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Convolution and square in abelian groups I1

par YVEsS BENOIST

RESUME. Une valeur X est dite critique sur un groupe abélien d’ordre impair G
si ’équation fonctionnelle fx f(2t) = Af(¢)? sur G a une solution f # 0. Nous
construisons de nombreuses valeurs critiques a 1’aide des variétés abéliennes
a multiplication complexe.

ABSTRACT. A critical value on an abelian group G of odd order d is a value
A such that the functional equation f  f(2¢) = Af(t)? on G has a nonzero
solution f. We construct many critical values by using abelian varieties with
complex multiplication.

1. Critical values

1.1. Introduction. This paper is the sequel of [3] in which we introduced
the notion of d-critical values or critical values on the cyclic group Z/dZ,
where d is an odd integer. Before recalling the precise definition of critical
values in Section 1.2, I would like to sum up the content of this first pa-
per. In [3] we reported some striking numerical experiments and explained

that the value \ := \/a + iv/b is a d-critical value when a + b = d and

a = % mod 4. It was surprising that Jacobi theta functions and el-

liptic curves with complex multiplication were needed to prove that these
apparently very simple values are critical.

In the experimental list of critical values given in [3, Section 1.5], there
still remained a few intriguing d-critical values that could not be explained
by the techniques of [3] relying on Jacobi theta functions and elliptic curves.
Those remaining values are shown in the insert below.
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The aim of the present paper is to explain a general construction of criti-
cal values A by using torsion points on higher dimensional abelian varieties
and Riemann theta functions (Theorem 4.4).

d=11 A =1+V5+i\/5-2V5
d=15 A =1+V5+iy9—2V5

d=15 X = (V3+iv2)(V2+1i)
d=17 A=1+2V2+2i\/2-V2

This construction gives all the d-critical values with d < 11. As an output,
focusing on abelian varieties with complex multiplication, we will obtain
new explicit critical values.

Note that the full list of critical values is known only when d < 11 and is
given in [2, Section 4.4]. A few critical values for d = 15 and d = 17 that can
not be explained by our technique relying on Riemann theta functions and
abelian varieties have been found in [2, Section 4.4]. These partial lists have
been recently extended by Ma Li (private communication) up to d = 19.

1.2. Constructing critical values. Before going on our introduction, we
need to recall the definition of critical value from [3]. We let G be a finite
abelian group of odd order d, but we keep in mind that the case where
G is the cyclic group G = Z/dZ is very important. A nonzero function
f + G — C satisfying the functional equation

(1.1) ST fk+0) f(k—€) = Xf(k)* forallkinG,
LeG

where A € C is a parameter, will be called a “A-critical function on G”, and
a value X for which such a function f exists will be called a “critical value
on G”, or a “d-critical value” when G = Z/dZ. This equation expresses
a proportionality condition between the “convolution square” of f and its
“multiplication square”.

Our main result in this paper is a construction of explicit critical values.
Beyond this precise list of critical values, the main interest and surprise is
the fact that this naive question is related to abelian varieties with complex
multiplication and to modular forms on the Siegel upper half-space.

We will explain the construction of these critical values from various
points of view. First from the point of view of Riemann theta functions
(Theorem 2.3). Then from the point of view of abelian varieties (Theo-
rem 4.4). And finally we will apply this construction from the point of view
of CM number fields (Theorem 5.4).
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Even though the consequences of these theorems, such as Proposi-
tions 6.4, 6.5, and 7.15, have an elementary statement, I do not know an
elementary proof. Indeed, our construction relies on the Riemann theta
functions 6(z,7) for special values of the Riemann matrix 7, and the key
point in the proof relies on modularity properties of these theta functions
on the Siegel upper half-space which is due to Siegel (Lemma 2.6) and on
its refinements due to Igusa (Corollary 2.9) and to Stark (Lemma 8.3). It
also relies on a construction of principally polarized CM abelian varieties
due to Shimura-Taniyama (Fact 7.1).

1.3. A few concrete examples of critical values. To give a flavor of
the output of our method we just give here three concrete families of critical
values.

Proposition 6.4. Let d = dids be a product of two coprime odd numbers.

. 2
For j = 1,2, let d; = a;+b; be all positive integers, a; — w = 2 mod 4,

and e; = £1. Then X := (/a1 + ie1v/b1)(\/az + ie2y/be) is d-critical.
Proposition 6.5. Let d = a + b+ ¢ be positive integers with b? — 4ac > 0.
(A) Assume that ¢ =1 mod 4 and b=c¢= (0 or 1) mod 4.
Then the sum A = /a + \/c+ iy/b — 2y/ac is d-critical.
(B) Assume that ¢ =3 mod 4 and b = ¢ = (0 or 3) mod 4.

Then the sum A = /b — 2y/ac + i\/a + i\/c is d-critical.

Proposition 7.15. Let n > 5 be prime and L,, := (1+2‘/5)n + (1_2\/5)71 be
the n" Lucas number. Then, for all choices of signs ¢, = +1, the product
Ap = H1§k<n/2(1 + i sin(k”)) or —M\, is L,-critical.

n

To deal with Propositions 6.4 and 6.5, we will need to use abelian sur-
faces. To deal with Proposition 7.15, we will need to use an (n — 1)/2-
dimensional abelian variety.

1.4. Properties of critical values. It is important to keep in mind a
few properties, proven in [3, Section 2.1].

Proposition 1.1. Let G be an abelian group of odd order d. There exist
only finitely many critical values on G. Let A be a critical value on G.
(i) One has |\ < d with equality if and only if A = d.
(ii) The ratio d/\ is also a critical value on G.
(iii) A is an algebraic integer such that A =1 mod 2.
(iv) All the Galois conjugates of A are also critical values on G.

The condition “A = 1 mod 2” means that the ratio % is an algebraic

integer.
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Since there are only finitely many critical values A on G, it will be sur-
prising to see that, for all the critical values A we will construct in this
paper, the variety of A-critical functions f on G is higher dimensional.

1.5. Strategy, organization and main results. This paper is indepen-
dent of [3], but it might be helpful for the reader to be familiar with the
proof given in [3] that relies on Jacobi theta functions, and on elliptic curves
with complex multiplication. The proof here will follow the same lines re-
placing the Jacobi theta functions by the Riemann theta functions, the

elliptic curves by abelian varieties, and the imaginary quadratic fields by
CM number fields.

In Section 2, we explain how one can use the Riemann theta functions for
constructing critical functions on any finite abelian group G of odd order
(Theorem 2.3). Such an abelian group G can be seen as a quotient d ~1Z9 /79
for an integral matrix d with d = 1 mod 2. The Riemann theta functions
0, (z) are Z9-periodic functions on CY parametrized by a matrix 7 that lives
in the Siegel upper half space H,, i.e. 7 is a complex symmetric matrix
whose imaginary part is positive definite. The key point is a condition on
the Riemann matrix 7 (Lemma 2.7) that ensures that the restriction of any
translate of the function 6,(z) to the group G is critical.

When ¢ > 3, this condition, which involves 29 — 1 equations while there
are only g(g+1)/2 parameters, seems difficult to satisfy. However a nice fact
due to Igusa (Lemma 2.9) helps us to construct solutions of these equations:
it is sufficient (and conjecturally also necessary) that there exists an element

o of the integral symplectic theta group sz’% of level 2 such that o 7 = tdrd.

This group SpZé is a normal finite index subgroup of the integral symplectic
group Sp(g, Z). It acts naturally on the Siegel upper half space H,.

Theorem 2.3. Let 7 € Hy and d € M(g,Z) with d = 1 mod 2. Assume

that there exists 0 = (z"g) € Spgé such that o7 = 'drd. Then the

function @, restricted to the group G = d~1Z9/79 is A-critical for a critical
value \ := kdetc(y7 + 6)'/2|G| with £% = 1.

Here detc denotes the determinant of a complex endomorphism of C9.

In Section 3, we reinterpret our construction of critical values in terms
of the integral symplectic theta subgroup of level 2 (Corollary 3.1). We also
explain (Lemma 3.5) how to construct elements of the integral symplectic
theta group of level 2 starting from an element of the rational symplectic
theta subgroup sz’f@ of level 2. This relies on the symplectic adapted basis
theorem (Proposition 3.4). Finally we explain how to construct easily ele-
ments of the rational symplectic theta subgroup sz’f@ of level 2 thanks to
the Cayley transform (Lemma 3.8).
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In Section 4, we are dealing with a principally polarized abelian variety
(A = CY9/A,w), with its hermitian structure H on its Lie algebra C9 and
with its integral symplectic form w = Im(H) on its lattice A. We reinterpret
our general construction of critical functions and critical values from the
point of view of abelian varieties in Theorem 4.4 which is the main theorem
of this paper. Note that the Riemann theta functions do not occur in the
statement of this theorem, but only in its proof. We refer to Section 4.2 for
the precise definition of the notions involved in this theorem.

Theorem 4.4. Let (A = C9/A,w) be a principally polarized abelian va-
riety, v be a unitary Q-endomorphism of A preserving a theta structure
of level 2, T, its tangent map, G, := A/(ANvA) and d, := |G,|. Then
there exists a critical value \, = K, dll,/2 det(C(T,,)l/2 on the group G, with
ki =1.

The square 2 = £1 can be calculated from the condition A, = 1 mod 2.
The abelian group G, depends not only on the tangent map T, €
M(g,C) but also on the lattice A. It might be cyclic even when g > 1.

In Section 5, we are dealing with a CM number field K of degree 2g with
a CM type @ : K — CY and with a lattice A C K, and we assume that the
abelian variety is the CM abelian variety A = CY9/®(A). We specialize our
general construction of critical values to that case and express it from the
point of view of CM number fields (Theorem 5.4):

e The symplectic form on A is given by a nonzero imaginary element
to of K thanks to the simple formula w(z,z’) = TYK/Q(%). A key
point is to choose ty so that this symplectic form is integral with
determinant 1 on A.

e The unitary Q-endomorphisms v are nothing but elements v € K
of absolute value 1. On can construct such v that preserve a theta
structure of level 2 thanks to the Cayley transform (Lemma 5.3).

e The ratio A\2/d, is, up to sign, equal to the reflex norm Ng(v). In
particular the critical value A, is a d,-Weil number.

To get more examples we will allow in this section K to be a CM algebra
instead of a CM number field.

In Section 6, we show on examples how to compute, at least up to sign,
explicit critical values by using Theorem 5.4.

In Section 6.1 we discuss the case where K is an imaginary quadratic
field and hence A is a CM elliptic curve. This case is the one we studied
in [3].

In Section 6.2, we discuss the case where the CM algebra K is a product
of two imaginary quadratic number fields or, equivalently, A is isogenous to
the product of two elliptic curves with complex multiplication. This gives
the 15¢ proposition of Section 1.3.
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In Section 6.3, we discuss the case where K is a quartic CM field and
hence A is a simple CM abelian surface. This gives the 2°4 proposition of
Section 1.3.

In Section 7, we come back to the general CM abelian varieties, but we
specialize our Theorem 5.4 to the case where the lattice A is a fractional
ideal m of K, or equivalently, to the case where the abelian variety A =
C9/®(A) has multiplication by Ok (Theorem 7.3). This case is particularly
nice because of the following three reasons:

e A theorem of Shimura—Taniyama relying on class field theory tells
us exactly, for which CM type ® and for which ideal m this abelian
variety A is principally polarized (Fact 7.1).

e The group GG, depends only on v seen as an element of K and does
not depend on the ideal m.

e Examples of unitary elements v € K that preserve a theta structure
of level 2 are v = pu/fi with 4 = 1+ s — 5 where s € K has deno-
minator prime to 2 and where the norm N /Q(,u,) € Q has an odd
numerator (Lemma 7.2).

We quote below the part of Corollary 7.4 where the extension K /(K NR)
is ramified i.e. “ramified at a finite place”.

Corollary 7.4.B. Let K be a CM field such that K/(KNR) is ramified at a
finite place. Let s € Ok, pp := 14+ 5—3 with N g(¢) odd. Then, for all CM
types ® of K, the value A\, = Ng(u) or —\, is critical on G, := O /uOk.

Note that, the principally polarized CM abelian varieties and their theta
structures of level 2 do not occur in the statement of this corollary, but
only in its proof.

In Section 7.3, we focus on a very important case, when K is the cy-
clotomic field K,, = Q[(,]. In this case, the conclusion of this corollary is
always true even when K is unramified over its maximal real subfield K NR.

In Section 7.4, we give an explicit example of application of Corol-
lary 7.4.B: we take s = (,,. This gives the 3' proposition of Section 1.3.

In Section 8, we come back to the examples of Section 6, and explain how
to remove the remaining ambiguity on the sign of the critical values. The
key point is a precise formula for the theta cocycle j(o,7) in Lemma 8.3
which is due to Stark, combined with tricky explicit computations. This
theta cocycle is the one that shows up in the transformation formula for
the Riemann theta functions.

I became interested in the convolution equation (1.1) after computing
experimentally the list of d-critical values for small values of d. On the one
hand, one is looking for functions that have properties similar to those of
the gaussian functions, and, on the other hand, the list is so striking that,
as soon as one sees it, one wants to understand it theoretically.
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This convolution equation can be seen as an analog of the equation satis-
fied by the equiangular configuration of d? lines in C?, whose experimental
solutions only have a conjectural explanation: the Zauner conjecture. It
can also be seen as an analog of the question raised by H. Cohn looking for
functions on the cyclic group that have properties similar to those of the
Dirichlet characters: such functions are constructed in [4].

2. Theta functions

The aim of this section is to explain (in Theorem 2.3) our general con-
struction of critical values (Theorem 4.4) from the point of view of the
Riemann theta functions.

2.1. Riemann matrices and symplectic group. We begin by prelim-
inary classical notation and definition (see [1] or [8]).

A Riemann matrix 7 is a complex symmetric matrix whose imaginary
part is positive definite. For g > 1, let H, be the Siegel upper half-space
which is the space of Riemann matrices of size g,

Hy = {TGM(Q,C)’tT:T, Im7'>0}.

Let Sp(g,R) := {0 € GL(2¢,R)|'0cJo = J}, where J = (_(I)Lg 109), be
the real symplectic group. This group is the stabilizer of the symplectic
form w on R?9 given by

w(z,y) ="z Jy,
and seen as a group of 2 by 2 block matrices of size g, it is given by

Sp(9.R) = {0 = (27 [‘ay ="y, 86 ="38, ‘ad— '8 =1,},

_ _(apB -1_ (' '8

={e=(89) [ = (50}

The group Sp(g,R) acts transitively on the Siegel upper half-space H,,
o1 = (ar + B)(yr +6) ¢

One cannot confuse this notation o7 with the product of matrices since o
has size 2g while 7 has size g. The stabilizer of the element 79 = i1, € H,
is the unitary group U(g, R), so that H, ~ Sp(g,R)/U(g,R).

