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More on consecutive multiplicatively dependent

triples of integers

par MICHAEL A. BENNETT, IsTvAN PINK et INGRID VUKUSIC

RESUME. Dans cet article, nous étendons le travail récent du troisieme auteur
et Ziegler sur les triplets d’entiers (a, b, c) avec la propriété que chacun des
triplets (a,b,¢), (a+1,b+1,c+1) et (a+2,b+2, c+2) est multiplicativement
dépendant, en classifiant complétement ces triplets dans le cas ¢ = 2. Nos
techniques incluent divers arguments élémentaires ainsi qu’une machinerie
plus complexe issue de I'approximation diophantienne.

ABSTRACT. In this paper, we extend recent work of the third author and
Ziegler on triples of integers (a, b, ¢), with the property that each of (a,b,c),
(a+1L,b+1,c+ 1) and (a + 2,b + 2,¢c + 2) is multiplicatively dependent,
completely classifying such triples in case a = 2. Our techniques include a
variety of elementary arguments together with more involved machinery from
Diophantine approximation.

1. Introduction

An n-tuple of numbers (z1,...,2,) € C" is said to be multiplicatively
dependent, if there exists a non-zero tuple (ki,...,k,) € Z" such that

z’fl---zinzl.

In this paper, we will consider tuples (z1,..., z,) of positive integers and,
for simplicity, assume 1 < z; < -+ < z,. Of course, there exist many
multiplicatively dependent tuples (z1,...,z,); see [15] for asymptotics. We
will focus our attention on “consecutive” tuples, by which we mean pairs
of tuples of the shape (z1,...,2,) and (21 +1,...,2, + 1).

For pairs of integers, the situation is rather simple: If 1 < a < b, then
(a,b) is multiplicative dependent if and only if it is of the shape (a,b) =
(g%, q¥) for some integers ¢ > 1 and 1 < z < y. Thus, it is relatively easy
to see, appealing for example to Mihailescu’s theorem [13], that (2,8) and

Manuscrit regu le 18 novembre 2024, révisé le 4 juillet 2025, accepté le 15 juillet 2025.

2020 Mathematics Subject Classification. 11N25, 11D61, 11J86.

Mots-clefs. Multiplicative dependence, Pillai’s problem, Linear forms in logarithms.

M.B. was supported by a grant from NSERC. I.P. was supported by the NKFIH Grants
150284 and ANN 130909, as well as by the Austrian Federal Ministry of Education, Science and
Research (BMBWF), grant no. SPA 01-080 MAJA. I.V. was supported by the Austrian Science
Fund (FWF) under the project 14406, by the Austrian Federal Ministry of Education, Science
and Research (BMBWF), grant no. SPA 01-080 MAJA, and by NSERC Grant 2024-03725.



180 Michael A. BENNETT, Istvan PINK, Ingrid VUKUSIC

(3,9) are the only consecutive multiplicatively dependent pairs of integers.
In fact, this statement is equivalent to a well-known theorem of LeVeque [10]
from the 1950s; see [20] for details.

For triples, the situation is significantly more complicated. From the def-
inition of multiplicative dependence, a triple can be multiplicatively depen-
dent even if only two of the numbers “contribute” to the dependence, e.g.
(2,8, 13) is multiplicatively dependent, and so is (3,9, 14). From this obser-
vation, it is very easy to generate integer triples such that both (a, b, c) and
(a+1,b41,c+ 1) are multiplicatively dependent. Even if we exclude a = 2
and b = 8, one can take triples of the shape (a,b,¢) = (¢%,¢?, (¢"+1)° —1);
see [20, Theorem 4] for more examples.

In fact, one can even construct a family of three consecutive multiplica-
tively dependent triples:

(1.1) (2,8,275Y — 2),(3,9,275Y — 1), (4, 10, 2°5Y),

where x and y are nonzero integers. It is not well understood yet how many
such triples exist outside of this family. In the range 1 < a < b < ¢ <
1000, we find 11 triples (a, b, ¢) such that (a,b,c), (a +1,b+ 1,¢+ 1) and
(a4 2,b+ 2,c+ 2) are each multiplicatively dependent, and that are not
in the family (1.1). In [20, Question 3] the authors posed the following
question.

Question 1.1. Are there infinitely many triples (a, b, ¢) of pairwise distinct
integers larger than 1 with {2,8} ¢ {a,b,c} such that (a,b,c), (a + 1,0+
1l,e+1) and (a+ 2,b+ 2, ¢+ 2) are each multiplicatively dependent?

This question turns out to be easier to answer than the authors of [20]
expected. Indeed, the answer is “yes”, as each of the three consecutive
triples

(2,27 —2,22¢ — 927ty — (2 2(2°~1 —1),2oFL (2771 — 1)),
(1.2) (3,2 —1,2% — 9%+l 1 1) = (3,2 — 1, (2% — 1)?),
(4,2%,220 — 27t 1 9) — (22 9% (27 —1)2 +1)
is clearly multiplicatively dependent for any integer x > 3.
In particular, this means that, for fixed a = 2, there exist infinitely many
integers 2 < b < ¢ such that (a,b,¢), (a+1,b+1,c+1) and (a+2,b+2,c+2)

are each multiplicatively dependent. Interestingly, the main result in [20]
ensures that this cannot happen for any a # 2:

Theorem 1.2 (cf. [20, Theorem 5]). Let a > 3 be a fized integer. Then
there are only finitely many integers b, ¢ with a < b < ¢ such that (a,b,c),
(a+1,b4+1,¢c+1) and (a+2,b+2,c+2) are each multiplicatively dependent,
and they are bounded effectively in terms of a.
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Note that Theorem 5 in [20] is formulated slightly differently: there, the
triples are not ordered and a ¢ {2, 8} is required. However, the proof reveals
that a = 8 only needs to be excluded if b = 2 or ¢ = 2 is allowed, which in
the above formulation is not the case.

In view of Theorem 1.2, an obvious question is the following: For a = 2,
how many triples outside of the families (1.1) and (1.2) are there? We
answer this question completely with the next result.

Theorem 1.3. Let (2,b,¢) be a triple of integers with 2 < b < ¢, and the
property that (2,b,¢), (3,b+ 1,c+ 1) and (4,b+ 2,c+ 2) are each multi-
plicatively dependent. Then either (a,b,c) is in one of the families (1.1),
(1.2), or (a,b,c) = (2,4,14), or (a,b,c) = (2,6,16).

The proof will be provided in Section 4. It relies on known results on
certain Diophantine equations, as well as on the two equations

(1.3) 292"+ 1)° F1 =372 £1)v,

which are solved in Section 3 using lower bounds for linear forms in loga-
rithms.

For now, let us return to Question 1.1. In view of family (1.2), it makes
sense to modify it in the following way.

Question 1.4. Do there exist infinitely many integer triples (a, b, ¢) with
l1<a<b<ec, (a,b)#(2,8),and (a,b,c) # (2,2% —2,22¢ —27+1) such that
(a,b,c), (a+1,b+1,c+1) and (a+2,b+2,c+ 2) are each multiplicatively
dependent?

We will not be able to answer this question completely. However, let us
have a look at the triples in the range 1 < a < b < ¢ < 1000 that are
included in Question 1.4. A quick computer search reveals the following
seven triples (a, b, ¢):

(2,4,14), (3,6,48), (6,8, 48), (6, 18, 43),

1.4
(14) (6,30,216), (7,15,49), (7,49,79), (8, 32,98).

Note that the triples (2,4, 14), (6, 30,216), (7,15,49),(7,49,79), (8, 32,98)
all have the property that only two of the entries contribute to the multi-
plicative dependence. We call such triples 2-multiplicatively dependent. A
more common way to express this might be to speak about the multiplica-
tive rank of the triple; for simplicity, we use the following terminology, as
introduced in [20].

Definition 1.5. We say that an n-tuple (ay,...,ay) is k-multiplicatively
dependent if there is a multiplicatively dependent k-subtuple (a;,, ..., a;,)
and every (k—1)-subtuple (a;,, ..., aj, ,) is not multiplicatively dependent.
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Examining the first triple from (1.4), we observe that (2,4,14) is 2-
multiplicatively dependent, while its two associated triples, (3,5,15) and
(4,6,16), are 3-multiplicatively dependent and 2-multiplicatively depen-
dent, respectively. In fact, for each triple (a,b,c) in (1.4), we always have
a similar “mixed situation”. In other words, in our examples, (a,b,c), (a +
1,b4+1,c+1) and (a + 2,b+ 2,¢ + 2) are never all 2-multiplicatively de-
pendent or all 3-multiplicatively dependent. While we don’t know how to
find or prove the absence of three consecutive 3-multiplicatively dependent
triples, the question about three consecutive 2-multiplicatively dependent
triples translates to tractable Diophantine equations (see Section 7.3 for
details). In fact, in [20, Problem 2], the following problem was posed.

Problem 1.6. Solve the Diophantine equations
(@ +1)"+ 1) —d¥ =2,
(d*+1)°—(dy —1)" =2,
d’ — ((d* —1)* = 1)t =2,

and thus find all integers 1 < a < b < ¢ such that (a,b,c), (a+1,b+1,c+1)
and (a +2,b+ 2,c+ 2) are each 2-multiplicatively dependent

This is exactly what we will do in the second part of this paper (Section 6
and 7).

Theorem 1.7. Let (a,b,c) be a triple of integers with 1 < a < b < ¢, and
the property that (a,b,c), (a+1,b+ 1,c+1) and (a +2,b+ 2,c+ 2) are
each 2-multiplicatively dependent. Then

(15) (aa b> C) € {(27 67 8)7 (27 87 2% — 2)7 (21 81 10Y — 2)}?
where x > 4 and y > 2 are integers.

As an ingredient in our proof, we will need rather strong bounds on the
variables of the Diophantine equation

z? =2 =y"

This equation has been studied intensively, but is still not solved completely.
We will collect some results and derive a small bound on the exponent n
in Section 5 through application of Laurent’s lower bound for linear forms
in two logarithms.

In the next section, we collect some preliminary results. In Section 3, we
solve the two equations (1.3), which we then use to prove Theorem 1.3 in
Section 4. The equation z? — 2 = y" is investigated in Section 5, and we
solve the equations from Problem 1.6 in Section 6. Finally, in Section 7, we
prove Theorem 1.7.
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2. Preliminaries

Here, we collect various known results, which will be used later in the
paper. We start with two results on consecutive multiplicatively dependent
pairs of integers, then list several results on certain Diophantine equations
and recall a number of elementary lemmata related to divisibility. Finally,
we state some lower bounds for linear forms in logarithms.

2.1. Consecutive multiplicatively dependent pairs.

Lemma 2.1 ([20, Theorem 1]). The only integers 1 < a < b, such that

(a,b) and (a + 1,b+ 1) are both multiplicatively dependent are a = 2 and
b=S8.

Lemma 2.2 ([20, Theorem 3|). There exist no integers 1 < a < b, such
that (a,b) and (a+ 2,b+ 2) are both multiplicatively dependent.

2.2. Some Diophantine equations.
Theorem 2.3 (Mihailescu [13]). The only solution to the equation
a®—=b =1, witha,z,b,y € Z>s

is (a,z,b,y) = (3,2,2,3). In other words, the only consecutive perfect pow-
ers are 8 and 9.

Theorem 2.4 (Nagell [14]). The equation
" —y? =2

has exactly one solution in positive integers x,y and n > 2, which is given
by (x,y,n) = (3,5,3).

Theorem 2.5 (Bennett [1, Theorem 1.5)). For any fized integers a > 2,b >
2 the equation

(2.1) a® —bY =2
has at most one solution (x,y) in positive integers.

