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Determination of certain mod p Galois
representations using local constancy

par ABHIK GANGULI et SUNEEL KUMAR

RESUME. Soit p > 5 un nombre premier et k un entier dans [2p+2, p*> —p+3].
Soit b dans [2,p] tel que k —2 =bmodp—1 et ¢ := %. Nous donnons
un rayon explicite de constance locale dans 'espace des poids de la réduc-
tion modulo p des représentations cristallines de dimension deux Vj o, de
Gal(Q,/Qy), ou la pente v(a,) est supposée dans (1,c¢) et non entiere. Nous
utilisons la correspondance de Langlands locale modulo p pour GL2(Q,) afin
de calculer explicitement les réductions modulo p sous des conditions addi-
tionnelles sur la pente. Nous montrons que la réduction dans le disque dépend
uniquement de k et |v(ap)]. En application, nous obtenons des réductions
modulo p explicites pour de nombreuses nouvelles valeurs de k et a,. Nous
obtenons également un rayon explicite de constance locale dans ’espace a,
(pour un k fixé comme ci-dessus) qui est plus grand que le rayon explicite
donné dans un résultat de Berger.

ABSTRACT. Let p > 5 be a prime and k be an integer in [2p + 2, p? — p + 3].
Let b be in [2,p] such that k —2 =bmod p—1 and ¢ := k;ﬁ;b. We give an
explicit radius of local constancy in the weight space of the mod p reduction of
the two dimensional crystalline representations V; o, of Gal(Q,/Q,), where
the slope v(a,) is constrained to be in (1,¢) and non-integral. We use the
mod p local Langlands correspondence for GL2(Qp) to compute the mod p
reductions explicitly under additional conditions on the slope. We show that
the reduction in the disk depends only on k and |v(a,)|. As an application,
we obtain explicit mod p reductions at many new values of k and a,. We also
obtain an explicit radius of local constancy in the a, space (for a fixed k as
above) which is bigger than the explicit radius given in a result of Berger.

1. Introduction

Let p be an odd prime and v : @; — Q be the normalized p-adic valuation
such that v(p) = 1. For an integer £ > 2 and 0 # a, € Q, with slope
v(ap) > 0, let Dy q, be the weakly admissible filtered ¢-module given in [11]
with the characteristic polynomial of Frobenius ¢ given by X2 —a,X + pk=t
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with jumps in the filtration at 0 and k£ — 1. By the theorem of Colmez—
Fontaine ([25, Theorem A]) there exists a unique irreducible 2-dimensional
crystalline representation Vj ., of Gal(@p /Qp) with Hodge-Tate weights
(0,k — 1) such that Dcris(Vk*jap) = Di.q,- Here Deis is Fontaine’s functor
defined in [28] and Vi o, 18 the dual representation of V. Let Vk,ap be the
reduction of a Gal(Q,/Qj)-stable lattice of Vi,a, UP to semisimplification.
The problem of explicit computation of the mod p reduction kaap is quite
intricate, and substantial work has been done using local techniques that
involve p-adic Hodge theory and more recently the mod p local Langlands
correspondence for GLy(Q,) due to Breuil and Berger ([7, 9, 16, 17]).

We see that Vi 4, is completely determined by a, and the weight £ and
thus, so is Vk,ap. In this article, fixing a, we study the question of local
constancy of Vk,ap as a function of k in the weight space. From Berger’s
local constancy Theorem B of [8] (see Theorem 2.3 below) we expect local
constancy to hold if & and k&’ are p-adically close enough and are in the
same class modulo p — 1. Let m(k, a,) be the smallest integer m such that
Vk’,ap = Vk,ap for all ¥’ € k —i—pm*l(p — I)ZZO'

Local constancy of the mod p reduction (up to semisimplification) of p-
adic representations of Gal(Q,/Q,) holds in general if the representations
are specializations of a family of p-adic representations parametrized by an
affinoid space (see [21, Section 3.16] and [37, Proposition 5.11] for the ver-
sion for adic spaces locally of finite type). Colmez in [24, Proposition 5.2]
and Chenevier in [21, Propositions 3.9, 3.17] show that such families exist
locally in an affinoid open neighborhood of étale points of the Colmez—
Chenevier rigid analytic spaces parametrizing trianguline (¢, I')-modules.
Together with local constancy of the reduction map, existence of such local
families provide a crucial input in the proof of Berger’s local constancy the-
orem above. Berger and Colmez ([10, Theorem A]) attach a family of étale
(¢, T')-modules on an affinoid space, associated to a family of p-adic repre-
sentations. In the other direction, Kedlaya and Liu in [38] observe that local
constancy of the residual representations is a key obstruction to attaching
a family of p-adic representations to a given family of étale (¢, I')-modules
on an affinoid space over Q. Furthermore in [38, Theorem 0.2], Kedlaya
and Liu give the existence of families of p-adic representations locally in a
neighborhood of an étale point of such an affinoid space over Q,. We refer
to the recent work of Conti and Torti ([26, Theorem 1.5, Remark 5.20])
giving neighborhoods of constancy modulo 7} (for all n > 0) for sheaves
of p-adic representations on rigid analytic spaces over an extension L of
Qp, admitting affine formal models (see also [42, Proposition 1.3] and [41,
Theorem 1.1]).

In the above context, one may ask for the precise reduction in the neigh-
borhoods of local constancy. Results like Theorem 1.1 (and Corollary 1.3)
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determine the precise reduction apart from giving an explicit disk of con-
stancy for crystalline representations. We refer to the end of Section 1.2
for a discussion on potential applications of giving explicit radii of local
constancy for crystalline representations in the above context of families of
trianguline (¢, I')-modules.

We write k as b+ ¢(p — 1) + 2, where we take b € [2,p] and ¢ > 0. The
first result giving an explicit upper bound for Berger’s constant m(k, a,) is
in Bhattacharya [12], and [31] extends the result significantly to cover more
values of k and allowing higher slope. Thus, [12] and [31] give an explicit
radius of local constancy. In both [12] and [31] the slope v(ap) > ¢, and the
precise reduction kaﬁap is also given in the disk of constancy.

1.1. Main result. In this article, we consider the problem of local con-
stancy in the situation when v(a,) < ¢ and also non-integral. The approach
in [12, 31] and our results here is to compute explicitly and show that Vk’,ap
is constant for all & in the punctured disk k+p'(p—1)Z~¢ for t > t(, where
to is given explicitly. In order to compute Vk/’ap, we use the mod p local
Langlands correspondence for GL2(Q)). In [12] and [31], [6, Theorem 1.1.1]
together with Berger’s local constancy theorem ([8, Theorem B]) are applied
to further determine the reduction Vk,ap at the center to finally establish
local constancy in the disc around the weight k. In our present situation, the
condition for Berger’s local constancy is already satisfied since v(a,) < ¢,
proving the existence of local constancy for these smaller slopes. We use
Berger’s theorem to infer that since the reduction Vk/@p computed in a
sufficiently small punctured disk is the same as Vk,ap at the center, local
constancy must hold in the disk k + p!(p — 1)Z>¢ for t > to around the
weight k.

In this smaller slope range the lower bound v(a,) > L%J in Bergdall-
Levin, [6] (and also the larger bound from Berger-Li-Zhu, [11]) is not sat-
isfied. Therefore, unlike the generic situation in [12] and [31], we are not
able to compute in general the reduction at the center separately, making
it difficult to predict the precise reduction in a punctured disk around k.
Furthermore, as an important application of local constancy in this slope
regime, we instead deduce the precise reduction Vk,ap at the center in previ-
ously unknown cases of weights and slopes (see Corollary 1.2). Let v denote
|v(ap)]. Our main result is as follows:

Theorem 1.1. Let k =b+c(p—1)+2with2 <c<p—-1,2<b<p
and p > 5. Fiz ap such that v(ap) is non-integral, 1 < v(ap) < ¢ — €, where
€ € {0,1,2} as defined in (1.2), and let t > v(ap) + c.
(1) If b > ¢+ v — 1 such that b # 2v + 1 and (b,v) # (p,1), then
Vk/,ap ~ ind(wg+1+y(p_1)) for all k' € k+ p'(p — 1)Z>o.
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(2) Further, assume Conjecture 5.2 is true. Suppose 2 < b < c—2 and
1 <v < min{c — 2,p+ b — c}. Also assume that b # 2v +2 —p
if b < 2c—2—p. Then for all k' € k+ p'(p — 1)Z>0, Vira, =

ind(wngH(VH)(p_l)) ifb<v, and Vk’,ap o~ ind(wé’“) ifb=v+1.

Moreover, in the above cases the Berger’s constant m(k,a,) exists and
mik.ay) < [(a)] +c+ 1.

We note that € depends only on k at the centre of the disk of constancy.
We refer to Theorem 7.2 where we show more cases of local constancy. We
note that in Theorem 1.1 (and Theorem 7.2), we treat only the cases where
Vk/,ap is necessarily irreducible. The omitted values of b in the theorems
are precisely the possibly reducible cases that arise from the mod p local
Langlands correspondence (see Lemma 2.5). The condition b < ¢+ v — 2
holds in Theorem 1.1(2). The constraints on b, ¢ and v in Theorem 1.1 arise
quite naturally from our method. This is discussed in detail in Section 1.4
below.

We make an important note that when v(a,) < ¢, the computation on
the GL2(Q)) side becomes substantially more complicated when compared
to the situation of v(ap) > c. This is because the matrices A (see Con-
jecture 5.1) in the former case, which have essentially a(7,1) (see (3.1)) as
entries, turn out to be much more difficult to analyze. The matrices A arise
naturally in a key step to show that certain monomials ¢(j) are effectively
in the kernel of a map P coming from the mod p local Langlands machin-
ery (see Section 1.4 for details). This is precisely Conjecture 5.2 which is
also a consequence of Conjecture 5.1. We have been able to show that these
matrices have the required property (as given in Conjecture 5.1) only in the
cases where we are able to obtain a drastic simplification for the expression
a(i,l). This simplification is obtained in a series of steps in Lemma 3.2
and Lemmas 3.5-3.9. We refer to Section 1.4 for more details on the other
aspects of our approach.

Although it is Conjecture 5.2 that is needed directly for our main theo-
rem, it is the cases of Conjecture 5.1 that we actually prove. In Theorem 8.1,
we prove a substantial portion of Conjecture 5.1. In the cases proved in The-
orem 8.1, the matrices A turn out to be non-invertible. We have verified
Conjecture 5.1 using SageMath code for all values of b, ¢, m and primes up
to 97. These SageMath computations further reveal that the matrices A in
the remaining cases not covered by Theorem 8.1 are all invertible.

1.2. Applications and further considerations. For slope 0 < v(a,) <
2, the mod p reduction Vk,ap is completely known for all the weights (see
Section 1.3). Our contribution in computing new cases of Vk:,ap is therefore
when the slope v(a,) > 2. Recall that b is the unique integer in [2, p| such

that k—2=bmod p—1and c:= kI_JQIb. As a consequence of Theorem 7.2,
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we have the following corollary that gives the reduction Vi, , at new values
of k and a,. We note that the first case of reductions given below are coming
from Theorem 1.1(1), and hence unconditional on Conjecture 5.2.

Corollary 1.2. Fiz a, such that v(ap) is non-integral and 1 < v(ap) <

p—1. Let p > 13 and assume Conjecture 5.2 is true. Suppose that k &

{2v+3+c(p—1),2v+4—p+c(p— 1)}, where c is given below.
If2<v< 1%1, then Vk,ap is isomorphic to

ind (wy D) if ke Uy, Jetv+1+clp—1),p+2+c(p—1)]
ind(wgﬂﬂl’*‘*”(”*”) fhe2+ +2p v+ +2)p

ind(wgﬂ) if ke{v+3+clp—1)|lv+2<c<p-1}
ind(wgﬂﬂ”“)(p_l)) ifkel,

whereI:Ug;u+2[4+c(p71),u+2+c(pf1)]UU€;;_V+3[6+V+1fp+
cp—1),v+2+c(p—1)] and ¢y =min{p —v+2,p—1}.

For a given range of slope, the gaps in the intervals for the weight & in
the above corollary are precisely the weights not covered in Theorem 7.2.
Corollary 1.2 can be extended to slope v < p — 3 with k£ as given in Corol-
lary 7.4. We have taken the prime p > 13 in order to give a more uniform
and simplified statement.

Next, we will discuss constant v (recall v = |v(ap)|) local constancy in
the weight space. We observe that in Theorem 1.1, the reduction Vk,ap at
the center k depends only on v and k. Let V' (k1, k2, o) := VkQ_kl,pklap(—kl)

be the —k!" Tate twist of Vi,
corollary:

. Theorem 1.1 gives the following

—k1,p1 0y

Corollary 1.3.

(1) Assume all the hypotheses of Theorem 1.1 on k and v(a,). Then
we have Vk/% o Vk,ap for all aj, of non-integral slope v(aj,) with
\v(ay,)| = v, and for all k" € k+p'(p—1)Zx>o, wheret > [v(ap)]+c.

(2) Assume all the hypotheses of Theorem 1.1 on k := ko—k1 and v(ap),

where a, := p*ay,. Then we have V (K}, by 0p,) = V(k1, ko, ap) for
all of, € Q, of non-integral slope with ki + |v(c,)| = k1 + [v(ap)],
and for all k| € k1 +p"t(p—1)Z, kb, € ko+p2(p—1)Z with kb —k} >

ko — k1, where min{t,t2} > [v(oy)] + k1 + c.

