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Arbitrarily large jumps in the de Rham and
Hodge cohomology of families in characteristic p

par Casimir KOTHARI

Résumé. Nous construisons des familles projectives lisses de variétés algé-
briques en caractéristique p telles que les dimensions des groupes de cohomo-
logie de de Rham et de Hodge des fibres admettent des sauts arbitrairement
grands. Pour ce faire, nous commençons par construire un exemple en utili-
sant le champ classifiant d’un schéma en groupes fini et plat qui fait dégénérer
Z/p2Z en αp ⊕ αp. Chemin faisant, nous donnons une exposition autonome
de la construction des variétés de Godeaux–Serre.

Abstract. We construct smooth projective families of algebraic varieties in
characteristic p such that the dimensions of the de Rham and Hodge cohomol-
ogy groups of the fibers can be made to jump by an arbitrarily large amount.
To do this, we first construct an example using the classifying stack of a finite
flat group scheme which degenerates Z/p2Z to αp ⊕αp. Along the way, we give
a self-contained exposition of the construction of Godeaux–Serre varieties.

1. Introduction
If f : X → Y is a smooth projective family of complex algebraic varieties

with Y connected, it is a classical fact that the function on y ∈ Y ,
y 7−→ dimC H i

dR(Xy;C),
is constant for any i ≥ 0. However, it is well-known that this fails for
smooth projective families in mixed and positive characteristic. In [14],
Suh constructs families of surfaces over a mixed characteristic DVR with
an arbitrarily large jump in geometric genus from the generic to the spe-
cial fiber, while in [3], Cotner and Zavyalov construct a family of sur-
faces in equal characteristic p > 0 such that dim H1

dR(Xs/k(s)) = 2 and
dim H1

dR(Xη/k(η)) = 1. In both cases, the authors use the method of
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Godeaux–Serre, in which one obtains such families as quotients by the ac-
tion of certain group schemes on complete intersections in projective space.

In this article, we use the Godeaux–Serre method to construct families
of algebraic varieties in equal characteristic p > 0 with an arbitrarily large
jump in algebraic de Rham and Hodge cohomology (of any degree). For
a scheme X over a field k, we write hi

dR(X/k) := dimk H i
dR(X/k) and

hi,j(X/k) := dimk Hj(X, Ωi
X/k) for the de Rham and Hodge numbers of X,

respectively. Let S = Spec R be the spectrum of a DVR of equal character-
istic p with closed point s and generic point η.

Theorem 1.1. Let e, n ≥ 1 be positive integers. Then there exists a smooth
projective scheme X/S of relative dimension n + 1 with geometrically con-
nected fibers such that for any positive integer k ≤ n we have
(1.1) hk

dR(Xs/k(s)) ≥ hk
dR(Xη/k(η)) + e,

and for any nonnegative i, j with 1 ≤ i + j ≤ n we have
(1.2) hi,j(Xs/k(s)) ≥ hi,j(Xη/k(η)) + e.

In our examples, the Hodge to de Rham spectral sequence fails to de-
generate,1 so that (1.2) does not immediately imply (1.1). As a result, we
make separate calculations for both de Rham and Hodge cohomology.

Remark 1.2. Base changing along the map Fp[t](t) → R which sends t
to the uniformizer of R and noting that algebraic de Rham and Hodge
cohomology are compatible with field extensions, we find that it is enough
to prove Theorem 1.1 over Fp[t](t). Thus in the sequel we work over the
base S = SpecFp[t](t).

Remark 1.3. One can already obtain arbitrarily large de Rham jumps by
taking self-products of the surface constructed in [3], however this requires
the dimension of the family to increase with the prescribed gap e (though
see Remark 4.1 for an approach to arbitrary jumps using the [3] surface).
Therefore the content of the theorem is that we can obtain arbitrarily large
jumps in a given cohomological degree in families of fixed dimension.