Lemma 2.6 (Ljunggren [11], Stgrmer [18, p. 168]). The only solution to
the equation

24+ 1=2y"
in integers x > 2, y > 1 and n > 3 is given by (x,y,n) = (239,13,4).
Lemma 2.7. The only solution to the equation

202 — 1=y
in integers x > 2,y > 2, n > 3 is (x,y,n) = (78,23, 3).
Proof. From [3, Theorem 1.1] (with C' = 2 and the restriction y = 1) it

follows that there are no solutions with n > 4. For n = 3, we obtain from [8,
Theorem 2] (with N = 2) the single solution (z,y,n) = (78,23, 3). O
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Lemma 2.8. The equation
ok — 3t = 41
has no solution in integers k >0, £ >0, x > 2 and n > 3.

Proof. This follows from [2, Theorem 1.2] with a = 3, b = 2*, and the
restriction y = 1. O

Lemma 2.9. The only solution to the equation
(2.2) 3k — 22" = 41

in integers k > 1, x > 3, n > 2 is given by (k,z,n) = (5,11,2), where we
have

3P -2.112=1.

Proof. For n > 3 the statement follows immediately from [2, Theorem 1.2]
with @ = 2 and b = 3¥ and the restriction y = 1.

Now let n = 2. Considering equation (2.2) modulo 3, we see that the
right hand side has to be +1, i.e. we have the equation 3% — 1 = 222. If k
is odd, then [3, Theorem 1.1] (with C = 2, x = 3, y = —1) implies that
k < 5. If k is even, then

(382 —1)(3%/2 + 1) = 222,

Since 3%/2 —1,3%/2 4+ 1 have no common prime factors > 2, we get that
3k/2 11 is either a square or two times a square. If 35/2 + 1 is a square,
then, via Theorem 2.3, k < 2. If 3¥/2 4+ 1 is twice a square, we obtain a
contradiction modulo 3. It follows that k € {2,3,5}, whence a short check
reveals that k = 5. g

2.3. Some divisibility lemmata. The first two lemmata are stated with-
out reference, being standard and easily verified.

Lemma 2.10. Let a,m,n € Z>1. Then o' — 1 divides a™ — 1 if and only
if m divides n.

Lemma 2.11. Let a € Z>2 and m,n € Z>1. If a™ +1 divides a™ + 1, then
m divides n.

If m is a nonzero integer, let v,(m) denote the largest integer k£ with the
property that p* | m.

Lemma 2.12 (see e.g. [6, Lemma 2.1.22]). Let p > 2 be prime and a an
integer with p | a — 1. Then for any positive integer n we have

vp(a” — 1) = vp(a — 1) + vp(n).
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Lemma 2.13. Let p > 2 be prime and a an integer with p | a + 1. Then
for any positive integer n we have

Up((ln +1)= {Up(n) + Up(a +1), ifn is odd,

0, if n is even.
Proof. For even n, this is easy to see: the assumption a = —1 (mod p)
implies a™ + 1 = 2 # 0 (mod p). For odd n, the statement follows from
Lemma 2.12 noting that v(a" + 1) = vp((—a)” — 1). O

Lemma 2.14 ([6, Corollary 2.1.23]). Let a € Z be odd. Then for any
positive integer n we have

va(a—1) if n is odd,
va(a? — 1) +va(n) — 1 if n is even.

va(a" —1) = {

The next lemma is formulated only for odd n and is easy to check.
Lemma 2.15. Let a and n be positive integers with n odd. Then
vo(a”™ +1) = va(a +1).
Lemma 2.16. For any positive integer n, we have

0, if n is odd,
vs(n) +1, if n is even,

and
v3(n)+1, ifn is odd,
0, if n is even.

v3(2"+1) = {

Proof. The formula for v3(2" + 1) follows immediately from Lemma 2.13.
It is clear that v3(2" — 1) = 0 for odd n, because 2" = 2 (mod 3) for n

odd. If n is even, then note that v3(2" — 1) = v3(4™2 — 1) and appeal to

Lemma 2.12. U

Lemma 2.17 (Zsigmondy’s theorem [21]). Let a > b > 1 be coprime
integers. Then for any integer n > 1, there is a prime number p (called a
primitive divisor) that divides a™ — b™ and does not divide a* — b* for any
1 < k < n, with the following exceptions:

en=1anda—->b=1,

e n=2anda+ b is a power of 2,

en==6anda=20=1.
Similarly, a™ + b™ has at least one primitive divisor, with the exception

en=3anda=2,b=1.
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2.4. Lower bounds for linear forms in logarithms. We will have use
of lower bounds for linear forms in more than two logarithms only in the
integer case, and appeal to work of Matveev.

Theorem 2.18 (Matveev [12, Corollary 2.3]). Let ay,...,an, € Z>o2,
bi,...,bp € 7Z and

A=bloga; +---+byloga,.
Suppose that A # 0. Then we have
log |A| > —ChMatv.n logar - - -log an (1 + logmax{|bi], ..., |bnl}),

where Chpaty, = 14045 30773,

The next lemma describes the way in which we will apply the LLL-
algorithm to reduce the lower bounds for linear forms in four logarithms.
It is a variant of [17, Lemma VI.1].

Lemma 2.19 (LLL reduction). Let y1,72,73,74 be positive real numbers
and x1,x2,T3, x4 tntegers and let

|A] := |z1log y1 + z2logy2 + x3logy3 + x4 logya| # 0.

Assume that the x; are bounded in absolute values by some constant M and
choose a constant C > M*. Consider the matriz

1 0 0 0
0 1 0 0
A= 0 0 1 0 ’

[Clogm] [Clogye] [Clogys] [Clog~]

where [x] denotes the nearest integer to x. The columns of A form a basis of
a lattice. Let B be the matrix that corresponds to the LLL-reduced basis and
let B* be the matrix corresponding to the Gram—Schmidt basis constructed
from B. Let c be the Fuclidean norm of the smallest column vector of B*.

If ¢ > 3M?, then
IA| > %(\/& —3M? —2M).

Proof. By [17, Theorem V.9], the Euclidean norm c of the smallest column
vector of B* is a lower bound for the length of any non-zero vector in the
lattice generated by the column vectors of A. In other words, for integers
Z1,...,T4, not all zero, we have
¢ <af + a3 + a3 + (2:1[Clogm] + - - + 24[Clog 74))*.
=P
If 21, x9, x3, 4 are bounded by M, this implies ®2 > ¢2—3M?2. If ¢ > 3M?,

we obtain
|®| > V2 — 3M?2.
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Now note that
|® —CA| <4-M/2=2M.
This implies
CIA| = |®] -2,
and so

IA| > (]cb\ —2M) > —(\/02—3 2M). 0

For any algebraic number « of degree d over Q, the logarithmic height
is defined as usual by the formula

1 d ,
h(a) = - <log la| + ) log max{1, |a<“y}>,

i=1
where a is the leading coefficient of the minimal polynomial of « over Z,
and the o(?’s are the conjugates of « in the field of complex numbers.
For the bounds on the equation 22 — 2 = y™ in Section 5, we will require
the full strength of Laurent’s theorem for linear forms in two logarithms.

Theorem 2.20 (Laurent [9, Theorem 2]). Let ay,az,h,p and p be real
numbers with p > 1 and 1/3 < p < 1. Set

_1—|—2u—u2
B 2

1 1
=211 1+ —— 0=4/1
w ( + +4H2>’ +4H2+2

Consider the linear form

>/\D“
‘H

, A=ologp, H=

\H“

=

A =bylogas — by logay,

where by and by are positive integers, and oy and ag are multiplicatively
independent real algebraic numbers > 1. Put D = [Q(aq,2) : Q], and
assume that

(1) h > max{D(log( 2 + ) +log A + 1.75) +0.06, A, 2552,
(2) a; > max{1, (p — 1)loga; + 2D h(ew;)} (i =1,2),
(3) aras > N2

Then

A 2 A , A 2
log|A| > —-C|h+ =) ajas — Vwl|h+ =) —log| C'| h+ =) aias9
g g g

with
2
_ K g+1 w2 8Awd/441/4 4<1+1)>\w
Mo\ 6 3,/a1a2H1/2 as) H
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Cowb
1
C' = N

We will also have use of a somewhat weaker but easy to apply version of
this, a special case of Corollary 2 of Laurent [9]:

and

Corollary 2.21. Let a; and oo be multiplicatively independent real alge-
braic numbers > 1 and by, by € Z not both zero. Set D = [Q(a1,a2) : Q.
Then for (C,m) = (20.3,18) or (C,m) = (17.9,30) we have
log |b2 log vy — by log a |
> —C - D*(max{log’ + 0.38,m/D, 1})2 -log A1 log As,
where log A; > max{h(«;), |loga;|/D,1/D} and

yo bl I
Dlog Ay  DlogA;

3. Solution of equation (1.3)
Proposition 3.1. The only solutions to the equation
(3.1) V(27 + 1) —1=3"(2*" + 1)v
in integers x > 3,y > 1, 2 >0, w > 0, and r arbitrary are given by
(z,y,z,w,r) € {(x,1,0,0,0), (x,1,1,1,0), (z,2,0,0,1) }.
Proposition 3.2. The only solutions to the equation
(3.2) (27 —1)* +1=3"(2*"t —1)»
in integers x > 3,y > 1, 2 >0, w > 0, and r arbitrary are given by
(r,z+2,1,2,0),(x,1,1,1,0),
(2,4, 2,w,r) € {(m,1,0,0,1),(x,3,0,0,2),(3,2,0,1,—1)}’

We will first focus our attention on some special cases (z = 0 and r = 0)
of Propositions 3.1 and 3.2, which correspond to the actual solutions. Then
we will provide a joint proof for both propositions that there exist no further
solutions.

We start with z = 0 in Proposition 3.1.

Lemma 3.3. The only solutions to the equation
(3.3) 2 —1=3"(2*" 4+ 1)v
in integers x > 3, y > 1, w > 0, and r arbitrary are given by

(x,y,w,r) € {(z,1,0,0), (x,2,0,1)}.
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Proof. First, assume that w = 0. Then (3.3) becomes 2 — 1 = 3", and
Theorem 2.3 implies that either r = 0 and y = 1, or r = 1 and y = 2.
This gives us the two solutions (z,y,w,r) = (z,1,0,0) and (z,y,w,r) =
(z,2,0,1).

Now assume that w > 1. Since x > 3, we have that (2**! + 1)* =
1 (mod 8). Moreover, 3" = 1,3 (mod 8) (this holds also if r is negative:
17! =1 and 37! = 3 in the ring of integers modulo 8). Thus, equation (3.3)
implies 2Y — 1 = 1,3 (mod 8), so y = 1 or y = 2. Then the left hand
side of (3.3) is 2¥ — 1 € {1, 3}, which implies that on the right hand side
(2*+1 4 1)* is a power of 3. This is impossible for w > 1 and x > 3, again
from Theorem 2.3. 4

Next, we consider the case » = 0 in Proposition 3.1.

Lemma 3.4. The only solutions to the equation

(3.4) (2T +1)7 —1= (2" +1)v

in integers x > 3,y > 1, 2 > 0, and w > 0 are given by
(z,y,z,w) € {(z,1,0,0), (z,1,1,1)}.

Proof. Considering equation (3.4) modulo 4, we immediately find that
y = 1. Therefore, we have the equation
(3.5) 2(2° +1)7 = (2T +1)¥ 41,

and recall that x > 3, z > 0 and w > 0.

First, note that if z=0or w =0, or if z =1 or w = 1, we immediately
obtain the solutions (z,y, z,w) = (z,1,0,0) and (x,y,z,w) = (z,1,1,1),
respectively. From now on, assume that z > 2 and w > 2.

