao
where the sum is taken over all \g € PL(F,) at which E has good reduction.

Proof. We separate the proof into three cases, depending on the congruence
of ¢ (mod ), and proceed by induction on k.

Case 1. Assume ¢ Z +1 (mod [). We begin with the base case k = 1.
Suppose that E has good reduction at \g € P*(F,). Let 0,, € GL2(Z/IZ)
denote the matrix representing the action of the Frobenius g-map on E), [I].
By the Weil pairing, we have (4¢t%a20 = ¢detFroby, — 0 for all ¢ € y, so
that
detogr, =q# £1 (mod I).

In particular, if E)y, possesses a nonzero [-torsion point with z-coordinate

in F,, then o, has an eigenvalue 1 or —1, and R*(I, \o) are exactly the

corresponding eigenspaces. Denote by €T the conjugacy class of [0 q} in

Gal(K(E[l])/K), and by €~ the conjugacy class of {_0 ,q}. We also use
the notation \g € ¢+ to mean Frob,, € ¢*. For each \g € €*, we have

-1
r(l, Ao) = 5

Now, we count the size of the conjugacy class €*. The stabilizer of such
a diagonal matrix under conjugation consists of matrices of the form [& 2}
with ad # 0. Also, Gal(K(E[l])/K) is a normal subgroup of GLy(Z/IZ).
This implies that the conjugacy class of such a matrix in Gal(K(E[l])/K)

is the same as its conjugacy class in GL2(Z/IZ). Therefore, we have
GLy(2/12)|

(-1
By Theorem 4.8, the number of \g € P!(F,) with Froby, € ¢* is

GLe(Z/1Z)] 1 :
Sz o1t oW = mqa+ OVa).

eE| =

Therefore,

1 -1
e =2+ (70 +00D)) -5+ =0+ O0(Va)
Ao
Next, we proceed by induction by k. Assume the result holds for I¥. We
now prove it for I**1. Notice that the roots of A (2, \g) are also roots of
Aje+1(z, Ao). Thus, it suffices to count the number of Fy-roots of Ajx+1(z, Ag)
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that are not roots of Ajx(z, o), and show that the total contribution over
all good Ag is ¢ + O(,/q).

Let Ao be a good place such that F), has an I*+1_torsion point which
is not an [*-torsion point with z-coordinate in F,. Such a point is also an
[-torsion point, and the previous argument implies that Froby, has two
distinct eigenvalues as a matrix in GL2(Z/IZ). We can also view Froby, as
a matrix in GLg(Z;) via its action on the Tate module Tj(E),). Hensel’s
lemma implies that Frob,, also has two distinct eigenvalues in Z;, and thus
is diagonalizable as an [-adic matrix. Now, we view Frob,, as a matrix in
GLa(Z/IFF17) via its action on E), [I**1]. We know that it is diagonalizable,

and has canonical form :I:[ 04q

Denote by €+ the correbpondlng conjugacy class in Gal(K (E[I*1])/K).
For \g € P!(F,) such that Froby, € ¢*, the additional [¥*!-torsion points
(beyond those coming from E[I*]) contribute

lk+1 o lk: lk+1
T(lkJrla >‘0) - T(lka A0) = = SD( )

2 2
Using the same counting method as in the base case, we find that
4 |GLa(Z/ 1" 7)) 1 1
I Sy O = e OV
Hence,

k+1
S (0 ) ot 00) = 2 (a0 ) £ < ot

Ao

Combining this with the inductive hypothesis, we obtain

> (" %) = (k+ 1) + O(Va).

Ao

Case 2. The proof for the case ¢ = —1 (mod ) is analogous to that of Case
1. In both cases, when A;(z, \g) has F,-roots, the matrix Froby, € GL2(Z;)
is diagonalizable with two distinct eigenvalues.

Case 3. Now, suppose that ¢ =1 (mod [). In this situation, if A;(z, Ag) has
an [F,-root, then Froby, must have an eigenvalue +1. Since

det Froby, =¢=1 (mod I),

it follows that Froby, € GL2(Z/IZ) has a repeated eigenvalue of either 1
or —1.

