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On Grothendieck’s section conjecture for curves
of index 1

par Giulio BRESCIANI

Résumé. Dans tous les cas où la conjecture de la section de Grothendieck a
été démontrée, la courbe ne possède aucun point rationnel et, de plus, son
indice est différent de 1. Nous fournissons de nombreux nouveaux exemples
de courbes satisfaisant la conjecture ; en particulier, nous démontrons que les
exemples d’indice 1 sont très fréquents.

Étant donné un nombre premier impair p, nous démontrons que toute
courbe hyperbolique munie d’une action fidèle d’un p-groupe non cyclique
admet une forme tordue d’indice 1 qui satisfait la conjecture de la section de
Grothendieck. De plus, nous montrons que, pour toute courbe hyperbolique
S définie sur un corps k de type fini sur Q, il existe une extension finie K/k
et un revêtement étale fini C → SK tels que C vérifie la conjecture.

Abstract. Each curve for which Grothendieck’s section conjecture has been
proved has no rational points, and additionally it has index different from
1. We provide many new examples of curves satisfying the conjecture; in
particular, we prove that examples of index 1 are very common.

Given an odd prime p, we prove that every hyperbolic curve with a faithful
action of a non-cyclic p-group has a twisted form of index 1 which satisfies
Grothendieck’s section conjecture. Furthermore, we prove that for every hy-
perbolic curve S over a field k finitely generated over Q there exists a finite
extension K/k and a finite étale cover C → SK such that C satisfies the
conjecture.

1. Introduction
Curves are always smooth, projective and geometrically connected over

a base field k.
Given a hyperbolic curve C over a field k finitely generated over Q, there

is a short exact sequence of étale fundamental groups

1 −→ π1(Ck) −→ π1(C) −→ Gal(k/k) −→ 1.
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Denote by ΠC/k(k) the set of sections of this short exact sequence modulo
the action by conjugation of π1(Ck). There is a natural map

C(k) −→ ΠC/k(k).

In 1983, in a famous letter to Faltings [12], Grothendieck conjectured
that this map is bijective; this statement is known as the section conjec-
ture. Injectivity was already known to Grothendieck and follows from the
Mordell–Weil theorem; the hard part is surjectivity. Some cases of the con-
jecture are known; these are all curves without rational points. Let us briefly
recall them.

• The conjecture holds if k has an embedding k ⊂ R such that
C(R) = ∅. The literature contains several proofs starting with Huis-
man in 2001 [16, Proposition 4.2(7.)], [19, Corollary 3.13], [24, Ap-
pendix A], [20], [28]. The result was probably known even before
Huisman, though; exact attribution is unclear.

• In 2008, J. Stix proved it in the case in which k = Q and C maps to
a non-trivial Brauer–Severi variety [24] (see [5] for a generalization).
More generally, Stix proved the conjecture if k is a number field and
C maps to a Brauer–Severi variety P such that, for some place p of
characteristic p, the order of [Pkp ] ∈ Br(kp) is not a power of p [24,
Section 7.4].

• Later in 2008, D. Harari and T. Szamuely proved it in the case in
which the cohomology class of Pic1

C in H1(k, Pic0
C) is not in the

maximal divisible subgroup [14].
• In 2010, R. Hain proved it for the generic fiber of the universal curve

over Mg, g ≥ 5, over a field finitely generated over Q [13].
Recall that the index of a curve C is the greatest common divisor of the

degrees of the residue fields of the closed points of C. All the results above
share a common feature: they are all about curves of index larger than 1.
This is obvious for curves without real points and for the results of Stix and
Harari-Szamuely. For Hain’s result, it follows from the Franchetta conjec-
ture — proved by Beauville (unpublished) and Arbarello–Cornalba [1] —
which states that the index of the generic curve is 2g − 2 = deg ω for g ≥ 3.

This is not by chance: at least in the first three cases listed above, it can
be checked that the authors prove that the abelianized fundamental group
(that is, the étale fundamental group of Pic1

C) has no Galois sections [25,
Chapter 3], even if they do not state it explicitly. If a curve has index 1,
then Pic1

C(k) ̸= ∅ and hence the abelianized fundamental group has a Galois
section.

While A. Tamagawa showed that it is sufficient to prove the conjecture
for curves without rational points [25, Corollary 101], curves of index larger
than 1 are not sufficient. In order to make progress, we need to deal with
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curves of index 1 and hence to rely more on the anabelian nature of the
fundamental group.

We use a non-abelian method to prove two results. The first is the ex-
istence and abundance of curves of index 1 satisfying the conjecture. The
second is that, up to a finite extension of the base field, every hyperbolic
curve has a finite étale cover which satisfies the conjecture.

Curves of index 1. We prove that every hyperbolic curve with a faithful
action of a non-cyclic p-group for p an odd prime has a twisted form of
index 1 which satisfies the conjecture.
Theorem 1. Let C be a smooth, projective, geometrically connected hyper-
bolic curve over a field k finitely generated over Q with a faithful action of
a finite, non-cyclic p-group G for some odd prime p.

There exists a finitely generated extension K/k and a twisted form C of
CK such that C has index 1 and ΠC/K(K) = ∅. In particular, Grothendieck’s
section conjecture holds for C.

The theorem essentially holds for p = 2, too, but in this case there are a
few exceptions that we have to rule out, see Theorem 18.

There is a birational version of the section conjecture which is arguably
more approachable, and more is known about it [9, 11, 15, 17, 21, 26]. In
particular, H. Esnault and O. Wittenberg have proved a result about curves
of index 1, let us describe it.

Let C be a curve over a number field k. Denote by G
[ab]
k(C) the Galois

group of k(C)ab/k(C), where k(C)ab is the maximal abelian subextension
of k(C)/k(C). There is a natural projection G

[ab]
k(C) → Gal(k/k); we might

think of it as a birational, abelianized version of π1(C) → Gal(k/k). As-
suming that the Tate-Shafarevich group of the Jacobian of C is finite, H.
Esnault and O. Wittenberg have proved that C has index 1 if and only if
G

[ab]
k(C) → Gal(k/k) is split.
While at first glance Theorem 1 might seem in conflict with this

result, they are actually perfectly compatible. In fact, if we believe in
Grothendieck’s anabelian philosophy and C is a hyperbolic curve of index
1 with C(k) = ∅, then we should expect π1(C) → Gal(k/k) to be non-split
even though the abelianized fundamental group has a splitting induced by
some point of Pic1

C(k) ̸= ∅ (ignoring the “birational” side of the story for
clarity’s sake).

Étale covers. Recall that, if C → S is a finite étale cover and the section
conjecture holds for CK for all finite extensions K/k, then the section
conjecture holds for S [25, Proposition 111]. Using the same methods as in
Theorem 1, we prove that every hyperbolic curve, after a finite extension
of the base field, has a finite étale cover which satisfies the conjecture.
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Theorem 2. Let S be a hyperbolic curve over a field k and ℓ a prime.
Assume either that k is finitely generated over Q, or that it is a finite
extension of Qp with p ̸= ℓ. There exists a finite extension K/k and a
finite étale (Z/ℓ)2-cover C → SK such that ΠC/K(K) = ∅. In particular,
Grothendieck’s section conjecture holds for C.

Notice that in the statement of Theorem 2 K/k is a finite extension,
while in Theorem 1 K/k is finitely generated: we obtain a better control
over K/k in exchange for losing control over the index of C.