For any subring R of R, we let Sp(g, R) := GL(2¢g, R) N Sp(g,R). For
¢ > 1, the following subgroups of the integral symplectic group Sp(g,Z)
play an important role in the theory of theta functions. The first one is the
integral congruence symplectic group Spgz of level £.

(2.1)

Spg,Z :={0 €5p(g9,Z) |0 = 125 mod (}.

The second one is the integral symplectic theta group sz’é of level .

Sng = {a = (f/‘ ?) € Splz ‘ (*ay)o = (*36)o = 0 mod 26},
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where for a g X g symmetric matrix S, the notation Sy means the diagonal of
S. This group is sometimes called the Igusa group of level £ as in [11, p. 10]
We will discuss in more details this symplectic theta group in Section 3.2.
When ¢ =1 we just write Spgvz for szzz

In this paper we will mainly need these groups Spé’Z and szzez for £ = 2.
Indeed when ¢ = 2, the modular variety Xg,g of theta structures of level £

defined by X g €= szé \#, will play an important role in this paper.

2.2. Critical values and theta functions. We now recall the definition
of the Riemann theta function:

0:(2) =0(z,7) := Z gim'mrme2intmz - for e C9 and T € Hy.
mez?

This function is a holomorphic function of z which is Z9-periodic. One has
0:(z+q) = 0-(2) for all ¢ in Z9. We can now explain our construction of A-
critical functions. The construction involves a matrix d with integer coeffi-
cients and det(d) # 0, and its associate group Gq := d~1Z9 /79 whose order
|G4l is equal to |det(d)|. Very often, we will choose d = diag(dy,...,d,)
where each coefficient is positive and divides the next one: di|da|- - - |dg.
Note that any finite abelian group is isomorphic to a unique group G4 with
such a diagonal matrix d.

Definition 2.1. Let 7 € H, and d € M(g,Z) with d = 1 mod 2. We will
say that the function 6, is (A, d)-critical if, for all z in C9, the function
for i 0(z + ¢, 7) is A-critical on the group G4 := d 179 /79.

This means that, for all z in C9,

Z O(z+0,7)0(z —£,7) = NO(z, 7).
LeGgy

Remark 2.2. In particular the function fo, : £ — 6(¢,7) is a A-critical
function on G4 which is even, that is fo -(—¢) = fo-(¢) for all £ in Ggq.

Note, when d = diag(dy,...,dy) as above, that the group Gq has order
|G4| = di -+ - dg, and that this group Ggq is cyclic of order d if and only if
l=di=--=dyg_1 <dyg=d.

Here is our construction of critical values seen from the point of view of
theta functions

Theorem 2.3. Let 7 € Hy and d € M(g,7Z) with d = 1 mod 2. Assume
that there exists o = (3 g) € Spgé such that o = tdrd.
(a) There exists a unique A € C such that the function 6. is (\,d)-

critical.
(b) This \ satisfies A\ = k detc(y7 + 6)Y/2|Gq|, where k& =1,
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Note that replacing ¢ by —o does not change the assumptions but
changes the sign of the determinant when g is odd.

In (a) the converse is true for g < 3: if there exists A such that the
function 6, is (A, d)-critical then there exists o € szé such that o7 =
tdrd. This will follow from Remark 2.10. Moreover this converse is also
expected to be true for all g.

A more precise formula for A will be given as Formula (3.1). Notice that
it is easy to determine the 8" root of unity % up to sign without using (3.1)
by using instead Proposition 1.1 which says that X is an algebraic integer
satisfying A = 1 mod 2. Indeed, the only 8" roots of unity which are equal
to 1 mod 2 are +1.

2.3. Theta functions with characteristic. For the proof of Theo-
rem 2.3 we will need to introduce the Riemann theta functions with charac-
teristic (see [6]). We will also need three classical formulas satisfied by these
functions, the “addition formula”, the “isogeny formula”, and the “trans-
formation formula”. We will only need special cases of these formulas that
we state below.

The theta functions with characteristic a, b in C9, are defined by, for
z€ CYand 17 €Hy,

a L it (m4+a)T(m+a) 2int (m+a)(z+b
g{b](m),_ze (m-+a)r(m-+a) 2ix (m-+a)(=+b)
mez?

Note that these functions satisfy the following periodicity when translating
the characteristic by elements m, n in Z9,

(2.2) e[il‘m (2,7) = e2iman g m (2.7).

In this paper, we will mainly use the following special cases of theta func-
tions with characteristics. For { € Z9 /279, seen as a subset of Z9, we define

(2.3) O (z17) = 0| )| 22.27) o= 3T einmimeaintn,
meg
Note that one has the equalities:
Oj)(z,7) = 0(22,27) and Z O (2, 7) = 0(2,7/2).
¢ez7? /278

Here is the addition formula that we need.

Lemma 2.4. For all z,w in CI, 7 € H,, one has

(2.4) 0(z+w,7)0(z —w,7) = Z O1¢)(w, 7) Op¢) (2, 7).
£ez? /277
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Proof. Just write the left-hand side LHS as a double sum over m, n in Z9
and split this double sum according to the class £ € Z9 /279 in which m —n
lives, and note that one has the equivalence: m —n € £ <= m +n € &.
Use then a change of variable p := m — n and ¢ := m + n, this gives

LHS = Z Z Z eiwtp%peiwtq%q€2i7rtpwe2i7rtqz
£c79 /277 pe€ qe€
= > Og(w,7) gz 1),
ecz? /277
as required. O

The second formula is a simple but useful isogeny formula.

Lemma 2.5. Let 7 € Hy and d € M(g,7Z) with d = 1 mod 2. Set G4 =
d=179/79. Then for all € € 79 /279, one has

> O (L, 7) = |Gal O (0, 'drd).

leGq
Proof. Just write the left-hand side LHS as a double sum over m in Z9
and £ in Gq and notice that 3-,cq 2™l s equal to the order |Gq| of the
group Gq when m belongs to ‘d Z9 and is equal to 0 otherwise. Hence

LHS = |Gd| Z eiwtm%m
metdzne

In the last equality we used d = 1 mod 2 by writing m = !dp withp € £&. O

2.4. The theta cocycle. The last formula is a transformation formula
for the theta functions with characteristic. It deals with an element o =
(3 g ) € Sp(g,Z). This formula is particularly simple when o belongs to
the theta group and when it is expressed with the modified theta function
(2.5) g[a} (z,7) = eimalz+b) g

b Z} (z,7).

Note that there is no modification when z = b = 0.

Lemma 2.6. Let 7 € H,y and o € Spg,z. Then, for a, b in C9, one has

(2.6) 5{_5561__'_721)] (0,07) = j(o,7) 5{2] (0,7), where
(2.7) jlo,7) = k(o) detc(yT + 5)%

In this formula, j(o, 7) is a cocycle on Spg,Z X Hq called the theta cocycle
which is analytic in 7: one has j(o102,7) = j(01,027) j(02, 7). The constant
k(c) is a eighth root of unity, x(c)® = 1, that depends only on o for a
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continuous choice of the square root detc(y7 + 5)% of the complex number
detc(y7 4 6). The precise value of j(o,7) will be explained in Section 8.2.

Proof. This is [11, Theorem 5.7] or [6, Section 8.6 p. 231]. The textbooks
[10], [16], [20], or [22] also discuss this transformation formula. We recall the
strategy of proof. One proves a more involved transformation formula, [11,
Proposition 5.6, 5.7], for §[%] valid for all ¢ in Sp(g,Z), by checking it on
generators of Sp(g,Z). The first generators are translations by an integral
symmetric matrix [,

(2.8) }(0,74_5)::6hﬁdBaﬂ%)g[z]aLT%

a
9Lﬂa+b+5d2

where g is the diagonal of 5 seen as an element of Z9.
The formula for the second generator is the Poisson formula,

a

(2.9) 0 {‘Cﬂ (0, —71) = detg(—ir)s e 2mab g [b] (0,7),

where the square root is defined by holomorphic continuation in 7 with the
constraint that when 7 = i1 it is equal to 1. One uses then the fact that
the map (o, 7) — detc(oT + §) is a cocycle on Sp(g,Z) X H,. O

2.5. The condition on theta constant. The first step in the proof of
Theorem 2.3 is the following criterion on A, 7,d which ensures that the
function 6, is (A, d)-critical. This criterion is a relation between “theta
constants”, i.e. theta functions evaluated at z = 0.

Lemma 2.7. Let 7 € Hy, A€ C and d € M(g,Z) with d =1 mod 2. The
function 0 is (A, d)-critical if and only if for all & € 79 /279 one has

Proof. For w in CY we introduce the function on CY
2+ Fy(2) = Fy(z,7) =0z 4+ w,7)0(z —w, 7).

We want to know when the two functions Y-y, Fy and Fy = 6* are pro-
portional. The key point in the proof is that all these functions Fy, live in a
finite dimensional vector space with a convenient basis: (0[¢))¢c 79 /279 - For
the independence of this family, see [6, Proposition 7.3 in Chapter 8]. We
only have to express that the coefficients of our two functions in this basis
are proportional. These coefficients are given by the following calculation in
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which we apply successively the addition formula and the isogeny formula,

Z Fg(Z,T) = Z Z 9[&(5,7’) 9[51(2,7')

eGq teGq ¢ez? /277
=|Gal > 0(0,'drd) O (2, 7)
¢ez9 /227
and 6(z,7)* = Z 01)(0,7) O (2, 7).
¢ez? 277

These two functions are proportional with proportionality factor A if and
only if one has,

0i¢1(0,tdrd
(2.10) N e (G 200 AT € i 79070,
9[5] (O, 7')
This is the criterion we were looking for. H

Remark 2.8. It might happen that the denominator (0, 7) in (2.10) is
zero for some . In this case, this equality means that 6 (0, tdrd) has to
be zero too. Note that, for every 7 in H, and z in CY, there exists { in
Z° |27’ such that O (z,7) # 0, see for instance [1, Sections 3.4-3.8].

2.6. The moduli variety of theta structures. In order to exploit the
criterion (2.10), the following corollary of Lemma 2.6 will be very useful. It
is due to Igusa (see [6, Lemma 9.2 p. 239]).

Corollary 2.9. When o € Spgé and T € Hgy, for all§,m € 29 /279, one has

(2.11) 011 (0,7) 0¢(0,07) = 0¢)(0,7) Oy (0,07) .

By Remark 2.8, both vectors (01¢(0, T)¢ezo /229 and (010, 07)eczo 229

are non zero. Hence they both define a point in the projective space IP’(C29)
and Equality (2.11) should be interpreted as an equality between these two
points.

Proof of Corollary 2.9. It will be useful to recall the proof of this corollary.

Introduce o’ := (772 25) so that ¢/(27) = 207. Since the matrix o is in

Spﬁ’é, the matrix ¢’ is in Spgz. We claim that, for all £ € Z9 /279,

(2.12) 01¢1(0,07) = j(0',27) O (0, 7).



Conwvolution and square 367

Indeed, we compute remembering that, by assumption, the matrices
(6 —1)/2, 3/2, the vector £ and the scalar '63¢/4 are all integral,

0jg(0,07) =0 5(/)2] (0,0'(27)) by Definition (2.3),

=0 (Sféﬂ (0,0'(27)) by Property (2.2),

—7 5_5@( o'(27)) by Definition (2.5).

We now apply the transformation formula in Lemma 2.6 to the pair (¢, 27),

01)(0,07) = j(o’,27) 5[5/2} (0,271)

0',21) 6 [5/2} (0,27)

= j(o’
= j(o’,27) 0 (0,7).
)

9[5 097 Joes not depend on £ as required. [

e (0,7)

This proves that the ratio

Corollary 2.9 tells us that the map ®o given in homogeneous coordi-
nates by

®y . H, — P(C)
T [...,9[5](0,7),...]
induces a well defined holomorphic map

pg: Xg’2 — P(C?).

Remark 2.10. These maps o2 and their analogs ¢, : X .t 5 P(CY), for
£ > 2, have a long history, as the quasi-projective reahzatlons of the moduli
varieties of theta structures of level . We will not need here the precise
definition of these structures. But here are some comments that relate our
computation to the existing literature.

For ¢ > 3, according to successive works of Igusa, Mumford and Salvati
Manni, these maps ¢y are proven to be embeddings, see [15], [19], and [6,
Section 8.10].

For ¢ = 2, the situation is more delicate and has been studied in detail
by Salvati Manni:

e He proves that the map 9 is generically injective, see [24, Propo-
sition 1].

e He conjectures that the map o9 is injective, see [24, Theorem 3]
where a tentative proof is given. See also [13, Theorem 3.6] and [21,
Section 2] for more comments on this question.
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e For g < 3, the map 9 is indeed injective, see [23].
e For g > 4, the map ¢ is not a biholomorphism.

Proof of Theorem 2.3.

(a). Our assumptions and Corollary 2.9 tell us that
(I)g(thd) = (1)2(’7').

This equality is nothing but the criterion of Lemma 2.7. Therefore the
function 6, is (A, d)-critical for a critical value A.

(b). To compute the critical value A, we use again Lemma 2.7 combined
with Corollary 2.9, and more precisely with Formulas (2.12) and (2.7). We
obtain, for all £ in Z9 /279,

0¢(0,'drd) 01)(0,07)
A=|Gal ——=—— =1Gal "
(2.13) 0(0,7) 0¢(0,7)
A=j(c',27)|Ga| = K(0") detc(yr +6)*|Gql,
where the matrix o’ := (7?2 256) belongs to Spgz and xk(0’)8 = 1. O

Remark 2.11. One has |\| = |Gq|'/? and Equation (2.13) can be written as
(2.14) A = k(0”) dete(y7 + 6) /2.

Indeed, let A, be the lattice A, := 7729 @79 of CY. Since o7 = tdrd, the
complex matrix M :=t(y7 + 6)~1 € GL(CY) satisfies the equality between
g X 2g complex matrices:

M (1 1)t = (*drd 1,).
This equality implies that
M(A7) = Atgra.
Comparing the covolume of these lattices, one gets the equality
|detc(M)] = |det(d)] = |Gal,
which implies (2.14).