Let p > 2 be a prime factor of 2¥ + 1. From the left hand side of (3.5)
we have

p(2(2° +1)%) = z - (27 + 1).
Considering the right hand side, note that (22! + 1) +1=2-(2% + 1) is
divisible by p, so from Lemma 2.13,

up (27 1) 1) = 5p(27 + 1) + 1) + p(w) = 0,(27 + 1) + vy(w).
Comparing the valuations of both sides of (3.5), we obtain
z2-0p(2° 4+ 1) = vp(2° + 1) + vp(w),
and so
z2—=1<(2=1)-vp(2" + 1) = vp(w) < log,(w).
Roughly speaking, this means that z is much smaller than w, contradicting

equation (3.5). We now quantify this argument. We estimate both sides
of (3.5). Noting that for 2 > 3 we have 2% + 1 < 2192 we obtain

2(x+1)w < (2:Jc+1 + 1)w +1= 2(21 + 1)z < 2<2x+0.2)z _ 21+(x+0.2)z'
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Thus, using z < v,(w) + 1, we obtain
(+1Nw <1+ (x+0.2)z <1+ (z+0.2)(vp(w) +1).

Since we are assuming w > 2, we have in particular 1 < 0.8w. Thus, the
above inequality implies

(x +0.2)w < (z+0.2)(vp(w) + 1),
and so w < vp(w) + 1, which is impossible for any p > 2 and w > 2. O

We continue with the case z = 0 in Proposition 3.2.
Lemma 3.5. The only solutions to the equation
(3.6) 2V 41 =3"(2*" —1)v
in integers x > 3, y > 1, w > 0, and r arbitrary are given by
(x,y,w,r) € {(3,2,1,-1),(x,1,0,1),(x,3,0,2)}.

Proof. Assume for a moment that w = 0. Then (3.6) becomes 2¥ +1 = 3",
and Theorem 2.3 implies that either r =1 and y =1, or r =2 and y = 3.
This gives us the two solutions (z,y,w,r) = (2,1,0,1) and (z,y,w,r) =
(z,3,0,2). Now assume that w > 1.

If y = 1, then 2 +1 = 3, and so 2*t! — 1 has to be a power of 3,
contradicting Theorem 2.3 for x > 2. If y =2, then 2Y + 1 =5, sow =1
and 2271 —1 = 3I"l.5. Since 24 —1 = 15 = 3.5, by Lemma 2.17, we find that
x4+ 1 < 4. Indeed, x = 3 gives us the solution (z,y,w,r) = (3,2,1, —1).

Finally, assume that y > 3. We consider equation (3.6) modulo 8:

1=3"(-1)" (mod 8).

This implies that r and w are both even. Thus, the right hand side of (3.6)
is a square, and by Theorem 2.3 it has to equal 9. But then the factor
27+1 _ 1 has to be a power of 3, which is impossible, again by Theorem 2.3
and the assumption x > 3. O

Finally, we solve the case » = 0 in Proposition 3.2.
Lemma 3.6. The only solutions to the equation
(3.7) 29(2% — 1)° +1 = (2°T — 1)v,
in integers x > 3,y > 1, 2 > 0, and w > 0 are given by
(x,y,z,w) € {(z,z+2,1,2),(z,1,1,1) }.
Proof. By Lemma 3.5, we may assume z > 1. We rewrite equation (3.7) as

(3.8) 29(2% —1)7 = (2T —1)¥ — 1.
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Clearly w = 0 is impossible. Considering the right hand side of (3.8),
Lemma 2.14 implies that

va((2°T = 1) — 1) < wp((2°T = 1)2 — 1) 4 vo(w) — 1 =z + 1 + va(w),
whence
(3.9) y<z+1+va(w).

Next, let p > 2 be a prime factor of 2* — 1. Then the p-adic valuation
of the left hand side of (3.8) is z - v,(2* — 1). For the right hand side, note
that 221 — 1 =2(2* — 1) + 1 = 1 (mod p), so we get from Lemma 2.12
that

w27 = 1) = 1) = 5p((277 = 1) = 1) + vp(w)
vp(2- (27 = 1)) + vp(w)
vp(2° = 1) + vp(w).
Comparing both sides of (3.8), we conclude that

z-0p(2° — 1) = vp(2° — 1) + vp(w),

and so
(3.10) z2—1<(z2—1)-v,(2" — 1) = vp(w).
Since z > 1 and x > 3, we find from (3.7) that

(e +09)w < (9ol _ ()W _ 9y(97 _ )7 | ] < Qutez,
Thus,

(x40.9) w<y+zxz,

and combining this with (3.9) and (3.10),

(+09) w<(x+1+v2(w))+z- (vp(w)+1)

< (.%' + 0.9) . (vp(w) + 2+ 1_}_31)29(U))>,
and so
1+va(w)

3.9

1+ logy(w)

w < vp(w) +2+ 30

< logs(w) + 2 +

We conclude that w < 4.
For w < 4, we have that 1+ log,(w) < 3.9, so the above inequality
actually implies

(3.11) w < vp(w) + 2,

where p is any prime dividing 2% — 1.

If w = 4, we immediately get a contradiction from (3.11).

If w = 3, inequality (3.11) leads to a contradiction for any p > 3, and it
is clear that 2% — 1 always has a prime factor larger than 3 for x > 3.
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If w=2, we get y = v2((2°"! — 1)2 — 1) = x + 2, and (3.8) becomes
27227 — 1)7 = (2" — 1)? =1 =2"%2(2" — 1).
Thus, z = 1, and we have the solution (z,y, z,w) = (z,z + 2,1, 2).
Finally, assume that w = 1. Then, considering (3.8) modulo 4, we see that
y = 1, and the equation becomes 2- (2% —1)* = (221 — 1)1 —1 =22+1 2,
This leads to the solution (z,y, z,w) = (z,1,1,1). O
Now, in order to prove Propositions 3.1 and 3.2, we need to show that
there are no solutions to equations (3.1) and (3.2) in the remaining cases.

Proof of Propositions 3.1 and 3.2. We need to solve the two equations
(3.12) 292"+ 1)° F1=3"(2"" £1)v,

in integers * > 3,y > 1, z > 0, w > 0, and r arbitrary, and in view of
Lemmata 3.3, 3.4, 3.5 and 3.6 we may assume z > 1 and r # 0.
We set
M := max{y, z,w, 10%°}.

First, we bound |r| in terms of z and M. If r is positive, then we have
37’ g 3T(21‘+1 + 1)w — 2y(2$ + 1)2 +1< 2y+(w+0.2)z+0.2’

and so
log 2

r<(y+(x+0.2)z+0.2)- o 3

log 2
log 3
If r is negative, then since all numbers in (3.12) are integers, we must have
Ir] < w3((2*T £ 1)%) = w-v3(2°T £ 1)
<w-(v3(x+1)+1) <w-(log(z+1)+1) < Mz,
where we used Lemma 2.16. Overall, we have

(3.13) Ir| < M.

Now we construct a linear form in logarithms from the main equa-
tion (3.12): Subtracting 2¥(2” £ 1)* and taking absolute values, we get

1= 372" £ 1)¥ — 29(2% £ 1)7|.

Dividing by 2¥%(2* £+ 1)* and using |log§| < 2| — 1] for | — 1| < 0.5, we
obtain

< (M + (z+0.2)M +0.2) - < Maz.

(3.14) |A|:= ’rlog?) +wlog(2°T +£1) — ylog 2 — zlog(2” + 1)‘
2 1
< 2y(2:p + 1)2 < 9y+(—0.2)2—1"
For later, note that by construction A # 0.
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We do not have any bounds for log(2**! 4 1) and log(2* £ 1) yet. To
obtain these, we will construct another linear form in logarithms. We use
the L-notation, where by L(a) we mean a number which has absolute value
at most a. Since 1/(2° — 1) < 2702 for p > 3,

log(27 + 1) = log(2°F1) 4+ L(2~@FD+02) = (2 4+ 1) log 2 + L(27708),
log(2® £1) = log(2%) + L(27°%%) = zlog2 + L(27°0%),
Thus, we obtain from (3.14) that

(3.15) |A'|:=|rlog3 + (w(x + 1) —y — 2x) log 2|
w z 2M

1
< 9y+(x—0.2)z—1 + 27+0.8 + 22-0.2 < 2z—0.2"

Note that A’ # 0 because r # 0 and 2 and 3 are multiplicatively indepen-
dent.

If 22702 < 4M, then z < (log4 + log M + 0.2)/log 2, and we can imme-
diately skip to (3.17). Assume that 227%2 > 4M. Then |A/| < 1/2. In view
of (3.13), both coefficients in |A’| are bounded by (x + 1)M < 1.34 -2 - M.

We apply Corollary 2.21 to |[A'| with a1 = 3, by = r, ag = 2, by =
w(x+1) —y— zx:

log A1 = log 3 = max{log 3, 1},

log As = 1 = max{log 2, 1},

1) — oy —
logd/ = log(‘r| + wizg+1) —y Zx') <log(2-x-M).
1 log 3
Note that log(2 -z - M) > log(2-3-10%°) > 47, so Corollary 2.21 gives us
log |A'| > —17.9 - (log(2 -2 - M) 4+ 0.38)% -log 3 - 1.
Comparing this with the bound from (3.15), we obtain
(z —0.2)log 2 < log(2M) +17.9 - (log(2 - = - M) 4 0.38)% - log 3.

This inequality implies a bound of the shape # < (log M)?; we now compute
the constant. Collecting some of the terms and constants, we get

z-0.93 - log2 < 20.6 - (log z + log M)?,
and dividing by 0.93 - log 2
(3.16) x < 32 (log M + log z)%.
Taking logarithms and using log M > log(10%°) > 46, we get

1
loga < 3.47 +2- (log log M + ‘fg) < 3.47 42 -loglog M + 0.05log z.

Subtracting 0.05log z, and dividing by 0.95, we obtain
logx < 3.66 + 2.111oglog M.
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Plugging into (3.16) yields
x < 32- (log M + 3.66 + 2.11loglog M)?
(3.17) < 32-(1.26log M)? < 50.9 - (log M)?.

Now that we have a bound for z in terms of log M, we go back to (3.14)
and apply Theorem 2.18 to |A|. Note that by (3.13) r is now bounded by

r| < 50.9- M - (log M)
The other coefficients in A are bounded by M. Thus, we obtain
log [A] > —Chatva - (1 +10g(50.9 - M - (log M)?))
log 3 -1log(2°T! +1) -log 2 - log(2” + 1)
> —8.6-10'% - (1 +10g(50.9 - M - (log M)?)) - 2*
> —2.23-10% - (1 4 1og(50.9 - M - (log M)?))(log M)*,

where we used (3.17) for the last estimation. Combining this with the bound
from (3.14),

log|Al < —(y + (x — 0.2)z — 1) log 2,
we obtain, upon division by log 2,
(3.18) y+(z—0.2)z—1 < 3.22-10'- (1 +10g(50.9- M - (log M)?)) (log M)*.

In particular, this bounds y and z. In order to get a bound for w as well,
we return to equation (3.12):

(2" £1)* F1=3"(2"T1 £ 1)v.

Note that (2¥71 £ 1) cannot be a power of 3, as > 3. Therefore, (2*+141)
is divisible by at least one prime factor p > 5, whence the right hand side
of the above equation is at least 5. But then we have

5Y < 3T(27Fl £ 1) = 2¥(20 £ 1)F F 1 < vt (@H0.2)z
which implies

log 2
(3.19) w < (y+(:v+0.2)z)-% <yt (r—02)z-1,

so w is bounded by the bound in (3.18) as well. Overall, we have

M = max{y, z,w, 102°} < 3.22-10' - (1 4+10g(50.9- M - (log M)?))(log M)*.
Solving this inequality, we have that

(3.20) M < 2.72-10%.

Then we obtain from (3.17) that

(3.21) x < 50.9 - (log M)? < 1.75 - 10°.
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Next, we reduce the bound for = by returning to (3.15) and computing
the continued fraction of log 3/log2. From (3.15) we have
log3 w(x+1)—y—z2x - 2M
log 2 —r 22-02]0g 2"
By (3.13), (3.20) and (3.21), the denominator in the above approximation
is bounded by

Ir| < Mz < 4.76 - 10°.