Here we implicitly assume that ki, ke € Z such that ko — k1 > 2, and
op € Q, such that v(ay)+k; > 0. By using Proposition 3.1.1 of [17], we note
that V(k1, k2, ) are mutually non-isomorphic. The Hodge-Tate weights
of V(k1, ka2, o) are (k1, k2 — 1) and the trace of the crystalline Frobenius is
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ap. In Corollary 1.3(2), we are forced to take kj = ki if one insists aj, to
be sufficiently close to o, (e.g. aj, € ap + p”(%)mzp).

For a fixed weight k, the reduction Vk% is a function of a;,. Theorem A
of Berger in [8] proves that for a fixed weight k, the reduction Vk,% is
constant on the disk a, er’\(’“’a?’)rnip around ap, where A(k, a,) = 2v(ap) +

don>1 L%j and my is the maximal ideal of the ring of integers Zy of Q.
Under the hypotheses of Theorem 1.1, Corollary 1.3 (1) improves the above
radius of local constancy in the a, space. More precisely, taking k' = k in
Corollary 1.3(1), we have the following result:

Corollary 1.4. Assume all the hypotheses of Theorem 1.1 on k and v(ap).

Then we have Vk,a;, ~ Vk,ap for all aj, with a;, € a, + p”(“p)mzp.

Let T' = T'o(p) NT1(N), where p t+ N. We consider the Coleman—Mazur
eigencurve C of tame level N ([18, 23]) with the associated weight map & :
Cn — W into the weight space W. Recall that each connected component
We of W = [J, W, can be viewed as the open p-adic unit disk By = {w :
v(w) > 0} via the map w, : W, — By, where w, = (1 + p) — 1 for all
continuous characters r : 1 + pZ, — C;. We let V; denote the semisimple
and continuous p-adic representation of Gg = Gal(Q/Q) associated to 7 €
Cn. Let I, be the inertia subgroup of Gg at p, and let tg = [v(ap)] + ¢ be
as in Corollary 1.3. We let & denote an open affinoid (subdomain) of an
affinoid neighborhood of a point in Cn. For u € Cn, let ap(u) denote the
Up-eigenvalue of the overconvergent eigenform at u.

Corollary 1.5. Let U be an affinoid open containing a classical point x ¢
in Cn. Assume that the weight k and the slope h = v(ap(xf)) > 0 of
satisfy the hypotheses of Theorem 1.1. Suppose further that U has constant
slope h (i.e., the map uw — v(ay(u)) is constant h on U ).

Then for any T € U such that

(1) both k(7),k(x¢) are in the same component We with w(k(7)) € Zp,
(2) v(we(k(7)) — we(k(zy))) = to + 1,
we have that V-r|lp i fohp (and V ; is irreducible as a representation of

Gal(Q,/Qp))-

The proof of above applies Corollary 1.3(1), and uses crucially the fact
that h < k—f (as seen implicitly in Theorem 1.1), and so the point x5 € Cx
corresponds to the p-stabilization of a cuspidal eigenform of level I';(N).
Corollary 1.5 is really meaningful only when the affinoid open U is not
contained in a unique connected component of Cy (for otherwise, the map
T = Vf_s will necessarily be locally constant on U). Also, the weight map
need not be a rigid analytic isomorphism on U. It would be interesting
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to see if tin giving the exact radius in Corollary 1.3(1) (or the possibly
larger to) is related to the constant CS¥(f) defined by Bergdall in [5]. For
example, for (k,h) such that t,,;, < CS*(f), one obtains an upper bound
to the maximum possible radius of a disk centered at s(xy) contained in
a p-adic family of constant slope passing through x (see [5, Theorems 3.4
and 7.4, and Section 9]).

Let 7 be the rigid analytic space over QQ, that represents the functor
T (A) := {continuous characters 0 : Q; — A*} on affinoid Q,-algebras A
(see [21, Section 1.8]). The condition on &} and «j, in Corollary 1.3(2)
suggests that we could also formulate local constancy in terms of varia-
tions in the trianguline parameters in 72. Local constancy of crystalline
representations with respect to parameters in 72 may have interesting con-
sequences for rigid analytic spaces that parameterize families of trianguline
(¢,T)-modules with sufficient crystalline points like Chenevier’s S5 (see
[21, Theorems 3.3 and 3.14]). Results giving the affinoid open neighbor-
hoods of local constancy in 72 could help understand better! the affinoid
open neighborhoods U in S5 of a point z in the étale part 52'3’0 of SY
(see [21, Section 3.16]) with algebraic parameters (81 4,d2,) € T2, where
these neighborhoods U parameterize families of p-adic representations of
Gal(@p /Qp) given by free Oy-modules V;; of rank 2 with continuous action
of Gal(Q,/Qp) (see [21, Proposition 3.17]). We are currently pursuing this
line of investigation.

1.3. Existing results on the reduction Vk,a,,- We discuss the over-
lap of our theorem above with known results computing Vk,ap‘ Firstly,
the reductions Vk,ap coming from Theorem 1.1 have no overlap with the
(k,ap) covered in [6, 11, 17]. Theorem 1.1 has a significant number of cases
when the slope is in (1,2), and the Vk;,ap from Theorem 1.1 above match
with those from Theorem 1.1 of [14]. Theorem 1.1 also overlaps with Corol-
lary 1.12 of [35], precisely when b € [2,¢—2] and v(ap) € (b—1,b)U(b,b+1)
or when b = ¢—1 and v(ap) = (b—1,b). The reductions from Theorem 1.1
match with the ones coming from [35].

We next discuss results that compute Vk,ap- Breuil in [17] computes Vk,ap
for weights up to 2p + 1 and for all a;, (see [7, Theorem 3.2.1]). Berger-Li-
Zhu in [11] and Bergdall-Levin in [6] treat this problem for sufficiently large
slopes v(ap,) > L’;%%j and v(ap) > L%J respectively. Buzzard—Gee in [19]
and [20] determine Vk,ap for slope in (0,1) and for all weights. For slope
n (1,2), Ganguli-Ghate in [30] compute Vi o, up to weights p? — p, and
Bhattacharya—Ghate in [14] give the reduction for all weights and slope in
(1,2) with an additional assumption at v(a,) = 3. Bhattacharya—Ghate—
Rozensztajn in [15] treat the case v(a,) = 1 for all weights. We refer to

IFor instance, giving explicit affinoid subdomains of U.
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the work of Ghate-Rai in [34] which treats the case of slope v(a,) = 3.
More recently, Nagel-Pande in [39] have determined most of the reductions
for slope in (2, 3). Furthermore, Rozensztajn in [40] gives an algorithm to
compute Vk’ap which is efficient for small slopes and weights. We also refer
to the recent work of Arsovski [1, 2] in connection to the slope conjecture
of Breuil, Buzzard and Emerton. The zig-zag conjecture of Ghate in [32]
(see also [33, Conjecture 1.1]) gives an explicit description of Vi, for
all half-integral slopes 1/2 < v(a,) < % and k' > k (and k' sufficiently
close to k p-adically), where 3 < k < p 4+ 1 is such that £ = 2v(a,) + 2.
This conjecture provides important counterexamples to local constancy in
the weight space for certain a, and k (see [32, Theorem 2.2]). We remark
that in fact k > 2v(a,) + 2 in our theorem above. We refer to the work of
Chitrao—Ghate—Yasuda in [22] which explains to a large extent the reason
behind these important counterexamples to local constancy.

For results with alternate approaches using global methods which
assume the modularity of the Galois representations, we refer to the
work of Deligne, Deligne-Serre and Fontaine-Edixhoven (see [27] and also
[19, Theorem 1.2]) for modular forms, and the work of Ganguli [29] and
Bhattacharya—Ganguli [13] for certain Hilbert modular forms of small slope.

1.4. Outline of the proof. Breuil has constructed a locally algebraic
representation Il ., of GL2(Qp) and a GL2(Qp)-stable lattice O 4, in
s 4, such that @Ziap = LL(V;C/M)), where LL is the mod p local Lang-
lands correspondence (see Section 2.1 for more details). Let r = k' —2 > 0
be a non-negative integer. Using the definition of O ,,, we get a canon-
ical surjection P : ind%,(V,) —» Ok a, (see Section 2.3 for more details).
For m € Z>1, we denote v = {f € V;|6™ divides f in Fp[x,y]}, where
0 := 2Py — xyP. From Remark 4.4 of Buzzard-Gee in [19], we deduce that

: Vi =
P ll'ld%;'Z <‘/(l/+1)> —» @k/7ap

T

as v(ap) < v+ 1, where v = [v(ayp)]. We consider the following filtration

(1/) V(V—l) V
. G r . 1G T G r
OglndKz<W> glndKz<W(V+l)> g glndKz<‘/r(V+1)>.

(m)
For 0 < m < v, observe that ind%z< L

{ . . .
sy +1>> are the successive quotients in
T

(m)
the above filtration. By Lemma 2.4 the successive quotients ind% , (%)
are generated by [g, Fin(z,9)], where Fy,(x,y) = "~ my™ — g7~ (s=m)ys—m

and s = k — 2. By a contributing factor, we mean the successive quotient
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(n) (n)
G Ve .0 AG Vi
1ndKZ(V(n+l)) such that P : lndKZ(iv(n-H)

) —» ék',a,, (we prove that there
is always only one contributing factor for Theorem 1.1).
To determine 927?7% when Vs o, is irreducible, it is enough to determine

the contributing factor (see Lemma 2.5). At first, Proposition 6.1 shows
(n1+1)

that the map P surjects via ind% 7 (W), where n1 and no are as given

in the proposition. Next in Theorem 6.4, we prove that ind?(Z(%)
is the contributing factor, where ng is defined in the same theorem. The
hypotheses of Theorem 6.4 is such that ny = ng — 1 and ny = ng + 1, thus
giving that contributing factor comes from ng. In particular, the condition
b>c+ v —1in Theorem 1.1(1) arises naturally to give us that ny = v.

We next apply Lemma 2.5 together with Theorem 6.4 to get the reduction
Vit a, (in a puncture disk centered at k) in Proposition 7.1. Finally we apply
Theorem 2.3 in Theorem 7.2 to determine Vlaap at the center, thereby
giving us local constancy in the whole disk.

In Proposition 6.1, we show that ind%z(%) do not contribute to

Opq, for all m € [0,n1] U [ng, v]. Using Lemmas 2.1 and 2.2, it is enough
to prove that Fy,(z,y) € (Vr(mH) + Ker(P)) for all m € [1,n1] U [n2, v].
Next, we explain the steps to prove Fy,(z,y) € ( mt) Ker(P)) for all
m € [1,n1] U [ng,v]. By using Remark 4.4 of [19], observe that for each
m < v, F(x,y) € (an(mﬂ) + Ker(P)) if and only if g(c) = a"~sTMys~™ ¢
(V7»(m+1) + Ker(P)) (as v < v(ap); see Section 1.5 for the definition of ¢(7)
in general).

Applying Proposition 4.3, we deduce that there exists a;; € Z, such that
> a5.q(j) € Ker(P), where 0 < j < c—1and b—m+j(p—1) > 0. Further
in Lemma 4.1, we prove that for all ¢ < j < c¢—m — 1, ¢(j) are integral
linear combinations of ¢(j) for ¢ —m < j < ¢. Using this we have

N

(1.1) 3 D) o1 44) € Ken(P),

: pUl(l)

1<i<m+1

where a(i,1) are as given in (3.1) and o1(!) in (3.4). This is done in Propo-
sition 4.4. We note from the definition of ¢y (1) and (i, ) that a(i,1)/p7*®
is integral for all 4,l. Therefore, in order to prove that ¢(c) € (V7~(m+1) +
Ker(P)) for all m € [1,n1] U [ng,v], we need to show that for each m there
exists some ! such that the following holds:

(1) The sum 3% <icpp, ;,(I(l,)) q(c—m — 1+ 1) vanishes modulo (V;™ ™) +
Ker(P)).
(2) The coefficient a(pTZ;r(i’l) of q(c) (i.e., the last term i = m + 1) in the

above summation is non-zero mod p.
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To prove the statement (1) above, we first check if ;‘U(I(ll)) vanish modulo p for

all 1 <14 <'m, but we get a negative answer to this in general. Therefore, we

ask whether the monomials g(c—m—1+1) € (Vr(mﬂ) +XKer(P)) for all 1 <
i < m. To answer this question, we consider the matrix A = («(i,1))1<i<m+1
0<i<m
and check whether the linear systems AX = e; (mod p) has a solution for
all 1 < i < m. We note that «(i,l) has a complicated formula, and so
proving that the linear system of equations AX = e; (mod p) has a solution
in general turns out to be quite hard. However, we make the conjecture that
the above linear system of equations has a solution (see Conjecture 5.1).
We apply Proposition 4.4 to translate Conjecture 5.1 into Conjecture 5.2
which claims that the monomials g(c—m —1+1) € (Vr(mﬂ) + Ker(P)) for
all 1 <i<m.