Étale fundamental gerbes. We use the formalism of étale fundamental
gerbes introduced by N. Borne and A. Vistoli [2, Section 8], [4, Appendix A]:
it is an alternative point of view on the theory of étale fundamental groups
which is particularly well-suited for studying the section conjecture. From
this point of view, the main object is not the fundamental group, but the
space of Galois sections itself, constructed directly without passing through
fundamental groups.

If S is a geometrically connected scheme (or algebraic stack) over a field
k, the étale fundamental gerbe of S is a pro-finite étale gerbe ΠS/k over k
with a structural morphism S → ΠS/k which is universal for this property:
for every morphism S → Φ where Φ is a pro-finite étale gerbe, there exists
a factorization S → ΠS/k → Φ unique up to a unique isomorphism.

The space of Galois sections of S is in natural bijection with the set of
isomorphism classes of the groupoid ΠS/k(k). If S is a hyperbolic curve over
a field finitely generated over Q, then it is known that ΠS/k(k) is already
a set (as opposed to a groupoid), namely its elements have no non-trivial
automorphisms [25, Proposition 104], [4, Lemma 2.6].

2. An obstruction for Galois sections of twisted forms
We give an obstruction for the existence of Galois sections of twisted

forms. We developed the obstruction for completely different purposes,
namely proving the existence of certain cycles on P2 not defined over their
field of moduli [8, Theorem 4], [6], [7], but the technique is completely gen-
eral and, as A. Vistoli pointed out to us, can be applied to the study of the
section conjecture.

As J. Stix pointed out to us, an obstruction involving twisted forms has
already been used by M. Stoll [27, Lemma 5.5] (see also [25, Theorem 142]).
It is not clear to us whether the two obstructions are directly linked, though.
One thing is sure: Stoll’s obstruction relies crucially on twisted forms which
are geometrically disconnected, while all of our twisted forms are geomet-
rically connected. If a link exists, it is not an obvious one.

Let S be a geometrically connected algebraic stack of finite type over
a field k. Our main example is the case in which k is finitely generated
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over Q and S is a smooth, projective, hyperbolic orbifold curve, but the
obstruction is completely general.

We stress the fact that allowing S to be an algebraic stack, rather than a
scheme, is an important assumption. While we could work with schemes, we
would obtain significantly weaker results. For instance, restricting ourselves
to schemes would force us to assume that the action is free in Theorem 1.

Consider a short exact sequence of group schemes
1 −→ N −→ E −→ G −→ 1

pro-finite étale over k. Suppose that we have a geometrically connected E-
torsor U → S, i.e. an E-covering; denote by C the quotient stack [U/N ], it
is a G-covering.

U

C

S

N

E

G

Example 3. If E is a constant finite group scheme, i.e. just a finite group,
then U is simply a Galois E-covering, while C = [U/N ] is a Galois G-
covering.
Example 4. Consider s : Spec k → ΠS/k a Galois section and define U as
the fibre product

U
def= Spec k ×ΠS/k

S.

The morphism U → S is the projective limit of all the étale neighbourhoods
of s: it is a k-form of the universal covering of S, namely Uks → S is the
universal covering, where ks/k is a separable closure. We have that U is
an E = AutΠS/k

(s)-torsor where E is the group scheme of automorphisms
of s ∈ ΠS/k(k) and C = [U/N ] is some étale neighbourhood of s. If s is
associated with a rational point p ∈ S(k), then E = π1(S, p) is the étale
fundamental group scheme of (S, p).

The E-torsor U → S induces morphisms
S −→ BE −→ BG,

where BE and BG are the classifying stacks of E and G respectively. Recall
that the set of rational points modulo isomorphism BG(k)/ ∼ of BG is
the set of G-torsors over Spec k modulo isomorphism, which coincides with
the non-abelian cohomology set H1(k, G), and similarly for E.

Choose T → Spec k a G-torsor. We may use T to define a twisted form
C of C, namely

C
def= C ×G T = (C × T )/G
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where G acts on both sides of C × T simultaneously. Equivalently, we may
define C as the fibre product

C Spec k

S BG,

where the map Spec k → BG is the one given by T .

Proposition 5. If T does not lift to E, i.e. its class is not in the image of
H1(k, E) → H1(k, G), then ΠC/k(k) = ∅.

Proof. Consider the fibre product

ΦT Spec k

BE BG

T

where ΦT is by definition the gerbe of liftings of T to E. Since the two
compositions C → Spec k → BG and C → S → BE → BG are equivalent
by construction, we get an induced map C → ΦT = Spec k ×BG BE.

Since BE, BG are pro-finite étale gerbes and E → G is surjective, then
ΦT is a pro-finite étale gerbe over Spec k as well, and hence we have an
induced map ΠC/k → ΦT by the universal property of the étale fundamental
gerbe. By construction, ΦT (k)/ ∼ is the set of E-torsors over k which lift
T , by hypothesis it is empty. It follows that ΠC/k(k) is empty as well. □

Remark 6. Let us sketch an alternative proof of Proposition 5 in terms of
étale fundamental groups, for which I thank J. Stix. Let ks be a separable
closure of k and Γ = Gal(ks/k). The torsors U → C → S and T → Spec k
correspond to homomorphisms

π1(S) −→ E(ks) ⋊ Γ −→ G(ks) ⋊ Γ,

Γ −→ G(ks) ⋊ Γ
over Γ, and π1(C) identifies with the fibre product of π1(S) and Γ over
G(ks) ⋊ Γ. A Galois section Γ → π1(C) induces by composition a homo-
morphism Γ → π1(C) → π1(S) → E(ks)⋊Γ. Since π1(C) is a fibre product
over G(ks) ⋊ Γ, this gives a lifting Γ → E(ks) ⋊ Γ of the homomorphism
Γ → G(ks) ⋊ Γ corresponding to T , which is absurd.

Remark 7. In the particular case in which U is the pro-finite limit of étale
neighbourhoods of a Galois section of S, and hence ΠC/k = BN , it is not
difficult to see that the gerbe of liftings ΦT ≃ BN ×G T = ΠC/k ×G T
coincides with the étale fundamental gerbe of the twist C.
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3. About the étale fundamental group of orbifold surfaces
Let S be an orientable, complete orbifold surface, that is a connected,

complete orbifold whose charts are analytic open subsets of the orbifolds
[C/µγ ] for varying γ, with γ = 1 for all but finitely many charts. Equiv-
alently, we may consider S as a 1-dimensional smooth, connected, proper
Deligne–Mumford stack over C with non-empty schematic locus.

Let π be the orbifold fundamental group from topology of S; so π is
a classical group, not a profinite one. Let π̂ be the profinite completion.
As we will see, the notion of hyperbolic surface generalizes naturally to
hyperbolic orbifold surface. The aim of this section is to prove that, if S is
hyperbolic, a pro-p group of finite derived length with a closed embedding
in π̂ is pro-cyclic (with one exception if p = 2), see Proposition 9.

While this is an essential tool for us, it is only used at the very last step
of the proof of Theorems 1 and 18, and its purpose might not seem clear
before reaching that point. Furthermore, the proof of Proposition 9 is quite
long. Because of this, depending on taste the reader might want to read
the proof of Theorems 1 and 18 in Section 4 first.

We work over C for simplicity. Since the étale fundamental group is
invariant under base change of algebraically closed fields, the results hold for
smooth, proper Deligne–Mumford stacks with non-empty schematic locus
over any algebraically closed field of characteristic 0.