Then, computing the smallest convergent to log3/log2 with denominator
at least 4.76 - 103°, we get that

343.10-0 < 1083 _Por| _|log3 wl@+l)-y—ze) 2M
log2  ge1 log 2 —p 20-02 g 2
and so
—log(3.43 - 1054 + 1og(2 - 2.72 - 10%°) — log log 2
<=t )+01g;2 ) Zloglog2 | 5 _ 905,
)

Finally, we need to solve the two equations (3.12) for each 3 < z < 297:
(3.22) 29(27 4 1)° — 1 =3"(2°" +1)v,
(3.23) 29(2% —1)% +1=3"(2"T — 1)v.
First, note that we have restrictions on the parity of z: In the case of (3.22),
assume for a moment that x is odd. Then 3 | 2% 4+ 1, so the left hand side
of (3.22) is not divisible by 3. Moreover, 227! 4+ 1 on the right hand side
of (3.22) is not divisible by 3. But then r = 0, which has been dealt with
in Lemma 3.4. Therefore, it suffices to consider even z. By an analogous

argument, in the case of (3.23) it suffices to consider odd x.
Next, recall that by (3.13) and (3.20) we have

Ir| < Mz < 2.73-10% - 297 < 8.11 - 10%7.

Now for each 3 < z < 297 (with the parity restrictions), we do the following.
We apply Lemma 2.19 to find a good lower bound for |A| (all coefficients
are bounded by 8.11-10%7). Let us denote the lower bound by £(x), i.e. the
LLL algorithm gives us
|A| > {(z)
for every 3 <z < 297. Thus, from (3.14) we get
(y+ (z—0.2)z — 1)log2 < —log(¢(x)),
and so
~log{(x)
log 2

y+(x—-02)z-1< =:U(x).

Then for each x, we only need to check all possible solutions with y + (z —
0.2)z —1 < U(x) and y,z > 1. For each such triple (z,y,z) we do the
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following. We compute the left hand side of (3.22) or (3.23) and we cancel
out all powers of 3, i.e. we compute

(2v(27 £ 1)* F1) - 378 F DT = g(z,y, 2).

Note that this is an easy computation even for very large numbers where
we do not know the prime factorization. Then equation (3.22) or (3.23)
gives us

q(z,y,2) = ((2“chl +1)- 3—1)3»(2“%:1))“17

and we can easily check if g(x,v, 2) is a power of (2*F1 £+ 1) - 3-vs(27H D)

A quick computation using SageMath [16] reveals that in all cases we
get a bound U(x) < 450, and that there are no solutions except for those
with y = 2z = 1 and (in the case of (3.23)) y=2+2,2=11fy=2=1,
we have 2! - (22 £ 1)' F1 =22t £ 1, and if y = 2 + 2, 2 = 1, we have
272, (22 — 1)1 41 = (227! —1)2. Thus, in all the exceptional solutions that
show up we have r = 0, which we have dealt with in Lemmata 3.4 and 3.6
and excluded at the beginning of the proof of Proposition 3.1 and 3.2. [

Remark on the LLL reduction in the proof of Propositions 3.1
and 3.2. As z grows, the logarithms log(2% £ 1), log(2**+! 4 1) get very
close to multiples of log 2. Therefore, the constant C' needs to be larger than
the usual M*. Usually, one starts with C ~ M* and then increases C (for
example by a factor of 10) until the reduction works. In our computations,
for each = we start with the C' from the previous  — 1. This may make C
a bit larger than necessary, but it saves time and still leads to very good
bounds.

The Sage code for the LLL reduction is available at: https://cocalc.
com/IngridVukusic/ConsecutiveTriples/LLLreduction

4. Proof of Theorem 1.3

In this section, we prove Theorem 1.3, i.e., we prove that if we have
integers 2 < b < ¢ such that (2,b,¢), (3,b+1,c+1) and (4,b+2,c+ 2) are
each multiplicatively dependent, then either

(2,b,¢) €{(2,8,275Y — 2): x,y € Z>0,2°5Y —2 > 8}
U{(2,3,8),(2,4,8),(2,6,8)}
or
(2,b,¢) € {(2,27 — 2,227 — 2°T1): 2 € Z>3)
or
(2,b,¢) € {(2,4,14),(2,6,16)}.

We start by checking some small exceptional cases. Then, in Section 4.2,
we introduce our notation for the triples and prove some parity conditions.


https://cocalc.com/IngridVukusic/ConsecutiveTriples/LLLreduction
https://cocalc.com/IngridVukusic/ConsecutiveTriples/LLLreduction
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In Section 4.3, we prove that one of the numbers b, ¢, b+ 2, ¢ 4+ 2 has to be
a power of two. Finally, we finish the proof of Theorem 1.3 in Section 4.4.

4.1. Small exceptional cases.

Lemma 4.1. The only integer triple (2,4,c) with ¢ > 3, ¢ # 4, such that
(2,4,¢), (3,5,c+ 1) and (4,6,c + 2) are each multiplicatively dependent is
(2,4,14).

Proof. If (2,4,¢), (3,5,c+ 1) and (4,6, ¢ + 2) are each multiplicatively de-
pendent, we have ¢ + 1 = 3*5Y and ¢ 4+ 2 = 2?3 for some nonnegative
integers x,y, z,w. Thus, 3*5Y + 1 = 2%3" and either x = 0 or w = 0. In
the first case, it follows that 5Y + 1 = 2?3¥. Since 5' + 1 = 6, Lemma 2.17
implies y =0 or y = 1, i.e. ¢ =5Y — 1 € {0,4}, contradicting ¢ > 3, ¢ # 4.
In the second case where w = 0, we have the equation 2% — 1 = 3%5Y.
Since 2% —1 = 15, Lemma 2.17 implies z < 4. But then we get ¢ = 2* —2 €
{-1,0,2,6,14}. We are not interested in ¢ € {—1,0, 2}, the case ¢ = 6 does
not lead to a solution, and ¢ = 14 gives us the triple (2,4, 14). O

Lemma 4.2. The only integer triples (2,6,c) with ¢ > 3, ¢ # 6, such that
(2,6,¢), (3,7,¢+1) and (4,8,c+2) are each multiplicatively dependent are
(2,6,8) and (2,6, 48).

Proof. 1f (2,6,¢), (3,7,c+ 1) and (4,8, ¢+ 2) are each multiplicatively de-
pendent, we have ¢ = 2¥3Y and ¢+ 1 = 37" for some nonnegative integers
x,y, z,w, whence 273Y + 1 = 3*7% and either y = 0 or z = 0. In the first
case, 2° +1 = 3*7%, whereby, since 2*+1 = 2,3,5 (mod 7), we have w = 0,
and so 2¥ +1 = 3%. By Theorem 2.3, z € {1,3} and so ¢ € {2,8}. We are
not interested in ¢ = 2, and ¢ = 8 gives us our first triple.

In the second case where z = 0, we have the equation 7% — 1 = 2%3Y.
Since 7! — 1 = 6, Lemma 2.17 implies w < 2. Then we get ¢ = 7% — 1 €
{0,6,48}. We are not interested in ¢ € {0,6}, and ¢ = 48 provides our
second triple. O

Lemma 4.3. There is no integer ¢ > 3, ¢ # 2392 — 1, such that (2,239% —
1,¢), (3,2392, c+1) and (4,239%41, c+2) are each multiplicatively dependent

Proof. Assume that (2,2392 —1,¢) = (2,2°-3-5-7-17,¢) and (4, 2392 + 1,
c+2) = (4,2-13*% c+2) are each multiplicatively dependent. Then we have
c=2"-(3-5-7-17)Y and ¢+ 2 = 2% - 13". Assume for a moment that
x=2z=0.Then (3-5-7-17)Y 42 = 13", a contradiction modulo 3. Thus,
we may assume that ¢ and ¢+ 2 are even. Considering ¢/2+1 = (c+2)/2,
we get 2271 (3.5.7-17)¢+1=2""1.13% andz —1=0o0r 2 — 1 =0.

In the first case, we are led to the equation (3-5-7-17)Y +1 = 2571.13w,
Since (3-5-7-17)2+1=2-13-19-47 244957, Lemma 2.17 implies y < 3,
but neither of y = 1, 2, 3 leads to a solution of the equation, and we are not
interested in y = 0 because then ¢ = 2.
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In the second case where z = 1, we find that 271 (3-5-7-17)¥ = 13¥ —1.
Since 13* =1 =2%.3.5-7-17, Lemma 2.17 implies w < 4, but none of
w = 1,2,3,4 lead to a solution of the equation, and we are not interested
in w = 0 because then ¢ + 2 = 2. 0

4.2. Notation and parity. Assume that (2,b,¢), (3,0 + 1,¢ + 1) and
(4,b42, c+2) are each multiplicatively dependent, and that b, ¢ are distinct
and larger than 2 (we do not assume b < ¢ at this point).

Then we can write

(2,b,¢) = (2,290, 2%047°),
(4.1) (8,64 Le+1) = (3,3, 3%q)"),
(4,0 +2,c+2) = (22,2942 22¢}2),

with integers ¢; > 1 and y;, 2, Bi, 7 > 0 (i = 0,1,2). We may assume that
qo and g9 are not divisible by 2, and that ¢; is not divisible by 3. Moreover,
we may assume that qo, g1, g2 > 1 (though any of the exponents might be 0).

First, we find all three consecutive multiplicatively dependent triples
where one of b, ¢ is odd (say, ¢ is odd).

Lemma 4.4. Let b,c be distinct integers larger than 2 such that (2,b,¢),
(3,b+1,c+1) and (4,b+2,c+ 2) are each multiplicatively dependent. If c
is odd, then we have

(4.2) (2,b,¢) = (2,8,5" — 2) for some positive integer x.

Proof. Assume for a moment that b and ¢ are both odd. Then, with our
previous notation, we have (b, c) = (¢3°,qJ°) and (b+2,c+2) = (¢*,q]").
This is impossible by Lemma 2.2.

Now assume that ¢ is odd and b is even (in our previous notation zy =
z9 = 0 and yp,y2 > 1). Then in the triple (3,b 4+ 1,¢ + 1) the number
¢+ 1 is the only even number, so we must have that (3,04 1,c+ 1) is 2-
multiplicatively dependent with b+1 = 3¥%!. Since we are assuming b+1 > 3,
we have that y; > 2. Since b and b + 2 are even, we have either yg = 1
or yo = 1. We distinguish between these two cases and use the notation
from (4.1).

Case a: yg = 1. Recall the situation:
(2,[),6) 272 'qgoqu]yo)a
(3,b+1,c+1) 3,31, c+1),
(4,b+2,c+2) = (22,2%2¢52, ¢32),

where we clearly have fy, 70,72 > 1. Moreover, note that B2 > 1 because
otherwise we have (b+ 1) +1 = 3¥' + 1 = 2%, which is impossible by
Theorem 2.3. Further, we may assume that gg and gs are not divisible by 2,

= (
= (



Consecutive multiplicatively dependent triples 199

and we see from 2q§° +1 =29 q2’82 — 1 = 3% that they cannot be divisible
by 3. Thus, qg, g2 > 5.
Assume for a moment that 8y = 1. Then

2.go=b=(b+2)—2=2"¢* —2=-2 (mod ),

which implies ¢go = —1 (mod ¢2). But then ¢ = ¢J° = +1 (mod ¢2), which
is a contradiction because ¢ = (c+2) —2 =¢)* —2 = —2 (mod ¢2).
Therefore, we have Sy > 2. Now consider

b+1)—b=3V —2.¢ =1.
0

From Lemma 2.9, 4, = 5, qo = 11 and 8y = 2. Thus, b+2 =341 =461,
and so ¢o = 61. But then

(c+2)—c=61"%—-11"° =2
is a contradiction modulo 10.

Case b: y» = 1. Recall the situation:

(2,b,¢) = (2,2%¢5°, 43°),
(3,b+1,C+1) = (3’3:1}1’6_‘_1)7
(4,b+2,C+ 2) = (22>2 : q2527QQ2)7

where g, 82,72 > 1, and ¢¢ and ¢o are not divisible by 2 or 3, whence
q0, 42 Z 5.