Next, we consider the expression a(;ZIll)’l) occurring in the statement (2)
above. One can indeed check that Q(IZZI})’I) = d;, where d; is as defined

n (3.5). Crucially in Lemma 3.3, we prove that for each m given in the
lemma, there exists at least one [ such that d; is non-zero modulo p. We use
this in Proposition 4.5 to recover the statement (2) above. Lemma 3.3 is
not covering all the values of m in [1, v]. This is because for the remaining
values of m, the coefficients d; are zero modulo p for all [. This results in the
gap between n; and no as seen in the various subcases of Proposition 6.1,
wherein ng > nq + 1 in general. In our approach, the vanishing of d; is
the key reason for the restrictions appearing on b, ¢ and v in Theorems 6.4
and 7.2, the other reason being to force ny + 1 and ns to be consecutive.
The condition that v(a,) is non-integral appears first in Proposition 4.5,
and is required so that one is able to apply Proposition 4.3 and Lemma 3.3.

We note importantly that Proposition 4.5 requires Conjecture 5.2 as
a hypothesis, and thus Conjecture 5.2 is also needed crucially for Proposi-
tion 6.1. We also remark that Lemma 5.4 proves Conjecture 5.1 in the cases
required to make Theorem 1.1(1) (i.e., Theorem 7.2(1)) unconditional on
Conjecture 5.2 (see Remark 7.3 for more details).

1.5. Notations and Conventions. We fix the following conventions in
the rest of this article unless stated otherwise:

(1) The integer p always denotes a prime number greater than or equal
to 5. The integers b and ¢ are from {2,3,...,p} and {0,1,...,p—2}
respectively.

(2) We define € as follows

0 if2e—1<b<p
(1.2) e=4¢1 if2(c—1)—p<b<2(c—1)
2 if2<b<2c—1)—(p+1).
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(3) We define ¢; as follows

0 if2m+1<b<p
(1.3) ee=91 if2m+1-(p—-1)<b<
2 if2<b<2m—(p—1).

(4) We write s = b+ c(p—1) and r = s+ p'(p — 1)d with p { d, and
t,d € N and so s <.

(5) For n € Zxg and k € Z, we define (}}) =0 if k > n or k < 0 and the
usual binomial coefficient otherwise.

(6) For A= B, where A, B € M,,(Z;) we mean that A = B mod p.

(7) Unless stated otherwise, for A, B € ind%Z(SymT(@i)), by A =B
or A = B mod p we mean that A — B is in my ind%Z(SymT(Zi)).
(8) By the vectors {e]} we mean the standard basis of Zj for n € N.
(9) For v € Sym"(F ) by v € Ker(P) or v € V;""! + Ker(P) we mean
that [1, v] € Ker(P) or [1, v] € ind% (V™ +1) 4 Ker(P) respectively.
(10) We define q(i) = 2"~ btm—ilp=1yb=m+ib=1) for all ny < i < ¢ and
1<m < p-1, where ng =0 if b > m and 1 otherwise.

2. Background

2.1. The mod p local Langlands correspondence. We begin by re-
calling some notations and definitions. We fix an algebraic closure @p of Q,
with the ring of integers Z, and the residue field F,,. Let G, and G2 be the
absolute Galois groups of Q, and Q2 respectively where Q,2 is the unique
unramified quadratic extension of Q. Let w; = w be the mod p cyclotomic
character, and wsy be a fixed fundamental character of level 2. We view w; as
a character of Q via local class field theory, identifying uniformizers with
geometric Frobenii. For a € Z=° such that (p+1) { a let ind(w$) denote the
unique two dimensional irreducible representation of G, with determinant
w® and whose restriction to inertia is isomorphic to w§ & wy?.

We denote the group GL2(Q,) by G, its maximal compact subgroup
GLa(Zp) by K and the center of G by Z = Qy. For r > 0 let V. := Sym”" (F;)
be the symmetric power representation of GLy(F,) of dimension r + 1. We
can also view V, as representations of KZ by defining the action of K
through the natural surjection K — GL2(IF,), and by letting p act trivially.
For 0 <r < p-—1, A € F, and a smooth character 7 : Q, — FZ, the
representation
G
in
w(r, ) o= 20z (0)
is a smooth admissible representation of G' where ind%, denotes compact
induction (see [16, 19]). The operator T (see Section 2.2) is the Hecke

® (n o det)
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operator T}, generating the Hecke algebra Endg(ind% 4 (V) = F,[T}]. The
irreducible subquotients of these representations give all the irreducible
smooth admissible representations of G ([3, 4, 16]). For A € F;, let )
be the unramified character of G, that sends the geometric Frobenius to
A. Then Breuil ’s semisimple mod p local Langlands correspondence LL
(see [17]) is as follows:

e \=0:ind(w T+1)®77<£>7F(7"70777)

© XA 0: (e Tlep ) @n <5 m(r, A n) P en(jp—3—r], A7} w )
where {0,1,...,p—2}3[p—3—r]=p—3—rmod (p—1).

—2
For integers k > 2 we define Il o, := M as representations

of G where r = k — 2 and T is the Hecke operator from Section 2.2. We
consider the G-stable lattice ©y 4, in the representation Il 4, (see [9, 17])
given by

Ok,q, 1= image (indIG(Z(SymT(ZZ)) — ijap)
ind% 5 (Sym” (Z2))
(T — a,) ind% , (Sym” (@) N ind% , (Sym” (Z2))

By the compatibility of the p-adic and mod p local Langlands correspon-
dences ([7, 9, 17]) we have

Opa, £ LL(Vi,,) where O, = O, ®@F).

ap

~Y

Since the mod p local Langlands correspondence is injective, to determine
Vi, ap 1t is enough to compute @k ap

2.2. Hecke Operator T. We give an explicit definition of the Hecke op-
erator T' = T), below (see [17] for more details). For m = 0, set Iy = {0}
and for m > 0, let I,,, = {[Ao] +pM]+ -+ D" [Am=1] | i € Fp} C Z,,
where square brackets denote Teichmiiller representatives. For m > 1 there
is a truncation map [ |;m—1 : I — ILm—1 given by taking the first m — 1
terms in the p-adic expansion above. For m = 1, [ |,,—1 is the zero map.
For m > 0 and X € I, let

o _ (P A 1 _ (1 0
gm,)\_<0 1) and gm’)‘_(pA pm-i-l)-

Then we have

G- 11 Kz
m>0,AEl,
ic{0,1}
Let R be a Zy-algebra and V = Sym" R? be the symmetric power repre-
sentation of K Z, modelled on homogeneous polynomials of degree r in the
variables x and y over R. For g € G, v € V|, let [g, v] be the function
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defined by: [g,v](¢') = ¢'g - v for all ¢ € KZg~" and zero otherwise. Since
an element of ind%,(V) is a V-valued function on G that has compact
support modulo K Z, one can see that every element of ind% (V') can be
written as a finite sum of [g,v] with g = ¢, or g = g}m/\, for some \ € I,
and v € V. Then the action of T on [g,v] can be given explicitly when
g= gg’u with n > 0 and p € I. Let v = 377 cjx" Iyl with ¢; € R. We
write T'=T" + T~ where

TJF([gg,w U]) = Z gn+1 AP Zp] (Z cl( > )xrjyj]

el

. . ij o
T_([gg,wv]) [gn 1, [ n— p]XE)(ZpT ‘ <><p[n’u]?_l> )xr—ij] for n>0

=]

T
Tf([gng]) = [a, Zprjcjarrjyj] for n = 0, where o := 9(%,0-

2.3. The filtration. Let k¥’ = k + p’(p — 1)d satisfy the hypotheses of
Theorem 1.1. Since t > [2v(ay,)]| + €, we have r = k' —2 > (v +1)(p+ 1),
where v = [v(ay)]. From the definition of V. and Oy 4 it follows that there
is a natural surjection

P 1nd?<z(‘/}) — ék,7ap'

Now, let us consider the Dickson polynomial 6 := 2Py — xy? € Vj,41. Here
we note that GLy(F,) acts on @ by the determinant character. For m € N,
let us denote

vim={rev,

divides f in Fp[x,y]}
which is a subrepresentation of V.. By using Remark 4.4 of [19], one can

see that the map P factors through ind%, (%), where v := |v(ap)]. So

let us consider the following chain of submodules
v A v,
. G r . G r . 1G r
(21) OglndKz<‘/T(V+1)> gdeZ(W c... ngdKZ W .

(m)
For 0 < m < v, observe that ind%z<%) are the successive quotients
in the above filtration. In the following two lemmas we make precise the
notion of a successive quotient not contributing to Oy 4, via the map P.
Lemma 2.1. Let 1 < n < v and assume for all 0 < m < n — 1 that there
(m)
exists Wy, C Vr(m) such that P(ind%Z(WmD =0 and Wm—»% induced

(v+1)

v
by the inclusion Wy, C V}( ™ Then the map P restricted to mdkz(v )

18 a surjection.
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Lemma 2.2. Let 1 < n < v and suppose for all n < m < v that there
exists Gm(x,y) € V. such that P([g, Gm(z,y)]) =0. If G (z,y) generates

(m)
% then the map P factors through indgz(%).

2.4. JH factors of VT(”) / VT("‘H). In this subsection, we assume simply
that r,n € Z>¢ such that » > (n+2)(p+ 1) — 3 so that we can apply The-
orems (4.1) and (4.2) of [36] below. Next, we determine the Jordan-Holder

(n)
factors of the successive quotients % Let D denote the determinant

character of GLa(FF,,). Let us write r— n(p+1) =14+ d(p—1) such that
p <1’ < 2p— 2 and for some d’ € Z=°. Theorems (4.1) and (4.2) of [36]
together with Lemma 5.1.3 of [17] gives:

(i) if ' = p then
()

+1
W—)%72®Dn — 0.
"

(2.2) 0 —Vi®D" —
The first map sends (z, y) to (872" ~"Ww+1) = gnyr=nP+1)) and the
second map sends 7"~ PH) "1y to 2P~2,

(ii) if ' # p then
(n)
_r

V(n+1)

r

(23) 0— V;./f(pfl)(X)Dn — — ‘é(pfl)fr/®Dn+r/7(pil) — 0.
The first map sends (:cr/_(p_l), yr/_(p_l)) to (Q”xT—"(PH), H”yr_"(pﬂ))
because (p’”_ll) =0modpasl<r'—p<p—2.Forr—(p—1)<i<
p — 1, the second map sends 0"z~ "PHD~iyi to o, gp—1-iyp—1-r'+i
where ay; := (—1)"" (i(f;_lz,j;) # 0 mod p because 0 < 2(p—1)—7' <
p—3and0<p—-1—r"+i<2(p—1)—1"

2.5. Some crucial results. In this section, we state Berger’s local con-
stancy theorem and some crucial lemmas required later.

Theorem 2.3 (Berger [8]). Suppose a, # 0 with v(a,) > 0 and k >>
3v(ap)+ EI;:BQ +1, then there exists m = m(k, ap) such that Vk;',ap = Vk,ap;
ifk — ke pm_l(p — 1)220.

For integers 0 < m < s let us define polynomials F;,, in V,. as follows

r—s+m, s—m

Fo(z,y) =2y —x y

where 7 > s and r = s mod (p — 1).

2Theorem B of [8] is actually stronger, wherein the lower bound on k is 3v(ap) +a(k—1) + 1.

Here a(k—1) = 3" [(k = 1)/(p"}(p — 1))]. We note that although =12 > a(k 1), it is

easier to use this bigger bound for calculations.
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Lemma 2.4 (Bhattacharya [12, Lemma 3.2]). Let r = s mod (p — 1), and
t=v(ir—s)>landl1<m<p-—1.
(1) For s > 2m, the polynomial F,, is divisible by 0™ but not by 6™+

(m)
(2) For s > 2m, the image of F,, generates the subquotient % as a

GL2(FF,)-module.

Lemma 2.5 ([31, Lemma 6.1]). Let p > 5 and r,n be integers such that
0<n<p—-landr>(n+2)(p+1)—3. Let b=r modp— 1 such that
2 < b < p. Suppose the map

(n)
V. _
Te! r
(24) P lndKZ <‘/(n+1)> — @r+2,ap
is a surjection. Further if (b,n) & {(p — 2, 0),(p,0),(p,1)} and also b ¢
{2n+1,2(n+ 1) — p,2n — p} then

ind(wg+"(p_1)+1) ifon+1<b<p

Vitoa & ind(wg+(n+1)(p_1)+l) Font1l—(p—1)<b<2n
ind (wy TV Gp o(nt 1) —2(p—1) <b < 20— (p— 1),

3. Binomial Identities
In this section, we consider some technical lemmas that we use later.

Lemma 3.1. For 0 #a,m € Z>o and 1 <i<m+1, let

m+1 .

! =1

Bla,i) := {( ’ ) I4+1 m+1 . a—1( m+1 Z.f .

Yi<i<a1 (D)) Bla = L) + (=) (ETE) ifa>2
then B(a,i) = ("327%) (1)

Proof. We refer to Lemma A.1 for the proof. 0

For0<l<p-1land1l<i<m+1, we define a(i,[) as follows

1 r—l . X
(3.1) afil) = al(z.’ D+ (oot (i em—1)(p—1)) ?f 1 <i<m
a1 (i, 1) fi=mal

where

, i r—1 .
32 alh=(0* F (b et e—m—a)(p— 1>>/3 )
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and f(a, ) is defined as in Lemma 3.1. For 1 <i < m+ 1, we define o/(i,1)
as follows
(3.3)
0 if 0<i<b-—c
o/(5,0) = § (D Eegcazey (ofa) (Smig) Blas)) i ex<U<ptb—c
(D™ Yicace, (i) (comi-a)Blai) i ptex <l<m

where ¢g = max{c—b,1},ci =c—m—€1,co=b—c+ 1.