Recall that the rational Euler characteristic of S is defined as

χ(S) = 2 − 2g −
∑

s

γs − 1
γs

,

where the sum runs over non-trivial orbifold points s of degree γs, namely
S is étale locally isomorphic to [C/µγs ] around s. The orbifold surface S
is hyperbolic if χ(S) < 0. The following is well known to experts, but we
couldn’t find a reference.

Lemma 8. If f : S′ → S is a finite étale cover of degree d of complete
orbifold surfaces, then χ(S′) = dχ(S).

Proof. Denote by g, g′ the genus of S, S′ respectively. If s′ ∈ S′, denote by
es′ the ramification index at s′ of the underlying morphism of coarse moduli
spaces. By Riemann–Hurwitz, we get

2g′ − 2 = d(2g − 2) +
∑

s′∈S′

(es′ − 1),

where the sum is finite since es′ = 1 if s′ is not a ramification point. Hence,

χ(S′) = d(2 − 2g) −
∑

s′∈S′

es′ − 1 + γs′ − 1
γs′

.
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Again, the sum is finite since γs′ = 1 if s′ is not an orbifold point. Since
S′ → S is étale, then γf(s′) = es′γs′ . We thus get

χ(S′) = d(2g − 2) +
∑

s′∈S′

γf(s′) − γs′ + γs′ − 1
γs′

= d(2g − 2) +
∑

s′∈S′

es′
γf(s′) − 1

γf(s′)
= d(2g − 2) + d

∑
s∈S

γs − 1
γs

where the last passage follows from the equality
∑

f(s′)=s es′ = d. □

Consider the action by −1 of Z/2 on Z2, and write D2∞ = Z2 ⋊Z/2 for
the infinite, 2-adic dihedral group. Here is the main result of this section.

Proposition 9. Assume that S is hyperbolic, and let G ⊂ π̂ be a closed
subgroup which is a p-group for some prime p.

If G has finite derived length, it is either pro-cyclic or isomorphic to
D2∞. Furthermore, if G ≃ D2∞, then S has at least one orbifold point of
even degree.

While the statement of Proposition 9 is rather intuitive, the only proof
we have found is rather complicated. The starting point is the following
well-known result.

Lemma 10. A homomorphism G → H of pro-p-groups is surjective if and
only if G → Hab/p is surjective, where Hab is the abelianization.

Proof. This is a direct consequence of Burnside’s basis theorem. See also [23,
Section 4.2]. □

Before entering into details, let us sketch the idea of the proof of Propo-
sition 9. If Gab is pro-cyclic, then G is pro-cyclic by Lemma 10. Hence, we
may assume that Gab is not pro-cyclic.

We want to find a homomorphism π → π′, where π′ is the fundamental
group of a genus 0 orbifold surface S′ with χ(S′) ≤ 0, such that the com-
position Gab/p → πab/p → π′ab/p is surjective. Up to passing to a finite
index subgroup of π containing G, this can be done in most cases with Gab

not pro-cyclic.
Assume that we can find such a homomorphism, and let π′′ be the fun-

damental group of the maximal abelian cover S′′ → S′. It’s not difficult to
impose that S′′ is a surface and that the degree of S′′ → S′ is a power of
p, so let us make this assumption. Since χ(S′) ≤ 0, we get that χ(S′′) ≤ 0
as well, and hence S′′ has genus g ≥ 1.

Since Gab/p → π′ab/p is surjective, G maps surjectively on the p-adic
completion of π′ by Lemma 10. This implies that we get a surjective ho-
momorphism

[G, G] −→ Z2g
p ,
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where Z2g
p is the p-adic completion of π′′ab. As a consequence, [G, G] is

neither pro-cyclic nor isomorphic to D2∞ . Now it’s easy to conclude by
induction on the derived length, because some element in the derived series
of G must be trivial.

The only case in which the plan above does not work is if Gab = Z/2 ×
Z/2, because this forces χ(S′) > 0. A similar argument can then be imple-
mented to show that G ≃ D2∞ in this case.

Turning this plan into an actual proof requires a certain amount of work.
We break it into several steps.

3.1. On the 2-adic dihedral group. First, let us study D2∞ . Clearly,
D2∞ is the 2-adic completion of the infinite dihedral group D∞ = Z⋊Z/2,
and there is a section D2∞ ⊂ D̂∞ = Ẑ ⋊ Z/2 of D̂∞ → D2∞ . Moreover,
Dab

2∞ ≃ (Z/2)2 and [D2∞ , D2∞ ] ≃ Z2.
The following fact, along with its proof, was kindly told to us by J. Stix.

Lemma 11. The free product Z/2∗Z/2 is isomorphic to the infinite dihedral
group D∞.

Proof. Write D∞ =
〈
r, s

∣∣ s2 = (rs)2 = 1
〉
. Consider the action of D∞ on

R where r acts as x 7→ x + 2 and s acts as x 7→ −x, the statement then
follows from [22, Section I.4, Theorem 6]. Alternatively, if Z/2 ∗ Z/2 =〈
a, b

∣∣ a2 = b2 = 1
〉
, the homomorphisms a 7→ s, b 7→ rs and r 7→ ba, s 7→ a

are inverses. □

It follows that D2∞ is the 2-adic completion of the fundamental group
Z/2 ∗Z/2 of the disk with two orbifold points of order 2. We can now show
that D2∞ can actually appear as a subgroup of the profinite completion of
the fundamental group of an hyperbolic orbifold surface.

Example 12. Let M be the unit disk, and consider a complete surface S
of arbitrary genus with a continuous (not holomorphic) map to the disk
S → M such that for some open subdisk U ⊂ M the restriction SU → U
is a disjoint union of copies of U . Define M2,2 → M as an orbifold whose
coarse moduli space is the disk M and which has two orbifold points of
order 2 over points of U ⊂ M , and let U2,2 ⊂ M2,2 be the inverse image
of U .

Define S′ as the fibre product S ×M M2,2, then S′ is an orbifold surface
whose coarse moduli space is S with maps S′ → M2,2, U2,2 → S′ such that
the composition U2,2 → M2,2 is the given embedding U2,2 ⊂ M2,2 and thus
defines an isomorphism π1(U2,2) ≃ π1(M2,2). Since D2∞ ⊂ D̂∞ = ̂π1(M2,2),
then π̂1(S′) has a closed subgroup isomorphic to D2∞ .

3.2. Reduction to genus ≥ 2. Next, we show that we can focus on the
case of orbifold surfaces of genus ≥ 2.
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In a previous version of this article, the following Lemma 14 required
d ≥ n(n + 1)/2 + r + 1. I thank an anonymous referee for the improved
estimate.

Lemma 13. Let r, n, d be positive integers with d ≥ n + r + 1, and k a
field. Consider the standard scalar product on kd.

For every vector subspace V ⊂ kd of rank ≤ r, there exists a vector
orthogonal to V and with at least n + 1 non-zero coordinates.