Subcase 3a. If Froby, is diagonalizable as a matrix in GLy(Z/IZ), then
its canonical form is 4I5. Denote by €% the conjugacy class of +Iy in
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Gal(K(E[l])/K). For each \g € €%, we have 7(I, \g) = 21 >+ Using Theo-
rem 4.8, the number of \g € P! (Iﬁ‘q) Wlth Froby, € €% is

1
———q+ 0 )
ERGZA
Thus, the total contribution from these classes is
Sl M) 2( L 10 )) kS YN
r =2 — . — ]
0 Staziz) ! T oW ;- —1tolva

Ao€C,

Subcase 3b. If Froby, is not diagonalizable, then its canonical form is [ 1]

or [Bl _11] Denote these two conjugacy classes by Qoi. The stabilizer of a

matrix in €3 consists of matrices of the form [&?] with a # 0. So there
are (I — 1)l of them. For each \g € €, we have (I, \o) = 151, Thus, the
total contribution from these classes is

|GL2(Z/17)| 1 > -1
I \a) = 2. ) L
> rtow) =2 (g e+ OWD)
A€y
l— 1
— 4+ 0.
Therefore, in Case 3 the total number of Fy-roots of Aj(z, Ag) over all
good g is
dort,do)= > r(Ld)+ > (I, Xo)
o Aoeet o€t
1 [—1
= ZC] + TCJ +O0(/q)
=q+0(q).

We then proceed by induction on k to prove the statement for *+1. We
will show that the number of new Fy-roots to Ajx+1(x, Ag) that are not roots
of Ax(z, Ag) is ¢ + O(y/q) when summed over all good A.

If Aje+1(z, Ao) has an F-root that is not a root of Ajk(z, Ao), then there
exists some P € Ejy [I**']\ E),[I¥] such that Froby,(P) = +P. If ¢ # 1
(mod [¥+1), the characteristic polynomial of Froby, has two distinct roots
modulo [¥*1. By Hensel’s lemma, Frob ) is diagonalizable in Z; and hence
in Z/1**'Z; the argument then proceeds as in the base case.

Now suppose ¢ = 1 (mod I¥*1). For simplicity, we restrict our attention
to those P € E) [IF1] \ Ej,[l*¥] satisfying Froby,(P) = P. Pick a basis
{P,Q} for E\,[I*"!]. By a change of basis to {P,cQ} for some suitable c,
we may assume that Froby, = [} ¢] € GLy(Z/I*17Z).
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We pick a representative of b € Z/I*T1Z as an integer between 0 < b <
[**1 — 1. 1f b = 0, then Froby, has the canonical form [} 9], and we denote
by €1 the conjugacy class of this element in Gal(K (E[I*1])/K).

If b #£ 0, we write b = [Yz for some 0 < v < k and x coprime to [. We
perform a change of basis by replacing {P, @} by {zP, Q}, and we see that
Froby, has the canonical form [} 4 ]. We denote by €} the conjugacy of
this element in Gal(K (E[I*T1])/K).

Next, we compute the size of those conjugacy classes by counting the
size of their stabilizers in GLo(Z/I*"1Z). The stabilizer of [}Y'] consists
of matrices of the form [¢ Y] where (a — d)I’ = 0 and ¢’ = 0. It has
size p(IF1)1P1¥+1]? where each factor represents the number of choices for
a, b, ¢, d respectively. In particular, for 0 < v < k, we have

|GLo(Z /151 7)|

+|
’Q} ’ - go(lk+1)l2”+k+1 :

For v = oo, we have

‘Q:;-o‘ — ‘GLQ(Z/Z’C+1Z)‘ — (l2(k‘+1) o lQ(kJ-‘rl)—l)(zQ(k-ﬁ-l) _ l2(k+1)_2).

Then, we compute r+(I¥T1, \g) — r+(I¥, \g) for A in each of those con-
jugacy classes. We choose a basis {P, Q} of E\,[I**!] such that Frob,, has
the canonical form described above. For 0 < v < k, and \g € € we have

c(Z lk+1Z ><’
R+(lk+1,/\0)\R+(lk,/\o):{xPerlk“_”Q:x &/1™°2) }

0<y<l?
and thus

lv@(lkJrl)

r+(lk+la )\0) - r+(lk7 )‘0) = 9

Therefore, the contribution from the conjugacy class € is

Z (r+(lk+1’ o) — T+(lk7)\0))

o€y

GLy(Z /157, 1 1Pp(IF+!
- <||SL22((Z//lk+1Z))\| T T OW@) A

1<p(lk+1)
T 9 ki ¢+ O0(Va)-
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Similarly, the contribution from the conjugacy class €7 is

S0 (T N0) =, M)

)\066;
1 o [2(k+1)
- <\SL2(Z/Z’““Z)IQ+ VD) g

11
= 2lk+1q+0(f)

Summing over all conjugacy classes, we deduce that

S (r R x0) = (1, M)

Ao

= 3 () -t Ao)+z ST (A 20) = (1R, M)

Aoeet v=0),ee}

11 F (1 (I
:2N€HQ+X%<2WQ+O(\/EI +O0(Va)

1 1 o(FNY 1 —17F

- q<lk+1 + F+1 11 +0(/4)
1

= iq +O(Vq).

A similar computation shows that the contribution from the points P
such that Froby,(P) = —P is also g 4+ O(,/q). Hence,

So(r 20) = 1%, X)) = 4+ O(Va).