Lemma 3.2. Letr = s+ p'(p—1)d, withptd, s=b+c(p—1) and t > 2.
Assume that 2 <b<p, 0<c<p—-1,1<m<c—-1,1<:<m+1 and

0<l<m. Let
r—1
X(i,l) = .
(3, 0) (b—m+(i+c—m—1)(p—1)>

Then a1(i,1) = d/(i,1) and
X(i,1)
b—c—1 . .

(bjr%il—;‘)(c—mc—llﬂ') fO<i<b—c, 1<i<b—c+1

(g; o) e 14s) if b—c+1<I<p+b—c, 1<i<b—c+1
if 0<I<b—c, b—c+2<i<p+b—c+1

(pﬁtbcilll)(e_;__zﬁ) if b—c+1<I<p+b—c, b—c+2<i<p+b—c+1

(pip;;; D S i prb—ctl1<I<p—1, b—ct2<i<p+b—ctl
ifb—c+1<I<p+4+b—c, p+tb—c+2<i<p-—1

if p+b—c+1<I<p—1, p+b—c+2<i<p-—1.

2p+b l —2
(2p—€§—c—§c—1—i) (0—72—3-&-1')

Proof. First, we note that
r—l=b—c—I1l+cp+p(p—1)d
b—m+(c—m-—a)(p—1)=b—c+a+(c—m—a)p
b—m+(c—m—-1+i)(p—1)=b—c+1—i+(c—m—1+1i)p

Ifo<lI<b-—cand1<i<m+1, then by Lucas Theorem we have

; r—1 .
W 2 (mr el ap-n)7e)
: b—c—1 c i+a—2 m+a
e A G £
= 0 mod p.

The last congruence follows since (ll)’:cc;ll) =0asb—c—1<b—c+a. Thus,

we obtain the result in this case by using the above calculation together
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with
r—1 . b—c—1 c
b—m+(c—m—-a+i)(p—1)) \b—c+1—i)J\c—m—1+i)
By a similar computation, one obtains results in all other cases also. O

Let S={j|0<j<c—landb—m+j(p—1)>0}. For 0 <[l <p-—1,

we define
r—1
1) = , ViesS
» y(J,0) (b_mﬂ(p_l)) j
. 1 ify(j,l)=0modp VjeES
and o1 (1) = o .
0 if y(4,1) Z0mod p for at least one j € S.

Forany 1 <v <p-—1and 0<I!<v—oi(l), we define d; as follows

_ o -1 e
(3.5) dl~*m ) ( m )(b—erj(p—l)).

e1<j<c—m—1

Lemma 3.3. Let s =b+c(p—1) with2 <b<p, 1 <c<p-1and
r=s+pl(p—1)d, witht >2,ptd. Fizav in[l,c—1—¢]. Assume that
1<m<wvandlel0,v—o(l)].

(1) Ifc=1<b<p, and 1 <m < min{v — 1,b — ¢}, then for each m
there exists at least one | such that d; # 0 mod p.

(2) Ifc=1<b<p,and b—v <m < v, then for each such m there
exists at least one | such that d; # 0 mod p.

B)If2e—2—-p <b<c—2 and 1l < v < c— 2, then for each
m € ([b—v,v]N[1,b—1])U[b,v — 1], there exists at least one | such
that d; # 0 mod p.

4) If2<b<2(c—1)—p—1,and 1 <v < p+b—c, then for each
m € ([b—v,v]N[1,b—1])U[b,v — 1], there exists at least one | such
that d; # 0 mod p.

(5) If2<b<2(c—1)—p—1landp+b—c+1<v <c—3, then for
eachm € [1,p+b—c]U[p+b—v—1,v], there exists at least one [
such that d; # 0 mod p.

Remark 3.4. The range of [ is [0, — o1 (1)] in Lemma 3.3 since it is applied
in Proposition 4.5 wherein [ is in [0,v] (or [0, — 1]). Further, in almost
all cases of above lemma, the [ for which d; # 0 mod p is given in terms of
m. As will be clear in the proof below, the range of m in the cases below
is given primarily so that the desired [ (such that d; # 0 mod p) lies in
[0, vV — Jl(l)].
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Proof. For each b, c, m as in the statement, in the following cases, we prove
that there exists at least one [ € [0,v — o1(!)] such that d; # 0 mod p. For
the range of 0 <1 <v —o0y(l) and ¢; < j < c¢—m — 1, we define

(b p-1)
4 = —m+j(p—1)
7 pol ®

We now outline the main steps in general for all the cases. We provide the
proof for the first part of the lemma as an illustration of these steps. In the
first step, we compute a;; modulo p by applying Lemma 3.4 and Lemma 3.5
of [31] depending on whether the value of o1(l) = 0 or o1(l) = 1. In the
second step, we rearrange the binomial coefficients appearing in d; in a way
similar to equation (3.8) below. Pulling out the binomial coefficients that
are independent of j from the sum, we apply Vandermonde’s identity on
the sum for d; similar to (3.9) in each case to finally arrive at the required
expression for d;. We observe that d; is non-zero modulo p for the following
values of [.

(1) l=mifc—1<b<p,and 1 <m < min{r —1,b—c}.

(2) Letc—1<b<pandb—v<m<v.Thenl=b—mifb>2m+1
andl=b—-—m-—-11if b < 2m.

(3) Let 2c—2—p<b<c—2,and 1 <v <c¢—2. Then

b—m ifmeb—v,v]N[l,b—1]and b >2m +1
l=94b—m—1 ifmeb—v,v]N[l,b—1] and b < 2m
m if m e [b,v—1].

(4) Let 2<b<2(c—1)—p—1,and 1 <v < p+b— c. Then the same
[ will work as given in (3) above.
(5) Let 2<b<2(c—1)—p—land p+b—c+1<v<c—3. Then

b—m ifme[l,b—1]and b>2m+1
0 if me[l,b—1] and b <2m
p+b—c ifmeb,p+b—candb>2m+1—(p—1)

p+b—c+1 ifmebp+b—clandb<2m—(p—1)
p+b—m—1 ifmep+b—v—1,v]andb>2m+1—(p—1)
p+b—c+1 ifmep+b—v—1Lrvjandb<2m—(p—1).

Next, we will prove the first part of the lemma, that is whenc—1 < b <p
and 1 < m < min{v — 1,b — ¢}. Note that actually b > ¢ in this case. We
prove that there exists at least one [ € [m, min{v — 1,b — ¢}] such that
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d; #0 (mod p). By Lemma 3.4 of [31], we have

r—1
(3.6) (b m+j(p— 1))

— (b—c—l.> (C) if0<I<b—cand 0<j<c—1(asc<b—m)
b—m—7/)\Jj

=0 ifm<I<b—cand0<j<c—1.

Therefore, o1(l) = 1 for all m < < min{r — 1,b — ¢}. Using Lemma 3.5
of [31], we get

(hm'ispn) _ CD O
3.7 =
R GRG0

l—m

if0<j<c—1land m <! <min{r—1,b—c}.

Next, observe that e, = 0 as b > m + ¢ > 2m + 1 + €. Hence, for
m <! <min{rv — 1,b — ¢} we have
b— —14+m—Iy jc—1—3
( ]m) (pc—lTj )(C m J)

d; = (—1)
l ( ) ogjgczml (b—m—c) (b—m)

l—m c

Note that

p—14+m—I\fc—1—3j p—1+m—1 p—1-1
o (L))

Therefore, we have

Cayeem <b_m>< N )
3.9 d; = m . -
B9 =i 2 U et

By applying Vandermonde’s identity, we get

P G G [ G el

0

By taking [ = m, we get

(—1)m (Pl (P Em )

(")
_1 m p—l b—(2m+1)
! )(”;_)Tgc—m—l) (as b > 2m + 1).
")
Hence, we get d;, ZO0modpasb—2m—1—(c—m—-1)=b—c—m >0
and b— (2m+1) <p—1. O

A
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The following identities will only be required in Section 8, where we prove
more cases of Conjecture 5.1.

Lemma 3.5. Let 2 < b <p,0<c<p—1landl <m < c—1. For
max{l,b—c+2} <i<m+1 and max{0,b—c+1} <! < min{m,p+b—c}

o/ (i,1) = w; Z (_1)k(c_k)<6—mk—1_|_i>

e1<k<c1
i+c—m—2—k\({l+c—m-—-1—k
i—(b—c+2) l ’

where o (i,1) defined in (3.3), ¢y = min{c—m—1,b—m}, u; = (=) (p+
—c—DlY(e—=1)! and

(=1)ittte=m — (b —c+2))!
(=D m+1—9)(c—m—1+4)"
Proof. We refer to Lemma A.2 for the proof. O

i =

Following similar steps as in the proof of Lemma 3.5, we obtain the
following lemma.

Lemma 3.6. Let 2 < b < p,0<c<p—1andl <m < c— 2. For
ptb—c+2<i<m+landp+b—c+1<I<min{m,2p+0b—c}

o' (4, 1) = wyv; Z (-D)*(c—1-k) (C_mk_Z—i-z’)

e1—1<k<cy
i+c—m—-3—-k\(l+c—m-2—-k
i—(p+b—c+2) l ’
where o (i,1) defined in (3.3), c1 = c—=m—2, u; = (—1)"1!(2p+b—c—1)!(c—2)!

and
(=)= (p+b—c+2))!

G—D!m+1—=i)l(c—=m -2+

Lemma 3.7. Let b,i € N and suppose c,l € Z>q such that | > b—c+1
andi>b—c+ 2. Also assume that 1 <m <c—1 and b > m. Then

Z (—1)k(c—k)<c_mk_1+i>

0<k<c—m-—1
c—m-—2+i—k\(l+c—m—-1—-k
i—(b—c+2) l
_JCi+ G if i <1
G+ O+ (1) H (m 1 =0y () if 1 <di— 1.

V; =
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where

- c—m—1+1 l—(b—c+2+))
Ci = —1)?

. _ c—m—1+i l—(b—c+2+))
Cy = 1Y (b—m-+1+ ) ) )
D o ] (R | o
where

mip =min{i — (b—c+2),l—(b—m+1)}
and mo=min{i — (b—c+2),l—(b—m)}.
Further, C1 =04fl<b—mand Co =0 if I <b—m — 1.
Proof. We obtain the lemma from Lemma A.3, whereweput n=b—c+1. O

Remark 3.8. If b > 2m + 1 and | < m, then the above lemma gives 1 =
0=Cs.

Lemma 3.9. Let b,i € N and suppose c,l € Z>o such thatl >p+b—c+1
andi > p+b—c+2. Also, assume that1 <m < c—2 andp+b—m—1> 0.
Then

Z (_1)k(0_1_k)<c—mk—2+i>

0<k<c—m—2
.C+c—m—3—k>c+c—m—2—k>
i—(p+b—c+2) l
Ch+ Co if 1>
- {01 + Oy + (=1)PHmmH i 1 — i) ()N if 1<i- 1
where

Cy = Z:O4W%M—m+ﬁ<

0<j<ma

c—m-—2+41
i—(p+b—c+2+7)

(l=(p+b—c+2+))
l—(p+b—m—1+7))

, c—m—2+i I—(p+b—c+2+37)
G- 3 e, N _
0< s i—(p+b—c+2+5))\I—(p+b—m+))
miy =min{i — (p+b—c+2),l—(p+b—m—1)}
and mg=min{i— (p+b—c+2),l—(p+b—m)}.
Further, C1 =04ifl<p+b—m—-2and Co=01ifl <p+b—m—1.



132 Abhik GANGULI, Suneel KUMAR

Proof. The lemma follows from Lemma A.3 where we first replace ¢ with
c¢—1 and then put n = p+b—c—+1 (in this order). Next, we observe that C;
and Cy of Lemma A.3 are Cy and C respectively of the lemma above. O

Remark 3.10. If b > 2(m + 1) — p and | < m then above lemma gives
Ci=0=0C5.

4. Determination of monomials in Ker(P)
Lemma 4.1. Letr,b,c,m € Z>qo such that2 < b < p andr = b mod (p—1).
Assume that r > b+c(p—1)+ 1. If 0 <m < min{c — 1 —€1,p — 1}, then
foralll <a<c—m—e,
de-m—a)= 3 (~1*8(a iglc—m —1+i) mod (VD).

1<i<m+1
Proof. Let Pj = x7~ ()= (et (p=1)yb=2m—1+(c=m=7)(p=1) for all 1 < j <
¢ —m — €1, and recall (i) = a7 —btm—ie=Dyb—m+ip=1) for all ng < i < ¢,
where ng = 0 if b > m and 1 otherwise. Indeed P; € V,._(;41)(p41) a8
b—2m—14+(c—m—j)(p—1)>b—(2m+1)+e1(p—1) > 0. Observe that

(1) o= Y <—1>i(

0<i<m+1

m+1
7

)q(c—m—j—l—i).