3. The symplectic group

In this section we first give in Corollary 3.1 a reformulation of Theo-
rem 2.3 with a more precise formula for the critical value. We then explain
various tools for studying the symplectic group like the symplectic adapted
basis theorem and the Cayley transform that will be useful in the following
sections.
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3.1. Critical values and symplectic transformation. We recall that
a matrix h € Sp(g,R) is said to be elliptic if it is diagonalizable over C
with all eigenvalues of modulus 1. It is equivalent to say that h belongs to a
compact subgroup of Sp(g, R) or that & has a fixed point in the Riemannian
symmetric space H,.

Corollary 3.1. Let 7 € Hy, let d € M(g,Z) with d = 1 mod 2, let 0 =
(3 g) € Spg:é such that the sympletic matriz h := (td(;a tdggﬁ) is elliptic,
let T be a fized point of h in Hy and let o’ := (772 2(?). Then

(3.1) A= j(0’,27) |det(d)]

is a critical value on the group d=179/79.

Proof of Corollary 3.1. This is a direct corollary of Theorem 2.3 with for-
mula (2.13). Indeed the condition hr = 7 is equivalent to o7 = 'drd. A

A-critical function can be chosen to be the restriction of the Z9-periodic
function @, to the finite group Ggq = d~17Z9/79. O

3.2. Theta subgroup of level £. In order to use efficiently Theorem 2.3,
we recall equivalent definitions for the theta subgroup SpZ’% (see [9, p. 177-
182] for more on this topic).

Fact 3.2.
(a) For ¢ > 1, the group Sp_f;yz is a normal subgroup of Sp(g,Z).
(b) When ¢ is even, one has the equalities

Spg’é = {(3 g) € Spgz ‘ Bo = 70 = 0 mod 26},
= {0‘ € Spf;’Z ‘w(ox,x) = 0 mod 2/ for all x in ZQg}
(¢c) When £ is even, the group sz:ez is also a normal subgroup of
Sp(g, Z).
Proof. This is classical, see [15, Lemma 4 p. 177]. Here are some details.
(a). Spgvz is the kernel of the projection 7, : Sp(g,Z) — Sp(g,Z/{Z).

(b). Tt is enough to check that these three sets have the same image in the

quotient Sp(g,Z/2¢Z). Since 7y, is onto, and ¢ is even, the group
Fgg(Spg’Z) o~ {a = (1%“ ]l_{bgd) ‘ b="'b, c="'c and d ="a mod 2}

is abelian and is an Fs-vector space V; ~ IE"éQg +1)g . The image in V; of each

of these three sets is the Fo-vector subspace Vf of codimension 2¢g in Vj

given by the equation by = ¢y = 0 mod 2, where, as before, by and ¢y are
the diagonals of the symmetric matrices b and c.



370 Yves BENOIST

(¢). The quotient Sp(g,Z)/ SPZ,Z is the symplectic group Sp(g, F2) over the
finite field 9, i.e. the stabilizer of the non-degenerate symmetric bilinear
form w seen on Fgg . One easily checks that the action by conjugation of
Sp(g,Z) on the quotient Vj ~ Spgz / Spgfz preserves the vector subspace

Vf. Hence the group SpZ:EZ is normal in Sp(g,Z). O

Remark 3.3. This also proves that the quotient é?)(g, F2):=Sp(g,Z)/ sz’%
is an extension of Sp(g, F) by F57:

(3.2) 1 — F39 — Sp(g, Fa) — Sp(g, Fa) — 1.

3.3. The symplectic adapted basis. In this section we discuss the
structure of the rational symplectic group Sp(g, Q) := GL(2g,Q)NSp(g,R),
and its relation with the integral symplectic group Sp(g,Z). We also intro-

duce the rational symplectic theta group sz’?@ of level 2.
The following proposition is a variation of the classical “adapted basis
theorem” which takes into account the existence of a symplectic form.

Proposition 3.4. Let h € Sp(g, Q). Then there exists o1 and oo in Sp(g,Z)
and a diagonal matriz d = diag(dy, ..., dy) with di|ds| ... |dg integral and

tg—1
h:al(do 3)02.

A proof of this proposition is given in [5].
For £ > 1, let Z(, be the ring of rational numbers with denominator
prime to £. We introduce the rational congruence symplectic group of level £

Spg,(@ = {h € Sp(g, Z(r)) ‘ o = 15, mod E},

and the rational symplectic theta group of level 2

We will say that h € Sp(g,Q) preserves a theta structure of level 2 if
it belongs to szé. As in the integral case, the group sz’é is a normal
subgroup of the group Sp(g, Z(z)), and one has the inclusions

Spgq C SPyH C Spag C Sp(9, Zz).

Indeed the reduction modulo 4 of the group sz’?@ is the group §f)(g,F2)
which is a normal subgroup of the group Sp(g, Z/4Z) ~ Sp(g, Z2))/ Sp‘gl@.

Lemma 3.5. Let h € Sp(g,Z)) and write h = o1 (td(;l g) oo with d in
M(g,7Z) and both o1 and o9 in Sp(g,Z). Then the following are equivalent:
e h preserves a theta structure of level 2, i.e. h € SpiQ.

o det(d) is odd and o109 € szé.
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o det(d) is odd and o201 € sz’é.

In most cases of Sections 8.4, 8.5 and 8.6, but not always, we will choose
d to be diagonal, and both o1, o2 to be in SpgfQ to ensure d = 1 mod 2.

Proof of Lemma 3.5. We first note the equivalence
h e sz,(@ <= det(d) is odd and o907 € Spg’(@ .
One conclude by noticing that szfQ is a normal subgroup of Sp(g, Z(g)). [

3.4. The Cayley transform. The Cayley transform is a convenient tool
that allows us to construct symplectic transformations ¢ with rational coef-
ficients (Lemma 3.6), and to recognize those that preserve a theta structure
of level 2 (Lemma 3.8).

Let sp(g, Q) be the “Lie algebra” of Sp(g, Q), that is,

5p(g,Q):{X€M 29, Q) ’wX:U y) +w(x, Xy) =0 for all 2,y in Q¥}.
{ EMQgQ‘b—tb c="l¢, d——a}
{x ( )€M2g@\X_—X}

where

Xt =g = ().

(& a
The Cayley transform will give a bijection between the following two Zariski
open subsets

sl = {X € sp(g,Q) | det(1 — X) £ 0}
and  Spg o = {h € Sp(g,Q) | det(1 + h) # 0}.
Here is the construction of the Cayley transform.

Lemma 3.6. The map X — C(X) := (1 + X)(1 — X)~! is a bijection
from sp ¢ to Spy o with inverse map h— X := —(1 — h)(1 + h)~!

Proof. These formulas define mutually inverse maps between the sets
{X e M(9,Q)|det(1 — X)#A0} and {h e M(g,Q)|det(1 + h) # 0}.

We only have to show that X is in sp(g,Q) if and only if h := C'(X) is in
Sp(g, Q). This follows from the equivalences:

X €5p(g,Q) «= w(Xz,y) +w(z, Xy) =0 for all z,y in Q%
S w(l+X)z, I+X)y) =w(l-X)z,(1-X)y)
for all z,y in Q%
> w(ha', hy') = w(@,y/) for all 2,y in Q¥
<= h € Sp(g,Q). d
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Let 5p§’Q = sp(g,Z(2)) and
5p§fQ = {X =(2%) € sp;(@ ) by = ¢p = 0 mod 2},
= {X € 5P o ‘ w(Xz,x) =0 mod 2 for all x in ng)}.
where again by and ¢y are the diagonals of the symmetric matrices b and c.

The equivalence between these two definitions follows from the fact that,

for X in 5p§@, the Zy)-valued bilinear form w(Xw,y) on Z?g) is symmetric.

By construction one has the inclusions
0,2
25p5.0 C 550 C S0

Here is a useful interpretation of this intermediate Zy)-module ﬁpzzé using
the involution X — X*.

Lemma 3.7. One has spzzé ={X=Y-Y"|Y € M(29,Z3))}

Proof. It is possible to write an element X = (‘;Z) € spg@ as a sum
—t t . . . . .

X = (;’+t§ ?ftg) with , 3, v, 0 in M(g,Zy) if and only if the diagonals

of b and ¢ are even. O

The Cayley transform will induce a bijection between the two subsets
5p;:é = {X € 5p§7Q ‘ det(l1 — X) € ZZ‘Q)},
Spy = {h € S| det(3(1 + b)) € Zy) }.

For a matrix M € M(ZQ,Z(Q)), i.e. a matrix with odd denominator, the
condition det(M) € Z’("g), means that the determinant is invertible in the
ring Zz) and hence that the inverse M ! exists and belongs to M 2g, L)),
i.e. it also has odd denominator.
Lemma 3.8.

(a) The Cayley transform X — C(X) = (1 + X)(1 — X)~! induces a

bijection from sp;:?@ onto Sp;:?Q.
(b) For X € sp;’?Q and h = C(X), one has the equivalence:

X €spld <= heSprs .
Proof.

(a). Recall that the equality h = C(X) means (1 + h)(1 — X) = 1. For

such a pair (X, h) in M(2g,Q), one has the equivalence

1
det(1 = X) € Ziy) <= det(5(1 + h)) € Zy,
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and, in that case,
1
X e M(2Q,Z(2)) <~ 5(]1 + h) S M(QQ,Z(Q)).
Hence one has the equivalence:
X €splf <= heSpyy.

(b). In that case, one has the equivalences:

X e sp% < w(Xz,z) =0 mod 2 for all z in Z?g)
— w(1+ X)z,(1 — X)r) =0mod4 for all z in Z?zg)
< w(ha',2') = 0mod 4 for all 2’ in Zég)

0.2
< h¢e Spg’Q. d

4. Abelian varieties

The aim of this section is to interpret our general construction of critical
values from the point of view of abelian varieties (Theorem 4.4).

4.1. Principally polarized abelian varieties. In this section and the
next one we fix our choice of notation and definition.

Let (A = V/A,w) be a polarized abelian variety. This means that A is a
complex torus, with V' = CY, that A is a latticein V', and that w : VxV — R
is a real symplectic form on V satisfying the following two conditions:

(i) the symplectic form w takes integral values on A x A, and
(ii) w is the imaginary part Im(H) of a positive hermitian form H on V.

Assumption (ii) implies that w(ivy,iv2) = w(vi,v2) for all vy, ve in V
and the hermitian form H can be recovered as H(vi,v2) = w(ivy,ve) +
iw(vy,v2). Our convention is that H(vy,vy) is linear in v; and antilinear
in vy.

We will always assume that the polarization is principal, i.e. that the
restriction of w to A x A has determinant 1. At first glance, this assumption
looks harmless for us since every polarized abelian variety is isogenous to a
principally polarized abelian variety. The problem is that changing A might
change the group G, in Theorem 5.4 and it will be a delicate issue to choose
A so that G, is cyclic.

When the polarization is principal, there exists a symplectic basis
(fi,.--, fg,€1,...,eq) of the lattice A, i.e. a Z-basis such that

wiej,ex) = w(fj, fr) = w(fj,ex) — =0 forall j, k.

The family (e1,...,eq) is then a basis of C9. We denote by 7 the g x g
matrix given by (fi,...,fy) = (e1,...,eq)7. This matrix 7 is a symmetric
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complex matrix with positive definite imaginary part, that is 7 belongs to
H4. Moreover this map (A4,w) — 7 gives a bijection

(4.1)

principally polarized
abelian varieties

} — Sp(Q? Z)\,H_q

More precisely, for 7 in H,4, we introduce the lattice A; := 7Z9 ® Z9 of
CY, the quotient torus A, := C9/A;, the hermitian form H, on CY whose
matrix is (Im 7) =1 in the canonical basis (e1, . .., e;) and the imaginary part
wy of Hy. The pair (A, w;) is then a principally polarized abelian variety,
and the map 7 — (A;,w;) is the inverse map of (4.1).

4.2. Unitary Q-endomorphisms. Let (A = V/A,w) be a principally
polarized abelian variety.

We denote by End(A) the ring of endomorphisms p : A — A, and by
Endg(A) := End(A) ®z Q the Q-algebra of Q-endomorphisms v of A. An
isogeny of A is an endomorphism of A which is invertible in Endg(A), i.e.
an endomorphism p whose kernel K,, C A is a finite subgroup.

To each Q-endomorphism v € Endg(A) is associated

e a tangent map T, € Endc (V) ~ M(g,C),
e a holonomy map h, € Endg(Ag) ~ M(2g,Q), where Ag := A®zQ.

The map h, is the restriction of T}, to Ag. More precisely, an endomorphism
(resp. Q-endomorphism) v of A is nothing but a C-endomorphism of V'
that preserves A (resp. Ag). This is why one sometimes writes abusively v
instead of T}, or h,. But it is useful to keep the two notations because, in
coordinates, T}, is a g X g complex matrix while h, is a 2g x 2g rational
matrix.

The Rosati antiinvolution v +— v* is the antiinvolution of the Q-algebra
Endg(A) defined by one of the two equivalent properties:

e T« is the adjoint of T}, for the hermitian form H on V.
e h,« is the adjoint of h, for the symplectic form w on Ag.

Definition 4.1. A similarity of A of ratio k is an isogeny u of A such that
ppt = k1. An isogeny of A is primitive if it is not an integral multiple of
an isogeny. A unitary Q-endomorphism of A is a Q-endomorphism v such
that vv* = 1.

The following lemma is nothing but a useful remark.
Lemma 4.2. Let (A,w) be a principally polarized abelian variety, and u

be an isogeny of A. When k > 1 is an integer, the following are equivalent:

e the isogeny u is a similarity of ratio k.
o the Q-endomorphism v := %,u of A is unitary.
e the Q-linear map h, = %hu belongs to Sp(Ag,w).
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Definition 4.3. We say that the unitary Q-endomorphism v of A preserves
a theta structure of level 2 if the holonomy h, belongs to the rational sym-
plectic theta subgroup sz:é of level 2 in a symplectic basis of (A,w). This
condition does not depend on the choice of the symplectic basis of A.

4.3. Critical values and abelian varieties. We can now explain our
construction of critical values from the point of view of abelian varieties.
In Section 5, we will specialize this theorem to the case of abelian varieties
with complex multiplication.

Theorem 4.4. Let (A = V/A,w) be a principally polarized abelian variety,
v be a unitary Q-endomorphism of A preserving a theta structure of level 2,
T, be its tangent map, G, := A/(ANvA) and d, := |G,|. Then there exists

1/2

a critical value A\, = K, d,l/2 detc (7)) on the group G, with k= 1.

Remark 4.5. The group G, is naturally isomorphic to the torsion sub-
group G, ~ (v"'A + A)/A C A and the order d, of G, is a divisor of
k9 where k > 0 is chosen so that p := kv is a Z-endomorphism of A. In
particular, since by assumption, one can choose k£ odd, the order d, is odd.