The strategy of proof is not new, and can be summarized in the following
steps. First, construct a finite flat group scheme H/S such that hk

dR(BHs) ≥
hk

dR(BHη) + e and hi,j(BHs) ≥ hi,j(BHη) + e. Second, construct actions
of H on projective space such that the complement of the free locus can
be made to have arbitrarily large codimension. Finally, choose a complete
intersection Y ⊂ PN

S of relative dimension n + 1 on which H acts freely,
and use the Lefschetz hyperplane theorem to deduce that Y/H and [PN /H]
have the same de Rham and Hodge cohomology in a range of degrees.

1This follows from our construction and the corresponding fact for the stack Bαp [1, Propo-
sition 4.12].
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The structure of this paper is as follows. In Section 2 we construct a
desirable finite flat G/S and study the cohomology of the classifying stacks
of its fibers. In fact, the group H above will be a power of G depending on
the gap e. In Section 3 we give an exposition of the Godeaux–Serre method,
explaining the construction of complete intersections with free actions of
finite flat group schemes. This section may be read independently of the
rest of the paper. In Section 4 we combine these to prove Theorem 1.1.

2. A group scheme in characteristic p

In this section, we construct a group scheme G/S which will have de-
sirable cohomological properties by modifying a construction of Reid [11,
Section 2.1] of a group scheme which degenerates Gm to Ga. Recall that
S = SpecFp[t](t).

Lemma 2.1. There exists a finite flat commutative group scheme G/S of
order p2 with Gη

∼= Z/p2Z and Gs
∼= αp ⊕ αp.

Proof. We begin by constructing the Cartier dual G∨ of G. First, let R =
Fp[t](t) and consider the R-algebra

A := R[x, y]
(xp, yp − tx) .

A is freely generated as an R-module by monomials xayb with 0 ≤ a, b ≤
p − 1. We endow A with a Hopf algebra structure ∆ : A → A ⊗ A, e : A →
R, i : A → A given by

∆(y) = 1 ⊗ y + y ⊗ 1 + ty ⊗ y

e(y) = 0

i(y) = −y

1 + ty
,

which by the relation tx = yp forces ∆(x) = 1 ⊗ x + x ⊗ 1 + tp+1x ⊗ x,
e(x) = 0, and i(x) = −x

1+tp+1x
. One checks by hand that the axioms for

a commutative Hopf algebra hold (note that one only has to check these
relations on the generators).

When t = 0, we get k[x, y]/(xp, yp), with Hopf algebra structure

∆(x) = 1 ⊗ x + x ⊗ 1, ∆(y) = 1 ⊗ y + y ⊗ 1
e(x) = e(y) = 0
i(x) = −x, i(y) = −y,
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which we recognize as αp ⊕ αp, while when t is invertible we get
k(t)[y]/((1 + ty)p2 − 1) with Hopf algebra structure

∆(1 + ty) = (1 + ty) ⊗ (1 + ty)
e(1 + ty) = 1

i(1 + ty) = 1
1 + ty

,

which we recognize as µp2 . Taking the Cartier dual gives the desired
G/S. □

In the above proof, note that A/(x) ∼= R[y]/(yp) with its given Hopf
algebra structure recovers the deformation of µp to αp constructed in [11,
Proposition 3.1]. It is also interesting to note that the group scheme G/S
constructed above is a truncated Barsotti–Tate group generically but is
far from being truncated Barsotti–Tate on the special fiber, making it an
equal characteristic p example of Raynaud’s “affaissement” or “drooping”
of truncated Barsotti–Tate groups [10, Section 3].

Remark 2.2. An alternate geometric construction of a deformation of
Z/p2Z to αp ⊕ αp due to Sean Cotner is as follows: begin with a degen-
eration E of an ordinary elliptic curve into a supersingular one such that
E has rational p2-torsion generically. Then the pullback of the short exact
sequence

0 −→ ker V −→ ker V 2 −→ ker V −→ 0
by the Frobenius map F : ker V → ker V yields such a deformation.