We will prove the result by induction on a. Observe that for a = 1, the
result is true, and can be seen by putting j = 1 in (4.1) as follows

Z (_1)2 (m + 1> q(c —m-—-14 Z) = 0 mod (‘/;,(m+1))

0<i<m+1 t
. 1
= q(c—m—1)= Z (—1)t <m+ >q(c—m—1+i) mod (Vr(mﬂ)).
1<i<m+1 t

By induction step, assume the result is true for 1 < a < k—1, and we prove
it for a = k < ¢—m — €. By putting j = k in (4.1) we have

Z <—1)z<m;i— 1>q(c —m —k+1i)=0mod (V1)

0<i<m+1

= qlc—m—k)= Z (—1)“‘1(

1<i<k—1

m—+1
7

)q(c—m—k—i—z’)

+ Z (—1)tt (m—i— 1)q(c—m —k+1).

k<i<m-+1 v

We note that if & > m + 1, then the second sum above is zero and in the

first sum 4 runs from 1 to m + 1 as (mjl) =Q0forallm+1<i<k-—1.
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We rename ¢ by [ in the first sum and replace i — (k — 1) by 4 in the second
sum. Thus, we get

glc—m—k) = Z (—1)l+1<m71>q(c—m—k+l)

1<i<k—1

‘ +1
_1)itk m e
+ 1<i<m§—(k_1)( ) (z . 1>q(c m—1+1)

m+1

Observe that the second sum can be taken over 1 <7 < m++1 as (i+k—1) =0

for all i > m+ 1 — (k — 1). By induction, we have

q(c—m — k)
= Z (71)“1 (mzf 1) ( Z (71)i+15(k;—l,i)q(cfmf 1+z’))
1<I<k-1 1<i<m+1

+ Z (—I)Hk( m 1 )q(c—m—l—i—i)

I<icmal t+k—-1

Now, we interchange the sums in the first sum and then combine them with
the last sum, we get

de—m—ay= S (~)(k iglc—m—1+1)
1<i<m+1
where ((k, ) is defined in Lemma 3.1.

O

Corollary 4.2. Let r,b,c, m € Z>o such that 2 < b < p and r
bmod (p — 1). Assume that v > b+ c¢(p — 1) + 1. Suppose 1 < m

min{c—1—e€1,p—1}, and q(j) € V7~(m+1)—|—Ker(P) forallec—m < j <c—
Then for alley < j<c—m—1,

qU)E(—U”(

VAN

c—1—3

. >q<c><mod<Ker<P> VD)),

Proposition 4.3. Let r = s+ pl(p — 1)d, with pt d, s = b+ c(p — 1)
and suppose also that 2 < b < p, 1 < ¢ < p—1. Fix non zero slope
v(ap) such that 0 < m < v(ap) < p—1, (m,v) # (v,v(ap)), and also
s > 2v(ap). Further we assume t > v(ap) +c¢—1 if (b,c,m) # (p,1,0) and
t > v(ap) + ¢ if (b,c,m) = (p,1,0). Then for all g € G and for 0 <1 < v
with (1,v) # (v,v(ay)), there exists f' € ind%, (Symr(@i)) such that

B S |

0<j<s—m
j=(s—m) mod (p—1)
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Further assume (b,c,m) # (p,1,0), t > v(ap) +c and 0 < I,m < v —1.
If m = 0, then assume | further satisfies V((pi;iﬂ) >1.Ifl=v—1or
m = v — 1, then assume v < v(ap). For all g € G and the above values of

I,m there exists f* € ind%, (Symr(@i)) such that

l hoo
(4.3) (T—ap)<‘};> = |g, Z erﬂyj .

0<j<s—m p
j=(s—m) mod (p—1)

Proof. The proof is along similar lines to that of Proposition 4.1 of [31]. O

Proposition 4.4. Letr = s+p'(p—1)d, withptd, s = b+c(p—1) and also
suppose that2 < b <p, 1 < ¢ < p—1. Fiza, such that1 < v(a,) < p—1 and
s > 2v(ap). Assume 1 <m < min{v,c—1— e} and (m,v) # (v,v(ap)). If
t > v(ap)+c—1, then for all g € G and for 0 <1 < v with (I,v) # (v,v(ap)),
there exists f' € ind% (Symr(@?))) such that

(4.4) (T —ap)f' = [g, Z a(i,D)g(i+c—m — 1)] (mod X)

1<i<m+1

where a(i, 1) is as in (3.1) and X := yimt Ker(P). Further, suppose
1 <m<min{fv—1l,ce—1—-¢},0<1I<v-1, andt > v(a,) + c.
Assume v < v(ap) if | = v—1 or m = v — 1. If for some | as above

(bimi;épil)) =0modp for 0 < j <c—1 such thatb—m+ j(p—1) >0,

then for all g € G there exists f' € ind%, (Symr(@i)) such that

l
(45) (T - ap><f>

p

3 a(;’l)q(i—kc—m—l)] (mod X).

Il
|

“
—
2
IN
3
F
—

Proof. First, we note that

A= Z <T N l) a' Iy
0<j<s—m J
j=(s—m) mod (p—1)

= > < Tl >q(.7")

— iy — :

ocimey \bmmAi(p—1)
b—m+j’ (p—1)>0

Now, we write the last sum into three parts: 0 < j < ey, 61 < j' <c—m—1,

and ¢ —m < j' < ¢—1. Here we note that Remark 4.4 of [19] gives the first

sum belongs to Ker(P) as m < v(ap). In the second range of sum, we put
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a =c—m — j and in the third range of sum we put i/ = j' — (¢ —m — 1).
Therefore, we have

_ r—1
A= Z (b—m—l—(c—m—a)(p—1))q<0_m_a)

1<a<c—m—e;

r—1
+ Z ( , )q(c—m—1+i/)
1 2m b—m+(c—m—-1+1i)(p—1)
mod (Ker(P)).
By Lemma 4.1, for 1 < a < c¢—m — ¢; we have

gle=m—a)= Y (=1)"'B(a,i)g(c —m —1+i) mod (V,'").
1<i<m+1

Therefore, we get

r—1
A= Z ( . )q(c—m—l—i—z")
(rem \bmm At (e=m—=1+7)(p—1)
r—1
+ > ( )
1<a<c—m—eq b—m+ (C -m- a)(p - 1)
1 S ot B@ige—m-1+0) ).
1<i<m+1
The above congruence is over mod ( (m+1) +Ker(P)). Now, we interchange

the sums in the last sum and combine them with the first sum (replace i’
by i); we get
A= Z a(i,1)g(c —m — 1+ i) mod (V" + Ker(P))
1<i<m+1

where «a(i,[) is as in (3.1). Hence, we obtained the first part of our result
just by using Proposition 4.2. For the second part, we rerun the proof with

A= Z x" gy
0<j<s—m p
j=(s—m) mod (p—1)
(39
by noting that ~L= is integral. O

p

Proposition 4.5. Let r = s+ pl(p — 1)d, with pt d, s = b+ c(p — 1)
and also suppose that 2 < b < p, 1 < ¢ < p—1. Fiz ap such that v(ap)

is non-integral, s > 21/(ap), and let 1 < m <v <c¢—1-—¢€. Also assume

t > v(ap) + ¢, and q(j) € (VT(mH) + Ker(P) forallc—m < j < c—1.
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Then Fp,(z,y) € (V}(mH) + Ker(P)) in each of the following cases (with
the additional conditions on m given below):

() 1<m<min{r—1,b—c} ifc—1<b<p.

2)b—v<m<vifc—1<b<p.

B)me(b—v,vN[L,b—1)Ub,v—1]if2<b<c—2and1 <v <
min{c —2,p+b—c}.

4 me[l,p+b—cUp+b—v—1,v]if2<b<2(c—1)—p—2 and
p+b—c+1<v<c-3.

Remark 4.6.

(1) We note that the hypothesis ¢(j) € (W(m+1)+Ker( P)forallc—m <
j < ¢ —1 (see Conjecture 5.2) in Proposition 4.5 is crucial for
applying Corollary 4.2.

(2) The statement (3) of the proposition above is obtained by combin-
ing (3) and (4) of Lemma 3.3.

(3) Corollary 4.2 is applicable since c — 1 —e <c—1—¢ if 1 <m <
c—1—e

r—1
Proof. Recall the definition of oy () from (3.4) and observe that (bf%ﬁ((lpfl))
p1

is integral. By Remark 4.4 of [19], we have ¢(j) € Ker(P) for all j € [0, €;—1]
such that b —m + j(p — 1) > 0. Therefore, for each | € [0,v — o1(1)],
Proposition 4.3 gives

I l
(T — ap) <pgjj(l)> = [g, Z (bmﬂ((gl))(I(J)

e1<j<c—m—1

mod (V™Y 4 Ker(P))

as q(j) € (Vr(mﬂ) + Ker(P) for all j € [c — m,c — 1] (by the hypothesis).
Since v(ap) is non-integral, we can also apply Proposition 4.3 in the case
when [ = v in (4.2) or when [,m = v —1in (4.3). By Corollary 4.2, we have

(T —ap) <afll@> = [9, di g(c)] mod (Ker(P) + V1),
p

where d; is as in (3.5). For each b, ¢, v and m as in the statement, Lemma 3.3
gives that there exists at least one [ € [0, — o1(l)] such that d; # 0 mod p.
Hence, we get ¢(c) € (Ker(P) + W(m+1)). Further, note that Remark 4.4
of [19] gives 2™y ™™ € Ker(P) as m < v(ap). Consequently, Fy,(z,y) =
q(c) mod (Ker(P) + Vr(mﬂ)), thereby giving our proposition. O
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5. Conjecture

We consider the following matrix
(5.1) A= (afi,1))1<i<m+1,
0<i<m

where «(i,1) are defined in (3.1). We note that «(i,l) has a complicated
formula, so proving that the linear system of equations AX = ¢; (mod p)
has a solution is generally hard. However, we make the following conjec-
ture about the solutions to the above linear systems based on SageMath
programs.

Conjecture 5.1 (Matrix form). Let r = s + pt(p — 1)d, with p 1 d, s =
b+ c(p—1) and suppose that 2 <b<p, 1 <c<p-—1, andt > 2. Suppose
also that 1 < m < c—1—e. Then the linear systems AX = e; (mod p) has
a solution for all 1 < i <m.

We note that if AX = ey (mod p) has a solution, then under the hy-
potheses of Proposition 4.4, we get q(c—m —1+14') € (Vr(mﬂ) + Ker(P)).
One can see this as follows, if X! = (dg,d1,...,d,) € ZZ"”H is a solution

of AX = ey (mod p), then take f := > <j<p, d; f!, where f' are defined in
Proposition 4.4. Observe that

(T'—ap)f
= {g, Z ( Z dyo(i, l)) q(c—m —1+14)| mod (V™Y 4 Ker(P))
1<i<m+1 \0<i<m

= [g, glc—m—1+7)] mod (V(m+D) 4 Ker(P)).

Therefore, as a consequence of the above conjecture, we get the following
conjecture for monomials ¢(j).

Conjecture 5.2 (Monomial form). Let r = s + p'(p — 1)d, with p 1 d,
s =b+c(p—1) and suppose that 2 < b <p, 1 <c <p—1. Fix a, such
that 1 < v(ap) < p—1 and t > v(ap) + c. Suppose also that s > 2v(ay).
Further we assume that 1 < m < min{v,c —1— €} and (m,v) # (v,v(ap)).

Then the monomials q(j) € (Vr(mH) + Ker(P)) forallc—m <j<c—1.

Remark 5.3. Note that the crucial hypothesis in Proposition 4.5 on ¢(7) is
precisely the claim of Conjecture 5.2.

In the following lemma, we prove enough cases of Conjecture 5.1 so that
Proposition 4.5(1) holds unconditionally. In the last section, we discuss
evidence for the remaining cases (and also provide proof in many cases) of
Conjecture 5.1.

Lemma 5.4. Ifc—1<b<pand1 <m < min{b—c,c—1— €}, then
Conjecture 5.1 is true.
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Proof. First, we note that the range of m is non-empty only when b > c+1,
so we will prove our lemma only for b > ¢+ 1. Now, let’s express A in (5.1)
as follows

/ /
(5~2) A= <jll// §/I>’
where the ranges of ¢ and [ are divided into non-empty intervals [1, m], [m+
1,m + 1] and [0, m — 1], [m,m], determining the order of the blocks. For
0<l<mand1l<i<m+1, Lemma 3.2 gives a1(i,/) = 0 mod p (as
m < b —c), and also that the additional term of «(7,l) (for i < m) is
given by

. r_l
X(i,1) = <b—m+(i+c_m_1)<p_l)>

_ b—c—1 c
“\b—c+1—i)\itc—m—-1)

b—c—l c . << i
Ot(l,l)E{( )( ) fo<i<m,1<i<m

Hence, we get

b—c+1—i/ \c—m—1+1
0 if0<i<m,i=m+1.

The above congruence implies that modulo p, A’ is an invertible lower
triangular matrix (with all the diagonal entries non-zero modulo p, given
by i =1+ 1), and A”, B” are zero modulo p. Hence, for every 1 <i < m,
modulo p the row rank of [A : ey] is same as the row rank of A. Thus, the
linear systems AX = ey (mod p) has a solution for all 1 < < m. 4

6. Elimination of JH factor

Proposition 6.1. Let r = s+ p'(p — 1)d, withptd, s=b+c(p—1) and
suppose also that 2 < b <p, 2 <c¢<p—1. Fiz a, such that v(ap) is non-

integral, 1 < v(ap) < c—e andt > v(ap)+c. Further, assume Conjecture 5.2
(n1+1)
V

is true. Then the map P surjects from ind?(z(W), where ny and no

are defined as follows:
(1) If c— 1 < b < p, then ny = min{b — ¢,v — 1} and ng = min{b —

v,v+1}.
(2) Suppose 2<b<c—2andl<v<min{c—2,p+b—c}. Then
v—1 ifb<v v+1 if b<v
ny = . and no = ) .
-1 otherwise min{b — v, v+ 1} otherwise.