Note also that, since v is unitary, the order d, of the group G, and the
absolute value of the critical value are related by the equality

|)‘V| = dzlz/Q‘

Note finally that, once the universal cover V' = C9 and the tangent
map T, € M(g,C) is fixed, except for a fourth root of unity, the ratio
Av/|A| does not depend on the lattice A C C9 in its commensurability
class. Equivalently it does not depend on A in its isogeny class. Indeed,
changing A in its commensurability class may change d,, and the group G,
but it does not change the tangent map 7,,. We will see examples already
in Section 6.1.

The easiest way to determine the square x2 = 1 is to remember that
by Proposition 1.1 one has A, = 1 mod 2. We will see in Section 6.1 that
both signs 4+ can occur.

Proof of Theorem 4.4. The key point is the interrelation between the tan-
gent map 7T, and the holonomy h,, together with the use of Proposition 3.4.
We fix a symplectic Z-basis (f1, ..., fg, €1,...,eg) of Asothat w =37 frAe].

(4.2) Let m, € sz’?Q be the matrix of ! in
' the symplectic basis (e1,...,eq, —f1,...,—fg)
so that, by (2.1), one has Jm;!J~! = 'm, and hence the equality in V29

(4.3) (T f1s- - Tofg Tver, . Toeg) = (fiy ooy fgr €1, eq) iy
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By the adapted symplectic basis in Proposition 3.4, there exist o1, o2 in
Sp(g,Z) and an integral matrix d with det(d) # 0 such that

. tq—1
(4.4) my = o1 Doy with D := ( do g).
The matrix d can be chosen to be a diagonal matrix diag(di,...,d,) with
positive integer coefficients dy|da| . .. |dy, but we will not use that fact.

We introduce two new symplectic Z basis of A.

(F1,...,Fy,Eq, ..., Ey) = (fl,...,fg,el,...,eg)tafl,

(F{,...,F;,Ei,...,E;) = (fl,...,fg,el,...,eg)t@.

Combining (4.3), (4.4) and (4.5), one gets the equalities in V9,

(T,Fy,...,T,Fy) = (F{,....,F))d™",

(ILEr,...,T,Ey) = (EY,...,E))'d.

Note that the group G, ~ A/(ANT,A) ~ 7Z9/dZ9 has order d,, = |detc(d)].
Now we continue our analysis of the unitary Q-endomorphism v. We

denote by 7, p and p’ the g X g complex matrices that give the basis changes
defined by the equalities in VY,

(Fi,....,F,) = (Er,...,E,),
(4.7) (EY,...,Ey) = (B, ..., Ey)p,
(F{W"?Fé):(Ela'-'aEg)p,'

(4.5)

(4.6)

Remember that the matrix 7 is a Riemann matrix, that is 7 € H,,.
Let M, be the g x g complex matrix that expresses T, in the basis
(Ex,...,Ey) of C9 so that one has the equalities

(T, Fy,...,T,Fy)) = (Fy,...,F) 7 M,T,
(T, Er,...,T,E,)) = (E1,...,E,) M,

and Equalities (4.6) can be rewritten as equalities in M(g, C):
Mty =74,
M lp="tda 1.
Let 0 := 0901 = (f: g) € Sp(g,Z) so that by (4.5), one has
(Fi,....F,Ey,....E)) = (Fi,...,Fy,E1, ..., Ey)'o,
or, equivalently,
pr=1la+ B,
p=r1ly+ 15
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From these four equalities, one gets

(4.8) rd = M, (tta +1p),
(4.9) tA=t = Mty 4+ 10).
Hence one has, taking into account that 7 is a symmetric matrix,
‘drd = (r'y +'8)" (r'a +9),
= (a7 +B) (yr + ).
This can be rewritten as
(4.10) or = 'drd.

Since h, preserves a theta structure of level 2, by Lemma 3.5, the sym-
plectic matrix o belongs to sz’%. Therefore by Theorem 2.3, the value

(4.11) A = j(0’,27)|det(d)| = K detc(yr + 8)/2|det(d)]

is critical on the group Gq, where o’ := ( 772 255 ) and where « is a 8™ root

of unity. Using (4.9) one computes,

(4.12) detc(y7 + 6) = dete(d) ! dete(M,).

Plugging this into (4.11), we obtain the equality \, = x’ i/ detc(T,)V/2.
It remains to explain why the 8" root of unity &’ is a 4" root of unity.
This follows from Proposition 1.1 and the claim below.

Claim. There exists an odd integer k such that k9 detc(T,)™! =1 mod 2.

This claim is true because there exists an odd integer k£ such that the
complex matrix (KT, —1)/2 preserves a lattice in C9. Hence all the eigenval-
ues of KT}, are algebraic integers which are equal to 1 mod 2. Their product
too. O

Remark 4.6. When we deal with the sign issue in Section 8, we will not
only need the statement of Theorem 4.4 but also the precise way m,, o
and 7 are constructed in its proof. Note that, thanks to our choices (4.3),
(4.5) and (4.7), the Riemann matrix 0 € H, defined by (fi,...,fq) =
(€1,...,eq) 0 satisfies the equalities m, 0 = 0 and 0 = o;7.

Remark 4.7. As we have seen, the group G, is not cyclic in general but,
even when g > 1, it may be cyclic of order d. In the next sections, we will
construct many examples of such endomorphisms v with G, cyclic when A
has complex multiplication by a CM field. See for instance Remark 7.5.
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5. CM algebras

The aim of this section is to specialize our general construction of critical
values to the case of CM abelian varieties and to express it (Theorem 5.4)
from the point of view of symplectic CM algebras (K, w) and their autodual
lattices A.

We will first recall in Sections 5.1, and 5.2 a few classical definitions and
facts. See [26], [18, Chapter 1] and [28, Chapter 1] for details.

In order to state this theorem, we will introduce in Section 5.3 the theta
subgroup U]e(’?A of level 2 of the unitary subgroup Uk of K, and we will
describe it thanks to the Cayley transform (Lemma 5.3).

5.1. CM algebras, CM types and reflex norms. A number field K C
C is said to have complex multiplication or to be a CM number field if
K is a totally imaginary quadratic extension of a totally real number field
K. More generally a CM algebra K is a product of CM fields K = [[; K.
It has even dimension 2g := dimg K. We denote by x — Z the complex
conjugation of K, that is the automorphism of K equal to the complex
conjugation on each Kj.

An algebraic number x, or an element x € K, is said to be totally real
(resp. totally imaginary, resp. totally unitary) if all its Galois conjugates
in C are real (resp. imaginary, resp. unitary). For instance z = v/2 (resp.
T = 1V/2, resp. T = %) We denote by Ky (resp. Zg, resp. Uk ) the subset
of totally real (resp. totally imaginary, resp. totally unitary) elements of K.

Let m > 1 be an integer. An algebraic integer p is said to be a m-Weil
number if all its complex Galois conjugates have modulus equal to /m.

Those notions are strongly related:

e In a CM field K C C, every real (resp. imaginary or unitary) ele-
ment is totally real (resp. totally imaginary or totally unitary).

e When ¢t is a nonzero totally imaginary algebraic number, the field
Q|t] is CM. Conversely, when z is in a CM algebra, the difference
t := x — T is totally imaginary.

e When v # +1 is a totally unitary algebraic number, the field Q[v]
is CM. Conversely, when z is invertible in a CM algebra, the ratio
v := x/Z is totally unitary.

e Let £ > 0 be an integer. When g is a k-Weil number, the ratio
vi=pu/ k'/2 is totally unitary. Conversely, when v € C is totally
unitary, if the multiple p := k'/2v is integral, it is a k-Weil number.

The following fact implies that the totally unitary algebraic numbers
v # —1 are exactly the images of totally imaginary numbers by the Cayley
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transform. For a CM algebra K, we set
Iy ={teIx|l—te K"},
U ={veUx|lr+1e K"},
where K™ is the group of invertible elements of K.

Fact 5.1. Let K be a CM algebra. The mapst — v = % andv —t = Z—ﬂ
are inverse bijections between L3, and Up,.

1

Proof. Indeed the condition 7 = v~! is equivalent to t = —t. O

Let K =[], K; be a CM algebra of dimension 2g. All algebras morphisms
p : K — C are implicitely assumed to satisfy p(1) = 1. They are embeddings
for exactly one of the field factors K; and they are zero on the other factors.

A CM-type ® of K is a tuple ® = (p1,...,py) of distinct algebras
morphisms from K to C no two of which are complex conjugate. We will
call (K,®) a CM pair and we will think of ® as an algebra morphism
d: K — (9.

A CM pair (K,®) is said to be primitive, if K is a field and the set
of restrictions of the elements of ® to any proper CM subfield is not a
CM type.

For an element p in K, we denote by

Na () := p1(p) - - pg()

its reflex norm or type morm. It lives in the reflex field K" C C. More
precisely, the reflex field K" is the subfield of C spanned by the reflex
norms of the elements of K. The field K" is always a CM field.

5.2. CM abelian varieties. An abelian variety is simple if it does not
contain proper abelian subvarieties. Every abelian variety is isogenous to a
product of simple abelian varieties.

A CM abelian variety is an abelian variety A such that Endg(A) contains
a CM algebra K4 of Q-dimension 2dim(A). An abelian variety that is
isogenous to a CM abelian variety is also CM. The action of K4 on the
tangent space T'A of A gives a CM type &4 : K4 — C9.

A CM abelian variety is simple if and only if the CM pair (K4, ®4) is
primitive, and the map

(5.1) Avr— (K4, ®4)

is a bijection between the set of isogeny classes of simple CM abelian vari-
eties and the set of isomorphism classes of primitive CM pairs.

We now recall the inverse map to (5.1), i.e. the construction of the abelian
variety A starting from a CM pair (K, ®). The most interesting case is
when K is a CM number field and ¢ is primitive. But, in some examples
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(as Propositions 6.4 and 6.5) it will be useful to deal with a more general
CM pair (K, D).

Let K = [[ K; be a CM algebra. Let O = [[Ok;, where Ok; is the
ring of integers of K;. A lattice A of K is an additive subgroup of K that
is commensurable to Og. It can be seen, via any CM type ® : K — C9,
as a lattice in CY9. When there is no possible confusion on the choice of @,
we will also write A for ®(A). The following construction due to Shimura
is very useful, since it tells us that the complex torus A = C9/®(A) is an
abelian variety. To state it we need more notation.

Given tg € K totally imaginary and invertible, we introduce the Q-
symplectic form wp = wy, of the 2g-dimensional Q-vector space K

/
(5.2) wio (2, 2") = Trg g (CC;C) for all z,2" in K.
0
Such a pair (K, wy,) will be called a symplectic CM algebra. Replacing A
by a multiple, we can assume that A C Og and we, (A, A) C Z. We also
denote by wy, the R-linear extension of wy, to the 2g-dimensional R-vector

space C9. We introduce then the CM type ®g = @, = ¥4, of K given by
(5.3) O, = {p € Hom,, (K, C) | Im(p(to)) > 0}.

Note that, for any CM type ® of K, one can find an invertible imaginary
element ¢y with ®;, = ®. By Definition (5.3), this symplectic form wy, is a
polarization on A = CY9/®,,(A), and hence (A4, wy,) is a polarized abelian
variety. For our construction we will need w;, to have determinant 1 on
A so that A is autodual with respect to wy,, which means that (A, wy,) is
principally polarized.

5.3. Multiplicative theta subgroup of level 2. We define now the
unitary theta subgroup of K* of level 2.

We recall that Z ) is the ring of rational numbers with odd denominator.
For A lattice in K we set Ay = Z)A. For instance Of (o) is the set of
ratios of elements of Ok with a denominator prime to 2.

Let A be an autodual lattice in a symplectic CM algebra (K, wg) as above.
We introduce two subgroups of the unitary group Ux = {v € K | vv = 1}.

Definition 5.2. The congruence subgroup UIQQ A of level 2 and the theta

subgroup UI%QA of level 2 are

5. UIQ(,A = {1/ € Uk ‘ (v=1(Aw) C 2A(2)}
. UI@(Z?A — {V c U[2(7A ‘wo(yx,x) € 4Z(2) for all S A(z)}

One can also define U12<, A as the set of v € Uk for which there exists an
odd integer d such that dv(A) C A and dv acts trivially on the quotient
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A/2A. Note that the elements v of U%(A preserve A(y) and act trivially on

Let us fix a symplectic basis of A. For v in K, set m, € M(2g,Q) for
the transpose of the matrix of the multiplication by v in this basis. When
the element v is in Uk this matrix is symplectic: m, € Sp(g, Q). Here is an
equivalent definition

UIQ(,A = {1/ S UK‘m,, S SP;Q}
0 0
UK’?A ={veUkg|m, € Spng}

This definition does not depend on the choice of the symplectic basis of A.
We also define the analogous subsets in the imaginary elements of K:

Tin={t € Iic [thp) C Ay }

(5.5) 0o
Ly = {t € Ik a(2) ‘wo(taj,x) €2Zy) forall z € A(z)}

or, equivalently,
I%(,A = {t €Tk ‘ mg € 5]352]7(@}
0,2 0,2
T = {t € Tuc |y € sp) |

The following lemma is an analog of Lemma 3.8 using the Cayley trans-
form of Fact 5.1. It will give a bijection between the following two subsets.

I;é,QA = {t €Iia ‘ Ngj(l—1t) € ZZ})},
Uy = {v € Uka \ Nicjgl(v +1)/2) € Zy }.

For an element = € K preserving Ay, the condition N K/Q(x) € Z’&), tells
us that the inverse 2! exists and also preserves A)-
When K is a CM field, this condition Ny q(z) € Z{,) means that z is a

ratio of two elements of Ok which are prime to 2.
Lemma 5.3. Let (K,wg) be a symplectic CM algebra, A C K an autodual
lattice.
(a) The Cayley transform t — %—J_ri is a bijection from I;(’?A onto UI.(7,2A
(b) Fort € Z;(’?A and v = L, one has the equivalence t € Iﬁ(’i\ —
0,2
veUgy.
Proof. The proof is similar to the proof of Lemma 3.8.

(a). The equality v = HL can be rewritten as (1 —¢)(1 + v)/2 = 1. For

such a pair (¢,v), one has the equivalence

Nijo(l —t) € Zfy <= Nigjgl(1+1)/2) € Zfy,
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and, in that case,
tA2) C Ag) == (1+1v)A@) C2Ax).
Hence one has the equivalence:
te Iy «=velp.

