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Multi-height analysis of rational points of toric
varieties

par NicoLAs BONGIORNO

RESUME. On étudie la distribution multi-hauteur des points rationnels des
variétés toriques propres, lisses et déployées sur Q en utilisant le relevement
du nombre de points au torseur universel.

ABSTRACT. We study the multi-height distribution of rational points of
smooth, proper and split toric varieties over Q using the lift of the number of
points to universal torsor.

1. Introduction

For a quasi-Fano variety V' with infinitely many rational points, one
may asymptotically study the finite set of rational points with a bounded
height H associated with the anticanonical line bundle w‘jl. In [1, 12, 14],
Batyrev, Franke, Manin, Tschinkel and Peyre gave strong evidence support-
ing conjectures relating the asymptotic behavior of the number of points of
bounded height on open subsets of V' to geometric invariants of V.

In the case of toric varieties, the asymptotic behavior was studied in [2]
and [3] using harmonic analysis on adelic groups. In [19], Salberger was the
first to explicitly use universal torsors to study points of bounded height.
In particular, he was able to give a new proof of the theorem of Batyrev
and Tschinkel for smooth projective split toric varieties over Q. His work
highlighted how the constant in the conjectural asymptotic formula is re-
lated to the product of local densities on universal torsors. This was later
studied in a more general setting by Peyre in [15] and [16].

More recently in [18], Peyre proposed a new framework to study the
asymptotic distribution of rational points with bounded height. Instead of
considering a height relative to one line bundle, it is natural to consider
all possible heights. The purpose of this paper is to study the multi-height
distribution on rational points of smooth, projective and split toric varieties
over Q. We prove that the expected asymptotic behavior holds for these
varieties. In particular, we show that there is no accumulating subset for
the multi-height distribution in the toric case. This is because we consider
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the rational points whose multi-height is in the interior of the dual of the
effective cone.

A result concerning this all heights approach was given in [11], us-
ing height zeta functions. However, the condition 3 = 7V (u) where u €
(Cefr(X)Y)° seems to be missing in [11, Theorem 1.1]. If one considers the
case of the projective line P! with (31, 82) = (1,2), their result would imply
that the asymptotic behavior is of the form C.B? whereas it is known to
be of the form C.B2.

In any case, our method using descent is totally different. It is inspired by
the work of Salberger in [19] and uses the method of counting the number
of points of a lattice in a bounded domain developed in [9].

Structure. We begin in Section 2 by recalling the multi-height formalism
and the conjecture on the asymptotic distribution of rational points for
quasi-Fano varieties associated with this formalism. We then state the main
result established in this article for toric varieties. In the following section,
we introduce a crucial concept for proving our result: the universal torsor.
We explain how to lift the height of a point locally to the universal torsor,
describe the specific case of toric varieties, and conclude by linking the
measure on universal torsors with the Tamagawa number of the variety. In
the final section, we establish our result using estimation techniques from
the geometry of numbers and the Mobius inversion formula.

2. Terminology and the precise statement

2.1. Arakelov heights. In this paragraph, we recall, following Peyre [18§],
how to define a system of Arakelov heights for a smooth, projective and
geometrically integral variety V' over a number field K.

Notations. We denote by M the set of places of K, by MY the set of
finite places and by M7® its infinite places.

If v € MY, we write g, = #F, the cardinal of the residual field associated
to v, while if v € M, we set ¢, = exp([K, : R]).

To w € My which divides v € Mq, we define |- |, over K, by setting
for any x € K, :

2] = |NKw/QU (z)]o-

It is an absolute value except when K, is C in which case it is the square
of an absolute value.

To an invertible sheaf £ over a scheme T, we associate the line bundle L
whose sections correspond to £. We denote L* = L\ z(T"), where z(T) is
the closed subscheme given by the zero section.

We begin by defining the notion of an adelic norm over a vector bundle.
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Definition 2.1. Let £ 5 V be a vector bundle over V.

For any field extension L over K, for any P € V(L), we denote by
Ep C E(L) the L-vector space which corresponds to the fiber e=!(P) of e
over P.

An adelic norm F over e is the data of a family of continuous applications
(Il IDverr

Il B(E.) — R,
such that:

(1) Ifv € MY, for any P € V(K,), the restriction of || - ||, to Ep defines
an ultrametric norm with values in the image of the absolute value
|- |y ie. 2.

(2) If v is a real place, for any P € V(K,), the restriction to Ep is a
Fuclidean norm.

(3) If v is a complex place, for any P € V(K,), the restriction to Ep is
the square of a Hermitian norm.

(4) There exists a finite set of places S C Mg (which contains M7)

and a model £ — V of E — V over Og such that for any place
ve Mg\ S, for any P € V(O,),

Ep ={y € Ep|llyll, < 1}.

Remark 2.2. For smooth, projective and split toric varieties over Q such
models always exists over Z.

The following example is particularly important, because, as we shall
later see, a natural system of heights over toric varieties can be deduced
from this example.

Example 2.3. Let N € N*. For v € Mg, we consider the map:
[l : qu;VH—)R—s-
N
(Y0, -+ YN) ¥ max |Yilv

This defines an adelic norm (|| - ||»)vear, on the line bundle Opn (—1) — P¥
which corresponds to the G,,-torseur AV+1\ {0} — PV,

Definition 2.4. If L — V is a line bundle, {||-||,} an adelic norm on L,
then we define the height Hy : V(K) — R4 for any « € V(K) by:

Hy(z)= I Iyl

vEM K

where y € L*(K) lies above z.
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Example 2.5. In particular, by the previous example, for any z € KN+ —

{0}, if we denote by P = [z : ... : x,] € PV(K) its image, we get:
Ho, ) (P) = Jnax [zilo.
vEMK

Now, we recall the definition of the group of Arakelov heights H (V)
over V:

Definition 2.6. Let L and L' be two adelic line bundles over V (i.e.
equipped with an adelic norm). Let (|| - ||,) be the adelic norm on L.
We say that L and L' are equivalent as adelic line bundles when there
exists M > 0 and a family (\,), of nonnegative real numbers such that:
(1) {v| Ay # 1} is finite and [, A\, =1
(2) there exists an isomorphism of adelic line bundles from L®M to
L'®M where the adelic norm on L™ is induced by the adelic norm
on L given by {(Av. | - [lo)vensy }-
We denote by H (V') the set of equivalence classes of adelic line bundles. This
set is naturally equipped with a structure of group given by the tensorial
product of adelic line bundles.