(3) If2<b<2c—4—pandp+b—c+1<v<c—3, thenn; =p+b—c
and ng =min{p+b—v —1, v+ 1}.
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Remark 6.2. In the proposition above, Conjecture 5.2 is needed to apply
Proposition 4.5. Note that the statement (1) above is obtained by combining
the statements (1) and (2) of Proposition 4.5. If b > ¢ + v — 1, then the
range of m in Proposition 4.5 (2) is empty. Therefore, the case b > c+v —1
(appearing later) is covered entirely by the statement of Proposition 4.5 (1).

Proof. In all three parts of the proposition, we need to show that the map P

(n1+1)
G Vi,
factors through indy , (W

). In order to do that we apply Lemmas 2.1
and 2.2 to the intervals [0,n;] and [ne, V] respectively, whenever they are
non-empty. To apply Lemma 2.2 in each cases, we show that F,,(z,y) €
Ker(P) for all m € [na,v]. In fact, it suffices to show that F,(z,y) €
(V}(mH) + Ker(P)) for all m € [ng2,v]. We show this by reverse induction
on m after observing that F,(z,y) € Ker(P) because F,(z,y) € (Vr(mﬂ) +
Ker(P)) and ind}G(Z(VT(VH)) C Ker(P).

Next, we explain the steps to apply Lemma 2.1 for [0, nq]. If F},,(z,y) €
(V}(mH) + Ker(P)) for m > 1, then there exists vy,4+1 € V") such that
Fo(z,y) —vm41 € Ker(P). Let Wy, be the submodule of v, generated by
Fo(z,y) — V1. By using Lemma 2.4, and given that F,,(z,y) — vy €
Ker(P), we observe that W, satisfies the required conditions of Lemma 2.1.
Hence, to apply Lemma 2.1 for [0, n1], we show that Fy,,(x,y) € (Vr(mH) +
Ker(P)) for all m € [1,n1] and construct the required Wy separately. In each
of the above cases, Proposition 4.5 gives F,,,(z,y) € (V}(mH) + Ker(P)) for
all m € [1,n;] U [ng, v]. Therefore, to complete the proof, we construct W
in Lemma 6.3 for cases (1) and (3) above, and only for b < v in case (2)
(m = 0 is not applicable when b > v + 1). O

Lemma 6.3. Let r = s+ pt(p — 1)d, with p{d, s = b+ c(p—1) and
suppose also that 2 < b < p, 2 < ¢ < p— 1. Fiz ap, such that v(ap) is
non-integral, 1 < v(ap) < ¢ — € and t > v(ap) + c¢. Then the submodule W)
of V. generated by "%y, x" if b # p, and generated by "'y, x" ifb=1p
satisfy the condition of Lemma 2.1 in the following cases:

(1) ce—=1<b<p.

(2) 2<b<min{c—2,v} and 1 <v <min{c—2,p+b— c}.

3)2<b<2c—4—pandp+b—c+1<v<c-3.

Proof. We refer to Lemma A.5 for the proof. O

Theorem 6.4. Let r = s+ p'(p — 1)d, withptd, s =b+c(p—1) and
suppose also that 2 < b < p, 2 < ¢ < p— 1. Fiz ap such that v(ay) is

non-integral, 1 < v(ap) < c — € and t > v(a,) + c. Assume Conjecture 5.2
(o)
s true. Then the map P surjects from indf(z(v‘(/;Til)), where ng is defined

as follows:
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(1) Ifb>c+v—1, then ng = v.

(2) Ifc—1<b<c+v—2andv=c—2, thenny=b—c+ 1.

(3) Suppose 2 < b<c—2and1l <v < min{c—2,p+b—c}. Then
ng=vifo<vandnyg=0ifb=v+1.

(4) If2 <b < 2c—4—pandv € {p+b—c+1,c—3}, then ng = p+b—c+1.

7. Main theorem

In the following proposition, we determine Vk/’ap for all ¥’ > k, where
K'=r+2, k=s+2andr, sareas given in the statement below. We apply
Lemma 2.5 in the proposition below to consider only those b, ¢, v where the
reduction is necessarily irreducible. In particular, we have removed the point
b = 2c —4 — p coming from Theorem 6.4 (3) since it is a case with possibly
reducible reduction Vk/ﬂp.

Proposition 7.1. Letp > 5. Letr = s+pt(p—1)d, withpt d, s = b+c(p—1)
and suppose also that 2 < b <p, 2 <c < p—1. Fiz a, such that v(ap) is
non-integral, 1 < v(ap) < ¢ — € and t > v(ap) + c. Assume Conjecture 5.2
is true and let k' =r + 2.

(1) If b > c+v — 1 such that b # 2v + 1 and (b,v) # (p,1), then
Vit a, = ind (wl;“*”(p*”).
(2) Ifc—1<b<c+v—2andv=c—2, then
Vi = ind (O3 000)

(3) Suppose 2 < b<c—2and1l <v <minf{c—2,p+b—c}. Also
assume that b#2v+2 —p if b < 2c—2 —p. Then

ind w127+1+(1/+1)(p—1)) i b<wv
ind (w§ ) ifb=v+1.

(4) If2<b<2c—5—-pandv € {p+b—c+1,c— 3}, then
Vk/@pgind(wlgo),
where ko =b+1+ (p+b—c+2)(p—1).

Vk:’,ap =

Proof. We prove the corollary in the following parts.

Case (1): c+v —1<b<p. By Theorem 6.4, we have
)
V. _
s G T
P: 1ndKZ (W) —» @k’,ap'

Observe that b > 2v as by assumption b > v+c—1, and v < ¢c— 1. We also
observe that the equality b = 2v occurs only for v = ¢ — 1. But b = 2¢ — 2
gives € = 1, and so we must have by hypothesis that v < ¢ — 2. Thus, as



Determination of certain mod p Galois representations using local constancy 141

such we must have b > 2v + 1. Therefore, if b # 2v + 1 and (b,v) # (p, 1),
then by Lemma 2.5 (with n = v), we have

Vit ap = ind(wg+1+y(p_1)) as 2v+2 <b<np.

Case (2):c—1<b<c+v—2andv=c—2 (sob<2c—4). By Theo-
rem 6.4, we have

. (b—c+1) B
P indKZ (M) —» @k/7ap.

Subcase (1): b=c—1. If b # p — 2, then Lemma 2.5 (with n = 0) gives
Vi ay = ind(wgﬂ). If b = p— 2, then by (2.3) (with n = 0 and ' =

2p — 3), we see that the image of ind% ,(V,_») in ind%z(%) is generated

by [1, z"] and the latter belongs to Ker(P) by Remark 4.4 of [19]. Hence, P
factors through ind% , (V4 ® DP~2). Therefore, Proposition 3.3 of [19] gives
Vit a, = ind <w§+(p_2)(p+1)>. We conclude by observing that w§+(p_2)(p+1)
is conjugate to Wit as b=p—2and 2+ (p—2)(p+ 1) = p(b+1).

Subcase (ii): ¢ < b < 2c — 4. In this case, we note that b > 2n+2 with n =
b—c+1asb<2c—4, and also note that (b,n) # (p,1) as ¢ < p— 1. Hence,

Lemma 2.5 (with n = b — ¢+ 1) gives Vi o, = ind (wSHHb*CH)(p*l)).

Case (3):2<b<c—2and1<v<min{c—2,p+b—c}.
Subcase (1): b < v < min{c —2,p+ b — c}. By Theorem 6.4, we get

P indG K —» @ ’
: KZ V(V+1) k' ap -

Observe that 2v +1—(p—1) <b<2vasb <v <min{c—2,p+b—c}.
The equality b = 2v + 2 — p occurs only if b < 2¢ — 2 — p, and these
are possibly reducible cases. Therefore, by Lemma 2.5, we have Vs, =

ind(wgﬂﬂyﬂ)(p*l)) as2v+1—(p—1) <b<2v.

Subcase (ii): b=v+1 and 1 <v <min{c —2,p+ b — c}. By Theorem 6.4
we get
o ( -
P:lndKZ 1 —»Qk/a.
V'T( ) P
If b # p — 2, then Lemma 2.5 gives kaﬂap = ind(wé’“). Observe that
b= p— 2 occurs only if (v,¢) = (¢ —2,p — 1), and in this case, we proceed
exactly the same as in the proof of part (1) above to get the required result.
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Case (4):2<b<2c—5—pandv e {p+b—c+1,c—3}. In this case,
Theorem 6.4 gives

G Vr(p—&-b—c—i—l) B
P 1ndKZ (X/(p-‘rb—c-ﬂ)> —» @klﬂp.

r

Observe that if n = p+b—c+1, then 2n+1—(p—1) < b < 2nasb < 2¢—5—p.

Hence, using Lemma 2.5, we obtain Vk/,ap > ind (wSJFH(Hb*CH)(p*l)). O

The following theorem is the main result of this section, where we prove
local constancy by assuming Conjecture 5.2.

Theorem 7.2. Let k=b+c(p—1)+2with2<c<p—1,2<b<pand
p > 5. Fiz ap such that v(ap) is non-integral, 1 < v(ap) < ¢ — €, and let
t > v(ap) + c. Assume Conjecture 5.2 is true.

(1) If b > c+v — 1 such that b # 2v + 1 and (b,v) # (p,1), then
Vi, 2 ind(HH00)

for all k' € k+ pt(p — 1)Z>o.
(2) Ifc—1<b<2c—4 andv =c—2, then

Ve, = ind (w3+1+<b—c+1)(p—1>)

for all k' € k + p'(p — 1)Z>o.
(3) Suppose2 <b<c—2andl <v <min{c—2,p+b—c}. Also assume
thatb # 2v+2—p if b < 2c—2—p. Then for all k' € k+p'(p—1)Z>o,

— _ ]ind wg+1+(y+1)(p_l)) if b<wv,
Vklvap = b+1) : _
Wa if b=v+1.
(4) If2<b<2c—5—-pandve{p+b—c+1,¢c—3}, then
Vk’,ap = ind(wlgo)

for allk' € k+p'(p—1)Z>o, where kg =b+1+(p+b—c+2)(p—1).

In the above cases the Berger’s constant m(k,ap) exists and m(k,a,) <
[v(ap)] +c+ 1.

Remark 7.3. Here, we make an important remark that statement (1) is
unconditional on Conjecture 5.2. This is because Conjecture 5.2 is a con-
sequence of Conjecture 5.1, and the latter is proved in Lemma 5.4 for the
cases required in statement (1) above (see also Remark 6.2 above).
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Proof. Observe that since v(a,) < ¢ — € we have

k-1
((p_1;§+1<4c+136+

(b+1)p+ c
(p—1)?% (p—1)
<b4+clp—1)+2=k Vp>5.

3v(ap) +

The last inequality follows as (b+1)(p? —3p+1) +c(p?® —6p+4)(p— 1) +
3e(p — 1)? > 0. Therefore, we get k > 3v(a,) + E}’Z:B’; + 1 so, by Theo-
rem 2.3 there exists a constant m = m(k,ap) such that for all ¥’ € k +
p" t(p — 1)Z>0, we have Vku?ap & Vk,ap- Observe that Proposition 7.1
determines Vo, for all ¥ € k + p'(p — 1)Z>o (punctured disk around
k = s+ 2) with t > v(ap) + c and shows that Vs, is constant func-
tion of k’ for each k. Note that both the disks k + p™ !(p — 1)Z>( and
k+ pt (p — 1)Z~0 have the same center. Therefore, we have kaﬁap = Vk,ap
for all k' € k + p'(p — 1)Z>o. Hence, we get m(k,a,) > ¢t + 1 and also
determine V', in each case of the theorem. Thus, we have the desired
result. O

Corollary 7.4. Fiz a, such that v(ap) is non-integral and 1 < v(a,) <
p—1. Let p > 13 and assume Conjecture 5.2 is true. Suppose that k &
{2v+3+clp—1),2v+4—p+clp—1)} and (k,v) # (p+2+c(p—1),1),

where c is given below. Theorem 7.2 computes Vi 4, in the following cases:
(1) If v =1, then for all

p—1 p—1
ke U [c+2+c(p—1),p+2+c(p—1)]uU{4+c(p—1)}.
c=2+¢€ c=3

(2) If v =2, then for all

-1
ke pU [c+3+clp—1),p+2+c(p—1)
c=3+¢
p—1
UlJM+elp—1),5+clp—1)]U{dp+2}.
c=4

(3) If v =3, then for all

p—2
ke U c+4d+c(p—1),p+2+c(p—1)]
c=4+-¢
p—1
UlJl+clp—1),64clp—1)]U{5p+2,5p+3}.
c=5
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(4) If4a<v< %, then for all

p+1—v
ke U [c+v+1+cp—1),p+2+c(p—1)]
c=v—+1+e
p—r+2
U U A4+cp—1),v+3+c(p—1)]
c=v+2
p—1
U U c+v+1—p+clp—1),v+3+c(p—1)]
c=p—v+3
U2+ (v +2)p,v+ (v+2)p|.

(5) If% <v<p-717, then for all
p—1

ke |J letv+l—p+elp—1),v+3+clp-1)
c=v—+3

Ullv+1)p+rv+2,(v+1)p+v+pl

(6) If p—6 <v <p-—2>5, then for all

p+g+3
ke U 2c—p+cp—1),v+3+c(p—1)
c=v+2
p—1
U U letv+1-p+eclp—1),2c—1—p+cp—1)]
c=v—+4

Ulv+4+@w+2)p—1),204+2+ (v +2)(p—1)]
U{2v+44+ v +2)(p—1)}.