Assume for the moment that 5y = 0. Then we have b+1 = 2% 41 = 3¥1,
which by Theorem 2.3 implies yp = 1 or yp = 3, i.e. b = 2 or b = 8. We
are not interested in b = 2. If b = 8, then (4,b + 2,¢ + 2) = (4,10,¢ + 2),
so ¢+ 2 = 57 and we are in the family (4.2). Therefore, we may assume
Bo > 1.

Next, assume that Sy = 1. Then 2-qo = b+2 = 2yoqg0 +2 =2 (mod qo),
which implies g2 =1 (mod qp). But then ¢ +2 = ¢3*> =1 (mod qo), which
is a contradiction because c+2 = ¢J° +2 = 2 (mod qp). Therefore, we have
B2 > 2.

Now consider

(b+1)— (b+2) =3 —2. ¢8> = —1,
and as in the previous case apply Lemma 2.9; no new solutions accrue. [

In view of Lemma 4.4, since triples of the shape (2, 8,5% — 2) are part of
family (1.1), we may from now on assume that b and c are even, i.e. in the
notation of (4.1) we have yo, y2, 20, 22 > 1.
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4.3. Proving that one of b,c,b+ 2, c+ 2 is a power of two. We first
consider the cases y; = 0 or z; = 0.

Lemma 4.5. Let b,c be distinct integers larger than 2 such that (2,b,¢),
(3,b+1,c+ 1) and (4,b+ 2,¢ + 2) are each multiplicatively dependent. If
at least one of b+ 1, ¢+ 1 is not divisible by 3, then one of the numbers
b,c,b+2,c+ 2 is a power of 2.

Proof. We use the notation from (4.1):
(2,b,¢) = (2,294, 27047°),
B.b+1,c+1) = (3,39 ¢, 374]1),
(4,b+2,c+2) = (22, 292452 22247?).

In view of Lemma 4.4 we may assume that yg, 20, ¥2, 22 > 1.

We assume that y; = 0 or z; = 0, and we need to show that one of
Bo, Y0, B2, 2 is zero. We distinguish between two cases according to whether
one or both of y1, z1 are zero.

Case a: y1 = z1 = 0. We consider (b+1)+1=>b+2and (c+1)+1=c+2:
g +1=2v45,
q' +1=2"¢

Since b+1 # c¢+1, we have 81 # 1 and so by Lemma 2.17 (note that ¢; # 2)

qlﬁ '+ 1 and ¢* + 1 have distinct sets of prime factors. Since ya, 22 > 1, we
have either B2 = 0 or v = 0.

Case b: One of y1,21 is > 1. Assume, without loss of generality, y1 = 0
and z; > 1. Since one of the numbers b,b 4+ 1,b + 2 has to be divisible by
3, we have either 3 | b or 3 | b+ 2, i.e. either 3 | o or 3 | g2. Since 3 divides
c¢+1, we have 3 1 ¢,c+ 2. Thus, if 3 | go, we must have o = 0, and if 3 | g2,
we must have vyo = 0. U

Now we deal with the general case.

Lemma 4.6. Let b,c be distinct integers larger than 2 such that (2,b,¢),
(3,b+1,c+1) and (4,b+2,c+2) are each multiplicatively dependent. Then
one of the numbers b,c,b+ 2,¢+ 2 is a power of 2.

Proof. We use the notation from (4.1):
(2,b,¢) = (2,290, 2047,
(3,b+1,c+1) = (3,3%1¢0", 3214]Y),
(4,b+2,c+2) = (22,2925 272¢7).

By Lemmata 4.4 and 4.5, we may assume that yg, 2o, y1, 21, Y2, 22 > 1.
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Since exactly one of the numbers b, b+ 2 and exactly one of the numbers
¢,c+21is =0 (mod 4), we distinguish between the following three cases:
(Yo = 20 = 1 and y2, 22 > 2) or (yo,20 > 2and yo = zp = 1) or (yo = 22 = 1
and yg, 20 > 2). Note that we also have the case (y2 = zp = 1 and yp, 22 > 2),
but this is equivalent to the third case as we are not assuming b < c. We
divide the proof of Lemma 4.6 into these three cases.

Case a: yo = zo = 1 and y2, 22 > 2. Recall that we then have

(27 bv C) = (2> 2- Qg07 2. q80)7

3,b4+1,c+1) = (3,3%¢",37¢]"),
1 1

(4,b+2,c+2) = (22,2%2452,2%2¢7%).

We consider the equations (b) + 2 =

by 2:

(b+2) and (c) +2 = (c+ 2) divided

@ +1 =201
@’ +1=2""1¢

Since b and ¢ are distinct, also Sy and 7y are distinct. Moreover, qy # 2.
Thus, by Lemma 2.17, the numbers qgo +1 and ¢° + 1 have distinct sets of
prime factors. Since yo — 1,20 — 1 > 1, we may conclude that either 5o =0
or vyo = 0.

Case b: yo, 20 > 2 and y2 = z2 = 1. Recall that we then have
(2,b,¢) = (2,29 - q€072z0 ,qg())

3,0+ Lc+1) = (3,39 3214]"),

(4,b+2,¢+2) = (22,2 ¢52,2- ¢°).

)

We consider the equations (b+2) —2 = b and (c+2) — 2 = ¢ divided by 2:

(4.3) gy — 1 =2 1gl0,
(4.4) g’ —1=2""1gg".

Since g2 is not equal to two, we conclude from Lemma 2.17 that either
g2 + 1 is a power of 2 and {f2,72} = {1,2}, or, since yg — 1,20 — 1 > 1,
that either Sy = 0 or 79 = 0. Now assume that ¢go + 1 is a power of 2, i.e.
q2 = 2" — 1 for some n > 2, and, without loss of generality, fo = 1, 70 = 2.
Then c+2 = 2- (2" — 1)2. But then ¢c+2 =0, —1 (mod 3), and both cases
are a contradiction to ¢ +1 =0 (mod 3).
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Case c: yo = zo = 1 and yo, z9 > 2. Recall that we then have
(2.b,¢) = (2,2 g5°, 2¢3°),
(3,b+1,c+1) = (3,3"¢)",374]"),
(4,b42,c+2) = (2%,2%2¢52,2 - ¢3?).

We distinguish between three subcases: First (y2 > 3 and 2y > 3), then
(y2 =2 and zy > 2), and finally (29 = 2 and y3 > 3).

Case c.1: y3 > 3 and zp > 3. In this case we have that b +2 =0 (mod 8)
and ¢ =0 (mod 8), and so

(4.5) b+1=3"¢" =-1 (mod 8),
(4.6) c+1=3%¢/' =1 (mod 8).

Since 3¥* # —1 (mod 8) for any y;, we have that qfl Z 1 (mod 8), and so
f1 must be odd. Multiplying the congruences (4.5) and (4.6),

At = 1 (mod 8),

and by the same argument as before, 51 + 1 must be odd, and so 71 is
even. Then we get from (4.6) that 3** = 1 (mod 8), and so z; is even as
well. Thus, ¢+ 1 = 371¢" =: 22 is a square.
Now let us consider the equation (c+ 1) +1=c+ 2:
2?4+ 1=2 ¢

Then we obtain from Lemma 2.6 that either v9 < 2 or we have (z, g2, 72) =
(239,13,4).

If (z,q2,72) = (239,13,4), then c+1 = 2% = 2392, which, by Lemma 4.3,
does not lead to a solution. We may therefore suppose that v < 2, whereby,
from 2-¢)> = c+2=1 (mod 3), necessarily 2 = 1.

We summarize the situation:

(2,b,0) = (2,2 ", 2%¢0"),
(Bb+1,c+1) = (3,3y1q1/31’321q1¥1 - a:2),
(4,b+ 2,c+ 2) = (2252y2q2/8272 ) q2)7

with yo, z9 > 3.
We have ¢ +2 =2 g3 = 2%¢]° 4 2, which, upon division by 2, gives us

(4.7) g =2""1g)" + 1.
Next, we consider the equation (b+ 2) = (b) + 2 divided by 2:
(4.8) 2021 = g + 1.
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Substituting (4.7) in (4.8), we obtain
(4.9) gua=l(g0~1ga0 4 )P = g0 41,
Computing the 2-adic valuation of both sides of (4.9), we find that
y2 — 1 =1vy(q)° +1).
Since yo — 1 > 2, By must be odd, and, since Lemma 2.15 implies that
va(ge” +1) = va(qo + 1),
(4.10) y2 — 1 =1v2(q0 + 1) <logy(qo + 1).
Considering equation (4.9) modulo ¢y, we see that
22~ =1 (mod qp).
This implies that 292~ > ¢o + 1, and so y2 — 1 > logy(qo + 1). Therefore,
we have equality in (4.10), which implies gg + 1 = 2¥27! i.e.
qo=2%"1—1.
Since 3 { go = 2¥27! — 1, we have that y, — 1 is odd. Thus, y» is even, and
qo = 2271 —1 =1 (mod 3). Next, note that 2¢g; = ¢+ 2 =1 (mod 3), so
g2 = —1 (mod 3). Moreover, 1 = b+ 2 = 2y2q§2 =1-(-1)" (mod 3), so
B2 is even. Thus, 23”2*2(]52 =: 77 is a square.
Substituting this in (4.8), we obtain the equation
2-27 —1=q,°.

Lemma 2.7 implies Sy < 2 (the exceptional solution leads to x; = 78,
go = 23, o = 3, but then 23 is not of the shape gg = 2¥271 —1).

Since fy is odd (see argument above (4.10)), we get By = 1. Thus, b =
2. (2¥271 — 1) and b+ 2 = 2%2.

Case c.2: yo = 2 and zp > 2. Recall the situation:
(2,b,¢) = (2,2 ¢, 2700),
(3,b+1,c+1) = (3,3"¢,3514]1),
(4,b+2,c+2) = (22,4 52,2 ¢2).

We have 2- ¢ = ¢+ 2 =1 (mod 3), which implies ¢g3> = —1 (mod 3).
Thus, g2 = —1 (mod 3) and 72 is odd. Moreover, we have b+2 =4- ¢, =

q§2 =1 (mod 3), and so 2 has to be even.
Now we consider the equations b = (b+2) —2 and ¢ = (¢+2) —2 divided
by 2:

(4.11) a° = 245" — 1,
(4.12) 270~ 1g0 = 32 — 1.
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The right hand side of (4.12) is divisible by ga — 1. If g5 — 1 is a power of
2, then we have go = 2™ 4+ 1. Otherwise, let p > 2 be a prime divisor of
g2 — 1 and write go = kp + 1. Then, by (4.12), p is also a prime divisor of
go. Substituting into (4.11), we obtain

a5 = 2(kp+1)% — 1.

Since p | qo, we obtain a contradiction modulo p. Thus, go = 2™+ 1. Since o
is odd, we see from (4.12) that 20— 1 = va(gg® — 1) = v2((2"+1)72 —1) = n,
and son = zy — 1 and

g =21 +1.
Next, we take (4.12) to the power of fy, and substitute ¢;° = 2(]52 —1:
(@010 (2682 — 1) = (g — ).
Considering the equation modulo go = 27071 4 1,
(=1)P(=1)° = (=1)®  (mod ),

which implies (—1)7° =1 (mod ¢p), and so 7 is even.

Also, since we are assuming yi, 21 # 0, we have that 3 { go = 2071 4+ 1,
and so zg — 1 is even.

Therefore, the left hand side of (4.12) is a square, and hence, from The-
orem 2.3, 72 = 1. Then (4.12) becomes

22()—1ng — (22’0—1 + 1)1 _ 17
and so 79 = 0. Thus, ¢ = 2% is a power of 2.