Proof. Write δ ≥ d−r ≥ n+1 for the dimension of the orthogonal V ⊥, and
let e1, . . . , ed be the standard basis of kd, and choose any basis f1, . . . , fδ

of V ⊥. We can choose d − δ elements of {e1, . . . , ed} which, together with
f1, . . . , fδ, form a basis of kd. Up to reordering, we may then assume that
f1, . . . , fδ, eδ+1, . . . , ed is a basis. It follows that the projection V ⊥ → kδ

on the first δ coordinates is an isomorphism, hence V ⊥ contains a vector
whose first δ ≥ n + 1 coordinates are not 0. □

Lemma 14. Let S be a complete hyperbolic orbifold surface with funda-
mental group π and G ⊂ π̂ an infinite index closed subgroup such that Gab

has finite topological rank. For every N , there exists a finite index subgroup
π′ ⊂ π such that π̂′ ⊂ π̂ contains G and such that the associated covering
S′ → S has genus at least N .

Proof. Assume by contradiction that the genus of every covering whose
fundamental group contains G is strictly smaller than N .

Notice that, if S′ → S is unramified, the degrees of the orbifold points of
S′ divide the degrees of the orbifold points of S. Because of this, as long as
every cover is unramified, only a fixed finite number of primes can divide
the degrees of orbifold points.

Since G has infinite index and χ(S) < 0, up to passing to a finite index
subgroup of π we might assume that −χ(S) is arbitrarily large thanks to
Lemma 8. Thanks to the observation above about primes, and since the
coverings have bounded genus, we might then assume that there exists a
single prime p with M ≥ 2N + r + 3 orbifold points of degree divisible by
p, where r is the rank of Gab.

Now that we have a large number of orbifold points of degree divisible
by p, the idea is to find a single Z/p covering satisfying the condition on
G and which ramifies over many of these points, thus making the genus
explode.

Let γ1, . . . , γM be small closed loops around the orbifold points of degree
divisible by p. Consider the standard presentation

π =
〈

a1, b1, . . . , ag, bg,

γ1, . . . , γM , η1, . . . , ηc

∣∣∣∣∣ [a1, b1] · · · [ag, bg] · γ1 · · · γM · η1 · · · ηc

= γci
i = η

dj

j = 1

〉
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where the ηi are closed loops around the other orbifold points. We can
construct a homomorphism

f : π −→ H =
(
FM

p = ⟨e1, . . . , eM ⟩
)
/(e1 + · · · + eM )

mapping γi to the vector ei for i = 1, . . . , M and all the other standard
generators to 0. The relation η

dj

j clearly maps to 0, γci
i maps to ciei = 0

because p | ci, and the other relation maps to e1 + · · ·+eM which is 0 in H.
Let V ⊂ FM

p be the inverse image of f(G), it is a vector space of dimen-
sion at most r + 1. Since M ≥ 2N + r + 3, by Lemma 13 with n = 2N + 1
and k = Fp we get a vector w ∈ FM

p which is orthogonal to V , and which
has at least 2N + 2 non-zero coordinates.

Since e1 + · · ·+eM ∈ V , then w · (e1 + . . . eM ) = 0. Hence, scalar product
with w defines a homomorphism

H −→ Fp,

and by composition a homomorphism π → Fp. Notice that G maps to
0 ∈ Fp, because w is orthogonal to V which is the inverse image of f(G).

Furthermore, γi maps to wi ∈ Fp, where w =
∑

i wiei. In particular, at
least 2N + 2 loops γi do not map to 0 in Fp, and hence the corresponding
degree p covering S′ → S has at least 2N +2 points with ramification index
p when we pass to coarse moduli spaces.

If g is the genus of S′, by Riemann–Hurwitz we get

2g − 2 ≥ −2p + (2N + 2)(p − 1),
g ≥ N(p − 1) ≥ N,

which gives a contradiction because G ⊂ π̂′ ⊂ π̂, where π′ is the fundamen-
tal group of S′. □

3.3. Constructing some homomorphisms from π. In order to prove
Proposition 9, we need to construct several homomorphisms from π to
various other groups. Here we detail how to do it.

Lemma 15. Let p be a prime number and

π =
〈
a1, b1, . . . , ag, bg

∣∣∣ ∏
[ai, bi] = 1

〉
the fundamental group of a complete, orientable topological surface of genus
g ≥ 2. Let r be either 1 or 2, and H ⊂ πab/p a subgroup of rank ≥ r.

Let Q be a free group of rank r, and Q → Qab ≃ Zr the abelianization.
There exists a surjective homomorphism

q : π −→ Q

such that the composition H ⊂ πab/p → Qab/p ≃ (Z/p)r is surjective.
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Proof. For ease of notation, rename the generators a1, b1, . . . , ag, bg as
x1, . . . , x2g respectively.

If r = 1 it is enough to define π → Q = Z by mapping one suitably
chosen generator xi to 1 ∈ Z and all the others to 0.

Assume r = 2, write Q = Z ∗ Z = ⟨α, β⟩. Since H ⊂ πab/p = Fpx1 ⊕
· · · ⊕ Fpx2g has rank ≥ 2, we may choose two linearly independent vectors
(ui)i, (vi)i ∈ H.

Assume first that there are two indexes 1 ≤ j < j′ ≤ 2g which are not
of the form j = 2m − 1, j′ = 2m and such that the 2 × 2 matrix

(
uj vj
uj′ vj′

)
has rank 2. We may then define π → Q = ⟨α, β⟩ by

xi 7−→ 1 if i ̸= j, j′,

xj 7−→ α, xj′ 7−→ β.

It is clear that the relation [x1, x2] · · · [x2g−1, x2g] maps to 1 ∈ ⟨α, β⟩, so the
homomorphism is well defined.

If such indexes do not exist, then there exists 1 ≤ m ≤ g such that
( u2m−1 v2m−1

u2m v2m
) has rank 2 and for every i ̸= 2m−1, 2m we have ui = vi = 0,

since (ui, vi) must be a multiple of both (u2m−1, v2m−1) and (u2m, v2m). If
m ≤ g − 1, define π → Q = ⟨α, β⟩ by

x2m, x2m+1 7−→ α, x2m+2, x2m−1 7−→ β, xi 7−→ 1 otherwise .

The relation [x1, x2] · · · [x2g−1, x2g] maps to
[β, α] · [α, β] = 1,

hence the homomorphism is well defined. The case m = g is analogous. □

Lemma 16. Let p be a prime, and

π =
〈

γ0, . . . , γn

∣∣∣∣∣ γci
i = 1,

∏
i

γi = 1
〉

,

π′ =
〈

x0, . . . , xm

∣∣∣∣∣ xp
i = 1,

∏
i

xi = 1
〉

.

Assume there is a subgroup H ⊂ πab/p of rank ≥ m. Then there exists
a homomorphism π → π′ such that the composition H → πab/p → π′ab is
surjective.

Proof. If η is the quotient of π where we add the relations γp
i = 1 for every

i, then ηab/p = πab/p. Hence, up to replacing π with η, we may assume
that ci = p for every i.

For i = 0, . . . , n, write ηi for the quotient of π where we add the relation
γi = 1, and Hi for the image of H in ηab

i /p. If rank Hi ≥ m, we replace
π with ηi. By recursion, we can repeat the process untill rank Hi < m for
every i, and rank H = m.
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Let ei be the image of γi in πab/p, we have πab/p = ⟨e0, . . . , en⟩/(1, . . . , 1).
Since rank Hi < m for every i, we get that ei ∈ H for every i, and hence
n = rank πab/p = rank H = m. We may then identify π = π′, and conclude
the proof. □

Lemma 17. Let

π =
〈

γ0, . . . , γn

∣∣∣∣∣ γci
i = 1,

∏
i

γi = 1
〉

,

π′ =
〈
x0, x1, x2

∣∣∣ x4
0 = x4

1 = x2
2 = x0x1x2 = 1

〉
.