(7) If v = p — 4, then for all

p—1
ke U 2c—p+c(p—1),p—1+c(p—1)]
c=p—2

UL+ @-1%p=5+@-D)u{p—3+@—1)7%}
(8) Ifv=p—3, then forallk€[p—2+ (p—1)%.,p+2+ (p— 1)

Remark 7.5. We note that v = p— 2 cannot occur. This is because we must
also have v=p—-2<c—1—¢,and so € = 0. Thus, v = p — 2 could come
only from Theorem 7.2 (1) wherein p > b > c+ v — 1, forcing p < 4.
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8. Proof of more cases of Conjecture 5.1

Recall that m € [1,c¢ — 1 — ¢] in Conjecture 5.1.

Theorem 8.1. Conjecture 5.1 is true in the following cases (with the ad-
ditional conditions on m given below):

(1) me[l,b—c|] ifb>c+1.

2) me [, Nb—c+lc—1—¢ifb>c

(3) me (1,5 Uk e—2)nlp+b—d if2<b<c—1.

(4) mep+b—ct+1,2221Ap+b—c+1,c-3]if2<b<2c—3—p.

We give an equivalent version of the theorem above:

Corollary 8.2. Conjecture 5.1 is true in the following cases (with the
additional conditions on m given below):

(1) For allm if b > 2c— 3.

(2) m [1b 1] Ub,e—2] if2c—2—p<b< 2 —4.
(3) me 1,5 Ub,c—3]if2c—4—p<b<2c—3—p.
(4) me LD, 2] if2<b<2c—5—p.

Proof. When b > 2¢ — 2, the full range of m i.e, [1,¢— 1 — €] is contained in
[1,b—c] as c—1—€e < b—c, and so Theorem 8.1(1) gives Corollary 8.2(1) in
this case. For b = 2¢ — 3 we use Theorem 8.1(1) and (2) for 1 <m <c¢—3
and m = ¢ — 2 respectively to prove Corollary 8.2(1).

Next, when ¢ < b < 2¢ — 4, observe that [b,c— 2] is empty and [1, b_?l] =
[Lb—cuU(L, 5 Nb—c+lc—1—¢)asb—c< 25t (since b < 2c—4).
Therefore, the statement (2) of Corollary 8.2 is obtained by Theorem 8.1(1)
and (2) when ¢ < b < 2¢—4 and only by Theorem 8.1(3) when 2c—2—p <
b<c—-1.

Lastly, note that <[ LU b, e — ])ﬁ[l,p—l—b—c] =[1, 5 ub, p+b—c]
if b < 2¢c— 3 —p. Thus, the last two statements of the corollary follow by
Theorem 8.1(3) and (4) as [p+b—c+1, W]ﬁ[p—l—b—c—i— 1,¢—3] is equal
tolp+b—c+1l,c—3]ifb>2c—4—pandequalto[p+b—c+ 17p+l27—2]
ifb<2c—5-—p. O

Remark 8.3. From the above corollary, we see that Conjecture 5.1 remains
to be proven in the following cases:

()meZb-—1N[lc—2if2c—2-p<b<2 —4.

(2) metb-1if2c—4-p<b<2c—-3—p.

(3) me 50— 1JU[Eb=L c—3]if2<b<2e—5—p.
Using SageMath, we have verified that the matrix A defined in (5.1) is
invertible for the above ranges of b, ¢, m and primes p up to 97.
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We now prove Theorem 8.1.
Proof. Recall from Section 5 that we have the matrix

A= (ali;)))1<icm
0<I<m

where a(i,1) is as defined in (3.1). In proving the theorem, the main obser-
vation is to obtain some simple expression for «(i,[), which is essentially
equivalent to giving a simple expression for a;(i,l) (see (3.1)). Lemma 3.2
gives that «aq(i,l) = o/(i,1) (for definition of o'(i,1) see (3.3)). To prove
cases (2) and (3) of the theorem, we show using Lemmas 3.5 and 3.7 that
modulo p we have o/(i,1) = 0 if I > i and o/(i,1) = (— 1) Hy;(m + 1 —
i) (Z_ll) if | <i—1. To prove the last part of the theorem, we use Lemmas 3.9
and 3.6 to do a similar analysis. We make an important comment that in
all the cases, we will show that the last row of A is zero modulo p, and the
remaining sub-matrix is of full rank. Hence for every 1 < i’ < m, modulo p
the row rank of [A : ey] is the same as the row rank of A. Thus, the linear
systems AX = ey (mod p) has a solution for all 1 <4’ < m.

Case (1):b>c+1 and m € [1,b — ¢|. This is proved in Lemma 5.4.

Case (2): b > c and m € [1, b;Ql] Nb—c+1l,c—1—¢. In this case, we
write A as follows

A B
(8'1) A= (A// B”)

where the ranges of i and [ are divided into non-empty intervals [1,b—c+1],
[b—c+2,m+1] and [0,b — ¢], [b — ¢+ 1, m] respectively, determining the
order of blocks.

Subcase (i): Analysis of A" and A" (i.e., 0 <I<b—cand1 <i<m+1).

For above range of [ and for 1 <7 <b— ¢+ 1, Lemma 3.2 gives a1 (i,1) =
0 mod p and

r—1 B b—c—1 c
b—m+(i+c—m—-1)p-1)) \b—c+1—i)\itc—m—1)

Hence, we have
b—c—1 c
1) =
a(i,1) (b—c+1—i> (c—m—l—i—i)

=0modp < i <I[+1.

According to the calculation above, modulo p the matrix A’ is an invertible
lower triangular matrix. We also note that by Lemma 3.2 the matrix A” =
0 mod p since both o/(i,1) and X (i,1) are zero mod p when b—c+2 <i <
m+land 0 <[ <b-—ec.
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Subcase (ii): Analysis of B (i.e., b—c+1<1<m and b—c+2<i<m+1).
In this case, we note that m < p+b—casb>candm<c—-1—-e<p-—1.
Using Lemma 3.2, we get

+b—c—1 c—1
/~l p
o (G, )+<p+b—c—|—1—i><c—m—2+i>

ifb—c+1<I<m,b—c+2<i<m
o (i,1) ifb—c+1<I<m,i=m+1

a(i,l) =

where o/(7,1) is as defined in (3.3). By Lemma 3.5, we have

(2 W= ¥ Coe-n (T )

e1<k<c1
i+tc—m—-2—k\(l+c—m—-1-k
i—(b—c+2) l
where ¢; = min{c —m — 1,b—m}, = (=) (p+b—c—1)!(c—1)! and

(—1)Ftre=m( — (b — ¢+ 2))!
t—DIm+1—-i)l(c=m—141)!

V; =

We note that b > 2m + 1. Using the above calculations and Lemma 3.7
along with Remark 3.8, we obtain

0 it s <1

(83)  d(il)= (_1)bm+luwi(m+1—i)<i_l1> if 1< 1.

Hence, we get for b —c+1<1<m

b—c—1 1
(piZ—cj—l—i)<c—;—2+i> ifb—ct2sism, i<l

(=1 vy (m + 1 — ) (Z _l 1)

b—c—1 -1
L POt ¢ it <i<m i<i-1
p+b—c+1l—i/\c—m—2+1

0 ifi=m+1

a(i,l) =
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where ¢} = b—c+2. The last case is clear as (—1)*""wyu;(m+1-3)("}") =
0 for ¢ = m + 1. For i < m, we note that

p+b—c—1 c—1
p+b—c+1—i/\c—m-—241

(D b — e~ Dl (e — DI — (b—c+2)!1()
(i — D m+1—9)(c—m—2+1) ‘

Thus, we have for b—c+1 <1 <m
(D)ot Hip+b—c— D e—Di—(b—c+2) [i—1
(i—DIm+1—=)l(c—m—2+1)! ( l )
ifb—c+2<i<m, i<l

a(i, 1) = ¢ (=D)rretitle Np+b—c—Dl(c— DG — (b— ¢+ 2))! <z - 1)

=D m+1=9(c—m—1+1)! l
ifb—ct2<i<m,l<i-—1

0 ifi=m+1

_ Jupi()Y) ifb—c+2<i<m, b—c+1<1<m
~|o if i=m+1

where u; = U!l(p+b—c—1)! and
(=D e — i — (b~ c +2))!
@—DIm+1-9)l(c—m—2+17)!
(—1D)bretitle (c—1)1(i — (b—c+2))!
(t—D!m+1=i)l(c—m—1+3)!

From the above congruence on «(i,[), we have

" y 1
(84) B"= (B O> mod p, where B" = [ ujv, !
0 O l b—c+2<i<m

b—ct1<I<m—1
and 0 denotes the zero matrix of the required size. We note that B" is
invertible (lower triangular with non-zero diagonal entries).

Therefore,
A B
A= ( 0 B”)

where A’ is invertible mod p, and B” is as above.

Case (3):2<b<c—1andme ([1,52]Ub,c—2))N[L,p+b—c]. f m €
1, b*Tl}, then all the computations of Subcase (ii) of Case (2) for a(i,[) carry
over here to give that the matrix A is of the form B” as given in (8.4). If m €
[b, ¢ — 2], then using Lemma 3.2, we observe that «1(i,1) = 0 mod p. Using

ifb—c+2<i<m, i<l

)

ifb—c+2<i<m, [<i—1.
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this crucially, we write A as a block matrix of the form given in (5.2), where
similar calculations as in Lemma 5.4 give modulo p that A’ is invertible,
and A" B" are zero.

Case (4):2<b<2c—3—pandme[p+b—c+1,222]n[p+b—c+1,c—3).
In this case, we note that eg =lor2asb<m.If m >p+b—c+ 2, then

we write A as follows
A B
A _ A// B//
A//I B//I

where the ranges of ¢ and [ are divided into non-empty intervals [1, p+b—
c+1], [p+b—c+2, m|, [ m+1,m+1]and [0,p+b—c|, [p+b—c+1, m]
respectively, determining the order of blocks. If m = p+ b — ¢+ 1, then we

write A as follows
A B
A= ( A B///)

where the ranges of i and [ are divided into non-empty intervals [1, m], [m+
1,m+1] and [0, m—1], [m, m] respectively, determining the order of blocks.

Next, one obtains that modulo p, A’ is invertible and A”, A" are zero
using Lemma 3.2 and similar calculations as in Subcase (i) of Case (2). The
analysis of blocks B” and B is analogous to the calculation in Subcase (ii)
of Case (2). For this, we use Lemmas 3.6 and 3.9 to obtain identities analo-
gous to (8.2) and (8.3). By following similar steps we obtain modulo p that
B is zero, and B” is of full rank since

— 1
B" = (B{ 0)modp, where B = <u;v; (l l )) .0
p+b—c+2<i<m
p+b—c+1<I<m-—1

Appendix A.
Lemma A.1. Proof of Lemma 3.1.

Proof. We prove the above result by induction on a. Observe that it is
trivially true for ¢ = 1 and for all 7. By induction, assume the above result
is true for all 1 < a < k — 1 and we prove it for a = k > 2. Therefore, we
need to prove

i+ k—2 m-+k
k—1 i+k—1

- Y (e (ml* 1>B(k — L)+ (-1 (z T 1)-

1<I<k—1
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Using induction, we get

m 1+ k—1- m+k—1
(A1) 2 (_1)l< ;r1><+i—1 2)(77111—2’)

0<I<k—1
+1
— (—nF " .
- <i+k:—1>

Hence, we need to prove the above equation to prove our lemma. Now,

(SL‘ . 1)m+1 — Z (_1)1 (’I?’L;— 1> xm—l—l—l'

0<I<m+1

Multiply the above equation by z*~1 (k > 2), we get

(SL‘ o 1)m+1xk—1 — Z (_1)l (m;_ 1) xm—‘—k—l'

0<l<m+1

By differentiating the above equation with respect to z, (m + 1 — i) times

—1

3 m+1. ' k—.l (2 — 1)t ph=2-0
0<jomil Mt L—i—j J

m+1\(m+k—=1\ ;.
- Z (1)l< I ><m+1—i>£+kl2'

0<I<m+1

and multiplying by (Tnii?)!, we get

Note that in the first sum, j can be taken over the range 0 < j < n; where

ni := min{m + 1 — i, k — 1}. The last sum can be taken over the range
0<I1<i+k—1,since (ﬂ”;ff:f) =0ifi+k—1<l<m+1and (mlﬂ) =0

if m+1<Il<i+k—1. Thus, we have

> ( me _><’“‘.l><x—1>i+jx’“‘2‘j
0<i<n m+1—i—j J
m+1\{m+k—1\ ,
— _1l Z+k—l—2‘
2. | )< ! )(m—i—l—i)x

0<i<i+k—1
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Again, by differentiating the above equation with respect to =, (i —1) times
and dividing by (i — 1)!, we get

1 -1 47 a1 ,
Z <m+ ) <k‘ . ) Z ( 1+ .,) (1‘—1)]+j +1T'd] (l'k_Q_])
0<jani \ VY 7 ) \ogj=ia\I=1=J 7"
l m+1—1 1—1

0<I<i+k—2
m+1 ;
-1 k —i
(=) <i+k—1>$

By putting x = 1 in the above equation, we get

Z (—1)! m+1\(m+k—1\[{i+k—-1-2
0<l<itk—2 l m+1—1 1 —1
+H=1) (z’—l—k:—1>_0

as (z — 1)7H'*1 = 0 at £ = 1 (since j,5' > 0). Observe that the above

summation can be taken over the range 0 < [ < k — 1 as (i+f:{_2) =0

if k—1 <1 < i+ k— 2. Thus, we obtained the required equation (A.1)
above. O
Lemma A.2. Proof of Lemma 3.5
Proof. Recall from the definition of o/(i,1) in (3.3), we have

1/ i+1 p+b—C—l c—1 i
Oé(l,l) = <_1) Z b—c+ . B ﬁ(a)l)

max{c—b,1}<a<c—m—e1 cTa c—m=—a

asb—c+1<I1I<p+b—c. Using Lemma A.1, we get

1. . i p+b—c—l
a(lvl)_(_l)—i_l Z ( b—cta )

max{c—b,1}<a<c—m—e;

c—1 1+ a—2 m+a
c—m—a a—1 i+a—1/
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Next,

<p+b—c—l>< c—1 ><i+a—2>< m+a )
b—c+a c—m-—a a—1 t+a—1

 (pHb—c—=Dlc—D(i+a—2)(m+a)
S (b—c+a)lp—(I+a)lc—m—a)l(m+a—1)

1

(=@ —-Di+a—1)(m+1—17)
(p+b—c—Dc—DG+a—2)(+a—1D!(m+a)(-1)+
b—c+a)lc=—m-—a)la—1!i—-Di+a—1D(m+1-73)

X

_1\l+a
((l+1u)—1)! (mod p).