Now we calculate the de Rham and Hodge cohomology of the classifying
stacks BGs and BGη. For definitions and basic properties of de Rham and
Hodge cohomology of stacks, we refer the reader to [1, Section 2] and [3,
Section 2.4]. However, for the calculations in this article, one only needs to
know Totaro’s theorem ([15, Theorem 3.1]) and the fact that de Rham and
Hodge cohomology satisfy versions of the Lefschetz hyperplane theorem
and projective bundle formula in this setting, as in [1, Section 5].

Proposition 2.3. For the group scheme G/S of Lemma 2.1, we have

lim
m→∞

(hk
dR(B(Gm

s )) − hk
dR(B(Gm

η ))) = ∞

for any k ≥ 1 and

lim
m→∞

(hi,j(B(Gm
s )) − hi,j(B(Gm

η ))) = ∞

for any i, j ≥ 0 with i + j ≥ 1. Moreover, the above differences are all
nonnegative for any m ≥ 0.
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Proof. First we calculate the Hodge and de Rham cohomology of B(Z/p2Z)
and Bαp. Since Z/p2Z is a discrete group, one has by [15, Lemma 10.2] that

hi,j(B(Z/p2Z)) =
{

1 i = 0
0 i > 0,

hk
dR(B(Z/p2Z)) = 1

for all i, j, k ≥ 0. Next, by [1, Proposition 4.10] and [1, Proposition 4.12],
we have

hi,j(Bαp) =


0 j < i − 1
1 j = i − 1 or i = 0
2 j ≥ i > 0

hk
dR(Bαp) = 1

for all i, j, k ≥ 0. The Künneth formula for de Rham cohomology then gives

hk
dR(B(Gm

η ))) =
(

m + k − 1
k

)
, hk

dR(B(Gm
s )) =

(
2m + k − 1

k

)
from which the first statement of the proposition follows. By the Künneth
formula for Hodge cohomology ([15, Proposition 5.1]), we have

hi,j(B(Gm
η )) =

{(m+j−1
j

)
i = 0

0 i > 0.

On the special fiber, for i = 0 we have

h0,j(B(Gm
s )) =

(
2m + j − 1

j

)
.

For the case of i > 0, we argue as follows. Take m sufficiently large so that
we may choose a fixed partition i = u1 + · · · + u2m where the ui are all
equal to 0 or 1. The Künneth formula and the fact that hi,j(Bαp) ≥ 1 for
i ∈ {0, 1} then yield

hi,j(B(Gm
s )) ≥

∑
v1+···+v2m=j

(∏
t

hut,vt(Bαp)
)

≥
∑

v1+···+v2m=j

1

=
(

2m + j − 1
j

)
,

giving the second statement of the proposition. The nonnegativity state-
ment of the proposition is clear from the above calculations. □
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3. The Construction of Godeaux–Serre Varieties
In this section, we give an expository account of the construction of

Godeaux–Serre varieties over a noetherian local ring, culminating in Corol-
lary 3.7. Godeaux–Serre varieties are smooth projective schemes which arise
as the quotient of a complete intersection by the free action of a finite flat
group scheme, and they have proven useful in the construction of interesting
examples and pathologies in characteristic p and mixed characteristic alge-
braic geometry. One key reason for this utility is the fact that cohomological
invariants of Godeaux–Serre varieties are often amenable to calculation via
group cohomology of the associated group scheme. For example, Serre used
this method to give an example of a smooth projective surface in character-
istic p for which Hodge symmetry fails [12, Proposition 16], and Raynaud
used it to give examples of surfaces over a mixed characteristic DVR with
non-flat torsion component of the Picard scheme [9, Proposition 4.2.4].

3.1. Generalities on Group Actions. Let S be a locally noetherian
scheme, G a finite flat S-group scheme, and X an S-scheme. An action of
G on X is an S-map G ×S X → X inducing a group action on T -valued
points for all S-schemes T .

Definition 3.1. If T is an S-scheme and x ∈ X(T ), the stabilizer of x in
G is the functor which sends a T -scheme U to {g ∈ G(U) : gxU = xU }. The
free locus is the functor sending an S-scheme T to those points in X(T )
with trivial stabilizer.