Assume there is a subgroup H ⊆ πab/4 of exponent 4 such that H/2
has rank ≥ 2. Then there exists a homomorphism π → π′ such that the
composition H → πab/4 → π′ab is surjective.

Proof. We say that a quotient π → η is an easy quotient if η is defined
with the same generators and relations as π, except that we replace ci with
a divisor of ci for a single index i. By recursion we may assume that, for
every easy quotient f : π → η, either f(H) ⊆ ηab/4 has exponent < 4, or
f(H)/2 has rank ≤ 1. In particular, ci is either 2 or 4 for every i.

Furthermore, we may assume that ci ≥ ci+1: if we think of π has the fun-
damental group of a genus 0 orbifold surface, this amounts to re-numbering
the orbifold points. In particular, c0 = c1 = 4, because otherwise πab/4 has
exponent 2.

Notice that c2 ≥ 2, otherwise πab/2 has rank 1 (which is impossible
because H/2 has rank ≥ 2). If c2 = 4, we can find an easy quotient f : π → η
such that f(H) ⊆ ηab/4 has exponent 4 by replacing either c0, c1 or c2 with
2. Since πab/2 = ηab/2, then H/2 = f(H)/2, and we get a contradiction
with our assumption on easy quotients. We have then proved that c2 = 2.

We may identify
πab = (Z/4 × Z/4 × Z/2 × · · · × Z/2)/(1, . . . , 1).

The fact that H has exponent 4 implies that H contains a vector of the
form (0, 1, a2, . . . , an). The fact that H/2 has rank ≥ 2 implies that H
contains a non-zero vector of the form (0, 0, b2, . . . , bn). If b2 = 0, we may
define an easy quotient π → η replacing c2 with 1 and such that the image
of H in ηab/4 has exponent 4, and the image in ηab/2 has rank ≥ 2. This
contradicts our assumption, hence b2 = 1.

The homomorphism π → π′ mapping γi to xi for i = 0, 1, 2 and to 1
otherwise is the desired one, since π′ab = (Z/4 × Z/4 × Z/2)/(1, 1, 1) is
generated by the images of (0, 1, a2, . . . , an) and (0, 0, b2, . . . , bn). □

3.4. Proof of Proposition 9. If D2∞ ⊂ π̂, then up to passing to an
étale cover of S we may assume that π̂ab ⊃ (Z/2)2 = Dab

2∞ has non-trivial
2-torsion, hence S has non-trivial orbifold points of even degree.
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Let us now prove the main statement. It is enough to prove the following.
• [G, G] is not isomorphic to D2∞ .
• [G, G] pro-cyclic implies that G is either pro-cyclic or isomorphic

to D2∞ .
These are sufficient by induction on the derived length. If the derived

length of G is 0 then G = 1 and there is nothing to prove. Otherwise, the
commutator subgroup [G, G] has smaller derived length and therefore by
induction is either pro-cyclic or D2∞ . Since [G, G] cannot be isomorphic to
D2∞ , then it is pro-cyclic, and hence G is either pro-cyclic or isomorphic
to D2∞ .

Up to passing to a finite index subgroup of π, thanks to Lemma 14 we
may assume that the genus g of S is ≥ 2. Consider the usual presentation

π =
〈
a1, b1, . . . , ag, bg, c1, . . . , cn

∣∣∣ cγi
i = 1,

∏
[ai, bi] ·

∏
ci = 1

〉
.

Furthermore, consider the auxiliary quotients

τ =
〈
a1, b1, . . . , ag, bg

∣∣∣ ∏
[ai, bi] = 1

〉
,

τ ′ =
〈
c1, . . . , cn

∣∣∣ cγi
i = 1,

∏
ci = 1

〉
of π. There is an induced surjective map π → τ ∗ τ ′ whose abelianization
is an isomorphism.

We break down the analysis in four cases: one for p ̸= 2, and three for
p = 2.

Case p ̸= 2. If p ̸= 2, we only need to prove that [G, G] pro-cyclic implies
G pro-cyclic.

If Gab has p-rank 1, then G is pro-cyclic by Lemma 10. Assume by
contradiction that Gab has p-rank ≥ 2. Up to passing to a finite index
subgroup of π, we might also assume that the image of G in π̂ab/p has rank
at least 2.

Let us check that there exists a map
π −→ π′ = ⟨x1, x2, x3 | xp

1 = xp
2 = xp

3 = x1x2x3 = 1⟩

such that the composition G → π′ab = π̂′ab = Z/p × Z/p is surjective.
Notice that π′ is a quotient of Z/p ∗ Z/p.

If the image of G in τab/p has rank ≥ 2, by Lemma 15 we get a map
τ → Z ∗ Z such that G → π̂ → τ̂ → Z/p × Z/p is surjective, so the
composition π → τ → Z ∗ Z → π′ works.

If the image of G in τ ′ab/p has rank ≥ 2, by Lemma 16 we get a map
τ ′ → π′ such that G → π′ab = Z/p × Z/p is surjective, so the composition
π → τ ′ → π′ works.

The only remaining case is the one in which the images of G in τab/p and
τ ′ab/p have both rank 1. With Lemma 15 again, we may find a quotient
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τ → Z/p such that the composition G → τ̂ → Z/p is surjective. The kernel
G0 of G → τab/p has image of rank 1 in τ ′ab/p, by Lemma 16 we get a
map τ ′ → Z/p such that G0 → τ̂ ′ → Z/p is surjective. The composition
π → τ ∗τ ′ → Z/p∗Z/p → π′ is the desired homomorphism, since G surjects
on Z/p × Z/p by construction.

The group π′ is the fundamental group of a complete orbifold surface S′

of genus 0 with three orbifold points of degree p. The (Z/p)2 Galois covering
S′′ → S′ associated with the abelianization morphism π′ → (Z/p)2 defines
a surface S′′ of genus g′′ without orbifold points, because the loops around
orbifold points of S′ map to non-zero elements of (Z/p)2.

Because of this, the pro-p completion Q of π′/[[π′, π′], [π′, π′]] is a pro-
p-group with Qab ≃ (Z/p)2 and [Q, Q] = Z2g′′

p . By Lemma 10, G → Q is
surjective. Since p ≥ 3 then χ(S′′) = p2χ(S′) ≤ 0, hence g′′ ≥ 1 and [Q, Q]
has rank ≥ 2. This is in contradiction with the fact that [G, G] is pro-cyclic,
since there is a surjective map [G, G] → [Q, Q].

This concludes the case p ̸= 2. We subdivide the case p = 2 in three
subcases.

Case p = 2, Gab has exponent > 2. Clearly, G is not isomorphic to D2∞ ,
because Dab

2∞ = Z/2 × Z/2 has exponent 2. If G is pro-cyclic, there is
nothing to prove. It is then enough to show that G not pro-cyclic implies
both [G, G] not pro-cyclic and [G, G] ̸≃ D2∞ .

Assume that G is not pro-cyclic; by Lemma 10, Gab is not pro-cyclic
as well. Since Gab is not pro-cyclic and has exponent > 2, up to passing
to a finite index subgroup we may assume that there exists a quotient
π → Z/4×Z/2 such that the composition G → π̂ → Z/4×Z/2 is surjective.
In particular, the image of G in πab/4 has exponent 4, and the image in
πab/2 has rank ≥ 2.