(b). In that case, one has the equivalences:

te I%?A < wo(tx,z) =0 mod 2 for all z in A
= wo((1+1t)z, (1 —t)z) =0mod 4  for all z in Ay
<= wo(va’,2’) = 0 mod 4 for all 2’ in A
= veE U%?/\. O

5.4. Critical values and CM field. All the examples of critical values
found in the lists of [3, Section 1.5] can be explained thanks to the following
theorem. This theorem is a special case of our main theorem 4.4 for CM

abelian varieties and is expressed from the point of view of CM number
fields.

Theorem 5.4. Let K be a CM algebra of degree 2g, tg € Lk invertible, wy,
be the symplectic form as in (5.2) and ® = &y, be the CM type as in (5.3).
Let A C K be an autodual lattice and v € K be a unitary element that
belongs to the unitary theta subgroup Uf(’?A C Uk of level 2.
Let G, := A/(ANvA) and d, := |G,|. Then there ezists a critical value

Ay = Ky i/Q Ng(v)V? on G, with k* = 1.

Note that this critical value A\, on G, is a d,-Weil number since Ng (V)
is a totally unitary algebraic number.

This gives a critical value A, modulo a fourth root of unity x,. We can
determine this root of unity by using Corollary 3.1 but note that replacing
v by —v changes the sign of Ng(v) when ¢ is odd. It is easier to determine
Ky, up to sign by using the fact that (A, — 1)/2 is an algebraic integer.

Proof of Theorem 5.4. As seen in Section 5.2, the pair (A = CY9/P(A), wy,)
is a principally polarized abelian variety. The element v € K induces a
unitary Q-endomorphism of A that preserves a theta structure of level 2 on

A. Theorem 4.4 gives us a critical value A\, := K, 11,/2 det@(Tu)l/2 on G,.
We conclude thanks to the equality Ng(v) = detc(T),). O
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6. Examples

In this section we show with three examples how to compute explicit
critical values by using Theorem 5.4. In each of these examples, we follow
always the same strategy, keeping the notation (4.2) as in the proof of
Theorem 4.4.

(a) We choose the CM pair (K, ®), and its symplectic form wy.

(b) We choose a first lattice A = Ap in K that is autodual for wy.

(c) We choose v unitary in K and compute the group Gy, :=
Ao/(AO N VAO).

(d) We modify slightly A and wp so that v belongs to UZ’?A.

(e) We compute the square root of the reflex norm Ng(v).

(f) We comment on the 4""-root of unity involved in the formula for
M,. In this section, we will determine this 4*"-root of unity only up
to sign. The determination of this sign will be given in Section 8.

In these examples, the CM algebra K is not always a number field and
the lattice A is not always a fractional ideal of K.

6.1. Imaginary quadratic fields. We begin by the case where K is an
imaginary quadratic field and hence A is a CM elliptic curve. This case,
which has already been worked out in [3], will help the reader to understand
the above strategy.

Proposition 6.1. Let d = a + b with a,b positive integers and a =

(dZI)Q mod 4. Then the complex number \ := \/a+iv'b is a d-critical value.

Proof. Note that the congruence relation on a is equivalent to
(6.1) a—b=1mod4 and ab=0mod4.

(a). We choose for CM algebra the field K = Q[a] with o = ivab. We
introduce the Q-basis (eq 1, fo,1) of K where eg; =1 and fo1 = a.
We choose the symplectic form wy on the Q-vector space K to be

xT
wo(z,2) = Tri/g (204)
so that wo = fi1 Aejy, i-e. wo(fo1,e01) = 1. Since Im(a) > 0, the CM

type defined by (5.3) is the singleton ® = {p} where p is the injection of
K in C.

(b). We first introduce the lattice Ag = Z[a] = Zeo,1 ® Zfo,1. This lattice
is autodual for the symplectic form wy.

(c). We choose the totally unitary element v of K to be
Va+ivh 1

(6.2) v mfg(a—lﬂr%\/c%).
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The matrix mg, of multiplication by v~ in the basis (eo,1,—fo1) is

_1l/ia—-b —2ab
Mmor=2u\2 a-b)
Since the coefficients of the matrix dmg, are integral with gcd equal to 1,

the group Gy, = Ao/(Ao NvAg) is isomorphic to Z/dZ. The fixed point of
mo,, in Hy is Op := ivab.

(d). The matrix mg, is symplectic but does not belong to the symplectic

theta subgroup Spg:é because the lower-left coefficient of mg, is not equal
to 0 mod 4. This is why we introduce the basis ey, fi with e; = 2ep; and
f1 = fo,1 and the lattice A := Ze; @ Zf,. This lattice A is a sublattice of
Ao of index 2 that is autodual for %wg. Since d is odd, one still has

G, = A/(A N VA) ~ Ao/(Ao N I/Ao) = GO,y ~ Z/dZ,
The matrix m, of multiplication by v~! in the basis (e1, —f1) is
_1/fa—b —ab
My = d 4 a—>b)’
Since ab = 0 mod 4, the element v belongs to the unitary theta subgroup
Uf(’%\ of level 2. The fixed point of m, in H; is 6 := i\/c%/z

(e). Hence by Theorem 5.4, one has a d-critical value
Ay = kd2Ng()? = ki, (Va+ivbh) with k} = 1.

(f). Since by Proposition 1.1, the ratio (A, — 1)/2 is an algebraic inte-

ger, one has k, = +1. The precise sign + in k, will be computed in

Section 8.4. O

Remark 6.2. Note that the conclusion of Proposition 6.1 does not hold
2

when a — % = 2 mod 4. This explains why, in the assumptions of The-

orem 5.4, the unitary theta subgroup Uf(’QA of level 2 can not be replaced
by the congruence unitary subgroup Uf(, A of level 2.

Remark 6.3. Note that in this proof, when a and b are not relatively
prime, we can not choose A to be the whole ring of integers O

Note also that if we fix dy = ag + by with ag = w mod 4 and let
d = mdy, a = mag, b = mby where m varies among the positive integers
m = 1 mod 4, the value of the totally unitary element v in (6.2) does not
depend on m, but the field K, the lattice A, the group G, ~ Z/dZ and the

critical value A\, do depend on m.
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6.2. Products of imaginary quadratic fields. The new critical val-
ues that we obtain in this section (Proposition 6.4) are obtained by using
products of imaginary fields.

Let d be the product d = dids of two odd integers. When A; is a di-
critical value and Ag is a da-critical value, then the product A = Aj)g is
a critical value on the product Z/d1Z x Z/dsZ (see [3, Section 1.4]). In
particular, when d; and do are coprime, this value X\ is d-critical.

In the list of [3, Section 1.5], we found a d-critical value with d = 15,

A= (V3+iV2)(V2+i).

This d-critical value is of the form A = A;As but is not obtained by the
above process. Indeed, one can not write A = A\, with A\] in the list of
3-critical values and M} in the list of 5-critical values that are given in [3,
Section 1.5].

The following proposition explains why this value A is d-critical. The
proof uses an abelian surface that is isogenous but not isomorphic to a
product of two elliptic curves.

Proposition 6.4. Let d = dids be a product of two coprime odd numbers.
For j = 1,2, let d; = a; + b; all positive, a; — W = 2mod 4, and
g = £1. Then X := (y/ai + ie1v/b1)(\/az + iea\/ba) is d-critical.
For instance:
e )\ = (vV2+4)(v3+iv2) and A = (V2 +1)(v/3 —iv/2) are 15-critical.
e A= (v2+i)(v6+41i) and A = (v/2+1)(v/6 — i) are 21-critical.
Notice that the first two \’s are Galois conjugate but that the last two are

not. This last example emphasizes that we have to pay attention to the
signs €; occuring in the formula for A.

Proof. Note that the congruence relation on a;, b; is equivalent to
aj —bj=1mod4 and ajb; =2mod 4.
(a). We choose for CM algebra the product K = K; x K3 of the quadratic

fields K; = Qo] with o = iy/ajb;. We introduce the Q-basis eg 1, g2,
f071, foyg of K where €0,1 = (1,0), €0,2 = (0, 1), f(),l = (041,0) and f072 =
(0, a2). Note that the element v := (a1, a2) € K is totally imaginary and
invertible.

We define the symplectic form wy on K by

o
wo(z,z') = Trg g (4a>

so that wo = fg1 Aegy + f52 Aego. Since both Im(a;) > 0, the CM type
defined by (5.3) is ® = {p1, p2}, where p; : K — C is the projection on the
factor K; C C.
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(b). We choose for lattice Ag = Zeg,1 & Zeo 2 & Zfo1 @ Zfo,2. This lattice is
autodual for the symplectic form wy.

(c). We set d; = +d; so that d; = 1 mod 4. We choose the unitary element

. 1 .
V= (I/l,VQ) € K with vj = ci;(aj — bj + 2z5j\/ajbj) € Kj.
The same computation as the one given in Section 6.1, proves that the
group Gy, is isomorphic to Z/dZ, Indeed,
Go’y = Ao/(AO N I/Ao) ~ (Z/d1Z) X (Z/dQZ) ~ Z/dZ

The matrix of multiplication by »~! in the basis €o,1, €0,2, —fo,1, —fo,2 is

(75} 0 €101 0
_ 0 U9 0 eov9
(6'3) Moy = E1W1 0 Ul 0 ’
0 E2W9 0 (0
with
aj —bj _
uj = 7 = 1 mod 4,
J
—2a.:b.
(6.4) vj = ;J /=4 mod 8,
J
2 JR—
J

For j = 1,2 set 6 := i\/a;b;. The fixed point of myg, in Ha is Oy := (901 902>.

(d). Since 1 and e are odd the element v is not in UIG<72A0' This is why we
have to choose another basis given by a matrix P to be chosen later,

(6.5) (e1,e2, —f1,—f2) = (eo,1, €02, —fo,1, —fo2) P
and another lattice A = Ze1 ® Zes & Zf1 ® Zfo. This lattice A will be a
sublattice of index 4 in Ag that will be autodual for %wo, and such that v
belongs to Ufg?A. Since d is odd, one will still have
Gy, =A/(ANvA) ~ Ao/(Ao NvAo) = Go, ~ Z/dZ.
To explain precisely this choice of A we need to distinguish two subcases

that we call (d1) and (d2). With no loss of generality, we assume 1 = 1.

(d1). We assume that €1 = —eg = 1.
We choose the new basis (6.5) to be given by the basis change matrix

P = (83) with p = (1 %) so that

(e1,e2, —f1,—f2) = (eo1 + €02, €01 — €02, —fo1 — fo2, —fo1+ fo2)
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This basis is symplectic for the form %wo.

1

The matrix m, of multiplication by v~ in the basis e, ea, —f1, —f2 is

U u— v—- U4
u— U4 Vy U—

(6.6) my, = P~ 'mg, P = ;
w— w4+ U4+ U—

wy wW-— U—- Uy

with uy = (u; £u2)/2, vy = (v1 £v2)/2 and wy = (w1 + ws)/2.
The congruence conditions (6.4) imply that m, =1 mod 2 and that the
diagonal coefficients of both the upper right and lower left blocks satisfy

v— =w- = 0mod 4.
This implies that the element v belongs to Ufézj\. Set 64 := (01 +602)/2. The
fixed point of m, in Hy is 0 = P10 = (g* 4 ).

(d2). We assume that €1 = g9 = 1.
We choose the new basis (6.5) to be given by the basis change matrix

P = (211’) with p = (1 %) so that
(e1,e2,—f1,—f2) = (2e0,1, 2e0,2, €01 + €02 — fo.1, €01 — €02 — fo.2)-

This basis is symplectic for the form %wo.
The matrix m, of multiplication by v~! in the basis eq, ea, —f1, —f2 is

my, = P_lmo’l,P

U —wp;  —Ws (v1 —wyp —w3)/2 (u1 —ug — w1 +ws)/2
(67) . —w1 U2 + wo (’LLQ*’U,1+U}2*’LU1)/2 (U2fw1*’w2)/2
B 2w1 0 u1 + w1 w1
0 2w2 w9 U9 — W9

The congruence conditions (6.4) imply that m, = 1 mod 2 and that the
diagonal coefficients of both the upper right and lower left blocks satisfy

(v —w; —w2)/2 = (v2 — wy —we)/2 = 2w; = 2wy = 0 mod 4.
This implies that the element v belongs to Uf(’?A The fixed point of m, in
Hyis 0= P10 = 3("71 1))
(e). Hence, in all cases, by Theorem 5.4, one has a d-critical value
A = kyd?Ng ()2 =k, (div1) V% (dor)*/?
=k (Va1 + ie1v/b1)(vaz + iea/ba),
with x/,* = 1.
(f). Since by Proposition 1.1, the ratio (A, —1)/2 is an algebraic integer, one
must have !, = £1. The precise sign ], will be computed in Section 8.5. [
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6.3. Quartic CM algebras. In this Section we find new critical values
by using quartic CM algebras (Proposition 6.5). Among them we will find
the last four critical values that were pointed out in Section 1.1.

Proposition 6.5. Let d = a + b+ c be positive integers with b*> — 4ac > 0.
(A) Assume that a =1mod 4 and b=c= (0 or 1) mod 4.

Then the sum X = v/a 4+ \/c + iy/b — 2+/ac is d-critical.
(B) Assume that a =3 mod 4 and b= c= (0 or 3) mod 4.

Then the sum X\ = /b — 2 /ac + i\/a + i\/c is d-critical.
For instance
e A=1+5+ 11/5 — 2¢/5 is 11-critical.
o \=1++5+1iy/9 —2/5 is 15-critical.
e \=2y/2—3+iV3+2i=(V3+iV2) (V2 +1i) is 15-critical.
o \=1+2y2+2i\/2 — /2 is 17-critical.
o A= /11 — 221 +i/3 4 iy/T is 21-critical.

Remark 6.6. Note that A satisfies the condition A = 1 mod 2 from Propo-
sition 1.1. Indeed, checking for instance the case when a = b =c¢ =1 mod 4,

one writes A = A1 + Ay + A3 with A\ = \/5, Ay = \ﬁand A3 :i\/b—Z\/@,

and one has A1 = Ay = A3 = 1 mod 2 because )\% = )\% =)\2 =1 mod 4.

The key remark that relates these values A and the reflex norm as in
Theorem 5.4 is the following old-fashioned factorization.

Lemma 6.7. Let d = a+b+c be positive integers with positive discriminant
A :=b? — 4ac > 0. Then one has the equality

) Jb+VA Jo—vVA
\/&+ﬁ+u/b—2\/c?:\/5(1+z o )(1—1 o )

The proof of this factorization is left to the reader. For instance, one has

1—1—\/5—1—1'\/9—2\/5—(1—1—1' EH;/GT) (1—1' 9_2\/671)

Proof of Proposition 6.5. We will prove simultaneously (A) and (B). The
only difference between the two proofs will occur in the last step (f) when
computing the fourth root of unity x,.