Lemma 3.2. If X/S is separated, the free locus is represented by an open
subscheme of X, and is compatible with arbitrary base change. In particular,
the free locus is determined by its values on affine S-schemes.

Proof. See [2, Lemma 2.1]. □

If X/S is separated, we will refer to the complement of the free locus
as the fixed locus, which by Lemma 3.2 is closed in X. In this situation,
we say that the action of G on X is free if the free locus is X, i.e. if for
all T and all x ∈ X(T ), we have that the stabilizer of x in G is trivial.
It is straightforward to check from the definitions that this is equivalent
to the usual condition that the graph morphism G ×S X → X ×S X is a
monomorphism of schemes.

The following theorem summarizes the facts we will need concerning
quotient schemes. For a full treatment of quotients of schemes by the actions
of finite flat group schemes, we refer the reader to [4, Exp. V] and also to
the readable treatment in [5, Chapter 4].
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Theorem 3.3 (Existence and Properties of Quotients). Let X be a quasi-
projective S-scheme with an action of a finite flat S-group scheme G. Then

(a) A categorical quotient X/G exists as a quasiprojective S-scheme
and the natural quotient map π : X → X/G is finite and surjective;

(b) If S is quasi-compact and quasi-separated and X is projective over
S, then X/G is projective over S;

(c) If the action of G on X is free and X is smooth over S, then so is
X/G;

Proof. First, the action G ×S X → X yields a groupoid object in schemes,
as in [13, Tag 0234]. For part (a), the representability of the ringed space
quotient X/G is then [4, Exp. V, Théorème 7.1(i)], while the quasiprojec-
tivity of the quotient is proven in [4, Exp. V, Remarque 5.1].

For (b), X/G is proper over S by part (a) and [13, Tag 03GN]. Then
since X/G is quasiprojective and proper over S, it is projective by [13, Tag
0BCL].

Finally we have by [4, Exp. V, Théorème 7.1(iv)] that in the case of a
free action the quotient map π : X → X/G is faithfully flat, so since X → S
is smooth, (c) follows by descent of smoothness along π : X → X/G [13,
Tag 05B5]. □

3.2. Complete Intersections with Free Group Actions. For the pur-
poses of finding projective varieties with free actions, we are interested in
group scheme actions on projective spaces. The following arguments are
classical (see e.g. the proof of [14, Lemma 2.1.1]), but we include them for
completeness.

Throughout this subsection, we let S be a noetherian local scheme with
closed point s and residue field k.

Proposition 3.4. Let G/S be a finite flat group scheme which acts on PN
S ,

let Z be the fixed locus, and suppose that the special fiber Zs is of dimension
N −r. Then for any 1 ≤ r′ ≤ r−1, there is a complete intersection Y ⊂ PN

S
of relative dimension r′ on which G acts freely, such that the quotient Y/G
is a smooth projective scheme over S with geometrically connected fibers.

Proof. Since PN
S is projective, the categorical quotient PN

S /G exists as a
projective variety P by Theorem 3.3(b). Let π : PN

S → P = PN /G and
i : P → PM be the quotient map and a closed immersion, respectively. If
U ⊂ PN

S denotes the free locus, then by Theorem 3.3(c), U/G is smooth
over S.

By applying Gabber’s Bertini theorem [6, Corollary 1.7] in combina-
tion with Theorem 3.3(b) on the special fiber, we find that there exists a
complete intersection L = V (f1, . . . , fN−r′) ⊂ PM

s such that L does not
intersect i(π(Zs)) and L ∩ i(Ps) is smooth projective over k of dimension

https://stacks.math.columbia.edu/tag/0234
https://stacks.math.columbia.edu/tag/03GN
https://stacks.math.columbia.edu/tag/0BCL
https://stacks.math.columbia.edu/tag/0BCL
https://stacks.math.columbia.edu/tag/05B5
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r′. In particular, locally on the special fiber of i(U/G), f1, . . . , fN−r′ form
a regular sequence.