Let us check that there exists a map

π −→ π′ =
〈
x1, x2, x3

∣∣∣ x4
1 = x4

2 = x2
3 = x1x2x3 = 1

〉
.

such that G → π′ab/2 ≃ Z/2 × Z/2 is surjective. We notice that π′ is a
quotient of Z/4 ∗ Z/2, so finding a map π → Z/4 ∗ Z/2 is sufficient.

If G has image of rank 2 in τab/2, Lemma 15 gives a homomorphism
τ → Z ∗ Z such that G → Z/2 × Z/2 is surjective.

If G has image of rank 1 in τab/2, Lemma 15 gives a homomorphism
τ → Z such that G → Z/2 is surjective. Let G0 be the kernel of G → τab/2,
it has image of rank ≥ 1 in τ ′ab/2. We can then choose τ ′ab/2 → Z/2
such that G0 → τ̂ ′ → Z/2 is surjective, and thus get a homomorphism
π → Z ∗ (Z/2) such that G → Z ∗ (Z/2) → Z/2 × Z/2 is surjective.
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If G has trivial image in τab/2, then its image in τ ′ab/4 has exponent 4,
and its image in τ ′ab/2 has rank ≥ 2. By Lemma 17, we get the desired
map τ ′ → π′, and may define π → π′ by composition.

The group π′ is the fundamental group of an orbifold surface S′ with
χ(S′) = 0. The abelianization of π′ is a finite 2-group and defines a Ga-
lois cover which is a surface of genus 1. Let Q be the pro-2 completion of
π′/[[π′, π′], [π′, π′]]. As in the case p ̸= 2, we have a surjective homomor-
phism [G, G] → [Q, Q] = Z2

2. This clearly implies that [G, G] is neither
pro-cyclic nor D2∞ .

Case p = 2, Gab has exponent 2 and rank ≥ 3. We have that G ̸≃ D2∞ ,
because Gab has rank ≥ 3. For the same reason, G is not pro-cyclic. It
is enough to prove that [G, G] is neither pro-cyclic nor D2∞ .

By passing to a finite index subgroup, we may assume that the image of
G in πab/2 has rank ≥ 3.

Since τab is torsion free and πab = τab ⊕ τ ′ab, the image of G in τ ′ab/2
has rank ≥ 3 as well. By Lemma 16 we can define a homomorphism

τ ′ −→ π′ =
〈
x1, x2, x3, x4

∣∣∣ ∀ i : x2
i = 1, x1x2x3x4 = 1

〉
such that the composition G → π′ab = (Z/2)3 is surjective.

The group π′ is the fundamental group of an orbifold surface S′ with
χ(S′) = 0. The abelianization of π′ is a finite 2-group and defines a Galois
cover which is a surface of genus 1. We conclude as in the previous case.

Case p = 2, Gab ≃ (Z/2)2. In this case we prove that [G, G] ̸≃ D2∞ , and
that [G, G] pro-cyclic implies G ≃ D2∞ . These will both follow from the
existence of a surjective homomorphism G → D2∞ .

Up to passing to a finite index subgroup of π we might assume that
Gab ⊂ πab. In particular, S has at least 3 orbifold points of even degree.
Since the genus is positive and Gab is torsion, the pullback of any abelian,
non-trivial étale cover of the coarse moduli space of S defines an étale cover
of S whose étale fundamental group contains G and which has at least 6
orbifold points of even degree. Hence, we may reduce to the case in which
S has at least 4 orbifold points of even degree.

If S has at least 4 orbifold points of even degree and since Gab ⊂ πab,
there exists a quotient π′ of π of the form〈

x1, x2, x3, x4
∣∣∣ ∀ i : x2

i = 1, x1x2x3x4 = 1
〉

such that Gab maps injectively in π̂′ab = π′ab = (Z/2)4/(1, 1, 1, 1) ≃ (Z/2)3.
The group π′ is the fundamental group of an orbifold surface S′ of genus 0
with 4 orbifold points of degree 2.

Consider the homomorphism π′ → Z/2 which maps xi to 1 for every
i, the associated covering S′′ → S′ is a torus with fundamental group
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π′′ = Z2 ⊂ π′. If the image of G is contained in π̂′′ ⊂ π̂′, then Gab ≃ (Z/2)2

embeds into π̂′′ = Ẑ2, which is absurd since the latter is torsion free. Because
of this,

ker
(
(Z/2)4/(1, 1, 1, 1) −→ Z/2

)
∩ Gab ⊂ (Z/2)4/(1, 1, 1, 1)

has rank 1.
Assume for simplicity that (1, 1, 0, 0) ∈ ker

(
(Z/2)4/(1, 1, 1, 1) → Z/2

)
is

not in Gab. If that’s not the case, then (0, 1, 1, 0) is not in Gab; the rest of
the proof is analogous.

Consider the homomorphism π′ → Z/2 ∗ Z/2 which maps x1, x2 to the
first generator and x3, x4 to the second generator (if we work with (0, 1, 1, 0)
instead, x1, x4 map to the first generator, x2, x3 to the second). The ker-
nel of the induced map (Z/2)4/(1, 1, 1, 1) → (Z/2)2 between abelianiza-
tions is generated by (1, 1, 0, 0) (resp. (0, 1, 1, 0)), which is not contained
in the image of G. Because of this, the composition Gab = (Z/2)2 ↪→
(Z/2)4/(1, 1, 1, 1) → (Z/2)2 is injective and thus bijective, which in turn
implies that the composition G → ̂Z/2 ∗ Z/2 → D2∞ is surjective and
induces an isomorphism Gab ≃ Dab

2∞ .
This shows that [G, G] ̸≃ D2∞ , because otherwise we would get a sur-

jective homomorphism [G, G] = D2∞ → [D2∞ , D2∞ ] = Z2, which is absurd
since Dab

2∞ = Z/2 × Z/2.
If [G, G] is pro-cyclic, the induced surjective homomorphism [G, G] →

[D2∞ , D2∞ ] ≃ Z2 must be an isomorphism; since Gab → Dab
2∞ is an isomor-

phism, we get that G → D2∞ is an isomorphism as well.

4. Proof of Theorem 1
We state a version of Theorem 1 for p = 2. We will prove the two

statements at the same time.

Theorem 18. Let C be a smooth, projective, geometrically hyperbolic curve
over a field k finitely generated over Q with a faithful action of a finite, non-
cyclic 2-group G. If the action is not free and G has a cyclic subgroup of
index 2, furthermore assume that G is not dihedral and that C has odd
genus.

There exists a finitely generated extension K/k and a twisted form C of
CK such that C has index 1 and ΠC/K(K) = ∅.

Let us now prove Theorems 1 and 18. Denote by S the quotient stack
[C/G]. Up to passing to a finite extension of k, we might assume that S(k)
is non-empty.

4.1. Definition of C. Recall that, by assumption, all curves are smooth,
projective and geometrically connected. Let P = Pic1

C be the Picard scheme
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of line bundles of degree 1 on C, the action of G on C induces an action
on P .

Denote by X the quotient stack [P/G]. Since the action on C ⊂ P is
faithful then the action on P is generically free, hence X is generically
a scheme. Let K = k(X) be its function field, then k(P )/K is a Galois
extension with Galois group G and Spec k(P ) → Spec K is a G-torsor
associated with a morphism Spec K → BG. As in Section 2, define C as
the twist of CK by this torsor, namely

C
def= CK ×G Spec k(P ) = (CK ×K Spec k(P ))/G.