(a). We choose for CM algebra the quartic Q-algebra K = Qla]/(F(«))

where

F(a) = aa* + ba* + ¢,
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is a polynomial with positive integral coefficients a, b, ¢ and with positive
discriminant A = b? — 4ac. This CM algebra is a CM field if and only if the
polynomial F' is irreducible. We set

§:=2a’+beK

so that 62 = A and let K be the totally real subalgebra Ky := Q[d]. One
has Ko = Q1 & Qd where 1 is the unity element of K. We introduce the
Q-basis of K

6071 = 1, 6072 = (5, f071 = 045, f072 = .

We define the symplectic form wy on K by

zT’
wo(z,z') = Trg g (M) .

so that, by direct computation, one has wy = f5; A ey + f5a A eja. We
introduce the morphisms p+ : K — C defined by

pr(a)=ap =i/ (b—VA)/2a and p_(a)=a_ = —i\/(b+VA)/2a.

The signs have been chosen carefully so that both Im(p4(ad)) > 0. There-
fore the CM type defined by (5.3) is ® = {p4,p_}.

(b). We first introduce the lattice Ag = Zeo,1 & Zep 2 @ Zfo1 & Zfo2. This
lattice is autodual for the symplectic form wy.

(c). We set t = a. We choose the totally unitary element

1+4+1¢ 2
(6.8) V::1—::1+E(aa3+aa2+(a+b)a—c) € K.

In the basis eq 1, €02, — fo,1, — fo,2, the matrix mg, of multiplication by y1

1S

a—-c A A —b—2c

1 1 a—c —-b—2c 1

(6.9) moy = d 1 2a+b a-—c 1
2a+b A A a—c¢

By Proposition 3.4, there exists 01 and o2 in Sp(g,Z) and a diagonal
matrix do = diag(di, d2) with d;|d2 such that the symplectic matrix mg,
can be written as mo, = 09,1 (tdg—l ; ) 00,2-

Note that, by the above computatioon, the matrix dmg, has integer co-
efficients, the ged of its coefficients is equal to 1 and the ged of all its 2 x 2
minor determinants is equal to d. Therefore one can choose d; = 1 and
dy = d. This proves that the group Go, = Ag/(Ao N vAg) is isomorphic to
Z/dZ.
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(d). The matrix mg, is symplectic but does not belong to the symplectic
theta subgroup Spg’?Q because the diagonal of the lower-left block of dmy ,,

which is (1, A) is not equal to 0 mod 4. This is why we again have to choose
another basis

(6.10) (e1,e2,—f1,—f2) = (€o,1, €02, — fo,1, —fo2) P

and another lattice A = Zey @ Zes ® Zf1 ® Zfs. This lattice A will be
sublattice of Ag of index 16 that will be autodual for %wo, and such that v

belongs to Uf(’?A, Therefore, since d is odd, one will still have
G, = A/(A N VA) ~ Ao/(AO N l/Ao) = GO,V ~ Z/dZ,

and v will belong to the unitary theta subgroup U%QA of level 2.

To explain precisely this choice of A we again need to distinguish two
subcases that we call (d1) and (d2).

(d1). We assume that a is odd and b = ¢ = 0 mod 4.
We choose the new basis (6.10) to be given by the basis change matrix

P = (25) 2t3,1) with p = (3 l{g), so that
(e1,e2,—f1,—f2) = (deg1, beo1 + €02, —fo1+bfo2, —4f02).

The matrix m, of multiplication by v~! in the basis €1, ea, —f1, —fo is

my = P_1m07l,P

2a — d —ac b2 +bc—ac —2b—2c
(6.11) 1 4 d—2c —2b —2¢ 4
T d 4 2a + 2b 2a —d 4
2a +2b b%+ ab— ac —ac d—2c

The element v belongs to Ule(’QA because m, = 1 mod 2, and both the diag-
onal of the upper-right block and of the lower-left block of the matrix dm,,
satisfy

B>+bc—ac=4=4=0b>+ab—ac=0mod 4.

(d2). We assume that a is odd and b = ¢ = a mod 4.
We choose the new basis (6.10) to be given by the basis change matrix

P = (2§2t§_1) with p = (g?g), so that

(e1,e2, —f1,—fa)
= (4eo,1, 2beo,1 + 2e9.2, 2€01 — fo,1 + 0 fo2, beo1 +eo2 —2f02).
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The matrix m, of multiplication by v~! in the basis e1, ea, —f1, —fo is

m,,:P_lmo’VP
2a—d—2 —2ac—2a—2b b +bc—ac—1 —ac—d—b—1

(6.12)  1{2-2a—20 d—2c—2f ac—d—b+1 1—f
T d 4 4a+4b 2a—d—+2 2a+2b+2 ’
4a+4b 4f 2a+2b—2ac d—2c+2f

where f := b2 + ab — ac. The element v belongs to Uf(’%\ because m, =
1 mod 2, and both the diagonal of the upper-right and lower-left block of
the matrix dm,, satisfy

WV +bc—ac—1=4=4=4f =0 mod 4.

(e). We compute the critical value A\, given by Theorem 5.4. We first notice
that Ngo(1 +a) = g because this norm is the sum of the coefficients of

the polynomial F'/a, and hence that

Ng(1 No(1 2
slta)  Nellta)l” _apy. g, qp

N<I>(1/) = qu(l _a) - NK/Q(1+a) d

Therefore by Theorem 5.4 combined with Lemma 6.7, one gets
A = Ky d1/2Nq>(l/)1/2 = K, a1/2Nq>(1 + )
=rmya?Q+a)(l14+a_)= Hy(\/&—f— Ve —iy/b— 2\/@).

(f). Since by Proposition 1.1, the ratio (A — 1)/2 is an algebraic integer,
arguing as in Remark 6.6, one must have

(6.13) :l:(\/a—l-ﬁ—i\/b—Q\/@) when a = 1 mod 4,
Ay =

(6.14) :I:(\/b— 2\/ac—|—z’\/5+iﬁ> when a = 3 mod 4.
The precise sign + will be computed in Section 8.6. 0
Note that the complex conjugation will give another critical value with

opposite imaginary part. However, it is important to remember for latter
use that the critical values A, we have constructed in this section satisfy:

Im(X\,) [ <0 in Case (6.13)
Re(A,) | >0 in Case (6.14).
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7. Ideals in CM fields

In this section, we come back to the general CM abelian varieties, but
we specialize our Theorem 5.4 to the case when the lattice A is a fractional
ideal m of K, or, equivalently, the abelian variety A = C9/®(A) has multi-
plication by Ok (Theorem 7.3). In this case a result of Shimura—Taniyama
tells us when this abelian variety A is principally polarized (Fact 7.1).

An important case is when K is the cyclotomic field Q[¢,] (Proposi-
tion 7.9). In this case, for all CM types ® of K one can find an ideal m of
K such that the abelian variety C9/®(m) is principally polarized (Corol-
lary 7.8).

In the last Section 7.4, we give another concrete family of d-critical values
where d = L,, is the n'" Lucas number with n > 5 prime (Proposition 7.15).

7.1. Using class field theory. When K is a CM number field, we would
like to find ¢y € Zx and an ideal m of K such that the symplectic form wy,
restricted to m takes values in Z and has determinant equal to 1, because
this means that the polarized abelian variety (C9/®;,(m),wy,) is princi-
pally polarized. Taniyama and Shimura explained when this is possible: in
concrete words, they show that,

(A) such a construction is possible, if we allow the CM type ® to vary,

(B) if the extension K/Kj is ramified, one can prescribe the CM type
P,

(C) if the extension K /K is unramified, they describe the possible CM

types.
Here is their precise result in which D and D/, are the differents.

Fact 7.1 (Shimura, Taniyama). Let K be a CM field.

(1) There exist an ideal m of Ok and an imaginary element ty € Ly
such that the polarized abelian variety (CI /Py, (m),wy,) is principal.
(2) If Dr/k, # Ok, for all CM types ® of K, there exist an ideal m
of O and ty € I such that ®,, = ® and the polarized abelian
variety (C9/®y (m), wy,) is principal.
(3) If Dk/k, = Ok, let too € Ik and n = tooDx N Ko. One has
(i) < (ii):
(i) There exist an ideal m of Ok and tg € Ly such that @, = Py,
and the polarized abelian variety (C9/®,(m),wy,) is principal.
(ii) The element Artg g, (n) € Gal(K/Ky) is trivial.

Condition (ii) involves the image of the ideal n of Ky by the Artin map
and its restriction Artg g, (n) to the unramified extension K of K. This
restriction belongs to the Galois group Gal(K/Ky) which has order 2.

Condition (ii) is automatically satisfied when the ideal n is principal. We
will see in Corollary 7.8 that this is always the case for cyclotomic fields.
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Note that for the cyclotomic fields K = QI[(,], both cases (B) and (C)
can occur (see Lemma 7.6),

Note that, the extension K/Kj is always ramified when [K : Q] = 2 or
when [K : Q] =4 and K does not contain an imaginary quadratic subfield
(see [7, Proof of Theorem 3.1}).

Proof of Fact 7.1. This is [25, Proposition 1], but it will be useful to point
out how class field theory is used in the proof. We will discuss successively
the points (C), (B) and (A).

We first note that the relative different D/, is generated by imaginary
elements. Therefore, given a nonzero tyy in Zg, there exists a fractional
ideal n of K such that taOIDK =n"1Ok. We want to know if there exist a
totally positive element sy in Ky and an ideal m of Ok which is autodual
for wy, where ¢y := sotgp. This means that

talDKmtﬁ = Ok or, equivalently, mm = sonOk.

This exactly means that the class [n] in the narrow class group C¢*(Ky) is
the image by the norm map N /g, of a class [m] of the narrow class group
ClT(K). Let L{ be the maximal unramified (at all finite places) abelian
extension of Ky and L' the maximal unramified abelian extension of K.
By class field theory, the Artin maps Artx and Artg, give a commutative
diagram with horizontal isomorphisms as in [31, p. 400],

Art K

Cot(K) —2 . Gal(L*/K)

(71) NK/KO\L lReng
ArtKO

ClT(Ko) — Gal(LJ / Ko)

The question is whether the element o := Artg,([n]) € Gal(Lg/Kp) is
in the image of the restriction map Res;+. Equivalently the question is
0

whether the restriction of o to Lg N K is trivial.

In case (C), the field K is included in L{ and the criterion is the triviality
of o in K.

In case (B), the intersection L§ NK is equal to K. Therefore the criterion
is always true.

In case (A), we do not worry about the total positivity of sy therefore we
introduce the Hilbert class field Ly of Ky which is also the maximal totally
real subfield of Lar, and the Hilbert class field L of K which is equal to L.
Class field theory gives a similar commutative diagram, with horizontal
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isomorphisms Artyx and Artg,,

Art K

COK) — s Gal(L/K)
(72) NK Ko eSLO

. l ArtKO lR

CK(K()) e Gal(LQ/K())

Since Ly is totally real, one has K N Ly = Ky and the restriction map Resy,
is onto. The norm map N/, is also onto. O

7.2. Critical values and ideals in CM field. We now give a conse-
quence of Theorem 5.4 applied to the case where the lattice A is an ideal
m of Ok, combined with Shimura Taniyama’s Fact 7.1.

We begin by an explicit construction of elements of the group Ugfm when
m is an ideal. This construction does not depend on m. 7

Lemma 7.2. Let K be a CM number field, wy, a symplectic form on K as

in (5.2) and m be an autodual fractional ideal of K.
(a) For all s in K with denominator prime to 2, the difference t := s—3§
belongs to I['g(’Q

m’
(b) If moreover Ny (1 +1) has an odd numerator, then v := 1% is in

, i—t
2

Uk

Proof.

(a). Indeed, one has wy, (tz,r) = 2wy, (sz,7) € 2Z(9), for all x in m.

(b). Since N (1 —t) = Ng/g(1+1), this follows from Point (a) and from
Lemma 5.3. O

The three parts of the following Theorem 7.3 correspond to the three
parts of Shimura Taniyama’s Fact 7.1.

Theorem 7.3. Let K be a CM field and Ky := K NR. Let v = u/fi with
p=1+s—3 where s € K has denominator prime to 2 and Nk q(u) has
odd numerator. Set G, := Og /(Ox NvOk) and dy, := |Gy|.
(A) There exists a CM type ® of K such that the following holds:
(7.3) One of the values \, = k,d%/>Ng(v)"/?
. with kL =1 is critical on G,
(B) If Dk /k, # Ok, then for all CM types ® of K, (7.3) holds.
(C) If Dk/k, = Ok, let too € T and set ® = &4y and n := tooDx N
Ko. Assume that the element Arty ,(n) € Gal(K/Ky) is trivial,
then (7.3) holds with this ®.
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Corollary 7.4. Moreover, in all these cases, if s belongs to Ok, one has
(7.4) A =*xNg(pu) and G, =0k /uOk.

We recall that the expression s has denominator prime to 2, means that
the prime divisors of the ideal 20k never occur in the prime decomposition
of the fractional ideal sO with a negative power.

Proof of Theorem 7.3. By Shimura Taniyama Fact 7.1, we know that in
these three cases, there exists ty € Zx with ®;, = ® and a fractional ideal
m of K such that the polarized abelian variety (CY9/®(m),wy,) is principal.
We will choose A = m. By Lemma 7.2, our unitary element v € K belongs
to the unitary theta subgroup Uf(’?m of level 2.

Therefore Theorem 5.4 tells us that A, is a critical value on the group
G, =m/(mNvm). Since we are dealing with a finite quotient of m, we can
replace m by Ok so that G, ~ Ok /(O NvOk). O

Proof of Corollary 7.4. We first show that x, = +1. According to Propo-
sition 1.1, it is enough to check that 3(Ng(p) — 1) is an algebraic in-
teger. We set pg := 1+ s+ 5. Since p — po € 20k, it is enough to
check that 1(Ng(po) — 1) is an algebraic integer. But since the integer
Nk jg(po) = Ngjg(p) mod 2 is odd, the integer Ng(u0) = Ng,/q(po) is
odd too.

We now compute G,. When p is in Ok, since i+ fi = 2 and N g(p) is
odd, the integers p and [ are relatively prime and one has pOx N Ok =
piOk so that G, ~ O /i~ (uOx NIO0K) = O /uOf as required. O

Remark 7.5. Note that in Theorem 7.3, it is easy to determine the struc-
ture of the abelian group G, by decomposing the ideal J, := O N vOk
as a product []; p?j of prime ideals p; of O so that G, ~ []; OK/p?j.
In particular, the group G, is cyclic if and only if the prime ideals p; that
divide J, are over different primes p; of Z and have inertia degree equal
to 1.