Ao

This completes the induction and the proof. O

4.4. Main theorem on the n-torsion points of a family of elliptic
curves. We now generalize the results of the previous section to all odd
integers n coprime to ¢. In fact, the following lemma implies that if m and
n are coprime odd integers, then

rE(mn, o) — rE(m, Xo) — rE(n, Ao) = 27F(m, Ao) 7 (n, Xo).
Using this result together with Theorem 4.9, we are now in a position to

prove Theorem 1.4, our main theorem on the n-torsion points of a family
of elliptic curves.

Lemma 4.10. Let E) be an elliptic curve over the finite field Fy, and o4 ),

be the Frobenius g-map. Let m,n be coprime integers, and let P € E\,[n]
and Q € Ex,m]. Then, z(P + Q) € F, if and only if either

Oq,0 (P) =P and Oq,\0 (Q) =Q,
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or

Uq,Ao(P) =—P and Uq,)\o(Q) =—-Q.

Proof. If (P + Q) € Fq, then 0y, (P 4+ Q) = P+ Q or 0y, 4(P + Q) =
—(P+ Q). Since m and n are coprime, the decomposition of an mn-torsion
point into an m-torsion point and an n-torsion point is unique. Hence, either

Oxo,q(P) =P and 0y, 4(Q) =Q or oy, 4(P) = —Pand 0),4(Q) =—-Q. O
It follows that

RE(mn, \o) \ (RE(m, Xo) U RE(n, \o))
= {P+Q: P e R*(m,\)\{0},Q € R*(n, %) \ {O}}

|RE (n,\0)|—1
2

Using the relation ¥ (n, \g) = , we deduce that

rE(mn, M) — rE(m, Ao) — 1 (n, Ao) = 275 (m, Ao) 75 (n, Ao).

For the convenience of the reader, we now restate Theorem 1.4 before
proving it.

Theorem (Main result on the n-torsion points of a family of elliptic
curves). Let F, be a finite field with characteristic greater than 3. Let E
be a non-isotrivial elliptic curve defined over the function field K = Fy(\).
If n is an odd integer coprime to q, and the geometric Galois group of
K(E[n])/K is SLa(Z/nZ), we have

> _r(n,X) = (d(n) — 1)g + O(\/q)

Ao
where the sum is over all \g € P(F,) such that E has a good reduction
at Ag.

Proof. We prove the theorem by induction on k, the number of distinct
prime factors of n. The base case k = 1 is established in Theorem 4.9.
Suppose the statement holds for n' = [T¥_; 1%, and consider n = n’ ZZTII,
where [jy1 is coprime to n'.

Since n/,l41 are coprime, we have the injection

Gal(K(E[n))/K) < Gal(K(E[n'])/K) x Gal(K (E[l,}1'])/ K).

which is compatible with GLy(Z/nZ) ~ GLg(Z/n'Z) x GLy(Z /1 Z). By
using the assumption that the geometric Galois group of K(FE|n])/K is
SLo(Z/nZ), and comparing the cardinality of both sides, we conclude that

Gal(K (E[n])/K) =~ Gal(K (E[))/K) x Gal(K(EL3))/K).
Let € be the conjugacy classes in Gal(K (E[n'])/K) for which we have

rH(n’, X) > 0, and let D] be those in Gal(K(E[l}{'])/K) for which
rH(lh4 Ao) > 0. Then, we may view the Cartesian product € x DF
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as a conjugacy class in Gal(K(E[n])/K). For Ao € P}(F,) with Frob,, €
Qﬁ;r X @j, we have

rH(n, Xo) — (0!, M) — rH (A Xo) = 20 (), Xo) r (AR Xo)-

Summing over all good Ag gives

Z(ﬁ(m Xo) — rH(n’, o) — (lkfjf,/\o)>

Ao
¢ xDf
_ ZZ<|S|L2 ;/nzg|q + O(ﬁ)) . (2 T+(n/7)\0) T+(lgljr+117)\0))

=2 Z L r+(n' )\)
~\ISLo@/mz) )" 7

. Z ‘©+‘ q T+(l0«k+1 )\0)
T \BL@/iE 2] )

k+1

k(, _ a
—o( e Dt (), 0y
k

— % <ak+1 [(ai+1) - am) 7+ O0(/aq).