4.2. The index of C. We want to show that C has index 1. By construc-
tion, Pic1

C = PK ×G Spec k(P ) has a K-rational point and hence C has
period 1. Let I be the index of C. By Lichtenbaum’s theorem [18, Theo-
rem 8], we have either I = 1 or I = 2, and if I = 2 then gC − 1 is odd,
where gC is the genus of C. Since S(k) ̸= ∅, the index divides |G|, hence if
p ̸= 2 then I = 1.

Assume p = 2, it is sufficient to show that gC − 1 is even. If by contra-
diction gC − 1 is odd, by the assumption in Theorem 18 either the action is
free or G has no cyclic subgroups of index 2. In both cases 4 divides both
|G| and the cardinality of each orbit (since geometric stabilizers are cyclic),
hence by Riemann–Hurwitz 4 divides 2gC − 2 as well, which is absurd.

4.3. Galois sections of C. It remains to prove that ΠC/K(K) = ∅. By
Proposition 5, it is enough to show that T = Spec k(P ) → Spec K does not
lift to a π1(S, p)-torsor, where p ∈ S(k) is some rational point. Equivalently,
we want to show that Spec K → BG does not lift to ΠS/k = Bπ1(S, p).

Assume by contradiction that there exists a section Spec K → ΠS/k

which lifts Spec K → BG. We would like to show that Spec K → ΠS/k

extends to a morphism X → ΠS/k; if X and S were schemes this would
follow from a well-known weight argument. Let us show how to reduce to
this case.

We have a 2-cartesian diagram

Spec k(P ) ΠC/k Spec k

Spec K ΠS/k BG.

By the aforementioned weight argument (see e.g. [3, Corollary A.11], [10,
Lemma 3.3, Corollary 3.4], [25, Section 8.2, Proposition 91]) Spec k(P ) →
ΠC/k extends to a morphism P → ΠC/k. By descent theory, this induces a
morphism X → ΠS/k. It is possible to avoid using descent theory as follows.
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Let R ⊂ Gal(K/k(P )) be the kernel of Gal(K/k(P )) → π1(P ). We have
a commutative diagram of short exact sequences

1 Gal
(
K/k(P )

)
Gal

(
K/k(X)

)
G 1

1 π1(P ) π1(X) G 1,

hence π1(X) = Gal(K/k(X))/R. Since Spec k(P ) → ΠS/k extends to P , the
associated homomorphism Gal(K/k(P )) → π1(S) maps R to the identity
and hence we get a factorization

Gal
(
K/k(X)

)
−→ π1(X) −→ π1(S)

of the homomorphism Gal(K/k(X)) → π1(S) associated with the section
Spec K → ΠS/k.

Since Spec K → ΠS/k lifts Spec K → BG, the composition

π1(Xk) −→ π1(Sk) −→ G

is a factorization of the surjective homomorphism π1(Xk) → G induced by
the G-covering P → X.

Since π1(Pk) is abelian and G is a finite p-group, the image H ⊂ π1(Sk)
of a p-Sylow of π1(Xk) is an extension of G by an abelian pro-p-group; in
particular H has finite derived length. By Proposition 9, such a subgroup of
π1(Sk) is either pro-cyclic or isomorphic to D2∞ . If H is pro-cyclic, then G
is cyclic, giving a contradiction. If H ≃ D2∞ , then p = 2 and G is dihedral.
By hypothesis this implies that the action is free, which is contradiction
with Proposition 9.

Remark 19. If the section conjecture holds for Ck(P ) and the action is free,
we only need to assume that G is non-trivial to obtain that the curve C
constructed above satisfies ΠC/K(K) = ∅. In fact, if Spec K → BG lifts to
ΠS/k, the induced morphism Spec k(P ) → ΠC/k is associated with a point
Spec k(P ) → C which factorizes through Spec k since C is hyperbolic and
P is an abelian variety. With notation as above, this implies that H ≃ G
is finite, which is absurd since π1(Sk) is torsion free.

On the other hand, this is false if the action is not free and G is cyclic. For
instance, if G is cyclic and fixes a rational point c ∈ C(k), then c induces a
K-rational point of C.

5. Proof of Theorem 2
Consider the action ϕ of Z/ℓ on Z/ℓ2 given by 1 7→ 1 + ℓ, there exists a

surjective homomorphism Z/ℓ2 ⋊ϕ Z/ℓ → (Z/ℓ)2.
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Lemma 20. Let k, ℓ be as in Theorem 2. There exists a finite extension
K/k with a surjective homomorphism Gal

(
K/K

)
→ (Z/ℓ)2 which does not

lift to Z/ℓ2 ⋊ϕ Z/ℓ.

Proof. Up to a finite extension, we may assume that k contains a primitive
ℓ2-th root of 1.

Assume first that k is a finite extension of Qp, p ̸= ℓ. Since p ̸= ℓ, the
maximal ℓ-adic quotient of Gal(k/k) is Zℓ⋊ρZℓ, where Zℓ acts on itself with
the cyclotomic character ρ. Since k contains an ℓ2-th root of 1, the action
of Zℓ on the quotient Z/ℓ2 of Zℓ is trivial, hence there exists a surjective
homomorphism Zℓ ⋊ρ Zℓ →

(
Z/ℓ2)2; furthermore, every finite quotient of

Zℓ ⋊ρ Zℓ of exponent ℓ2 is a quotient of
(
Z/ℓ2)2.

It follows that there are no surjective homomorphisms Zℓ⋊ρZℓ → Z/ℓ2⋊ϕ

Z/ℓ. By Lemma 10, this implies that there are no liftings Zℓ⋊ρZℓ → Z/ℓ2⋊ϕ

Z/ℓ of the composition Zℓ ⋊ρ Zℓ →
(
Z/ℓ2)2 → (Z/ℓ)2. This concludes the

proof for local fields.
If k is finitely generated over Q, let h ⊂ k be the algebraic closure of

Q in k. I claim that there exists a finite extension h′/h with a section
Gal(h/h′) → Gal(k/k). By induction, it is enough to do the case in which k
has transcendence degree 1 over h. Let V be a smooth curve over h whose
fraction field is k, and v ∈ V a closed point with residue field h′. Let kv be
the completion of k at the place defined by v, the residue field of kv is h′ and
hence we get the desired splitting Gal(h/h′) → Gal(kv/kv) → Gal(k/k).
Up to replacing h with h′ and k with h′ ⊗h k, we might then assume that
Gal(k/k) → Gal(h/h) is split.

Let hν be the completion of h at a prime ν dividing p ̸= ℓ. Since
Gal(k/k) → Gal(h/h) is split and Gal(hν/hν) → Gal(h/h) is injective,
then Gal(k/k) has a closed subgroup isomorphic to Gal(hν/hν). Let
Gal(hν/hν) → (Z/ℓ)2 be the only surjective homomorphism to (Z/ℓ)2,
since Gal(hν/hν) is a closed subgroup of Gal(k/k) there exists a finite
index subgroup Γ ⊂ Gal(k/k) containing Gal(hν/hν) with a factorization
Gal(hν/hν) → Γ → (Z/ℓ)2. Since k, and hence hν , contains a primitive
ℓ2-rooth of 1, then Γ → (Z/ℓ)2 does not lift to Z/ℓ2 ⋊ϕ Z/ℓ and we may
choose K/k as the field fixed by Γ. □

Let us now prove Theorem 2. Since S is hyperbolic, up to a finite ex-
tension of k by Lemma 15 with r = 2 we may assume that there exists
a geometrically connected, finite étale Galois covering U → S with Galois
group Z/ℓ2 ⋊ϕ Z/ℓ; denote by C → S the induced (Z/ℓ)2-cover.