Hence, we can define the notion of system of heights and of multi-height
over V.

Definition 2.7. A system of heights over V corresponds to the data of a
section s : Pic(V') — H(V) of the forgetful morphism

o:H(V) — Pic(V).
Such system of heights defines a multi-height map:
h:V(K) — Pic(V)k

such that for any P € V(K), h(P) is the linear form defined for any L €
Pic(V') by:

h(P)(L) = log Hyr)(P).

Remark 2.8. The multi-height is well-defined as h(P)(L) does not de-
pend on the choice of the representative of the equivalence class (see [18,
Remark 4.2]).

2.2. The multi-height conjecture. In order to state the conjecture

made by Peyre [18, Question 4.8], we shall define a measure v on Pic(V)%

as follows:
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Definition 2.9.
v(D) ::/ e<w\71’y>dy
D

for any compact subset D of Pic(V){, where the Haar measure dy on
Pic(V)g is normalized so that the covolume of the dual lattice of the Picard
group is one.

For any domain D C Pic(V)g, we write:
V(K)ep = (P € V(K) | h(P) € D}.

Definition 2.10. We shall say that V is quasi-Fano if it satisfies the fol-
lowing hypotheses:

(1) A multiple of the class of wy,! is the sum of an ample divisor and a
divisor with normal crossings;

(2) The set V(Q) is Zariski dense;

(3) The group H (V,Oy) = {0} fori =1, 2;

(4) The geometric Brauer group Br(V) is trivial and the geometric

Picard group Pic(V) has no torsion;

(5) The closed cone Ceg (V) is generated by the classes of a finite set of
effective divisors.

Any Fano variety and any smooth, proper and split toric variety is quasi-
Fano. Let us quickly explain where the last claim comes from. The effective
cone of such a variety is generated by the divisors associated to each edge of
the fan defining the toric variety, and its anticanonical bundle is the sum of
these divisors, so it is in the interior of the effective cone. Hence we get that
the first and the fifth hypotheses are verified. As such a variety is covered
by open subschemes isomorphic to A4, where d is the dimension of the toric
variety, we get the second assertion and the fact that its geometrical Brauer
group is trivial. For such toric variety, by [8, Proposition 4.2.5], the geo-
metric Picard group is torsion free. Finally, by [8, Theorem 9.2.3], the third
hypothesis is verified. Peyre conjectures the following in [18, Question 4.8]:

Conjecture 2.11. We assume that our variety is quasi-Fano and that the
effective cone Ceg(V') is generated by a finite number of line bundles. Let
Dy be a compact polyhedron of Pic(V)§ and u be an element of the interior
of the dual of the effective cone (Cegr(V)V)°. For a real number B > 1,
we set:

Dp = D; + log(B)u.

There exists an exceptional subset T C V(K) such that we have an as-
ymptotic behaviour of the form:

H(V(K) — T)heDB B—T—Ji—oo V(Dl)B(V)T(V)B(W\;I,w
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where (V) = ﬁHl(Q,PiC(VQ)) and 7(V') is the Tamagawa number of V
(see Definition 3.22).

2.3. The Manin—Peyre conjecture in the case of toric varieties.
Let X be a smooth, proper and split toric variety over Q. We shall use in
the rest of this paper that the anticanonical line bundle w;(l is big, i.e. is
in the interior of the effective cone Ceg(X).

Notations. We denote by T' C X its open torus, by > a fan associated to
X = Xy, by 3(1) the set of edges of 3 and by m the number of edges. We
denote by t¢ the rank of the Picard group Pic(X). With our hypothesis, it
is a free abelian group of finite rank. To an edge p € (1), we associate the
T-invariant divisor D,.
We write
7 : Divp(X) = 2% — Pic(X)

the natural map which associates to a T-invariant divisor D the class of the
associated line bundle in Pic(X) which we write [D] = m(D). Recall that

wy' = Z [Dp]-
peX(1)
We denote by N = X, (T) the 1-parameter subgroups of 7' and by M =
X*(T) its dual, the group of characters of T'.

Convention 2.12. A line bundle L over X is endowed with the associated
natural adelic norm (|| - ||y)venr, following [19, Definition 9.2] (see also [1,
proposition 2.1.2]).

Let us explain how one can interpret this adelic norm in the case of PV.

Example 2.13. For 0 < i < N, we denote by D; the divisor G ¥-invariant
of PV corresponding to the hyperplane {X; =0} C PV. Then the adelic
norm over Opn (1) associated to D; corresponds to the one of the exam-
ple 2.5.

Proof. This is a consequence of [19, Proposition 9.8]. O

Remark 2.14. We can moreover observe that the construction of the adelic
norm in [19, Definition 9.2] over O(D) depends only on the class of the T-
invariant divisor D modulo M = X*(T), that is to say its class [D] in
Pic(X).

We shall later see using universal torsor that this way of defining a
height system over our toric variety X (and a representative of its system
of heights) makes the count of rational points of our variety easier.

Notations. Let [ be the smallest positive integer such that there exists [
rays of ¥ not contained in a cone of ¥. Note that [ > 2.
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The main theorem of this article states that the conjecture 2.11 for the
multi-height asymptotic behaviour of rational points of toric varieties is
true:

Theorem 2.15. Let Dy be a finite union of compact polyhedra in Pic(X )%
and let u be an element in the interior of the dual of the effective cone
(Cer(X)V)°. For a real number B > 1, we set:

Dp =Dy + log(B) u.
Let £ €]0,1 — %[ Then we have the following asymptotic behaviour:
HX (@)hen,, = V(D) 7(X) BEX ) (14 0(B (i minesn (D))
where v is the measure on Pic(X )y defined in 2.9.

Remark 2.16. In forthcoming work, we will see that, provided that we
restrict ourselves to a generating family of Pic(X) consisting of effective line
bundles, it is possible to obtain a similar result without imposing a lower
bound on the height, but this introduces a log(B) factor in the error term.
We hope also to show that this result implies the usual form of Manin’s
conjecture.

Example 2.17. If b = (Ly,...,L,) is a family of line bundles such that
their classes R-generate the Picard group Pic(X)mr, a1,...,ar,B1,..., 06
are real numbers such that for any ¢, a; < (;, then we define a compact
polyhedron of Pic(X)g:

D, = {a < PlC(X)ﬁ | o < a(LZ) < 61}
All compact polyhedrons of Pic(X)g are of this form.