Choose lifts fi of the equations defining L to S, let L ⊂ PM
S be the

corresponding lift of L, and set X := L ∩ i(P ), a projective S-scheme. We
claim that X is smooth over S. Indeed, first note that X doesn’t intersect
i(π(Z)) since there is no intersection on the special fiber and this intersec-
tion is proper; thus X = L ∩ i(U/G). Since the f i form a regular sequence
locally on the special fiber of i(U/G) and i(U/G) is flat over S, it follows
from [13, Tag 0470] that X is flat over S. We conclude that all fibers of
X are smooth of relative dimension r′ as the special fiber is smooth and
the smooth locus is open on S by [7, Theorem 12.2.4(iii)]. By the fiberwise
criterion for smoothness [13, Tag 01V8], X is smooth over S.

Let gi = (iπ)∗(fi) and Y = V (g1, . . . , gN−r′) ⊂ PN
S . Then by construc-

tion, Y is a complete intersection of relative dimension r′ on which G acts
freely with quotient X. Since Y has geometrically connected fibers (being
a complete intersection), so does X, and the proposition is proven. □

In order to apply the proposition to arbitrary cohomological jumps, we
would like to find actions of our group scheme of interest on projective space
such that the codimension of the fixed locus can be made arbitrarily large.
One source of such actions is the regular representation of a group scheme
G = Spec A over S = Spec R on its ring of functions, whose definition we
now recall.

First, to any R-module M , we may associate the functor M on R-algebras
defined by M(R′) = M ⊗R R′. In this case, a representation of G on M is
defined to be a linear action of G on the functor M . Moreover, an action of
G on an affine scheme Spec B induces a representation of G on B via left
translation of regular functions (see [8, Part I.2] for more details).

Taking the action to be left multiplication G × G → G, we obtain the
regular representation of G on its ring of functions A. Note that since G
is a finite flat group scheme and S is local, the functor A is represented
by the scheme Spec(Sym•

R A∨), which is a relative affine space over S. We
denote this affine G-space by XG below.

One of the goals of this section is to give a detailed proof of the following
result of Raynaud, which says that regular representations provide a good
source of group actions whose fixed locus has high codimension.

Proposition 3.5 ([9, Lemme 4.2.2 and preceding paragraph]). Let G/S be
a finite flat group scheme of order d > 1, and let Y ⊂ P(Xr

G) be the fixed
locus for the action of G by left translation. Then for each t ∈ S, Yt has
codimension at least r in its fiber P(Xr

G)t.

The following lemma will allow us to reduce the proof of Proposition 3.5
to the case r = 1.

https://stacks.math.columbia.edu/tag/0470
https://stacks.math.columbia.edu/tag/01V8
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Lemma 3.6. Let k be an algebraically closed field. Let G/k be a finite
group scheme which acts linearly on an affine space V over k such that the
induced action of G on P(V ) is nontrivial. Then for any r ≥ 1, the fixed
locus for the induced action of G on P(V r) has codimension at least r.

Proof. We argue inductively on r, where the case of r = 1 is automatic as
the action of G on P(V ) is nontrivial. Let ZV ⊂ P(V ) be the fixed locus
for the action of G, a proper closed subset by assumption. For 1 ≤ i ≤ r,
let Wi ⊂ V r be the kernel of the projection V r → V onto the i-th factor,
and set

Y =
r⋃

i=1
P(Wi) ⊂ P(V r).

Then Y is stable under the action of G. We have a projection morphism

π : P(V r) \ Y −→ P(V )r,

with fibers of dimension r − 1. The fixed locus for the action of G on
P(V r) \ Y is contained in π−1(Zr

V ), a space of dimension r dim(ZV ) + r − 1.
Since dim(ZV ) < dim(P(V )), the codimension of this space in P(V r) is at
least r. The locus Y is the union of r G-stable spaces isomorphic (as G-
spaces) to P(V r−1), and by induction the fixed locus for the action of G on
P(V r−1) has codimension at least r − 1, so the result follows. □

Proof of Proposition 3.5. First, by the compatibility of the free locus with
arbitrary base change (Lemma 3.2), Yt is the fixed locus for the action of
Gt on P(Xr

Gt
) under the natural identification P(Xr

G)t
∼= P(Xr

Gt
). Thus we

may pass to geometric fibers and assume that our base is the spectrum of
an algebraically closed field k, which we take to be of characteristic p > 0.2
Then by Lemma 3.6, it suffices to treat the case r = 1.