Let K/k, Gal(K/K) → (Z/ℓ)2 be as in Lemma 20, the homomorphism
corresponds to a (Z/ℓ)2-torsor T → Spec K. The twist C = CK ×(Z/ℓ)2

T → SK is a torsor for the group scheme Aut(T ) of (Z/ℓ)2-equivariant
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automorphisms of T . Since (Z/ℓ)2 is abelian, then Aut(T ) ≃ (Z/ℓ)2 and
hence C → SK is a Galois (Z/ℓ)2-cover. By Proposition 5 the twist C
satisfies the section conjecture.

Acknowledgements. I would like to thank A. Vistoli for many useful
discussions: this paper would not exist without the frequent brainstorm-
ing sessions I had with him. I would also like to thank J. Stix for many
useful comments which have substantially improved the exposition of the
paper. Among other things, he corrected a minor mistake in the proof of
Theorem 2, he told me about the isomorphism Z/2 ∗ Z/2 ≃ Z ⋊ Z/2 (see
Lemma 11), he provided an alternative proof of Proposition 5 (see Re-
mark 6), and a discussion with him inspired a much shorter proof using
cohomological dimension of Proposition 9 in the case of curves (unfortu-
nately, I was not able to adapt it to the case of orbifold curves). Finally, I
would like to thank H. Esnault for some useful remarks, and an anonymous
referee for helping me improve the paper.

References
[1] E. Arbarello & M. Cornalba, “The Picard groups of the moduli spaces of curves”,

Topology 26 (1987), no. 2, p. 153-171.
[2] N. Borne & A. Vistoli, “The Nori fundamental gerbe of a fibered category”, J. Algebr.

Geom. 24 (2015), no. 2, p. 311-353.
[3] G. Bresciani, “Essential dimension and pro-finite group schemes”, Ann. Sc. Norm. Super.

Pisa, Cl. Sci. (5) 22 (2021), no. 4, p. 1899-1936.
[4] ——— , “Some implications between Grothendieck’s anabelian conjectures”, Algebr. Geom.

8 (2021), no. 2, p. 231-267.
[5] ——— , “On the section conjecture and Brauer–Severi varieties”, Math. Z. 300 (2022), no. 2,

p. 1291-1296.
[6] ——— , “The field of moduli of plane curves”, 2023, https://arxiv.org/abs/2303.01454.
[7] ——— , “The field of moduli of sets of points in P2”, Arch. Math. 122 (2024), no. 5, p. 513-

519.
[8] ——— , “The field of moduli of varieties with a structure”, Boll. Unione Mat. Ital. 17

(2024), no. 3, p. 613-624.
[9] ——— , “On the birational section conjecture with strong birationality assumptions”, In-

vent. Math. 235 (2024), no. 1, p. 129-150.
[10] ——— , “On the section conjecture over fields of finite type”, Math. Nachr. 298 (2025),

no. 11, p. 3476-3493.
[11] H. Esnault & O. Wittenberg, “On abelian birational sections”, J. Am. Math. Soc. 23

(2010), no. 3, p. 713-724.
[12] A. Grothendieck, “Brief an G. Faltings”, in Geometric Galois actions. 1. Around

Grothendieck’s esquisse d’un programme, London Mathematical Society Lecture Note Series,
vol. 242, Cambridge University Press, 1997, p. 285-293.

[13] R. Hain, “Rational points of universal curves”, J. Am. Math. Soc. 24 (2011), no. 3, p. 709-
769.

[14] D. Harari & T. Szamuely, “Galois sections for abelianized fundamental groups”, Math.
Ann. 344 (2009), no. 4, p. 779-800, with an appendix by E. V. Flynn.

[15] Y. Hoshi, “Conditional results on the birational section conjecture over small number fields”,
in Automorphic forms and Galois representations. Vol. 2, London Mathematical Society
Lecture Note Series, vol. 415, Cambridge University Press, 2014, p. 187-230.

https://arxiv.org/abs/2303.01454


316 Giulio Bresciani

[16] J. Huisman, “The equivariant fundamental group, uniformization of real algebraic curves,
and global complex analytic coordinates on Teichmüller spaces”, Ann. Fac. Sci. Toulouse,
Math. (6) 10 (2001), no. 4, p. 659-682.

[17] J. Koenigsmann, “On the ‘Section Conjecture’ in anabelian geometry”, J. Reine Angew.
Math. 588 (2005), p. 221-235.

[18] S. Lichtenbaum, “Duality theorems for curves over p-adic fields”, Invent. Math. 7 (1969),
p. 120-136.

[19] S. Mochizuki, “Topics surrounding the anabelian geometry of hyperbolic curves”, in Galois
groups and fundamental groups, Mathematical Sciences Research Institute Publications,
vol. 41, Cambridge University Press, 2003, p. 119-165.

[20] A. Pál, “The real section conjecture and Smith’s fixed-point theorem for pro-spaces”, J.
Lond. Math. Soc. (2) 83 (2011), no. 2, p. 353-367.

[21] M. Saïdi & M. Tyler, “On the birational section conjecture over finitely generated fields”,
Algebra Number Theory 15 (2021), no. 2, p. 435-460.

[22] J.-P. Serre, Trees, Springer, 1980, translated from the French by J. Stillwell, ix+142 pages.
[23] ——— , Cohomologie galoisienne, Lecture Notes in Mathematics, vol. 5, Springer, 1994,

ix+181 pages.
[24] J. Stix, “On the period-index problem in light of the section conjecture”, Am. J. Math. 132

(2010), no. 1, p. 157-180.
[25] ——— , Rational points and arithmetic of fundamental groups, Lecture Notes in Mathe-

matics, vol. 2054, Springer, 2013, xx+249 pages.
[26] ——— , “On the birational section conjecture with local conditions”, Invent. Math. 199

(2015), no. 1, p. 239-265.
[27] M. Stoll, “Finite descent obstructions and rational points on curves”, Algebra Number

Theory 1 (2007), no. 4, p. 349-391.
[28] K. Wickelgren, “2-nilpotent real section conjecture”, Math. Ann. 358 (2014), no. 1-2,

p. 361-387.

Giulio Bresciani
Scuola Normale Superiore
Piazza dei Cavalieri 7, 56126 Pisa, Italy
E-mail: giulio.bresciani@gmail.com
URL: https://sites.google.com/view/bresciani

mailto:giulio.bresciani@gmail.com
https://sites.google.com/view/bresciani

	1. Introduction
	Curves of index 1
	Étale covers
	Étale fundamental gerbes

	2. An obstruction for Galois sections of twisted forms
	3. About the étale fundamental group of orbifold surfaces
	3.1. On the 2-adic dihedral group
	3.2. Reduction to genus >= 2
	3.3. Constructing some homomorphisms from pi
	3.4. Proof of Proposition 9

	4. Proof of Theorem 1
	4.1. Definition of fC
	4.2. The index of fC
	4.3. Galois sections of fC

	5. Proof of Theorem 2
	Acknowledgements

	References