3. The notion of universal torsors

In this section, we shall present how the study of the multi-height dis-
tribution of rational points of toric varieties naturally lifts to a counting
problem in the universal torsor.

3.1. Generalities about universal torsors. Originally, Colliot-Thélene
and Sansuc defined universal torsors using a spectral sequence (see [7, sec-
tion 2]) that can be generalized over an noetherian base scheme S. For this
paragraph, we essentially refer to [19, Section 5].

We suppose that f : V — S is a smooth proper surjective morphism
of constant relative dimension with geometrically connected fibers such
that R2f.Oy = 0 and the relative Picard functor Picy/g is étale locally
the constant sheaf associated with an ordinary free abelian group of finite
rank. We also suppose that f has a rational section. We shall denote by
Tns the group scheme associated to Picy,g by duality. Then we have the
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following exact sequence, functorial in S and V' (see [19, Section 5, p. 163]
which generalizes [7, 2.0.2]):

0 — HY(S, Txs) 2 H'(V, Txs)
X, Homg,, (Picy,g, Picy)g) 9, H?(S, Tns)
Definition 3.1. A Tng-torsor 7 — V is said to be universal if its class

[T] € H'(V, Txs)

is sent to IdpiCV/S via .

In the case we will be interested, S = Spec(Z), and our scheme will
be split that is to say Picy/g is the constant sheaf associated with a free
abelian group of finite rank. With this hypothesis, we have that for any
S-scheme T', Picy,g(T) = HYV x5 T,Gp,) and Homg,, (Picy, g, Picy)s) =
Homg,, (Pic(V'), Pic(V')). Moreover, the group morphism x can be defined
for any [T] € H*(X,Tns) as follows (see [20, Definition 2.3.2 and Theo-
rem 2.3.6]):

X((T]) : HY(V,Gp) — H'(V,G)
(L] |Tx DG

where x, is the character of Txg associated to [L*] € H(V,G,,) i.e. [L] €
Pic(V).
Let us choose b = (Ly, ..., L;) a basis of Pic(V) and write

X X
R:L1 Xv-~'Xth.

The torus Txg is isomorphic to G, via the characters given by the basis
b. Hence we get a natural left action of Tyg over

q: T —V

which makes Ty, a Tns-torsor over V. By [17, Proposition 8.1], we get that
the previous construction is independent of the choice of the basis of Pic(V)
because it is unique up to Tns-equivariant isomorphism. To simplify the
notations, we shall denote it 7 — V.

Provided that we have chosen the right convention for the contracted
product, we find that x([7]) = Idpic,, 4 (otherwise it will be —Idpic,, ).

Remark 3.2. By functoriality of this cohomological characterization, if
T — V is a universal torsor and S’ — S is a base change, then Tgr — Vg
is again a universal torsor.

Let us recall the following proposition from [19, Proposition 5.15], which
is valid under more general assumptions than our hypothesis that Picy /g
is a constant sheaf:
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Proposition 3.3. There is a universal torsor over V. Moreover the iso-

morphism classes of universal torsors over V are parameterized by the
HY(S, Txs)-orbits in H'(V,Txs) defined by X_l(IdpiCV/S).

Cohomological arguments give that if « € H'(V,Txg) is the class of a
universal torsor 7 — V', z € V(S) and P — S is a Tg-torsor associated to
the class a(z) then 7x™Ns P — V is a universal torsor such that the fiber
over x has a rational point. This come from the fact that if 3 € H'(V, Txs)
is the class of Tx™Ns P — V| we have by construction 8(z) = 0.

Suppose again that S = Spec(Z) and that Picy,z is the constant sheaf
associated to a free abelian group of finite rank ¢. As Z is a principal ring,
we have that H'(Z,Tks) = {1}. Thus there is up to isomorphism a unique
universal torsor ¢ : 7 — V. Moreover, we have:

9(T(2)) = V(Z).

3.2. Local heights defined over the universal torsors. We keep the
hypotheses of the previous paragraph on V. By [18, Remark 4.19], the
universal torsor over Vq is characterized by a universal property as a pointed
torsor.

Definition 3.4. A pointed variety over K is a variety V equipped with a
chosen rational point 2 € V(K). A pointed torsor over V is a torsor P 5 V
with a rational point t € P(K) such that n(t) = =.

We write ¢ : 7 — V for the universal torsor we have chosen. We fix
yo € T(Q) and we denote by z¢ € V(Q) its image via g. We can now state
the following proposition:

Proposition 3.5. For any pointed torsor P — V which sends py € P(Q)
to o € V(Q), under a multiplicative group scheme T, there exists a unique
group morphism ¢ : Tyg — T and a unique ¢ -équivariant morphism
®p : T — P over V which is compatible with the marked point. That is to
say the following diagram is commutative:

(T’ yO)

Jbp

~

(V, .TU())

(Pap(J)

We recall the construction of Peyre [18, Construction 4.27] to define the
local height associated to the universal torsor. Suppose we have a given
system of heights

s: Pic(V) — H(V).
We fix a place vg € Mq. For any line bundle L, we have by the previous
proposition a unique morphism ®; : 7 — L* which is equivariant for the
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group morphism xr, : Tng — Gy, given by [L] € X*(Tng) = Pic(V). This
morphism is unique up to multiplication by a scalar A € Q*.

For each [L] in Pic(V'), we choose a representative (|| -||,) of the adelic
norm associated to s([L]). Then we define for any v € Mq the map:

Il T(Qu) — R

162 @)l .
1620l if v # vo

Y
162 @)l B
Toz oy H2(a(0))

L otherwise.

Definition 3.6. The local height in the place v € Mq associated to the
universal torsor T is defined on 7(Q,) by:

Hyo(y, L) = |yl L
We also define a local logarithm height:
hrw: T(Qu) — Pic(V)k
such that for any L € Pic(V'), we have:
Hyo(y, L) = qf}hrv(y)@_
In particular, we have for any L € Pic(V) and for any y € T(Q),

(3.1) Hi(qw) = [[ Hroly, L)
vEMq

In order to describe one of the key property of this local logarithm height,
we need to recall the definition of the local logarithm map associated to a
torus.

Definition 3.7. Let T be a split torus over Q, we denote M = X*(T') the
lattice corresponding to the character group of T and by N = X, (T) its
dual for the usual pairing. For v € Mq, we have a natural map:

logg, : T(Qu) — Nr
such that for any x € M, for any t € T(Q,), we have:
<logT,v(t)v X> = logqv |X(t)|v .