Case c.3: zg = 2 and y2 > 3. Recall the situation:
(2:,0) = (2.2 4+ "),
(3,b+1,c+1) = (3,3¢,3¢"),
(4,b42,¢+2) = (22,2%2¢52,2 - ¢3?).
We have 4 - ¢}° = ¢ = —1 (mod 3), which implies ¢J° = —1 (mod 3), and
so go = —1 (mod 3) and vy is odd. On the other hand, 2 - qgo =b=-1

(mod 3), so fp is even. Thus, b = 2-¢;° =2-1 = 2 (mod 8), which is a
contradiction because b = (b+2) —2 = —2 (mod 8). O

4.4. Finishing the proof of Theorem 1.3. Now we finish the proof
of Theorem 1.3 using the notation from (4.1). By Lemma 4.6, we may
assume, without loss of generality, that either b or b + 2 is a power of two.
We distinguish between these two cases.
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Case a: b is a power of two. Then we are in the following situation:
(2,b,¢) = (2,2, ¢),
(B.b+1c+1)=(3,3"¢",3"q)"),
(4,b+2,c+2)=(2%,2- (2901 4 1),2%2 . (20~ 1 1)72),

Note that b > 2, so yg > 2. If yg = 2, we are done with Lemma 4.1. If yg = 3,
we get the family (1.1). Therefore, we may assume yy > 4. Moreover, in
view of Lemma 4.4, we may assume that zo > 1.

Considering the equation —1 = b — (b+ 1) = 2% — 3% qlﬁl, Lemma 2.8
implies that 81 < 2. Note that §; = 0 is impossible via Theorem 2.3.
Now assume for a moment that 8; = 2. Then we have 3¥1¢? = b+ 1 =1
(mod 8), which implies 3¥* = 1 (mod 8), so y; is even as well. But then
b+ 1= 2% +1 is a square, contradicting Theorem 2.3. Therefore, we have
f1 = 1. Then, b+ 1 = 2% + 1 = 3¥% ¢ implies ¢ = 37¥(2% + 1) and the
equation (¢ +2) —1 = c+ 1 becomes

222 . (2y0—1 + 1)72 — 1= 321q1/1 — 321 (3-2/1 (2y0 + 1))’\/1 — 321—y1'y1 (2y0 + 1)’71'
Note that we have yg — 1 > 3, 22 > 1, 79 > 0 and 7; > 0. Then Proposi-
tion 3.1 implies

(yO - 17 227727’71) € {(yO - 17 17 07 0)7 (ZJO - 17 17 17 1)7 (yO - 1a 2a 07 0)}

The first type of solution yields ¢ + 2 = 2 - (290! +1)% = 2, the second
type of solution yields ¢ + 2 = 2! - (2%~1 +-1)! = b + 2, and the third type
of solution yields ¢ + 2 = 22 - (2%~ + 1) = 4.

Case b: b+ 2 is a power of two. Then we are in the following situation:
(2,b,¢c) = (2,2~ (2y2—1 —1),2%. (2y2—1 — 1)),
(3,b+1,c+1) = (3,314, 35¢]"),
(4,0 +2,¢+2) = (2%,2%, ¢+ 2).

Note that b+ 2 > 4, so y3 > 3. If y» = 3, we have b = 6, and we are done
with Lemma 4.2. Therefore, we may assume yg > 4. Moreover, in view of
Lemma 4.4 we may assume that zg > 1.

Considering the equation 1 = (b+2) — (b+1) = 2¥2 — 3quf1, we get from
Lemma 2.8 that 51 < 2. Note that 51 = 0 is impossible via Theorem 2.3.
Now assume for a moment that 81 = 2. Then Bqu% =b+1=-1 (mod 8),
which is impossible. Therefore, we have 51 = 1. Then, b+1 = 2¥%2—-1 = 3% ¢,
implies g1 = 37¥1(2¥2 — 1) and the equation (¢) + 1 = (¢ + 1) becomes

920 . (2V21 1) 41 = 371 (37YI(2¥2 — 1)) = 3R UV (¥2 — )M,
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Note that we have yo — 1 > 3, z9g > 1, 79 > 0 and ~; > 0. Then Proposi-
tion 3.2 implies

( _1 Z )e (92_17y2+1;1;2)7(y2_1717171),(y2—1,1,0,0),
Y2 — 1, 20,7, M (y2 —1,3,0,0),(3,2,0,1,—1) .

The first type of solution leads to ¢ = 2¥2+1.(2¥271 — 1)1 which corresponds
to family (1.2). The second type of solution yields ¢ = 2! - (2¥2=1 — 1)1 =
and the third one yields ¢ = 21 - (2¥271 — 1) = 2, neither of which are of
interest. The fourth type of solution leads to ¢ = 23-(2¥271 —1)% = 8, which
corresponds to family (1.1). Finally, the fifth solution leads to b = 2¥2 —2 =
14 and ¢ = 22 - (23 — 1)% = 4, corresponding to the triple (2,4,14). This
completes the proof of Theorem 1.3. O

5. On the equation z? — 2 = y"

In order to prove Theorem 1.7, we will need rather strong bounds on the
solutions of the equation z2—2 = y™. As mentioned in the introduction, this
equation has been studied intensively, but is still not solved completely. In
the following proposition, we will collect results of Chen [5], together with
an upper bound on the exponent n, which we will derive via an application
of Laurent’s lower bounds for linear forms in two logarithms [9]. A similar
result was achieved by Bugeaud, Mignotte, and Siksek (see [4]), published
without details.

Proposition 5.1. Assume thatn > 2,z > 2 and y are integers with
(5.1) 22— 2=y
Then the following hold:

(i) n is prime.

(ii) 41 <n < 1237.

(iii) n =13,17,19,23 (mod 24).

(iv) y=—1 (mod Q), where Q = [[,cs 9

(v) y > 1002,
The set S in (iv) is given by

5,7,11,13,19,23, 29, 31,37, 41, 61,67, 73, 89, 113, 127, 137, 149,
S = ¢ 181,191,193, 197, 223, 233, 251, 257, 349, 373, 379, 421, 457, 461,
521,547,599, 617, 661, 677, 701, 761, 769, 811, 829, 881, 883, 953

We begin by stating a number of known results on equation (5.1). For
small values of the exponent, we have the following.

Proposition 5.2 ([7, Lemma 15.7.3]). Let n be prime with 2 < n < 37.
Then equation (5.1) has no integer solutions (x,y) with v > 2.

For general prime n, we have the next result by Chen.
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Proposition 5.3 ([5, Theorem 5]). Let n be prime and assume that equa-
tion (5.1) has an integer solution (x,y) with x > 2. Then n = 13,17,19, 23
(mod 24).

Moreover, Chen proved the following (see [5, Corollary 25 and its proof]).

Proposition 5.4 ([5, Corollary 25]). Let S = {5,...,953} be the set of
primes defined in Proposition 5.1, and Q = [[,csq. Let p be prime. If
equation (5.1) has a solution in integers x,y, then

y=-1 (mod Q).
In particular, if x > 2, then y > 10102,
5.1. Factorization of 2 — 2. Assume that the equation
(5.2) y" =22 - 2= (z+V2)(z - V2)
is satisfied for some integers n > 2, x > 2, and y > 2. First, observe

that = and y are odd since otherwise we obtain a contradiction modulo 4.
Note that Z[v/2] is a unique factorization domain, with unit group given
by Z[vV2]* = {£(vV2+1)",r € Z}.

Assume for the moment that the factors on the right hand side of (5.2)
have a non-unit common factor in Z[y/2]. Then this factor also divides
(x ++/2) — (z — V2) = 2V/2, whence y is even, a contradiction. Therefore,
(z + v/2) and (z — V/2) are coprime in Z[v/2], whereby, since the right
hand side of (5.2) is an n-th power, the prime factors in (x + v/2) and
(x —+/2) must occur as n-th powers as well. In particular, we have z ++/2 =
(vV2+1)"(a + by/2)" for some integers 7, a, b. Conjugating, we obtain

{x +V2 = (V24 1) (a+bv/2)",

(5.3) T —v2=(v2-1)(a—bV/2)",

and

y = a® — 202,
We may thus assume that a and b are integers with a > 1, b # 0, a+bv/2 > 0
and a — by/2 > 0, and that —(n — 1)/2 < 7 < (n — 1)/2, by including all
n-th powers of the fundamental unit in the factor (a +bv/2)". We have the
following.

Lemma 5.5 ([7, Proposition 15.7.1]). If n is a prime > 5, then with the
above notation we have r = £1.

5.2. Proof of Proposition 5.1: an upper bound for n. Suppose now
that we have a solution in integers x,y,n to

(5.4) 2 — 2=y,

with n > 2 and = > 2. We may assume, without loss of generality, from
Proposition 5.2, that n > 41, and from Proposition 5.4, that y > 10192
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Subtracting the first equation in (5.3) from the second, and dividing by
z + /2, we obtain

. a— b2 " _ 2V/2
(V241) <a+b\/§> —1‘_x+\/§<0.5,

where x = +2 by Lemma 5.5 (note that (v/2 —1)~! = /2 + 1). Since for
any z € R with |z — 1| < J one has |log z| < 2|z — 1|, we obtain

a—b/2 4+/2
nlog<m> +2log(V2 + 1) Y2

Next, we check that (a — bv/2)/(a + bv/2) and (/2 + 1) are multiplica-
tively independent. Since (v/2 + 1) is a unit, we only need to verify that
(a—bv/2)/(a+by/2) is not. But this is clear from the factorization argument
in Section 5.1.

We begin by applying Corollary 2.21 to obtain a lower bound for |[A| =
|b2 log vy — b1 log aq| with

(5.5) IA] = <

a—bv2
5.6 by=n, ay=——— b =2 oa=v2+1.
(5.6) 2 2= U 1
Supposing that a > 0 and b < 0, it follows that ag > 1 and hence from (5.5),
a1 = v2+1. We have D = 2. Since h(a1) = h(v/2+1) = 1/2-log(v/2+ 1),
we can take log A1 = 1/2. Further,

Ca-02 (z-v2 (V2+1\\ (a2 AN
a2_a+b\/§_<x+\/§'<\/§—1>> _<x+\/§.(ﬂ+1)> '

Since (z + v2)/(x — v/2) < V2 + 1, we obtain
oz < ((V2+ 1)) " = (VE+ 1,

and therefore
3
(5.7) log an < - log(v2 + 1).

In order to estimate the height of ag = (a — bv/2)/(a + by/2), we note that
the conjugate is (a + bv/'2)/(a — bv/2) = 1/as, and therefore the minimal
polynomial of as is

a® + 2b? a® + 2b?

X +1=X"—-2. —— X +1.

a? — 2b? + Y +

Therefore, as is a root of the polynomial f(X) = yX? — 2(a® 4+ 20*) X + v,
whence

X2 9.

1
h(as) < 5(10gy+10g as).
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We may therefore take
1 3
log Ay = 3 <logy + - log(\/§ + 1))

It follows that
, 2

= +
logy + % log(vV2+ 1)

whereby, crudely from n > 41 and y > 10192, we have

n,

n<b <n+l1.
If we suppose that n > 8000, it follows that
logh' +0.38 > 9,

whence Corollary 2.21 implies that
3
log |A| > —81.2(log(n + 1) + 0.38)? <logy + . log(V2 + 1)>

Again appealing to n > 8000 and y > 10'°?, we thus have
log|A| > —89log® nlogy.

In the other direction, we will combine this with an upper bound
from (5.5). We have

4+/2 42
Al < V2 < \/;
z+vV2 oy
which implies
(5.8) log |A| < log(4v/2) — glog Y.
We thus have
2log(4+v/2
n < 178log?n + M.
logy

It follows, from y > 10192, that n < 17000.
To sharpen this result, we will argue more carefully, appealing to Theo-
rem 2.20. For any p > 1 we have

(p—1)loga; +2Dh(a;) = (p+ 1)log(v2 + 1).
Thus, if p > 2, we can set

(5.9) a1 = (p+1)log(v/2+1) > max{1,(p— 1)loga; + 2D h(a)}.



