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Additive Ramsey theory over Piatetski-Shapiro
numbers

par JONATHAN CHAPMAN, SAM CHOW et PHiLiPPA HOLDRIDGE

RESUME. Nous caractérisons la régularité de partitions pour les équations
linéaires en nombres de Piatetski-Shapiro |n¢] lorsque 1 < ¢ < cf(s), ou
s > 3 est le nombre de variables. Ici ¢f(3) = 12/11 et ¢f(4) = 7/6, tandis que
cf(s) = 2 pour s > 5. Nous établissons également des résultats de densité avec
des bornes quantitatives. Suite aux développements récents, nous saisissons
cette occasion pour mettre a jour la version de Browning et Prendiville du
principe de transfert analytique de Fourier de Green, en renforcant ainsi sa
conclusion.

ABSTRACT. We characterise partition regularity for linear equations over the
Piatetski-Shapiro numbers |n¢| when 1 < ¢ < ¢f(s), where s > 3 is the num-
ber of variables. Here c¢f(3) = 12/11 and ¢'(4) = 7/6, while ¢f(s) = 2 for s > 5.
We also establish density results with quantitative bounds. Following recent
developments, we take this opportunity to update Browning and Prendiville’s
version of Green’s Fourier-analytic transference principle, strengthening its
conclusion.

1. Introduction

1.1. Monochromatic Schur triples. A Schur triple is (z,y,z) € N3
such that x +y = z. Schur [37] showed that if N is partitioned into finitely
many colour classes then there exists a monochromatic Schur triple. We
state Schur’s result below, writing [r] for the set of positive integers n < r.

Theorem 1.1 (Schur [37]). Suppose N = CiU---UC,. Then there exist
k€ [r] and x,y,z € Cy such that x +y = z.

This was generalised by Rado [33] to systems of linear equations. A
system of equations is partition regular if, for any partition of N into finitely
many colour classes, it contains a non-trivial solution for which all of the
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variables lie in the same colour class. A solution is non-trivial if the variables
are pairwise distinct. We now state Rado’s criterion in the case of a single
equation.

Theorem 1.2 (Rado [33]). Let s > 3 and ci,...,cs be non-zero integers.
Then the equation c - x = 0 is partition regular if and only if > ;c;c; = 0
for some non-empty I.

Erdés and Graham [16, 17] asked whether there are monochromatic
Schur triples in the squares — i.e. monochromatic Pythagorean triples —
offering $250 for an answer.

Problem A. Prove or disprove that if N = C7 U --- U C). then there exist
k € [r] and z,y, 2z € C, such that 22 + y? = 22.

A computer-assisted proof was found in the case of two colours [22] which,
at the time, was the largest mathematical proof ever [25]. Partition reg-
ularity for generalised Pythagorean triples in five or more variables, i.e.
solutions to

m%—i—-”—i-xg_l ng
where s > 5, was demonstrated by Chow, Lindqvist and Prendiville [11]. A
higher-degree analogue of Rado’s criterion was also provided therein, and
the result was generalised in [7, 8, 9]. Equations that are quadratic in some
variables and linear in others have also received significant attention [20,
28, 29, 32]. Recently, it was shown in [14] that Pythagorean triples exist in
which two of the variables have the same colour.

Theorem 1.3 (Frantzikinakis—Klurman—Moreira [14]). If
N=CiU---UC,

then:

(i) There exists u € [r] such that 2? + y* = 2% for some z,y € C,, and
some z € N.

(ii) There exists v € [r] such that 2% + y? = 2% for some z,z € C, and
some y € N.

The Piatetski-Shapiro numbers with parameter ¢ > 1 form a set
PSc = {[n°] : n € N}

Note that PSs is the set of positive squares. When 1 < ¢ < 2, the Piatetski-
Shapiro numbers behave similarly to the squares in terms of growth and
separation, but the squares are arithmetically richer. We solve a version of
Problem A for Piatetski-Shapiro numbers. For s > 3 an integer, let

2546 c*(s), ifs=3,4
1.1 *(s) = ==, T(s) = ’ ’
(1.1) 8) =513 ¢'(s) {2, if s> 5.
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For ¢ > 0and N > 1, let
PS.(N)={ne€PS.:n < N}.

Theorem 1.4. Let s > 3 be an integer, and let 1 < ¢ < ¢f(s). Let cq,. .., cs
be non-zero integers with ) ,c;c; = 0, for some non-empty I. Let N € N
be large, and suppose

PSc(N)=CyU---UC,.
Then there exist k € [r] and x € C} such that
(1.2) C-XZO, xi#:rj (27&])

Corollary 1.5. If 1 < ¢ < 12/11, and N is partitioned into finitely many
colour classes, then PS. contains a monochromatic Schur triple.

Coincidentally, Piatetski-Shapiro [30] also obtained the threshold 12/11
when proving a version of the prime number theorem for PS..

We thank Sean Prendiville for drawing our attention to the following
more general problem, which he attributes to Frantzikinakis, and which
inspired the present work. Note that the case ¢ = 1 is solved by Theorem 1.1,
and that the case ¢ = 2 is Problem A.

Problem B. Prove or disprove that the conclusion of Corollary 1.5 holds
for any c € [1,2].

More generally, Bergelson asked whether PS, is an IP set, see [15, Ques-
tion 4].

1.2. Relative sparsity of 3AP-free sets. In a very influential paper,
Roth [35] showed that if N is large and A C [N] with |A| > N then
A contains non-trivial three-term arithmetic progressions, i.e. non-trivial
solutions to =z + y = 2z. More precisely, Roth proved that if A C [N]
does not contain any non-trivial three-term arithmetic progressions, then
|A| < N/loglog N.