With our convention, we can rewrite the following lemma ([18, Lem-
ma 4.30]):

Lemma 3.8. For any t € Txs(Qyu), for any y € T(Qy),

hT,’U (ty) = logTNs,v (t) + h’T,v (y)
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3.3. Universal torsors for split, smooth and projective toric va-
rieties. We keep the notations from 2.3. Let X be a toric variety over Q
(smooth, projective and split) and denote by ¥ an associated fan. In our
particular case, the universal torsor 7x; — X can be described as an open
subset of A¥(1) obtained by cutting out a certain closed subset Z(X).

As in [8, Chapter 5, §1], we define for a cone of the fan ¢ € X, the

monomial:
X°= ][ X,
pEa(1)
Then we shall use the following definition of the exceptional set Z(X):

Definition 3.9. We denote by B(X) the ideal of Z[X,, p € ¥(1)] generated
by the monomials X7 = Hpga(l) X, where o belongs to Xax the set of

cones of the fan ¥ of maximal dimension. Then we define the closed subset
of A1) as:

Z(2)=V(BE)= () (U (Xp—0>)-

O’EZmax p&a(l)
We define Ty, = A — Z(%).

In particular, this means that for y € z>0) — {0}, we have the following
equivalence: ]
y e 7-E(Z) — ng(yavg € Z:max) =1

Remark 3.10. There is a more intuitive description of the universal torsor
Ts, — X as an open subset of A=) obtained by cutting out a certain closed
subset which can be described in term of primitive collections which are
defined as follows (see [8, Definition 5.1.5]):

Definition 3.11. A subset C' C ¥(1) is a primitive collection if:
e C ¢ o(l) forany o € &

e for every proper subset C’ C C, there exists ¢ € X such that
C’' Co(l)

Hence Z(X) can be described as a union of irreducible components as
in [8, Proposition 5.1.6]:

Proposition 3.12.
2(2) = UV, | pe0)
C

where C belongs to the set of primitive collections.

Let 8 : Divp(X)Y = Z*) — N be the Z-linear map which sends the
vector of the canonical basis e, to u, the minimal generator of the edge p.
Denote by ¥y the fan of 7y (see [8, Proposition 5.19]). Both toric varieties
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Ty, and X are defined over Z via their fans. We state here the following
essential proposition:

Proposition 3.13. The natural toric morphism q : Ts, — X over Z given
by B : (Z%M %0) — (N, %) makes Ts; the universal torsor (unique up to
zsomorphzsm} over X.

Proof. See [19, Lemma 5.2 and Section 10]. O

We shall denote by Tx,;) the open torus of the toric variety Ts, which is
(1)

naturally isomorphic to Gy, via the character

xp, : Ty — G
Y= Yp.
Note that we have ¢ 1(T) = Tx(1)- Recall we have the following exact
sequence associated to the toric variety X:
0 — M 5 Divp(X) 5 Pic(X) — 0.

To an effective divisor D = }_ cx1)apDp, we associate the global sec-
tion X? in the Cox Ring Q[X,|p € £(1)] of the toric variety Xy defined by:

D
xP= 1] xg.
pEX(1)

Lemma 3.14. There exists a basis L1, ..., L of Pic(X) such that each L;
is a very ample line bundle.

Proof. Using Kleiman’s criterion (see [10, Theorem 1.27]), we can choose
(L1,...,L;) abasis of Pic(X) where each L; is an ample line bundle. More-
over by [8, Theorem 6.1.16], because X is smooth, L; ample implies L; very
ample. We have proven the lemma. O

We choose such basis. For 1 < k < t, we set h®(X, L) = ), and we take
My, = 771 (L,) N N1 ¢ Divp(X). Thanks to the description of the Cox
Ring of the toric variety X, it is a family of T-invariant divisor such that:

(3.2) HY(X, L)) = P QxP.
DeM,,

We have the following lemma:

Lemma 3.15. The closed immersion given by the very ample line bundles:

t
i—1
Xq — H P§
=1
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is in fact defined over Z and we have the following commutative diagram
which is cartesian:

To — [liz A\ {0}

| |

X —— [[io, P!
where b = (L1,..., L) and the horizontal maps are toric morphism.

Proof. Let us denote by Ay € M,, »(Z) the matrix whose lines are given

by the coordinates of D € M, in the basis {D,|p € X(1)}. The Z-linear
Ay
: ], that is to say:

map given by the matrix [
Ay

¢:72*0 — @ z"

1<i<t

induces the toric morphism of toric varieties over Z:

Ts — [ A"\ {0}

=1

which corresponds to the cartesian diagram 3.15. Moreover, the induced
morphism by quotient

t
X —J[p!
=1

is again a toric morphism of toric varieties. O

3.3.1. An alternative description of the system of heights over
toric varieties. Recall that we have equipped the toric variety X with
its natural system of heights as in Convention 2.12. We fix the point 1 =
(1)pex) of T(Q) and ¢(1) = 1 € X(Q). In this paragraph, we shall explain
how to lift the height of a rational point P € X (Q) to the universal torsor,
that is to say, we shall prove the following theorem:

Theorem 3.16. Let y € T(Z) and P = q(y) € X(Q). We have:
h(P) = hT 00 (y)-

Proposition 3.17. The system of heights sx : Pic(X) — H(X) used
in [19] on a toric variety X is functorial for the morphisms of split toric
varieties.
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That is to say, for X i) Y a toric morphism of split toric varieties (i.e.
compatible with the actions of the tori), the following diagram is commuta-
tive:

HY) —— H(X)

SYT Sx

Pic(Y) — Pic(X)

Proof. For a split toric variety X, we denote by Tig x its Néron-Severi
torus and by Tx its universal torsor, as defined previously. According to [13,
Section 3], a toric morphism

x Ly
between toric varieties lifts to a morphism of toric varieties

T L5 T

which is equivariant with respect to a morphism of tori Txs x — INs,y-
In [19, Theorem 9.5], Salberger constructs a canonical section

X(K)w—x> Tx (Ky)/Tns,x (Kv)ep

that, by construction, behaves functorially in X with respect to toric mor-
phisms. Here, Tng x(Ky)cp denotes the maximal compact subgroup of
Tns,x (Ky).