210 Michael A. BENNETT, Istvan PINK, Ingrid VUKUSIC

To choose the parameter as, note that, for any p > 1 we have, using the

above estimates and (5.7),
(p—1)logas +2Dh(as) < (p—

1) log a2 + 2(log y + log aa)
1)log ag + 2logy
3
< (p+ 1)ﬁlog(\/§—|— 1)+ 2logy
1)1 241
_ <2+(p+ )log(v2 + 1) 3) oy,
log yo

n

where yo > 1 is any lower bound for y. Let ng > 41 be any fixed lower
bound for n. Thus we can choose

1)1 2+1
(5.10) as = (2+ (p+1)log(v2 +1) -3> -logy.
log yo no

Now we set
(5.11) p=055 p=26, yo=10"% and ng=1289.
Then we can compute

1424 — p?
o= LA T 089875, A = olog p = 0.89875 log 26,

2
and obtain
a1 = (p+1)log(v2 +1) = 27log(v2 + 1)
and
(5.12) 2.00023logy < ag < 2.00024 log y.

Since y > yo, we find from (5.10) that ag > 469.78. Recall that by =2 <n
and by = n. We thus obtain

bl b2> 2 n
513 10 — —|— —_— < 10 + — 10 n) — b N
(5.13) g<a2 ay #1469.78 © 27log(v2 + 1) g(n) — bsubt

where, from n > 1289,

3.1694 < bgybtr < 3.1696.
Now we can set
h = max{2(logn — bgyptr + log A + 1.75) 4+ 0.06, A, log 2} = 2logn — Aguptr,
where
hsubtr = 2bsubtr — 21og A — 3.56
and we have used the fact that
2logn — hgubtr = 2logng — hsubtr > A > log 2.

We thus have
0.6300 < hgubtr < 0.6305.
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Next, we can easily check that ajas > A? holds. Moreover, we have
h > 2logng — heubtr := ho > 13.6927,
and therefore
ho

1
H>—+ —:=Hy>5.7887,
A o

1
w S Wmax -— 2(1 + 1 + 4[—[8) < 40075,

/ 1 1
0 < Omax = |1+ —5 + — < 1.0901.
S Uma +4H§ + 5H, < 1.090

We therefore have

and

C < Chax

2
f [ wmax 1 w2, S wdmOMa 471 1\ Awmax
= N T + vz ts\e Y ) T |
Ao 6 2 9 3,/atazH, 3\a;  as 0

where, from (5.12),

a; = 2710g(\@ +1) and ay > 2.000231logy > 2.00023 - 102 log 10.

We thus have that
C < Chax <0.0471

and

Clnax0Wmaxt
! ! L max 9 WmaxVmax
C' <Ol = \/ N < 0.1158.

Now we estimate the summands (after dividing out by logy) in the lower
bound for |Al:

2
C(h—i—g) a1a92 by 2 A 2
(5.14) < Crax (h + ) ay - 2.00024 < 2.2420 (h + ) :
log y o o
VeO(h+2)  Veomadmax (h+ 2) A
(5.15) < < 0.0089 (h + )
logy log yo o
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(5.16)
log (C’ (h + :))2@1@2) log (C’I’nax (h 4 §)2a1a2>
logy = logy
- log C}ax + 210g (h + %) + log a1 + log(2.00024) . log log y

- log yo logy
!
< log C! .. + log a; + 1og(2.00024) N 2 log (h n A) n log log yo
log yo log yo o log yo

A
< 0.0306 + 0.0086 log (h + U).

The bounds (5.14)—(5.16), together with Theorem 2.20, imply the inequality

log |A A\ 2 A
8 IA 99490 (h 4 ) ~ 0.0089 (h i )
log y o o
A
—0.0306 — 0.0086 log (h + U).
Denoting

A\ 2 A A
T(h) = 2.2420 (h + ) + 0.0089 (h + ) +0.0306 + 0.0086 log (h + )
g g g

and combining this with inequality (5.8), we thus have

2log(4v2) _log|A| log32
< 2l8(4v2)  log|A] _log

5.17
(5:17) logy logy  logyo

+2T(h).

From the fact that
h < 2logn — 0.6300,

a short calculation verifies that inequality (5.17) fails for each integer n
with 1289 < n < 17000. It therefore follows that n < 1289.

Proof of Proposition 5.1. We have just proven the bound n < 1289, whence,
from Propositions 5.2 and 5.3, we have that n is necessarily prime and that
43 < n < 1237. This settles (i) and (ii) of Proposition 5.1. The state-
ment (iii) is Proposition 5.3, and (iv) and (v) are Proposition 5.4. O

Remark. If we appeal somewhat carefully to a more general theorem of
Laurent [9, Theorem 1] and enlarge the set S described in Proposition 5.1,
it is possible to slightly sharpen our upper bound upon the exponent n in
Proposition 5.1, to roughly n < 1000.
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6. Solving the equations from Problem 1.6
Proposition 6.1. The equation
(6.1) (d®+1)°+ 1) —d¥ =2
has no solution in integers d,xz,y,s,t with x > 1 and d, s, t,y > 2.

Proof. Let d,x,y, s,t be integers with x > 1, d, s,t,y > 2, satisfying (6.1).
We may assume that d is odd, since otherwise ¢,y > 2 leads to a contradic-
tion modulo 4.

If y is even, then Theorem 2.4 implies d = 5 and (d* + 1) +1 =3, a
contradiction. We may thus suppose that y is odd and, using the binomial
theorem, rewrite (6.1) as

(6.2) i @ (@ +1)% = & + 1.
i=1

Since the left hand side of (6.2) is divisible by (d*+1), we have d*+1 | d¥+1.
By Lemma 2.11, this implies that x | y and since we are assuming that y
is odd, x is odd as well.

Now we consider the 2-adic valuations of the expressions in (6.2). For
the left hand side we have

U2 (Z (7;) (d* + 1)Si> > vo((d* +1)°) = sva(d* + 1) = sva(d + 1),
i=1

where for the last equality we have applied Lemma 2.15 and the fact that
x is odd. Since y is odd as well, for the right hand side of (6.2) we have

vo(d¥ + 1) = va(d + 1).
Comparing the valuations of both sides of (6.2), we thus obtain
sva(d+1) < wva(d + 1),
which is a contradiction for s > 2, since va(d + 1) > 0. O
Proposition 6.2. The equation
(6.3) (d*+1)° = (@ -1)"=2
has no solution in integers d,z,y, s, m with x,y > 1 and d,s, m > 2.

Proof. Let d, x,y, s, m be integers with z,y > 1, d, s, m > 2 satisfying (6.3).
We may again assume that d is even, since otherwise s, m > 2 leads to a
contradiction modulo 4.

If m is even, then Theorem 2.4 implies either d¥—1 = 1 and (d*+1)° = 3,
or (¥ —1)™ = 52 and (d® + 1)* = 33. It is easy to check that neither is
possible. Thus we have m odd. We distinguish between three cases.
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Case a: © = y. Then we have
(6.4) (d*+1)° = (d* —1)"=2.

If d* — 1 <1, then we must have d = 2 and « = 1, which does not lead to
a solution as (d* + 1) > 32 = 9. Thus we have d* — 1 > 2 and d* + 1 > 2.
Since the equation (d* 4+ 1)® — (d* — 1)? = 2 has solutions with exponents
(o, ) = (1,1) and (s, m), this contradicts Theorem 2.5.

Case b: y < x. Since m is odd, using the binomial theorem, we can rewrite
(6.3) as

6.5 d* = —1)m—Igyd
& () -5 ()
=1 7=1
Since 1 < y < z, upon division by d¥, we see that d | (') = m. This is a
contradiction to d being even and m being odd.

Case c: y > x. By an analogous argument to that in Case b, we have that
d | s, and, in particular, that s is even. We may therefore apply Propo-
sition 5.1 to our main equation (6.3), to conclude that m < 1237 and
dy —1=—1 (mod @), where @ is the product of primes defined in Propo-
sition 5.1. The congruence implies @ | d¥ and therefore @ | d. Since d | s,
we have in particular that @ | s, and so s > 10'°2. In other words, we have
that, in equation (6.3), s is extremely large, while m is rather small. Now
note that

(6.6) 2=(d"4+1)° = (d = 1)™ > d* — d'™,
whence
(6.7) xs < ym.

In order to obtain a contradiction, we consider the 2-adic valuation of the
expressions in equation (6.3). We rewrite this as

(6.8) (d+1)° —1=(d¥—1)™ + 1.

Since d¥ —1 > 1 and m is odd, by Lemma 2.15, the 2-adic valuation of the
right hand side of (6.8) is

vo((d¥ —1)™ + 1) = va(d¥) = yva(d).
For the left hand side, we obtain from Lemma 2.14 that
va((d® +1)° —1) < vp((d® +1)% — 1) + vy(s) — 1
= va(d"”) + va(d” 4+ 2) + va(s) — 1
< log(d® + 2) N log s < xlogd + log 2 +logs.
log 2 log2 — log 2
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Moreover, recall that d | s, so d < s. We estimate further:

zlogs+log2 +logs < 2xlog s 4 log 2

d*+1)—-1) <
va((d”+1) )= log 2 - log 2

< 8zrlogs.

It follows then that
yua(d) < 8xlog s.
Combining this with (6.7), we obtain
xs <my < m-yve(d) < m-8xlogs.
This implies
s < 8mlogs,
which is impossible for m < 1237 and s > 10102, O

Proposition 6.3. The equation

(6.9) v — ((d*—1)*-1) =2

has no solution in integers d,xz,y,s,t with x > 1 and d,y,s,t > 2.

Proof. Let d,x,y,s,t be integers with x > 1, d,y, s,t > 2, satisfying equa-
tion (6.9). Yet again, we may assume that d is odd, since otherwise y,t > 2
leads to a contradiction modulo 4. If ¢ is even, then Theorem 2.4 implies

d =3 and (d* — 1)®* — 1 =5, which is impossible. Thus we have ¢ odd.
We distinguish between two cases, corresponding to the parity of y.

Case a: y is odd. Using the binomial theorem, we rewrite (6.9) as

¢ t) . ,

6.10 dv—1= ) (=Ddr - 1),
(6.10) > ( (1)@ — 1)
which implies d* — 1 | d¥ — 1. From Lemma 2.10 it follows that x | y, and
in particular x is odd as well.

Now we compare the 2-adic valuations of the two expressions in equa-
tion (6.10). Since d and y are odd, for the left hand side we have by
Lemma 2.14 that

va(d¥ — 1) = va(d —1).

On the other hand, the right hand side of (6.10) is equal to ((d*—1)5—1)'+1.
We recall that t is odd and apply Lemma 2.15, then we recall that d and =
are odd and apply Lemma 2.14. This way we obtain

v (@ = 1)* = 1) + 1) = vp((d” = 1)) = sv5(d” — 1) = sva(d — 1).
Comparing both sides of (6.10), we obtain
va(d — 1) = sva(d — 1),

which is a contradiction for s > 2, since va(d — 1) > 0.
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Case b: y is even. Then Proposition 5.1 applied to equation (6.9) implies
that t is prime with 41 <t <1237, ¢ = 13,17,19,23 (mod 24) and

(d—-1)°—-1=-1 (mod Q),

where @ is the product of primes defined in Proposition 5.1. The last con-
gruence implies

(6.11) d*=1 (mod Q).

Since equation (6.9) implies that x < y, reducing equation (6.9) modulo
d*, we find that

0—((-1)*—1)'=2 (mod d").
If s is even, we obtain a contradiction (note that d* > 2, as d is odd). We
may thus suppose that s is odd, whence
—(=2)'=2 (mod d%).
This implies (since t and d are odd)
2071 =1 (mod d%),

and therefore
dr |2t —1.
Suppose first that 2 = 1. Then, setting f = d—1, equation (6.9) becomes

(F+17 (-1 =2

Since d is odd, we have d > 3 and therefore f > 2. Proposition 6.2 thus
yields a contradiction. We may therefore suppose that z > 2.