7.3. Critical values and cyclotomic fields. In this section we apply
Theorem 7.3 to the cyclotomic fields Q[(,].

We first recall notation related to cyclotomic fields. Let ¢, be the prim-
itive ntP-root of unity ¢, := e2™/™, let ®, be the n'" cyclotomic polyno-
mial, let K, := Q|[(,] be the cyclotomic field, let ¢(n) be the Euler number
¢(n) := [K, : Q] which is the degree of ®,, and let K, := Q[¢, + ¢!
be the real cyclotomic field. Their rings of integers are Ok, = Z[(,] and
OK,.o = Z[Cn + ¢ Y] See [31, Chapter 2].
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Lemma 7.6. Let n # 2 mod 4 and K,, = Q[(,].

(a) The different Dk, is a principal ideal. More precisely, there exists
an imaginary element t, € Ok, such that Dk, = t,0k,, .
(b) The extension K,/ Ky o is ramified if and only if n is a prime power.

Since Q[¢m] = Q[¢2m] for m odd, the assumption on n is innocuous.
Proof. This is classical. We just sketch the argument.

(a). Let &, = II,n(1 — ¢p) where the product is over the prime divisors

of n. We first claim that Dk, = n&,; 'Ok, . We write n = [[p"». For all
integers k, one has

Trk, /g (fn 11 <§fp> =TI Tk, s0((1= G)G% ) = 0mod n
p p

By definition of the different, this proves the inclusion Dy, C né, 'Ok, .
By [31, Proposition 2.7] the absolute value of the discriminant dg,, is equal
to n¥/ Hmnp‘P(”)/(p*l). Since this number is also equal to Ny, j(n&; ),
this proves the equality Dg, = n&, 'Ok, .

To conclude, we need to find a unit u, € OF such that u,§, is imaginary.

-1
We first notice that for p odd the ratio u, := C"l__%; is a unit and that for
p = 2 the ratio u, := 1%422 = i is also a unit. Therefore we set u;, := [, up,

so that the product u),&, is imaginary when n has an odd number of prime
factors, and is real when n has an even number of prime factors.

In the first case, we are done with u,, = u/,.

In the second case, n is not a prime power and by Lemma 7.7 below, there
exists an imaginary unit u!' in Q[¢,] and we are done with w, := u,u!".

(b). We will not use this fact which is proven in [31, Proposition 2.15]. It
explains why we have to pay attention to the case (C) in Theorem 7.3. O

In the proof we have used the following lemma.

Lemma 7.7. Let n # 2 mod 4. If n is not a prime power, then the ring
Z[(n) contains an imaginary unit.

Proof. If n is even, the ring Z[(,] contains the imaginary unit i = (4.
If n is odd, it admits two distinct odd prime factors p, ¢ and Q[¢,] con-
tains the imaginary unit (pq — C];Jl. g

Combining Lemma 7.6 and Shimura—Taniyama Fact 7.1, we now deduce
that there exists a principally polarized abelian variety with multiplication
by Ok, and with any prescribed CM type.
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Corollary 7.8. Let K, = Q[(,], let g = ¢(n)/2 and let tog € Lk, nonzero.

(a) The fractional ideal n := tooDg, N Ky is principal.

(b) There exist an ideal m of Ok, and tg € Ik, such that Oy = Dy,
and such that (C9/®.,(m),wy,) is a principally polarized abelian
variety.

Proof.

(a). According to Lemma 7.6 (a), the different Dy, is a principal ideal of
Ok, generated by an imaginary element ¢, € Tk, . Therefore, the element
tntoo is in K, o and one has

n= tntoooKn’O.
This proves that n is a principal ideal of K.

(b). This follows from Fact 7.1(3), since, by (a), the ideal n is principal. O

Thanks to Corollary 7.8, the statement of Theorem 7.3 is cleaner for the
cyclotomic field. Here it is:

Proposition 7.9. Let K,, := Q[(,] and v = p/fi with p =1+ s — 5 where
s € K, has denominator prime to 2 and Nk, jo(it) has odd numerator. Let
G, := 0k, /(Ok, NvOk,) and d, = |G,|.

(i) Then for all CM types ® of K, there exists a critical value
A, =k, dY2Ne ()% on G, with k% = 1.
(ii) Moreover, if s is in Ok, , one has
Ay = £No(p) and G, = Ok, /nOk,,.

Remark 7.10. Point (ii) does not apply to g = 1+ (3 — (3 = 1 +4V/3
because the norm of this u is even. Indeed in this case G, = {1}.

The group G, has order d, but is not always cyclic. In the next section,
we will give a very simple example where one can check that G, is cyclic.

Proof of Proposition 7.9.

(i). We distinguish two cases.
In case the extension K, /K is ramified, we apply Theorem 7.3 (B).
In case the extension K, /K, o is unramified, we apply Theorem 7.3 (C),
remembering that, by Corollary 7.8, the ideal n := tp0Dg, N K, o is princi-
pal, for any tgp in Zg,, .

(ii). Apply Corollary 7.4. O
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7.4. Fibonacci and Lucas numbers. As an application of Proposi-
tion 7.9, we construct in Proposition 7.15 new d-critical values where the
integers d are Lucas numbers L,, with n prime.

These Lucas numbers are intimately related with the Fibonacci numbers.
We recall that the Fibonacci numbers (F},),>0 = (0,1,1,2,3,5,8,...) are
defined by their first two terms and the recurrence relation F,41 = F, +
F,_1. They can also be defined as the coefficients of a matrix n"-power

(7.5) (1 1)n=<F”“ Fn )

10 F, F,_1
The Lucas numbers (Ly)p>0 = (2,1,3,4,7,11,18,...) are also defined by
their first two terms and the same recurrence relation Ly11 = Ly + Ly_1.

Hence they are equal to the trace of the matrix (7.5): L, = Fq41 + Fp—1.
Together they can be defined by

<1+\/5>"_Ln+1«w5

(7.6) . 5

We will need a few properties of Fibonacci and Lucas numbers.

Lemma 7.11.
(a) One has F,, = H1§k<n/2(1 + 40082(]%)); and

(b) Fy=Tlgy Fjj where Fy, is the integer Fy, :=[T1<p<n/2(14+4 cos?(A)).
kAn=1

Proof of Lemma 7.11. All this is classical. Here are a few hints.

(a). The Fibonacci polynomials P,(X) are defined by P, =1, P, = X and
P,+1 = XP, + P,_1. They satisfy the equality F,, = P,(1) and are related
to the Chebychev polynomial so that the zeros of P, are the 27 cos(%”) for
1<k <n.

(b). These numbers F, are both algebraic integers and invariant by Galois.
Hence they are integers. O

Lemma 7.12. Assume that m and n are odd.
(a) One has Ly, = H1§k<n/2(1 + 4sin2(%’r)), and
(b) Ln=Ilajn Ly where Ly, is the integer L, :=[T1<x<n/a(1+4 sin?(£T)).
(c) These integers L., are odd except Lty = 4. Fnt
For instance, one has Ly = 11, L, =29, Ly =19, . ...
Proof of Lemma 7.12.

(a) and (b). From Formula (7.6), one gets the equality Fb, = F}, L, . Our
claims together with L], = F, follow from Lemma 7.11.
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(c). Just compute the sequence (L,, mod 8),>0 and notice that it has period
12 with pattern [2,1,3,4,7,3,2,5,7,4,3,7] mod 8. O

The following lemma will be useful.

Lemma 7.13. For n > 5 odd, set ju, := 1+ (, — ¢, t. Then the quotient
ring Z[Cn)/ pn|Cn) is cyclic and isomorphic to 7/ L., Z.

Proof of Lemma 7.13. Denote by x,, the image of ;! in the quotient ring
Ay, = Z[Gi)/unZ[¢,]. By definition L] is equal to the norm of p,, that is
L;, := Nk, jo(n). Therefore the ring A, has order L;,. The element x,, is
invertible in A,, and satisfies the equality 22 = x,, + 1. Therefore by (7.6),
one has for all integer k£ > 1,

22F = Ly, + (22, — 1)F},.

We apply this equality with k¥ = n, remembering that, since L/, divides L,
one has L, =0 in A,. One gets

2z, —1)F,, =2 in A,.

Since, n # 3, by Lemma 7.12, L] is odd, and the element 2 is invertible in
A,,. Therefore x,, is a multiple of 1 in A,, and the group A, is cyclic. O

Proposition 7.14. For all n > 5 odd, and all signs €, = +1, the product
An = [e<ny2 (1 + 2ieg sin(50)) or =\, is LI -critical.
kAn=1

Proof of Proposition 7.14. This is a consequence of Proposition 7.9 com-
bined with Lemma 7.13. We work with the cyclotomic field K = K, and
choose the CM type ® := {px |k € (Z/nZ)*} where pp((n) = ¢5+F, and
choose p = i, := 1+ (, — ¢, ' so that one has )\, := Ng(pn). According
to Proposition 7.9, A}, or —\/ is a critical value on the group Ok, /unOk,
for a 4" root of unity #,. According to Lemma 7.13, this group is cyclic of
order L. O

The precise sign k,, involved with A, could be computed thanks to the
exact transformation formula for the Riemann theta function, and the con-
clusion should be that the value A}, (with a plus sign) is always L/ -critical.

The following is a special case of Proposition 7.14.

Proposition 7.15. For alln > 5 prime, and all signs €, = £1, the product
km

An = [i<keny2(1 + 2iegsin(Fr)) or —A, is Ly-critical.

Remark 7.16. Assume now that the integer n is coprime to 6 but is not
a prime number. Since A, is the product of X, for d divisors of n, the value
+\,, is critical on the group G, product of the cyclic groups Z/L,Z. The
product of these integers L/, is equal to L. but, since these integers L/, are
not always coprime, this group G, is not always the cyclic group Z/L,Z.
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To be concrete, we give three examples, the first ones being the conju-
gates of A5 = 1 ++/5 +i1/5 — 2v/5 that already occured in [3, Section 1.5],
and that was also part of Proposition 6.5:

e n="5:\5:=(1£2isin(F))(142i sin(%’r)) : 11-critical.
o n="7:\7:=(1%2isin(Z))(142isin(2

))(1£2isin(3F)) : 29-critical.
o n=9:Xy:=(1+2isin(F))(1+2isin(Z))(1+2isin(4F)) : 19-critical.

3

<l¥~|

8. On the sign of the critical values

This aim of this section is to explain how to prove that the values A
given in the examples of Section 6 are indeed d-critical. The arguments
given in Section 6 prove that either A or —A is d-critical. We will complete
here these arguments and prove that A is indeed d-critical. This will rely
on extra computations together with a formula due to Stark for the theta
cocycle j(o,7) that we give in Section 8.2. Since this sign is often equal to
the plus sign, these computations give a cleaner statement for our examples
in Section 6.

8.1. Square root of determinant of Riemann matrices. We begin
by two simple lemmas on the determinant of a Riemann matrix. For 7 in
Hg, we define the function

(8.1) h(r) = detC)m

as the continuous square root of det(%) such that h(ily) = 1.

Lemma 8.1. Let 7 in H,.

(a) One has detc(7/i) # 0.

(b) All the eigenvalues X of T/i have positive real part: Re(\) > 0.

(¢) The function h(T) is the product of the square roots \'/? of the
eigenvalues \ of /i with arg(A\Y/?) € (=%, T).

(d) If g =2, the function h(t) has positive real part: Re(h(r)) > 0.

Proof.

(a). If 2 € CY is in the kernel of 7, one has Im(*zrz) = 0. Since 7 is
symmetric, this can be rewritten as ‘zIm(7)z = 0. Since Im(7) is positive
this gives z = 0. And hence T is invertible.

(b). Indeed, if Re(\) < 0, the matrix 7—iA1, is in H, and det(T—iA1,) # 0.
(c¢). This follows from (b) by analytic continuation.
(d). This follows from (c). O

When S is a real g x g symmetric matrix, its signature s is the number
of positive eigenvalues minus the number of negative eigenvalues.
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Lemma 8.2. Let 7 in Hy and S be an invertible real g X g symmetric
matriz and s be its signature. Then one has
(8.2) W) (=171 = 8) = "™ h(r + S71) |det(S)|"/%.
Proof. The squares are equal and one checks the sign by looking at the
limit when 7 = it1, with ¢ going to 0. O

8.2. The sign in the transformation formula. The following lemma
give precise formulas for the theta cocycle j(o,7) that we introduced in

Lemma 2.6. We recall that, for o = (: g) € Spgz and 7 € Hy, the theta
cocycle is defined by the equality

(8.3) 0(0,07) = j(o,7) 0(0,7).

To compute this cocycle we need to introduce a function J; j5(c, 7) which
is a continuous square root of the tangent cocycle J(co, 1) := detc(y7 + 9).
The function Jj 5(0, 7), for det(d) # 0 is given by the formula

(8.4) Jija(0,7) = et (8)[V* h(r) h(—771 = 671),
where h(7) is the function defined in (8.1).

Lemma 8.3 (Stark). Let o € Spgﬁz with det(d) # 0 and T € H,.
(a) Then, one has

(8.5) j(o,7) = k(o) Jij2(0,7)
where k(o) is the 8 root of unity given by the normalized Gauss
sum
1 ot ot
(8.6) K(0) = s Z eim @O
|det(5)[Y/ ve6-176/29
(b) If det(d) = +do with dy > 0 odd, square-free and det(y) # 0, one
has
. 18T ¢ - -
BT dlor) = e ey, () et6 ) (e +471),
where
e s is the signature of the real symmetric matriz S := 61,
® ¢4, = 1 when dy =1 mod 4 and 4, = —1 when dy = 3 mod 4,

o ¢ = 2dy'mdéym where m is any primitive vector of 79,
C

e () is a Jacobi symbol.
This precise determination of the theta cocycle has a long history.
For g = 1, these formulas which are due to Hecke were useful in [3].
When ¢ > 1, the first formulas (8.5) and (8.6) were known to Siegel and
Igusa, see [14, p. 228]. They can be explicitly found in [17, 2.2.26 p. 169],
[27, p. 7] or [11, p. 26-27]. There also exists a very simple formula for (o )?
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due to Igusa in [15, p. 182]. It says that the map o +— r(c)? is a character
of Spgz and when o is in Spg,z, one has r(0)? = e'z Tr0=1g)

The second formula (8.7) is due to Stark in [27] for an odd prime dy and
was extended by Styer in [30, Theorem 2 p. 660] to a square-free dy, even
allowing a degenerate block 7. The proof of (8.7) relies on (8.2), on the
first formulas (8.5) and (8.6), and on the classical formula for Gauss sums
on cyclic groups. An extension of (8.7) where dy is not square-free can be
found in [29].