—c+2))! on the

The last congruence follows by noting that (p— (I+a))! =
On multiplying and dividing by /(i + ¢ —m — 1)!(i — (b
right-hand side of the above equation, we get

p+b—c—1 c—1 i+a—2 m+a
b—c+a c—m-—a a—1 i+a—1
; +c—m—1 i+a—2 l+a-1
_q1)ttlte—mta 5 ¢ .
(=1) ulv(m—i—a)( c—m-—a i—(b—c+2) l

Therefore, we have

cC—m-—a
max{c—b,1}<a<c—m—e1

i+a—2 l+a-—1
\i—(b-c+2) l

= wv; Z (_1)k(c_k)<i—|—c—m—1>

e1<k<c1 k
i+ec—m—2—k\[l+c—m—-1—-k
i—(b—-c+2) l ’

The last equality follows by putting £k = c—m — a.

o (i, 1) = wv; Z (=1)°"™*+(m + q) (z +c—m — 1)
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Lemma A.3. Let n,c,i,l € Z such that | > max{0,n} and i > max{l,
n+ 1}. Also assume that 1 <m <c—1andn+c—m—12>0. Then

c—m—1+z’>

> <—1>k<c—k>< .

0<k<c—m—1
c—-m—2+i—k\({l+c—m—1—k&
i—(n+1) l

G+ Gy if i <1
G+ O+ (e 41— i) ()Y if l<i- L

_ _1Ye c—m-—1+1 l_(n+1+])
Cl_ogjzg:ml( 1) (i—(n+1+j)><l_(n+c_m+j)>

Co= ) (—1)j(n+c—m+j)< _m_1+i><l_l_(n+1+j) )

0< < i—(n+147) (n+c—m—1+7)

where my = min{i — (n+ 1), — (n + c—m)} and my = min{i — (n + 1),
l—(n+c—m—1)}. Further, C; =0 ifl < n+c—m and Cy = 0 if
l<n+c—m-—1.

Remark A.4. When m = ¢—1and j = [—(n+c—m—1) then the binomial
I—(n+1+j)

coefficient (l—(n+c—m—1+j)) = (_01) = 1. This term appears in the last term
of the sum in Cy if | — (n+c—m—1) <i—(n+1).
Proof. First, we consider the following binomial expansion

(z — 1)c—m—1+ix—1 _ Z (=1) <c — mk— 1+ z) pC—m—2+i—k

0<k<c—m—1+1i
By differentiating i — (n + 1) times and dividing by (i —n — 1)!, we get

Z (_1)j<0_m_ 1+i.> (z — 1)n+c—m+j$—(j+1)

0<j<i—(n+1) i=(n+1)—

c—-m—1+i\fc—m—=24+i—-k\ i 1_
CE (e e

0<k<c—m—2+1i
+ (_ 1)n+c—m—2mn—i
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Observe that (c_ﬁ(—fjf)_k) =0ifn+tc—m—1< k < c—m—2+1. Therefore,
we have

Z (_1)j<C—m— 1+Z’.> (x_ 1)n+c—m+jx—(j+1)

0<j<i—(n+1) i—(n+1)—J

S (_1)k<c—m—1+i><c—m—2+i—k>xn+6_m_1_k
k

0<k<n+c—m—1 i—(n+1)
+ (_1)n+c—m—2xn—i‘

In the above equation, we multiply by Ill—;n, and then differentiate [ times.
We get the following

Z (_1)j ( c—m—1+ z) <ll_)'l> (@ _ 1)n+cfm+jxl*(n+1+]'))

0<j<i—(n+1) i—(n+1)—j

c—m—-—14+i\fc—m-—-2+i1—k
= -1 ,
0<k<n+zcm1( ) ( k )( i—(n+1) )

l+c—m—1-k _1)ntemm=2 |
. ( +c Tfll )xcmlk + ( ) 0 Dl(xlfz)

where D := % differential operator. Observe that (l+c_”;_1_k) = 0 if
c-m—-1<k<n+c—m—1and (C_Z."_I(_f:f)_k) =0ifn+c—m—-1<k<

¢ —m — 1. Therefore, even if n < 0, we can extend the sum above to
k<c—m—1, giving us

Z (_1)j ( c—m—1+ z) <ll_)'l> (@ . 1)n+cfm+jxl*(n+l+]'))

0<j<i—(n+1) i—(n+1)—j

_ _1k<c—m—1+i><c—m—2+i_k>
0<k<czm1( ) k i—(n+1)

l _ —1—-k -1 n+c—m—2
. ( +c m >xcm1k + ( )

l I Dl(l,lfi).
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Again, we multiply by 2™t! and after we that differentiate one time the
above equation to obtain the following

fc—m—1+41
> (=1y ( )
0<j<i—(n+1) i—(n+1)—j
.D (xm'H <D'l> ((JE _ 1)n+c—m+jxl—(n+1+j))>
[!

c—m-—14i\[fc—m—-2+i—k
R | e

0<k<c—m—1

. 11— 1 n+c—m-—2 .
. <l te n; k) xRy ()Z,D(:Bm“Dl(xl_z))-

By putting x = 1 in the above equation, we get

A2 Y (“DAe—k) (C_mk_l”)

0<k<c—m-—1
c—-m—2+i—k\[{l+c—m—-1—-k&
i—(n+1) l

fec—m—1-+1

= > (—1)J<. )

0<j<i—(n+1) i—(n+1)—j
!

.D (merl (?) ((I . 1)n+cm+jxl(n+1+j)>>

(—1)ntemm—t M1 ol d—i
+ e D D ) e,

z=1

Now,

I!
B Z n+c—m-+j
N a

0<a<l
) Dl—a .
D (z - 1)n+cfm+jfaxm+1 (xlf(nJrlJr])) ]

m+1l
D(x D ((x_l)n+cm+jxl(n+l+j)>>
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Observe that ("+C;m+j) =0if n+c—m+ j < a. Hence, we have

I‘m—HDl
(%5

S <n+cam+j>

0<a<ng
D[ (z— 1)n+cfm+jfa$m+1 Dl (xl*(TH*l‘F]'))
(I —a)! ’

where n1 = min{l,n + ¢ — m + j}. Therefore, we get

<(a: _ 1)n+cm+jxl(n+l+j))>

(xm+1Dl

0 ((x _ 1)n+c—m+jxl—(n+1+j))>

_ Z <n+c_m+j>(n+c—m+j—a)

0<a<ni a

__ q1\n+te—m—1+j—a, m+1 Dl l—(n+1+j)
(@ : ity

(l—a)
n Z (n-l-c;m-i—j)

0<a<ny

. <(a: — 1)ntemmrizap (xm“ (fl_a)') (g;l(ﬂﬂﬂ')))).

Note that at x = 1 the former sum is zero if [ < n+c—m—1 and the latter
sum is zero if [ < n+c—m (i.e., if my < 0 and if m; < 0 respectively). We
have

fc—m—1+41
Oﬁjﬁiz—:(n—&—l)(_l)] (l —(n+1) - j)
Aot
‘ =1
= J —m+j —m— L4 l—(n+1+7)
— Z (1) (n+c +])<i—(n+1+j)><l—(n+c—m—1+j)>

0<j<mg
i (e—m—1+i I —(n+1+7)
+ > (_1)C(z‘—(n+1+j))(l—(”“_m”)).

0<j<ma
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Hence, from (A.2), we get

Z (—1)k(c—k)<c_mk_1+i>

0<k<c—m-—1
c—-m—2+i1—k\(l+c—m—-1—-k
i—(n+1) l

(—1)n;C_m_1 D<$m+1Dl($l—i))

If | >4, then D!(2!~%) = O since [ > i > 1, giving us we the required identity
in this case. If [ <7 — 1, then

(_1>n+cfm71
!

=Cy+C +

x:l.

D <$m+1Dl (xl—i))

= (=1)rtemm=Itgn 11— ) (Z _z 1).

Hence, we obtain our identity in this case too. O

r=1

Lemma A.5. Proof of Lemma 6.3
Proof. We will prove our lemma in the following three cases.

Case (1):c—1<b<p (andv <c—1—¢€). We begin by observing that
we need to construct Wy only when b > ¢ as [0,n;] is empty for b = ¢ — 1.

Subcase (i): ¢ < b < p—1. We observe that V((pil)) > 1 (as ¢ > 2) and
also (b+j(2;—1)) = 0 mod p for all 0 < j < ¢—1. Therefore, by Proposition 4.3
(for I = 0 and m = 0) we have

O G) oy
roa(D) =l x o Yara)
p 0<j<s p

j=bmod (p—1)

But 2" 7yl = ﬂ_;y; mod (V,«(l)) where 7 = jmod (p—1) and 2 < 5 < p.

Observe that () € Z for all 0 < j < s such that j = r mod (p — 1). Hence,

P
we have
-
Z er_jyj =nz"by® mod (V;(l))
0<j<s p
j=r mod p—1
where

G b—
b

S
- = Z - #=0 mod p.
0<j<s p 0<j<s p
j=s mod (p—1) j=s mod (p—1)
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Here the first congruence follows as ) (17, ) mod p!~1=vUY and t — 1 —
v(j!) > v(ap) > 1 (since t > v(ap) + ¢, v(j!) <v((s—(p—1))) <c—1).
The second last congruence follows from Lemma 2.5 of [14]. Hence, we have

fO
np

(7“—-ap)< ) = |g, """ mod (V")

as 7 is p-adic unit. Therefore, there exists a v € Vr(l) such that

(T —ap) <fo> = [gv xr_byb - Ul}

np

Using equation (2.3) (with # = p — 1+ b), we observe that the monomial
2" %y and 2" generates the quotient Vp_l_b®Db and submodule V}, of %

respectively. But " belongs to Ker(P) by Remark 4.4 of [19]. Let W} is the
sub module generated by z”, 2" %y? — vy if b > ¢. Observe that Wy satisfies
all the required conditions.

Subcase (ii): b= p. In this case by using (2.2) we have the following

Ve

00—V —
v

— Vp2®D — 0.

In the above exact sequence, the first map sends z to " and the second map
sends 2" "1y to 2P~2. By the Remark 4.4 of [19], we have 2", 2"~y € Ker(P)
as 1 < v(ap). We define Wy in this case as the submodule generated by
2" and 2"y, and observe that W satisfies the required conditions of
Lemma 2.1.

Case (2):2<b<c—2and 1 <v <min{c—2,p+ b — c}. In this case, we
need to construct Wy only when b < v as it is clear from the statement
of Proposition 6.1. By Proposition 4.3 (for m = 0 and 0 < [ < min{v,
p+b—c}), we have

B N _ r—1 r—(b+i(p—1)), (b+i(p—1))
(T ap)(f) =19, Z <b+](p— 1)>$ Y

0<j<c—1
g Z ( r=t ) 2" %?| mod (V,(M).

The last congruence follows from the same observation as in Case (1) above.
By applying Lemma 3.4 of [31] for m = 0 (see the second and fifth case),
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we get
r—1 N _JRH(GY) H0<I<p+b—c 0<j<b
b+jlp—1) 0 if0<I<p+b—c bt+t1<j<c—1.

Therefore, we have

T-a) (=0 | X (“;’jj‘l) (C‘.l> 2| mod (V)

0<5<b J
_ ptb—1-1\ .4y (1)
=g, b "%y’ mod (V,\V).

The latter congruence is followed by Vandermonde’s identity. Since b < v,
one can take [ = b in Proposition 4.3, in which case (p+b;1_l) # 0 (mod p).
Thus,

[9,2" %" € VY + Ker(P).

Using (2.3) (with ' = p—14b), we observe that the monomial 2" ~*y® and
x" generates the quotient Vp_l_b®Db and submodule V}, of V‘ﬁ) respectively.

But 2" belongs to Ker(P) by Remark 4.4 of [19]. Thereforé, taking Wy to
be the submodule generated by 2" and "%y has the required properties.

Case (3):2<b<2c—4—pandp+b—c+1<v<c—3. Observe that
b < v in this case, thus applying Proposition 4.3 with same ranges m = 0
and 0 <! <min{v,p+b— c} as in Case (2) giving required Wj. O
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