The proposition then follows from the fact that T'(K,) is dense in X (K,)
and that, according to [19, Proposition 9.7], we have the equality

I1(P)[lp = [¥(P)Ip,

where the definition of |-|p is given in [19, Notations 9.6]. Indeed, for a
divisor D on Y, we have

— ~

IL(F(P)llp = [dy (F(P))p = | F(¥x(P))p
= [0x(P)|yp = |[L(P)| s+ D- 0

We can describe the local height at the universal torsor 7Ts. We use
the functorial property 3.17 of the notion of system of heights for toric
morphism and we get that for any v € Mq and any k € {1,...,t}:

Hro(y, Li) = X 1XP (y)]o-

In fact using the description of the universal torsor given by the cartesian
diagram 3.15, we can deduce an other description of the Z-points of Tx:
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Proposition 3.18.

T (Z) = {y e ZZWNT(Q)|Vie{1,...,t}, Dgcd_(XD(y)) = 1}.

7

In particular, for any y € Tx(Z), we have for 1 <i < t,

Hi,(a(w) = g (X)) = Hr.ooly: L),

As Ly,...,L; form a basis of Pic(X), we have proven Theorem 3.16.

3.3.2. The action of the Néron—Severi torus on each coordinate.
In this paragraph, we shall describe the action of Txg on Tx. It is in-
duced by the group morphism 7* : Tng — Tyy(y), dual to the morphism
7 : Divp(X) — Pic(X).

We shall use the exponential group morphism:

e* : Pic(X)g — Tns(R)
a+—e®

such that for any L € Pic(X), xr(e?) = e where x; € X*(Txg) is the
character associated to L € Pic(X).

Proposition 3.19. Let a € Pic(X)g. For any p € X(1), the action of
e® € Tns(R) on the coordinate of A¥(D(R) corresponding to the edge p is
given by multiplication by e{[Peha),

Proof. To any T-invariant divisor D, we can associate a character yp :
Tx1) = Gy, which maps y to XP(y). The composition

xpor":Tns — G,

corresponds to the character x|p) where [D] = 7(D) € Pic(X) is the class of
D € Divy(X). Hence for any p € 3(1), the action of ¢ € Tns(R) on the co-
ordinate of A=(1) (R) corresponding to the edge p is given by multiplication
by x(p,)(t) as xp, o ™" = X[p,)- O

3.3.3. A natural covering of the real variety associated to our
toric variety. In this paragraph, X (R) is seen as a real manifold, endowed
of its associated topology. Then we shall prove the following result on the
local height h7 o (see Definition 3.6):

Proposition 3.20. The restriction map given by h}loo({O}) —XR) isa
finite covering.
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Proof. Let P € X(R) and let U be an open subscheme of Xgr such that
P € U(R) and that there exists a section s : U — Tr of ¢ : TR —
Xgr. Such section exists because by Hilbert’s 90, we have H (Xgr, Txs) =
HJ (XRr,Tns). Hence we have a continuous section

P cUR)—s e =60 g(p)
of h}loo({O}) 2 X(R) which gives using Lemma 3.8 a trivialisation of the
covering as follows:
U(R) x ker(loggy, o) — »~ (U(R))
(P,t) —s te "Tels(P) ().
As ker(logr, o) ~ {—1,1}, it is a finite covering. O
Corollary 3.21. h}loo({O}) is compact.

Proof. By [6, chapitre I, §4, n°5, théoréme 1], the map h}loo({O}) — X(R)
is proper. Moreover, X (R) is compact for the real topology as it is a pro-
jective variety. Hence we get our corollary. O

3.4. Measure over the universal torsors and Tamagawa number.

3.4.1. Adelic measure and Tamagawa number over a variety. Let
V be a smooth, separated scheme which have geometrically connected fibers
over Spec(Z) and such that Vq is a smooth, projective and geometrically
integral variety over Q. Let us recall here how an adelic metric (|| - ||v)verrq

over w‘;l defines a measure py over
V(dq) = [ V(Qu).
vEMq

As in [14, 2.2.1], we can define locally a measure over V(Q,) by the
relation

0
A dzriy...dz
‘ 81’1 ) 8xn7v 1v n,v
where (z1,...,2,) : Q — QI is a local system of coordinates defined on an
open subset 2 C V(Q,) and % ARRRIVAN 6:3” is seen as a local section

of w;l. This local measure does not depend on the choice of coordinates,
therefore we can glue together these measures and we get a measure fy,
over V(Qy).

By [14, Lemma 2.1.2], we have that if V' has good reduction at every
finite places and the norm is defined by the model (such hypotheses are
verified by a split toric variety), then:

MV,U(V(QU)) = m
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In order to define the Tamagawa number of our variety V, we first define

convergence factors. We set A\, = L,(1,Pic(V)) for v a finite place and
Ay = 1 for v is infinite.

Definition 3.22. The Tamagawa number of V' is defined by
(V) = nv(V(AQ)),

where the adelic measure is

py = H A v,
UEMQ

Remark 3.23. In the case where V is split, we have that for any v € M%,

1t
v (1),
p

We get that if moreover V' has a good reduction at every finite places:

") = e (V) I (1- ) 58

b 5 pdim(V) ’
p

Before defining a natural measure over universal torsor, let us recall [15,
definition 3.1.2], that one can define a natural measure over a split torus 7":

Definition 3.24. Let ({1, ...,&) be a basis of X*(T")r then the differential
form
t
d .
wr = N\ &
i1 &
does not depend on the choice of the basis, up to its sign. It is called the
canonical form of 7. This form defines a natural measure over T'(R).

3.4.2. Adelic measure over universal torsors. In order to make the
notations less cluttered, for the rest of this article, we shall write T = Ty,
where Ty is the universal torsor defined in 3.13 over the toric variety X. In
this paragraph, we recall the construction from [18, Section 4.3.2] to define
for any v € Mq, a measure wr, over 7(Q,). We write 1/}\1\3 for the sheaf of
characters associated to the Néron—Severi torus.

Using the exact sequence

1 — Gy x —>q*Gm,7——>fN\3 — 0

associated to the universal torsor, which corresponds up to sign to the
element [7] € H'(X,Txs) seen as an element in Ext) (G, x, Txs) (see [7,
1.4.3)), we get that H°(T, G,,) = Q* and that Pic(T) is trivial. Moreover,
by [16, lemme 2.1.10], w7 is isomorphic to the pull-back of wx. Hence there
exists a global section of w7 corresponding to a trivialization of the line
bundle so we get the following proposition [18, Proposition 4.24]:
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Proposition 3.25. Up to multiplication by a scalar, there exists a unique
volume form over T.