=1

+0(Vq)

The calculation for the points P € Ej,[n]\ {O} with Froby,(P) = —P
is the same, and we get

> (r(n, 20) = 7(0', 20) = (54 M)

Ao

k
= (ak+1 [(ai+1)— ak+1>q + O(Va).
i=1
Combining these, we obtain

Zr(n, o)

Ao
_Z r(n’, \o) +Z Lt Xo) Z( r(n, \o) —r(n Ao)—r(lklj_ﬁl,)\o))

k

k
(H a;+1) —1>q+ak+1q+ (akHH a2+1)—ak+1>q+0(f)

=1 =1

k+1
= <H(ai +1) — 1>q+0(\/§)

i=1

= (d(n) = 1)g + O(Vq). .
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5. Conjectures for even n and computational data

We state a conjecture on the density of pairs of smooth conics satisfying
the Poncelet n-gon condition including the even integers.

5.1. Conjectures.

Conjecture 5.1. Let [y be a finite field with characteristic greater than 3,
and n be an integer coprime to q. We have
Tl _ d'(n)

Iol _ 40 ogor2y,

where d'(n) denotes the number of divisors of n other than 1 and 2.

Further, if we assume the following results on the geometric Galois group
of K(FE[2™])/ K, we can prove the conjecture following the same methods in
this paper. We sketch some results based on this assumption, and provide
the computational data at the end of this section.

5.1.1. Pencil intersection type: (1,1,1,1) or (2,2).

e Density of pencil:
1 1 1

24876
Corresponding elliptic curve in Theorem 3.2:

E:y? =z(xz—1)(z—\).

Assumption on the geometric Galois group:

ker (SLo(Z/2"Z) %25 SLo(Z/2Z) ).

Total number of F,-roots of the 2"-th division polynomial:

Z (2™, Xo) = 3mq + O(\/q).

Ao

Density of pairs of smooth conics satisfying the Poncelet 2"*-gon
condition:

(3m — 3) + O(q—3/2>.

Recall Theorem 3.2 implies that we need to remove the 2-torsion points
when counting the number of pairs of conics with a Poncelet n-gon. There
are three 2-torsion points on E), for each \g. This is why we subtract 3 when
computing the density of pairs of smooth conics satisfying the Poncelet 2*-
gon condition.
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5.1.2. Pencil intersection type: (2,1,1) or (4).

e Density of pencil:
11 1

1T1T Y
e Corresponding elliptic curve in Theorem 3.2:
E:y’=(z—\)(® -b),

where b is not a square in F,.
e Assumption on the geometric Galois group:

pre-image of {I, [(1) (1)}} under SLo(Z/2™Z) — SLo(Z/27).

e Total number of Fy-roots of the 2™-th division polynomial:

Z r(2™, Ao) = mq + O(\/q).

Ao

e Density of pairs of smooth conics satisfying the Poncelet 2"*-gon
condition:
(m—1)

+0(q7?).
. (%)

5.1.3. Pencil intersection type: (3,1).

e Density of pencil:
1

g.
e Corresponding elliptic curve in Theorem 3.2:

/ 1
-t )
y (x at )\ T )\ T

e Total number of Fg-roots of the 2™-th division polynomial:

> (2™, ) =0.

Ao

e Density of pairs of smooth conics satisfying the Poncelet 2"*-gon
condition: 0.

For any \g € P1(F,), the elliptic curve E), has no 2-torsion points with
x-coordinate defined over [y, corresponding to the fact that there is no
singular conics in this pencil defined over F,. Therefore, there are no 2™-
torsion points with z-coordinate defined over F, for any m > 1.
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If we take the weighted sum over all pencils, we see that the density of
pairs of smooth conics satisfying the Poncelet 2"*-gon condition is

13m—3 1m-—1

+0(¢%?)
d'(2™)
q

All of the results above are consistent with our computation in Sec-
tion 2.3. Also, for the Poncelet 8-gon, the result above suggests that the
density of pairs of smooth conics satisfying the Poncelet n-gon condition is
24— O(q~%/?) in the pencil of intersection type (1,1,1,1). This also matches

=— 0 = +0(q7%?).

the conjecture of Chipalkatti for n = 8 [3, Conjecture 4.1].

5.2. Computational data. Our computational data supports the results
above, although we are not able to prove our assumption on the geometric
Galois group of K(E[2™])/K.

We performed our computations using SageMath. In our experiments, we
fix a finite field F,, and consider the Legendre curve y? = x(x—1)(x—\). For
each n, we compute the sum of the IF,-roots of the nth division polynomial
of the reduced curve E), as Ag ranges over F, \ {0, 1}.

n=4. p | (Sum of Fy-roots to 4th-division polynomial)/p
1487 5.98991
1489 5.98993
1493 5.98995
1499 5.98999
1511 5.99007
1523 5.99015
1531 5.99020
1543 5.99028
n = 8. p | (Sum of F,-roots to 8th-division polynomial)/p
1993 8.97893
1997 8.98498
1999 8.98199
2003 8.98802
2011 8.98807
2017 8.97918
2027 8.98816
2029 8.98521
2039 8.98234
2053 8.98539
2063 8.98255
2069 8.98550
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