The strong relationship between the transformation formula (8.3) and
the Weil representation was discovered by A. Weil. See [12], [17] and [22].

We will only need Lemma 8.3 when dg = 1. This case is easier because
the Gauss sum and the Jacobi symbol are equal to 1.

Corollary 8.4. Let o € Spg?z, T € Hy. If det(d) = £1, det(7y) # 0, one has
(8.8) 3. 7) = e det(67 )| Y2 h(r +4719),

8.3. Finding the sign of critical values. We now explain the strategy
to compute sign of the critical value A, in the examples of Section 6. This
strategy follows the proof of Theorem 4.4.

We recall that (A = C9/A,w) is a principally polarized abelian variety
and that v is a unitary Q-endomorphism of A preserving a theta structure
of level 2, that G, is the finite abelian group G, := A/(ANvA). Remember
that v can be thought both as a unitary transformation 7} of C" or as a
symplectic transformation h, of (Ag,w), and that, as in (4.2), in a sym-
plectic basis e1, ..., eq, —f1,..., —fg of A, the multiplication by v~ is given
by a symplectic rational matrix m, € szfg preserving a theta structure of
level 2. Since it is elliptic, this matrix m, has a fixed point 0 € H,:

my,0 =0

By Proposition 3.4, there exists o1 and o2 in Sp(g, Z) and an integral matrix
d such that the symplectic matrix m, can be written as

: ta=t o
(8.9) m, =01 Doy with D= ( 0 d)‘
When g = 2, we will often but not always choose d = (} 9).

By Lemma 3.5 the matrix o := 0201 belongs to SpZ’%. This matrix

7= (: §)7 and the element 7 =: 07 '0 € H,, are related by the equality
o1 = D7 that is:

or = 'drd.

Therefore one can apply Lemma 8.3 to compute the critical value A, given
by Corollary 3.1. In all the examples below, since we have already computed
A2 in Section 6, we will be able to avoid a few computations thanks to the
following corollary:
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Corollary 8.5. Assume det() # 0. Let s be the signature of 6~ '7.
(a) If g=1 and |0| =1, then one has Re(\,) > 0.
(b) If g = 2 and |det(d)| = 1, then one has Re(e=*™/4),) > 0.

Proof. By Corollary 3.1, one has A\, = j(o/,27) |G,|. By Formula (8.8), one
has A, = ™4 h(r +~710) [det(v)|"/? |G, |. We now use Lemma 8.1.
When g = 1, one has s = £1, and —F < arg(h(r + v~ 1)) < Z.
When g = 2, one has Re(h(1 +~71§)) > 0. O

Hence, for computing precisely A,, the remaining two steps beyond the
steps (a) to (f) in Section 6 are :
(g) We compute a decomposition m, = o1 Doy with o1, o2 in Sp(g,Z).

(h) We write 0 = 0901 = (: g) and conclude thanks to Corollary 8.5.

8.4. The sign for imaginary quadratic fields. In this section we check
the sign of the d-critical values from Proposition 6.1. We will use freely
the notation of Sections 6.1 and 8.3. Remember that, from Part (f) of
Section 6.1, we know that \, = £( /a + ivb).

(9). We recall that in the basis ej, —f1, one has m, = é(aib ;fg) and
that 6 :=ivab/2 € H; is fixed by m,. One checks that m, = o1 Dos with

— (a—b 5=t _(ato _ (1 a=b-d®
01—<4 3 ),D—(Od ,and oo = o 1 .

. o ]2 _ 2
Hence one has o7 = d?0 with ¢ = 0907 = (2“ 2b—d® a (dtl) /4) and

4
%W' By (6.1) this matrix o belongs to the

theta subgroup Sp?’é of level 2.

with 7 = o076 =

(h). One has ¢ = 1 and 6 = 1. Hence by Corollary 8.5, the real part of
the critical value X, is positive. Hence, using Part (f) of Section 6.1, we
conclude that A, = v/a 4 iv/b. And this value is always d-critical.

8.5. The sign for products of imaginary quadratic fields. In this
section we check the sign of the d-critical values from Proposition 6.4. We
will use freely the notation of Sections 6.2 and 8.3. Remember that, from
Part (f) of Section 6.2, we know that \, = £(,/a1 +ie1v/b1)(\/az +ie2v/b2).

To simplify the calculation we will begin by the simpler symplectic ba-
sis eo.1,---,€0g, —fo1,...,—fog for which the matrix mg, € Sp(g,Q) of
multiplication by v~! has been computed in (6.3)

Uul 0 11 0
m o 0 (%) 0 £902
O = E1W1 0 Ul 0 ’

0 E2W2 0 u9
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with )
uj = aj(; I = 1 mod 4,
J
vj 1= % =4 mod 8§,
J
2 —
wj = d—; = 2 mod 8.
One finds an explicit decomposition mg, = 09,1 Dg00 2 with
al—bl 0 81(&1—[)1—1)/2 0
. 0 ag—bg 0 82(@2—[)2—1)/2
R 0 1 0
0 282 0 1
1 0 ei(ag —b —d?)/2 0
|01 0 ga(ag — by — d3)/2
702= 10 0 1 0 ’
0 0 0 1
and

t3—1 !
_ [ *dg 0 _(dy O
Do—( 0 do) Whered0—<0 d/2>

The product og = 00200,1 can be written as oy = (ao BO) where

Yo do
o — 2(11 — 2b1 - d% 0
0= 0 2ay — 2by —d3 )
_ (e1(dar — (dr +1))/2 0
(8.10) Bo = ( 0 e2(dag — (do 4+ 1)?)/2

(2 0 s (10
M=V 0 25 ) 9% \o 1)

As we have seen in Section 6.2 we need to introduce a new lattice A
with basis (eq, ez, — f1, —f2) = (€o,1, €0,2, —fo,1, —fo,2) P where P is a basis
change matrix. This matrix P is a scalar multiple of an element of Sp(g, R).
We need to distinguish two cases. A key difference between these two cases
will be the value of the parameter s, when we will apply Corollary 8.5.

First case: We assume that €1 = —e3 = 1. Asin Section 6.2 (d1), we choose
0 .

P=(8p)withp=(i1).

(g1). In this new basis, the matrix m, = P~1mg, P of multiplication by

v~! belongs to Spg’?@. One can write m, = 01 Doy with

o1 = P710071P, D = PilD[)P, g9 = PilO’O,ZP'



Conwvolution and square 405

Since the matrix P is block diagonal, the matrix D is too, and one has

a0 : 1 dy d_ , _di£dh
D—( 0 d> with d=p dop—<d,_ d,+) where d; = 5

Both o1 and o3 belong to Sp(g,Z) and one has

-1 -1
o — oo — Plo P — (a B) _ (p_ WP P Bop)'
172 0 SR plvp P l4,p

By Lemma 3.5, this matrix ¢ belongs to the theta subgroup Spg’% of level 2.

(h1). Using (8.10), one checks that det(d) = 1 and that the symmetric
matrix y~!§ has signature s = 0. Hence by Corollary 8.5, the real part of
the critical value A, is positive. Therefore, using Part (f) of Section 6.2, we
conclude that A, = (y/a1 +iv/b1)( /a2 —iv/b2) and that this value is always
d-critical.

Second case: We assume that € = 9 = 1. Asin Section 6.2 (d2), we choose
P=(2p) withp=(}1).

(92). In this new basis, the matrix m, = P~1mq, P of multiplication by
v~ 1 also belongs to Spg’?@. Since the matrix P is not block diagonal, neither
is the matrix P~'DP. This is why we introduce the commutator

003 =PDy'P'Dy=(§%) where x=p—dopdo.
One can write m, = o1 Doy with
o1 = P_lao’lP , D:=Dy, o09:= P_10'0’30'0’2P.
Both o1 and o3 belong to Sp(g,Z) and one has o = o901 = P16 P where

ap+xv Bo+ X5o>

00 := 00300 =
0 0,300 < o 5o

By Lemma 3.5, this matrix ¢ belongs to the theta subgroup Spgé of level 2.
This matrix o = (2‘ g ) has lower blocks v = 2, and § = ¢,

(h2). The end of the argument is as in (hl). One checks that det(d) = 1.
This time the symmetric matrix y~'§ is positive and hence has signature
s = 2. Therefore by Corollary 8.5, the imaginary part of the critical value
Ay is positive. Hence, using again Part (f) of Section 6.2, we conclude that
A = (/a1 + iv/b1)(y/az + iv/b2). And this value is always d-critical.
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8.6. The sign for quartic CM fields. In this section we check the sign
of the d-critical values from Proposition 6.5. We will use freely the notation
of Sections 6.3 and 8.3. Remember from Part (f) of Section 6.3, we know

that \, = +i(@=V/2(\/a + /c — iy/b — 2\/ac

As in Section 6.3, we distinguish two cases, Where €= =l1.

First case: We assume that a = € mod 4, and b = ¢ = 0 mod 4. As in Sec-

tion 6.3 (d1), we choose P = (25’ 2tg—1) with p = ((2) ?g)

(91). We have computed in (6.11) the matrix m,, of multiplication by v~! in

the corresponding basis ey, ea, — f1, — fo. This matrix m, belongs to Spg’?@.
Using the method of elimination by symplectic matrices, we find explicit
matrices d, o1 and oy satisfying (8.9). They are given by d = ({ 9),

1 (ed—1)(b+c)/2 0 0
o 1 0 0
T lo 1 1 0]
1 (ed(d—2a)+d—2c)/4 (1—ed)(b+c)/2 1
1—2e(b+c) e(b+c)(2c—d+e)/2—c e(b+c)?>—dc —2e(b+c)
. 4 d—2c —2b—2c¢ 4
72 = 0 1 1 0
5 (e(d+2b)—1)/4 0 €

Since d = e mod 4 and b = ¢ = 0 mod 4, these two matrices have integer
coefficients. Hence, by Lemma 3.5, the matrix ¢ := o201 belongs to sz’é.

(h1). If we write o = (7 5) the 2 x 2 lower blocks are given by

:<O 2> and 5:<1 0)7
2 x Yy €

where x and y are integers. This proves that det(d) = ¢ = +1 and the
symmetric matrix § 1y = (3 e(szy)>, has signature s = 0.

Therefore by Corollary 8.5, the real part of the critical value A, is posi-
tive. Hence, using again Part (f) of Section 6.3, we conclude that

A — Va++/c—iy/b—2yac whene=1,
Vb —2Vac+i/a+i/c whene=-1

And these values and their complex conjugate are always d-critical.

Second case: We assume that a = b = ¢ = e mod 4. As in Section 6.3 (d2),

we choose P = (25)2{:,1) with p = (g l{ﬁ)
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(92). We have computed in (6.12) the matrix m,, of multiplication by v~! in

the corresponding basis e1, es, —f1, — fo. This matrix m, belongs to Spg’?@.
Using the method of elimination by symplectic matrices, we find explicit
matrices d, o1 and o9 satisfying (8.9). They are given by d = (0 d)

1 2b42c+2 0 0
| dm2e-2 0 et n2 —h/4
710 —4 1 —2eb — 2ec — 2¢ € ’
2 —2d+4c —(b+c+1)(h+2) (h+2)/2
1 -F eb+c+1)2—c —F/2
-1 c+df/2 (b+c+1)(1—ed)/2—-1 (2c+df —2)/4
o9 =
0 2 1 1 ’
0 2 0 1

where h :=ed+2eb—1, f:=(2a—d—2)e—1and F = (b+c+1)f+2c+2.
Since a = b = ¢ = € mod 4, these two matrices have integer coefficients.
Hence, by Lemma 3.5, the matrix ¢ := o307 belongs to Spgé.

(h2). If we write o = ( ) the 2 x 2 lower blocks are given by

Y
/(0 -8 _(1—de(b+c+1) 2
7= (o —4) and 0 = ( —2(b+c+1) ¢ )
where x and y are integers. This proves that det(d) = ¢ = 1. We can not

apply our Corollary 8.5 because the symmetric matrix =1y = (8 —915) is
degenerate. Instead we use Formulas (8.5) and compute

3(0,27) = h(T) h(—771 = 671) = det(1 4 6 1y7)V/2 = (1 — demy o) 1/?

which always has positive real part. Hence, A\, also has positive real part
and, using again Part (f) of Section 6.3, we conclude that

A — Va++/c—iy/b—2yac whene=1,
\/b—2vac+iy/a+iy/c whene=—1.

And these values and their complex conjugate are always d-critical.

8.7. Conclusion. In this paper we have constructed many d-critical val-
ues A. However, there remain many explicit challenges (see also [3, Sec-
tion 2.3]):

(ql) What is the list of d-critical values for d = 177
(q2) Is the value A := 7 + 2+/5 d-critical for d = 297
(g3) Is the value X := —1 + 6:¢ d-critical for d = 377
(q4) Is the value A\ := —7 d-critical for d = 497
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I would like to conclude by explaining why the theory we developed in
this paper is so delicate for such elementary statements as in Section 1.3. In
short the answer is that the experimental list of d-critical values is subtle
and the method to justify it must contain these subtleties. More precisely,
there are three main reasons.

The first reason is the congruence condition “A = 1 mod 2” that the d-

critical values A must satisfy. For instance the value A := 1+v5+i1/9 — 2/5

is 15-critical while the value X := 1 4+ v/3 4+ i4y/11 — 2v/3 is not 15-critical.
Our theory has to be general and to see this congruence condition. From
the point of view of abelian varieties this condition follows from a deep
understanding of the theta structure of level 2 due to Igusa.

The second reason is the sign issue. For instance, the value A := 1+ 2¢
is 5-critical but the opposite value A := —1 — 2 is not 5-critical. Similarly,

the value X := 1+ /5 + iy/9 — 2v/5 is 15-critical, while the opposite value

A= —1— /5 —i\/9— 25 is most probably not critical -at least one can
check that there does not exist even A-critical functions. Our theory has
to be general and to see this sign issue. From the point of view of abelian
varieties this sign issue follows from a deep understanding of the theta
cocycle due to Stark.

The third reason is that one has to deduce very explicit values that
are d-critical. Our theory has to be general and to be explicit. This is
possible because of a deep construction of abelian varieties with complex
multiplication by the ring of integers of a CM number fields due to Shimura
and Taniyama.

Beyond these three theorical reasons, one has to verify explicitly that
the theta structure of level 2 is preserved and that the theta cocycle has
the expected sign.
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