We follow [18, Construction 4.25] in order to describe locally the measure
wT,w over T(Qy). Let us choose a non zero section w of wy. For any place
v € Mgq, the expression

(L )|
’8%1 8xm

defined a local measure. Gluing this local measures, we get a measure wr,

over T(Qy).

Remark 3.26. In our case, recall that X is a smooth, projective and split
toric variety and 7 an open subset of A*(1) the previous construction
gives us that wy, is the restriction of the normalised Haar measure dz,

over QE(I) to the open subset 7(Q,) if v € MQ and is the restriction of

the natural Lesbesgue measure dzo, over R¥() to T(R).

We shall compute wr (7 (Z,)) for v € M&:

dml,v e dxm’v

Theorem 3.27. For any v € M(%, we have:

TE) (1o L)
Pu

WT,U(T(ZU)) = dim(7) dim(X) *
Y Pv

Proof. Because W,y is the restriction of the normalised Haar measure dx,
over Qv ) to the open subset 7(Qy), we have wr (T (Z,)) = ﬁ;ru(anﬁ)) Using

that Ts(F,) acts freely on T (F,) and that X(F,) = T(F )/TNS( v), We
can conclude the proof. d

To end this section, we shall compute w7 (D) = Vol(D) where

D={yeT(R)|hro(y) €D}

for a compact subset D C Pic(X ). We shall connect it to v(D) where v
is the measure over Pic(X)y defined as in 2.9. We shall need the following
lemma which was stated in [15, 4.4.1]:

Lemma 3.28. Let P — yp be any measurable section of T(R) — X(R).
For any function f : X(R) — R compactly supported and measurable, the
function:

Pr— [X=1 (D)oo f (tyP)wrys (dt)
Tns(R) X

does not depend on the choice of the section P — yp and we have:

| tweratan) = [ uxe(dP) [ Ol (tur)ens(a)
T(R) X(R) Tns(R) %
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Proof. The first assertion is a consequence of the invariance of the Haar
measure (see [5, chapitre VII, §2, n°2, proposition 1]). To show the second
assertion, one must remark that in [19, Section 5|, Salberger shows that if
you define the measure

w7 00(dy)
Wsal,co(dy) = O‘%,lv
HT,OO(yv wX )
it is a Tng(R)-invariant measure and the quotient measure “:JS;I"X’ is p1x 00
NS

Hence by [5, chapitre VII, §2, n°2, proposition 4], we have that for any
f: X(R) — R compactly supported function, we may choose a section
P — yp such that

HT oo(yp,wy') = 1
for any P, and we get:

/T o ST (9) = [r ) HT ol 03 100 ()

= / :uX,oo(dP)/ Hr oot yp,wy') f(typ) wrys(dt).
X(R) Tns(R)
Using that
HT,OO(t yp, w;(l) = |Xw)—(1 (t) |oo HT,OO(yP, w;(l)7
we can conclude the proof. O
Proposition 3.29.
WT 00(D) = Vol(D) = 2" 1ix oo (X (R)).v(D).

Proof. Applying the previous lemma for f = 1p, we get:

wree@) = [ pxeldP) [

PEX(R) Tns(R)
where for each P € X(R), we have choosen yp € Tp(R) such that

|Xw;(1 (t) |00110g;1\115m(D) (t)wTNS (t)

h'T,oo (yP) =0.

Then using that we have the following exact sequence of locally compact
groups:

IOgTNS ,00

0 — ({£1}, Scompt) — (Ths(R), wrys) (Pic(X)Rk,da) — 0

where da is the Lebesgue measure over Pic(X)y, we get:

wT0o(D) = 2t/ uxpo(dP)/ e<“’;<1’a>1D(a)da
PeX(R) Pic(X)Y

= 2" ux o (X (R)) (D). O
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3.5. The Mobius function associated to the universal torsor. For
this section, we follow the notations of Salberger [19, Notations 11.8] in
order to introduce the Mobius function associated to the universal torsor
T over X.

Notations.
(1) 1yz : (N> — {0,1} is the indicator function of T(Z) N
(N*)E(l), that is to say we have the following equivalence:

1T(Z)(€) =1 gcd(y‘}7 0 € Ymax) = 1.

(2) for d € (N*)*() ] we write 1,55 : (N*)®(1) — {0,1} the indica-
tor function of @ ,ex)dpZN (N*)>() | that is to say we have the
following equivalence:

1,7200(e) =1<=d]|e
where d | e means d, | e, for any p € ¥(1).
In [19, Definition 11.9], Salberger defined a M&bius function:
Definition 3.30.
p (NP — 7
such that

]-’T(Z) = Z [L(d)].d.zz(l).
dG(N*)E(l)

For a prime number p, we denote by ng ) the sum over the ¥ (1)-tuple of
the form d = (p®) ,ex(1) where (e,),ex(1) belongs to N>, We also define
I(d) = [ ex1) dp for any d € (N*)>(D) | Salberger showed (see [19, 11.14])
the following result:

Proposition 3.31. For any prime number p,

(p)

i

=[]
:1‘:

(d
(d)
Recall that we denote by [ be the smallest positive integer such that

there exists [ rays of X not contained in a cone of .. We have the following
result from [19, Lemma 11.15]:

WT,p(T(ZP)) =

Proposition 3.32. The Fulerian product over every prime numbers:

(p)
()|
12
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is absolutely convergent for R(s) > % In the same way,

dE(N*)E(l)

is convergent and is equal to

for R(s) > 7.

Using this proposition, one can deduce (see [19, Lemma 11.19]) the fol-
lowing lemma:

Lemma 3.33. Let e €]0,1 — %[ We have the following upper bounds:

4. Lift of the number of rational points of the toric variety to its
universal torsor

The method of lifting the number of points to universal torsors have been
used in a particular case in [14], then extended to toric varieties in [19,
Section 11] and generalised in [16, 18].