There are only 102 primes ¢t with 41 < ¢t < 1237, t = 13,17,19,23
(mod 24). For each t we look at the prime factorization of 2!=! — 1 (we use
the known factorizations from the Factoring Database [19]). Then we check
all divisors of the shape d* with z > 2. They are all rather small, and none
of them satisfies (6.11). In fact, the only factor d* with x > 2 and d* > 10°
appears for ¢t = 1093, where we have

21093=1 — 33 .72 132 . 1093? - ¢,
with ¢y squarefree. In this case,
d* = (3-7-13-1093)>

is still much too small to satisfy (6.11).

Relevant factorizations and code can be found at: https://cocalc.com/
IngridVukusic/ConsecutiveTriples/Factorizations
This completes the proof of Proposition 6.3. (]


https://cocalc.com/IngridVukusic/ConsecutiveTriples/Factorizations
https://cocalc.com/IngridVukusic/ConsecutiveTriples/Factorizations
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7. Proof of Theorem 1.7

Assume that a,b,c > 2 are distinct integers such that (a,b,c), (a + 1,
b+1,c+1)and (a+2,b+2,c+2) are each 2-multiplicatively dependent.
We want to show that (a,b,c) is in the family (1.5). Our proof of this
consists of a number of cases, split into three parts. In the first part, we
assume that {2,8} C {a,b,c}. In the second part, we suppose that 8 €
{a,a+1,b,b+1,¢,c+ 1}. In the third part, we treat all other cases.

7.1. Part 1. Assume that {2,8} C {a,b,c}. In this part of the proof,
we do not assume that a, b, c are ordered. Thus, we may assume, without
loss of generality, that @ = 2 and b = 8. Then (a,b,c) = (2,8,¢) and
(a+1,b+1,c+1) = (3,9, c+1) are indeed each 2-multiplicatively dependent.
The triple (a+2,b+2,c+2) = (4,10, c+2) is 2-multiplicatively dependent
if and only if ¢ is of the shape 2% — 2 or 10 — 2. This exactly corresponds
to the ordered triples from (1.5) in Theorem 1.7.

7.2. Part 2. Assume that 8 € {a,a+1,b,b+1,¢,c+1}. In this part of the
proof we again do not assume that a, b, c are ordered. Therefore, we may
assume, without loss of generality, that either a =8 or a + 1 = 8.

Case a: a = 8. Let us assume that b, ¢ # 2, as those cases have been treated
in Part 1 already. Now the triple (a,b,c) = (8,b,¢) is 2-multiplicatively de-
pendent. Since the numbers a, b, ¢ are not ordered, we have, without loss of
generality, only two subcases, corresponding to (a,b) or (b, c), respectively,
being multiplicatively dependent.

Case a.1: (a,b) = (8,b) is multiplicatively dependent, i.e. b = 2% for some
x> 1, x # 3. Since (a+1,b+1,c+1) is also 2-multiplicatively dependent,
and, via Lemma 2.1, (a + 1,b+ 1) cannot be multiplicatively dependent, it
follows that either (a+1,c+1) or (b+1, c+1) is multiplicatively dependent.

Case a.1.1: (a + 1,c+ 1) = (9,¢ + 1) is multiplicatively dependent, i.e.
¢ = 3Y —1 with y > 2. Since (a + 2,b + 2,¢ + 2) is 2-multiplicatively
dependent and both (a,b) and (a+ 1, c+ 1) are multiplicatively dependent,
by Lemmata 2.1 and 2.2, we must have that (b+2,c+2) = (2 42,3V +1)
is multiplicatively dependent, i.e. (2*+2,3Y+1) = (¢*, ¢*) for some positive
integers s # t and ¢ > 1. Since y > 2, the equation 3Y + 1 = ¢’ implies by
Theorem 2.3 that t = 1. Then we have

2" +2=¢"=(3V+1)°%
Rewriting this as
(@ 41+ 1) —27 =2,

this contradicts Proposition 6.1.
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Case a.1.2: (b+ 1,c+ 1) = (2 + 1,c + 1) is multiplicatively dependent.
Since (a+2,b+2, c+2) is 2-multiplicatively dependent and both (a, b) and
(b4 1,c+ 1) are multiplicatively dependent, by Lemmata 2.1 and 2.2, we
must have that (a + 2,¢+ 2) = (10, ¢ + 2) is multiplicatively dependent,
i.e. ¢ = 10Y — 2 with y > 1. Then since (b+ 1,c+1) = (2* +1,10Y — 1) is
multiplicatively dependent, we have (b+1,c+1) = (2°+1,10Y—1) = (¢%, ¢")
for some positive integers s # t and ¢ > 1. On the one hand, since = # 1,3,
the equation 2* + 1 = ¢® by Theorem 2.3 implies s = 1. Since y > 1, the
equation 10Y — 1 = ¢ implies by Theorem 2.3 that t = 1. Thus t = s, a
contradiction.

Case a.2: (b, c) is multiplicatively dependent and we still have a = 8. Then
we have (b, c) = (¢%, ¢¥) for some positive integers = # y and g > 1.

Next, (a+1,b+1, ¢+1) is 2-multiplicatively dependent, so by Lemma 2.1
either (a + 1,b+ 1) is multiplicatively dependent, or (a 4+ 1,¢+ 1) is multi-
plicatively dependent. Since the numbers are not ordered, we may assume,
without loss of generality, that (a+1,b+1) = (9,¢” + 1) is multiplicatively
dependent. Then we have b +1 = ¢* + 1 = 3° for some s > 2. But then
Theorem 2.3 implies that x = 1 and thus ¢ = ¢¥ = = (3° — 1)Y.

Finally, since (a+2,b+2, c+2) is 2-multiplicatively dependent and both
(b,c) and (a + 1,b + 1) are multiplicatively dependent, by Lemmata 2.1
and 2.2, we must have that (a + 2,¢+ 2) = (10, ¢¥ + 2) is multiplicatively
dependent. This implies ¢ + 2 = ¢¥ + 2 = 10* for some ¢ > 1.

Summarizing, we find that

100 =c+2=q¢"+2=(3"-1)Y +2.

Since t > 1, the left hand side of the above chain of equations is divisible
by 4. On the other hand, since y > 1, the right hand side is congruent 2
modulo 4, a contradiction.

Case b: a = 7. We proceed analogously to Case a. Again we have two sub-
cases, depending on which of (a,b) or (b, ¢) is multiplicatively dependent.

Case b.1: (a,b) = (7,b) is multiplicatively dependent, i.e. b = T% for some
x > 1. And again, we have two subcases, namely (a+ 1, c+1) is multiplica-
tively dependent or (b+ 1,c¢+ 1) is multiplicatively dependent.

Case b.1.1: (a + 1,c+ 1) = (8,¢c+ 1) is multiplicatively dependent, i.e.
c=2Y—1 for somey > 1, y # 3. Then analogously to Case a.l.1 we
have that (b4 2,c¢+2) = (7% +2,2Y + 1) is multiplicatively dependent, i.e.
(7% +2,2Y + 1) = (¢%,¢") for some positive integers s # t. Since y > 1,
y # 3, the equation 2¥ + 1 = ¢! implies by Theorem 2.3 that ¢ = 1. Then
we have

T4 2=¢q" = (2V+ 1)
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Rewriting this as

(2Y 41)° — (22 —1)* = 2,
we immediately get a contradiction from Proposition 6.2 (note that s #
t =1 implies s > 2).

Case b.1.2: (b+1,¢4+1) = (7*+1,c+1) is multiplicatively dependent. Then,
as in Case a.1.2 we have that in the next triple (a +2,¢+2) = (9,¢c + 2)
must be multiplicatively dependent, i.e. ¢ = 3¥Y — 2 for some y > 2. Then
since (b+1,¢+1) = (7 +1,3Y — 1) is multiplicatively dependent, we have
(7% +1,3Y — 1) = (¢*, ¢*) for some positive integers s # t and ¢ > 1. Then,
since x > 1 and y > 2, Theorem 2.3 implies that s = ¢ = 1, a contradiction.

Case b.2: (b, c) is multiplicatively dependent and we still have a = 7. Then
we have (b,c) = (¢%,¢¥) for some positive integers  # y and ¢ > 1. As in
Case a.2, we may assume that (a+1,b+1) = (8,b+1) and (a+2,c+2) =
(9, ¢ + 2) are each multiplicatively dependent. Thus we get b = 2% — 1 for
some s > 1 and s # 3, and ¢ = 3! — 2 for some t > 2. Now we have
(25 —1,3" - 2) = (b, c) = (¢*,¢Y). Since s > 1, s # 3, Theorem 2.3 implies
x = 1. Thus we obtain

3 —2=c=¢V =0 =(2°-1)V.
Rewriting this as
@'+ = (2 -1 =2,

we immediately reach a contradiction from Proposition 6.2 (note that y #
x = 1 implies y > 2).

7.3. Part 3. In Parts 1 and 2, we have handled all cases where
{8,9} C {a,a+1,a+2}, {8,9} C {b,b+1,0+2} or {8,9} C {c,c+1,c+2}.

In Part 3, we now assume that we are in none of those cases. Therefore, by
Theorem 2.3, for d = a, b, c, we have that

(7.1)

the set {d,d+ 1,d + 2} does not contain two consecutive perfect powers.

For the remainder of the proof, we assume that 1 < a < b < c¢. From
Lemmata 2.1 and 2.2, it follows that the triples must satisfy

(a+1i,b+i,c+i)=(p° p' c+i),
(a+4,b+j,c+7)=(¢"b+7.q"),
(a+k,b+k,c+k)=(a+kr"rY),
where {7, j,k} = {0,1,2} and p, q,r, s,t,u, v, x,y are positive integers. Since

l1<a<b<c wehavep,q,r>1,s<t u<vandzx <y, and in particular
t,v,y > 1. Therefore, ¢* and ¥ are both perfect powers and by (7.1) we
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have ¢V — ¥ # +1,s0 j — k # £1, i.e. {j,k} = {0,2} and ¢ = 1. Thus

p! —r® = £1, and since t > 1, this implies z = 1.

Also, p* — ¢* = %1, so either s = 1 or u = 1. Now we consider 4 cases,
according to whether (j,k) = (0,2) or (j,k) = (2,0), and whether s =1 or
u=1.

Case a: (j, k) = (0,2) and s = 1. Then we have
(a,b,¢) = (¢",b,4"),
(a+1,b+1,c+1)=(p,p'c+1),
(a+2,b+2,c4+2)=(a+2,1,71Y).
Now we see that p = ¢“+1 and r = p'+1,s0 7 = (¢“+1)'+1 and therefore,
2=rY—¢"=((¢"+1)"'+1)Y — ¢".
Since q,t,y,v > 2, this is impossible by Proposition 6.1.
Case b: (j,k) = (0,2) and u = 1. Then we have
(a,b,¢) = (¢,0,9"),
(a+1,b+1,c+1) = (p°,p' c+1),
(a+2,b+2,c+2)=(a+2,7,7Y),
and we see that ¢ = p®* — 1 and r = p’ + 1, so
2=1rY—q¢" = (P +1)¥ —(p° - 1)".
Since p,y,v > 2, this is impossible by Proposition 6.2.
Case c: (j,k) = (2,0) and s = 1. Then we have
(a,b,¢) = (a,r,rY),
(a+1,b+1,c+1) = (p,p',c+1),
(a+2,b+2,¢c+2)=(¢"b+2,4"),
and we see that p=¢* —landr =p' — 1= (¢ —1)! — 1, so
2=¢" =" =¢"—((¢" - 1)' = 1)".
Since ¢, v,t,y > 2, this is impossible by Proposition 6.3.
Case d: (j, k) = (2,0) and uw = 1. Then we have
(a,b,c) = (a,r,rY),
(a+1,b+1,c+1) = (p°,p'c+1),
(a+2,b+2,¢+2)=(¢,b+2,4"),
and we see that ¢ = p* + 1 and r = p! — 1, so
2= " =¥ = (p +1)° — (pf — 1.
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Since p,v,y > 2, this is impossible by Proposition 6.2.
This completes the proof of Theorem 1.7. U
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