So let G/k be a nontrivial finite flat group scheme of order d. For the
regular representation X := XG of G, we consider the subset of lines with
nontrivial stabilizer

F := {[L] ∈ P(X) : stabG(L) ̸= 0} ⊂ P(X).

Our goal is to show that F is a proper subset of P(X). To do this, we will
show that dim(F ) < d − 1.

As a first step, we consider a fixed simple subgroup H ⊂ G, so that by
the classification of height 1 group schemes via restricted Lie algebras [4,
Exp. VIIA, Remarque 7.5] H is isomorphic to Z/p, αp, or µℓ for ℓ a prime
number. Consider the set

FH := {[L] ∈ P(X) : H ⊂ stabG(L)}

2If the characteristic of k is zero, then the proof is identical except we don’t need to consider
the non-reduced group schemes αp and µp.
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of lines whose stabilizer contains H. Clearly F is the union of FH over all
simple subgroups H ⊂ G. Depending on H, we obtain a bound for dim(FH)
as follows:

Case 1: H ∼= Z/p. An action of Z/p on a line L is given by a homomorphism
Z/p → Gm. Since the only such homomorphism is the trivial one, L ∈ FH is
fixed pointwise. Thus L ⊂ AH ⊂ X. But AH is the coordinate ring of G/H,
a group scheme of order d/p, and consequently AH ⊂ X is represented by an
affine linear subspace of dimension d/p. It follows that dim(FH) ≤ d/p − 1.

Case 2: H ∼= αp. As above, αp fixes L pointwise. By the same argument as
in Case 1, dim(FH) ≤ d/p − 1.

Case 3: H ∼= µℓ for ℓ any prime. Then H acts on L through the i-th power
character χi : H → Gm for some i ∈ Z/ℓZ. Since µℓ is diagonalizable, the
action of H on X induces a Z/ℓZ-grading A ∼= ⊕i∈Z/ℓZAi, such that H acts
on Ai via χi. But by the construction of the regular representation, the
action H × X → X is free, so that A0 ∼= AH and each Ai is an invertible
A0-module ([4, Exp. VIII, Proposition 4.1, Théorème 5.1]). We conclude
that

L ⊂
⊔

i∈Z/ℓZ
Ai,

and thus dim(FH) ≤ dim(P(A0)) = d/ℓ − 1.

Next, to handle the union over all simple subgroups H, we consider the
cases of étale and connected H separately.

First note that G has only finitely many étale subgroup schemes and
therefore the locus Fét ⊂ F of lines whose stabilizer contains a nontrivial
étale subgroup is a union of FH for finitely many simple H ⊂ G. By the
above calculations for H = Z/p and µℓ for ℓ ̸= p, we find dim(FH) ≤ d/2−1
for any H and thus dim(Fét) ≤ d/2 − 1.

By the classification of height 1 group schemes via restricted Lie alge-
bras, subgroups H ⊂ G isomorphic to αp (resp. µp) correspond to one-
dimensional subspaces of Lie(G) for which F = 0 (resp. F (x) = xp). We
then consider the incidence correspondence

Y = {(H, L) : H ⊂ G, H ∼= αp or µp, L ∈ FH} ⊂ P(Lie(G)) × P(X).

By Cases 2 and 3 above, any fiber of the projection Y → P(Lie(G)) has
dimension at most d/p − 1, and therefore dim(Y ) ≤ d/p − 1 + m − 1, where
m = dim(Lie(G)). Since the image of Y in P(X) is the locus Fc ⊂ F of lines
whose stabilizer contains a nontrivial connected subgroup, we conclude that
dim(Fc) ≤ d/p − 1 + m − 1.
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Combining the above, we find
dim(F ) = dim(Fét ∪ Fc) ≤ max(d/2 − 1, d/p − 1 + m − 1).