We fix u € (Cegr(X)Y)° and D C Pic(X)% a finite union of compact
polyhedrons. Let B > 1 and write Dg = D + log(B)u. We shall use that
the map

q:T — X

is surjective. Using the lift of rational points to the universal torsor, we
have by Corollary 3.16:

X (Qeny = 5ty € T(B) | hroely) € D)
S T@), ev,

Using the Mébius inversion, we shall see that estimating £ (7 (Z))
reduces to estimating:

hT,oo EDB

(270N T(R))

hT,OOEDB
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4.1. Estimation of the error term between the number of points
of a lattice in a bounded domain and the volume of the domain. In
what follows, Vol means the usual euclidean volume given by the Lebesgue
measures. The aim of this section is to relate ﬁ(ZZ(l) N T(R))hT €Dy and

the volume of Dp = {y € T(R) | h7,oo(y) € Dp}. To estimate the differ-
ence between this two terms, we shall use a result of geometry of numbers
due to Davenport [9]. The statement we shall use is from [4, Proposition 24]:

Proposition 4.1. Let D be a bounded domain, semi-algebraic of R™ which
1s defined by at most k polynomial inequalities each having degree at most [.
Then the number of integral lattice points of Z™ contained in D is :

Vol(D) + O (max(1, Vol(proj;(D)) | I € P({1,...,m}), 41 < I <m))
where Vol(proj; (D)) means the euclidean volume of the projection of D via
projs : R — R/
(@1, Tm) ¥ (@i)ier
The constant in the error term depends only on m, k, and [.
Each time we shall use this proposition in this article, the constant m,

k and [ will not vary. We shall apply this proposition to the semi-algebraic
bounded set ¥(D;) where:

(1) D1 ={y e T(R) | h1,x(y) € D}
(2) ¥ is the multiplication by an element (ap)pEE(l) c (Ri)E(l)_ In
other words:
U R — RE)
(20) pes1) — (ap Zﬂ)pEZ(l)

Hence we shall have m = #3(1), k depends only on the choice of D, the finite
union of compact polyhedrons and [ depends on the choice of D and on the
maximum of the degree of the monomial X” for D € My and k € {1,...,t}
(see notations from 3.2). By this remark, applying the previous proposition
gives that there exists C1 > 0 and Cs > 0, which does not depend on the
choice of @, such that:

‘tt(zﬂ”m@(m))—( I1 ap) Vol(Dy)

pEX(1)

< 1 ir(D

For the rest of the article, we shall suppose that B > 1. Recall we have
chosen a vector u € (Cegr(X)Y)® and defined D = D + log(B)u.
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4.1.1. An upper bound on the coordinates. The key point to estimate
the error term is the following statement:

Proposition 4.2. There exists a constant Cp > 0 (depending on the com-
pact subset D) such that for any y € Dg, for any p € (1), we have:

ly,| < CDB<[DP],U>.

From now on, we shall write by B* the unique element of Txg(R) given
by exp(log(B)u). Using Lemma 3.8, we get that

Dp = B“D;.

Then to prove the previous theorem, we have to recall that the action
of B" on the coordinate associated to p € (1) is given by multiplication
by B{Pelw) by Proposition 3.19 and we can conclude using the following
lemma:

Lemma 4.3. There ezists a constant Cp > 0 (depending on the compact
subset D) such that for any y € D1, for any p € ¥(1), we have:

Yol < Cbp.
Proof. We can define a surjective continuous map:
hro({0}) x D — D
(y,v) — e’y

By Corollary 3.21, h}loo({O}) is compact. Hence D; is the image of a com-
pact by a continuous map so it is compact. There exists a constant C' > 0
such that Dy C B|.|(0,C). O

We get the following corollary of our theorem:

Corollary 4.4. For any I non empty subset of ¥(1), there exists a constant
C > 0 such that:

Vol(proj; (D)) < B ZeerPru)

We finish this paragraph by recalling the value of the volume Vol(Dp)
and by estimating the cardinal of ﬁ(ZE(l) N T(R))

h'T,oo €Dp ’
Theorem 4.5.
Vol(Dp) = Vol(D1) B = 28 pix oo (X (R)) w(Dy) B .

Proof. By Remark 3.26, the Lebesgue measure over R®() restricted to
T(R) is W oo. So the theorem is a consequence of Proposition 3.29. 4
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Recall that as we take u € (Cegr(X)V)° i.e. for any L € Cog(X), (L, u) >
0, then we have that:

. B<°~"X Ju)
Igz%%ﬁ;é@ Vol(proj;(Pp)) = O Bminyes)([Dplw)

which is negligible compared to Vol(Dp) when B grows. We can then deduce
the following theorem using Proposition 4.1:

Theorem 4.6. There exists a constant C > 0 such that, for B > 1,

|ﬁ )N Ty (R)) — 2 px oo (X (R)) w(Dy) Bx )

hT,ooeDB

S C B(w;(17u>_minp62(1) <[DP] 7u> X

4.1.2. Upper bound for the number of points in the complemen-
tary of the torus. Applying Lemma 4.3, we have that there exists N > 1
such that Dy C [],ex )[4V, N]. Hence

Dec ] [ N B({Dolu >NB<[DP],U>}7
peEX(1)

so we have for any p € ¥(1),

H(ZOTRIN G =0, o, < T (NEE )

p'eX(1)—{p}
< (2NB<[DP]7“> + 1)
p'ex(1)—{p}
Hence there exists a constant C' > 0 such that:
(1) _ (3 D)
£ (2 N T(R) N {y, = 0})%,%@3 < CB\ oz Pl

We get the following theorem:
Theorem 4.7.

-1

{wx™ )
HZE N (TR Ty (R)), =0 ( " )

B™minyes){([Dpl,u)

Applying the previous theorem and Theorem 4.6, we get that:
Corollary 4.8. There exists a constant Cp > 0 such that:

hT,oo GDB

’ﬁ(zz(l) NT(R)) — 2 pix oo (X (R)) v(Dy) B&X )

< CD B(w)_(l uu>_minp62(1) ([Dp]su) .
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As H(X(@Q\T(Q)hep, < HZ) 0 (TR)\ Toy(R),,_p, - we
can also deduce the following corollary:

Corollary 4.9.

Blox'u )

Bminpesn) ([Dpl,u)

1 (X(Q\T(Q))pep, = O (

4.2. Extension of our estimation in order to apply the Mobius
inversion. Let d € (N*)®(1) and write Ay = @D, cx(1) dp-Z. We shall denote

Ng4(B) the cardinal of the set (AgNTxq)(R)) . We want to extend

hT,ooEDB
the estimation made in Theorem 4.6 to Ny(B).