Clearly d/2 − 1 < d − 1. Moreover, since pm divides d, we have d/p − 1 +
m − 1 < d − 1 as well, so that dim(F ) < d − 1 as desired. □

Corollary 3.7 (Existence of Godeaux–Serre varieties). Let S be the spec-
trum of a noetherian local ring and G a nontrivial finite flat S-group
scheme. Then for any n > 0, there is an integer N > 0 and a complete
intersection Y ⊂ PN

S of relative dimension n on which G acts freely, such
that the quotient Y/G is a smooth projective scheme over S with geometri-
cally connected fibers.

Proof. This is a direct consequence of Propositions 3.4 and 3.5. □

4. Proof of Theorem 1.1
Let e, n ≥ 1 be positive integers, and let G/S be the group scheme

constructed in Lemma 2.1, so that Gs
∼= αp ⊕ αp and Gη

∼= Z/p2Z. By
Proposition 2.3, we may choose an m > 0 such that for all 1 ≤ k ≤ n and
nonnegative i, j with 1 ≤ i + j ≤ n, each of the finitely many inequalities

hk
dR(B(Gm

s )) ≥ hk
dR(B(Gm

η )) + e(4.1)
hi,j(B(Gm

s )) ≥ hi,j(B(Gm
η )) + e(4.2)

holds. By Corollary 3.7, there is a projective space PN
S with an action of Gm

and a complete intersection Y ⊂ PN
S of relative dimension n + 1 on which

the action is free, such that X := Y/Gm is a smooth projective scheme over
S with geometrically connected fibers. By the equivariant Lefschetz hyper-
plane theorem for de Rham and Hodge cohomology [1, Proposition 5.10(2)],
we have for each t ∈ S and all 0 ≤ k ≤ n and 0 ≤ i + j ≤ n that

Hk
dR(Xt/k(t)) ∼= Hk

dR([PN
k(t)/Gm

t ])(4.3)

Hj(Xt, Ωi) ∼= Hj([PN
k(t)/Gm

t ], Ωi)(4.4)

where [PN
k(t)/Gm

t ] denotes the quotient stack. But by the construction of
Proposition 3.5, [PN

k(t)/Gm
t ] is the projectivization of a vector bundle over

BGm
t , and therefore by the projective bundle formulae3 we can compute

Hk
dR([PN

k(t)/Gm
t ]) ∼= Hk

dR(PN
k(t) × BGm

t ) ∼=
⊕
r≥0

Hk−2r
dR (BGm

t )

Hj([PN
k(t)/Gm

t ], Ωi) ∼= Hj(PN
k(t) × BGm

t , Ωi) ∼=
⊕
r≥0

Hj−r(BGm
t , Ωi−r)

3The projective bundle formula for Hodge cohomology of syntomic stacks is [1, Proposi-
tion 5.11]. The projective bundle formula for the de Rham cohomology of smooth stacks follows
from the classical version for schemes [13, Tag 0FMS] as in [1, Proposition 5.11].

https://stacks.math.columbia.edu/tag/0FMS
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Combining these with (4.1), (4.3), (4.2), (4.4), and the nonnegativity state-
ment of Proposition 2.3 we find

hk
dR(Xs) ≥ hk

dR(Xη) + e

for all 1 ≤ k ≤ n and
hi,j(Xs) ≥ hi,j(Xη) + e

for all i, j with 1 ≤ i + j ≤ n, as desired.

Remark 4.1. As pointed out to the author by Sean Cotner, one can also
obtain arbitrarily large jumps in de Rham cohomology by taking self prod-
ucts of the surface constructed in [3] and slicing the result by hyperplanes.
Our approach was motivated by the search for families of group schemes
in equal characteristic p that have visibly different cohomological behavior
in all degrees on the generic and special fibers (e.g. a non-split extension
generically and a split extension on the special fiber).
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