Denote by ¢ : R*1) — R¥M) the diagonal endomorphism given by
multiplication by d, the coordinate associated to the edge p. Recall that
we have covol(Ag) = II(d). We can interpret Ny(B) as follows:

Na(B) =t {y € Z°V | hy o0 (¥(y)) € D and ¥(y) € Ts1)(R) }
= 4{y € 2"V |7 (B™"9(y)) €D and B~ ¢(y) € Ton)(R)}

We write D1 = {y € Tx1)(R) | h7,00(y) € D}. We can then deduce that
Ny(B) = (2°V nw(Dy))

where W(z) = 1~1(B".z). Using this description, we begin by giving an
upper bound of Ny(B):

Proposition 4.10. For any B > 1, we have:

Bloxtu)
e =o (Bt

Proof. Again by Lemma 4.3, there exists N > 1 such that

Dic [ (=N, N —{0}).

pEX(1)

Hence
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So we have that:

Ny(B) = (250 n w(Dy))

B{Dolw)

< 2f=() N———

< 11 7
peEX(1)

Blwx'w)

< (2N)F=) @) O

Remark 4.11. One may remark using the previous proof that Ny(B) =0
when there exists p € ¥(1) such that NB{Pelw) < g,

Now we shall later need a better estimation of Ny(B) when II(d) <
B {Pplu) T4 ig given by the following theorem:

Theorem 4.12. There exists a constant Cp > 0 (depending on the choice
of D) such that:

Blwx'w
<
= CD Bminp62(1)<[DP]:u> '

Nd(B) — 1_‘[(1(1) 2t ,UfX,oo(X(R)) V(Dl)B<w;(1’u>

Proof. Denote by ¥ : RT — R/ the morphism which maps

B{Dw
(Tp)per — ( d Zp .
P pel

Then we may remark that:
proj;o¥ = ¥y o proj;.

Using this we get that there exists Cp > 0 (which depends only on the
compact subset D) such that for any non empty set I C ¥(1):

B<Zp€I[DpLu> B(w)_(lvu)

Vol(proj; (¥(D)) < Cp oer d, <Cp Bminpes)([Dplw)

Applying Proposition 4.1 finishes the proof of the lemma. O

4.3. The Mobius inversion. We recall that we take D a finite union of
compact polyhedrons of Pic(X )%, u € (Cegr(X)Y)° and B > 1.

Proposition 4.13.

8(T(Z) N Te)(R)hy wens = O #l(d) Na(B)
dE(N*)E(l)
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Proof. Firstly, by Remark 4.11, the sum is finite. Now using the definition
of 3.30, we have:

8(T(Z) N Ty1)(R))hr oeDp

- ;;zm Lyt ) W) L7(2) ()
ye(N*

=g Y Lt () (¥)- > wld) 1720 ()
ye(NH)=( de(N*)=1)

— Z () (QﬁE(l) Z 1, (DB)(y) 1dlzz:(1)(y)>
(1)

o T 00
de(N*) y€(N=*)=()

= Y uld)Na(B). O

de(N*)=1)
We shall show the following theorem:

Theorem 4.14. Let € € 0,1 — %[ There exists a constant C' > 0 such
that:

— 2 w7 p(T(Zp)) pix00(X(R)) v(D1) B&x"

< OB )~} —¢) minges ) (D)),

Proof. Recall that by Propositions 3.31 and 3.32, we have that:

p(d) _
> 1ia) = Lera(T(Z))
P
Hence using the previous proposition, we get:
H(T(2) 0 s (R)r v

— ot Hw7-7p(7'(Zp)) fx 00 (X (R)) V(D1)B<“’;(lvu>

L1
(@ (vu(B) -2 i

X o (X (R)) (D1) B<wxl,u>> ‘
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1 _
< > (@) | Na(B) =2 g oo (X (R))(Dy) B
TI(d)< B™mpex(1) {Pplw)
1 -1
T Z (d)] ’Nd(B) _2t@MX7m(X(R))U(D1)B<wX |

11(d)>B""eex(n) {1Pelw)
When II(d) < B™Pees){IPelt) e use Corollary 4.12, we have that there
exists a constant C' > 0 such that:

Bloxtw
Bminpes)([Dplu)

‘Nd<B> - nz@ 2" pix 0o (X (R)) v(D1) BX | < ©

Let € €]0,1 — 1[. Then by Lemma 3.33, we get that:
l

1 -1
2 ()] ‘Nd<B) = 2 gy oo (X (R)) (D) Blwx'w)
I1(d)<B™ " res(1) ([Dplsu)
Blwx )

<C B(%+€) minpezu)qu]»u)_

Bminsex)([Dolw)
Now by Proposition 4.10, there exists C’ > 0 such that:

1

Blwxt
11(d)

Hence we get using the second assertion of Lemma 3.33 that there exists
C” > 0 such that:

1 —
Z |M(d)| ’Nd(B) _2tm,u‘X,oo(X(R)) V(DI)B<WX1’U>
T1(d)>B™ ™ pes(1) {IPplw)

Ny(B) <’

-1 d
<oy ==
TH(d)> B™mpen () {[Polw)
<o Bloxtw
h B(—1—e)minyes){[Dplu)’
This concludes our proof. ]

Applying Theorem 4.7, we get:

Corollary 4.15. Let ¢ € ]0,1 — %[ There exists a constant C > 0 such
that:

T 2Dy cpp — 2 TTwTp(T(Zp)) ix oo X (R)) (D) BEX

< C’B(w)_(lau)_(l_%_e) minp62(1)<[DP]7u>.
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4.4. Conclusion. Finally we can establish the Theorem 2.15:
Theorem 4.16. Let € €]0,1 — }[. Then we have:

(X (@epy = #(D1) 7(X) B (14 0B~ -mines 1Y)
where v is the measure over Pic(X)k defined as in 2.9.

Proof. Let us recall that §X(Q)nrep, = %f{ (T(Z))}, .ep,- Applying
Corollary 4.15, we get that there exists a constant C' > 0 such that:

‘ﬁX(Q)hEDB_ [[wro(T(Zp)) MX,oo(X(R))1/(D1)B<W;(l’“>
P

< CB(W;(IaW—(l—%—S) minﬂEZ(l)([DPLq‘o‘

Moreover by Remark 3.23 and Theorem 3.27, we get:

[wrs(T(Z) | . px.oo (X (R)) = 7(X)

hence we have the result stated. O
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