Recently, there have been strong quantitative refinements of Roth’s the-
orem by Kelley-Meka [23] and Bloom-Sisask [4]. To state them, we say
that A C N is 84 P-free if * + y = 2z has no non-trivial solutions with
x,y,z € A. Remarkably, the bound has the same shape as the best known
lower bound for the largest 3AP-free set, which comes from a convexity
construction going back to Behrend [2].

Theorem 1.6 (Kelley-Meka [23] and Bloom-Sisask [4]). If N > 2 and
A C [N] is 3AP-free, then

|A| < exp(—clog'? N)N,

for some constant ¢ > 0.
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Turning to the non-linear setting, consider the following density analogue

of Problem A.

Problem C. Prove or disprove that if A is a 3AP-free subset of the squares
then |[AN[N]| = o(V/N).

Equivalently, show that 22 + 4% = 222 is density regular, meaning that
any A C [N] which lacks non-trivial solutions to this equation must satisfy
[A] = o(N).

For diagonal quadratic equations in five or more variables, such as

x%+'--+xi:5x2,
quantitative density regularity was characterised by Browning and Pren-
diville [6].

Theorem 1.7 (Browning-Prendiville [6]). Let s > 5 and cy,...,cs be non-
zero integers with ¢y + -+ +¢cs = 0. Let N € N be large, and suppose
A C PSy(N) is such that there does not exist x € A® satisfying (1.2).
Then, for any e > 0,

[PS2 (V)]
(logloglog N )(s—2-€)/2"

Browning and Prendiville’s techniques were subsequently generalised to
higher perfect powers and to primes in [10], and generalised further in |7,
8, 9]. By adapting these methods, we solve a version of Problem C for
Piatetski-Shapiro numbers, with a quantitative density bound.

Theorem 1.8. Let 7(3) =9, and set 7(s) =7 for all s > 4. Let s > 3 be
an integer, and let 1 < ¢ < cT(s). Let c1,...,cs be non-zero integers with
c1+---+cs=0. Let N € N be large. If A C PS.(N) is such that there does
not exist x € A% satisfying (1.2), then

[PSc(V)]
exp (C~1(loglog N)1/7(s))’

for some constant C > 1 which depends only on ¢ and c.

Al e

4] <

Remark 1.9. Our density saving is substantially greater than the saving
of (logloglog N)?M) that Browning and Prendiville obtained in the case of
squares. This is partly because the W-trick is not required in our setting.
We make further gains by strengthening the Fourier-analytic transference
principle [6, Proposition 2.8] in Section 4. We do so by incorporating recent
developments [12, 24].

In contrast with Theorem 1.7, we only need to assume that s > 3. With
our constraint on ¢, we are able to obtain more precise estimates for expo-
nential sums. This leads to a sharp restriction estimate at a lower exponent
— see Section 1.3 — which ultimately reduces the number of variables that
we require.
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Note that the natural analogue of Problem C for Piatetski-Shapiro se-
quences with parameter ¢ € [1,2) has already been settled. A result of
Saito and Yoshida [36, Corollary 5] — which uses Szemerédi’s theorem [38]
to find progressions in graphs of “slightly curved sequences” — implies the
following.

Theorem 1.10 (Saito—Yoshida [36]). Fiz c € [1,2) and an integer k > 3.
Let N € N be large, and suppose A C PS.(N) with

|A| > |PS.(N)|.
Then A contains a non-trivial k-term arithmetic progression.

One can deduce the following application using the further observation
that if ¢; + -+ 4+ ¢s = 0 then, for any A€ Rand pu; =--- = us € R,

c-x=0=c-(Ax+p)=0 (x € R%).

Corollary 1.11. Let s > 3 be an integer, and let 1 < c < 2. Let c1,...,Cs
be non-zero integers with ¢y +---+ cs = 0. Let N € N, and suppose A C
PS.(N) is such that there does not exist x € A*® satisfying (1.2). Then
|A| = o(|PSc(NV)]) as N — oc.

Compared with these wonderful findings, Theorem 1.8 has the advantage
of providing a quantitative density bound.

One can also consider these problems for Piatetski-Shapiro primes, i.e.
primes that are Piatetski-Shapiro numbers. Mirek [27] achieved this in the
case of 3AP-free sets, but required that ¢ < 72/71. We state Mirek’s result
below, writing P for the set of primes.

Theorem 1.12 (Mirek [27]). Let 1 < ¢ < 72/71. If N is large and A is a
3AP-free subset of PS.(N) NP, then |A| = o(|PS.(N)NP|).

One should think twice before looking for monochromatic Schur triples
of Piatetski-Shapiro primes, however, as there are no Schur triples of odd
numbers. Using our methods and the ingredients [27, Theorem 1.8 and
Lemma 1.10], one can show that if 1 < ¢ < 72/71 and PS.NP = C1U---UC,
then there exist k € [r] and z,y, z € Ck such that

r+y=z+1.

See [9, 26, 40] for some similar results and open problems. We leave it to
the interested reader to explore further generalisations.

1.3. Methods. We use the Fourier-analytic transference principle, as pi-
oneered by Green [19]. We now explain briefly how this works. For a more
detailed discussion of the transference machinery, see [31].

We introduce a weight function v supported on PS.(N) such that ||v|; ~
N as N — oo. The idea is to compare the v-weighted count of solutions with
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the 1[yj-weighted count, essentially by combining some estimates in Fourier
space. The latter count was estimated by Frankl, Graham and Rodl [13].
The key ingredients for the density result, Theorem 1.8, are as follows.

(1) Fourier decay: For some x € (0, 1), we have
17 = Tjnlloo <y NTTX.

(2) Restriction estimate: For some t € (s — 1, s), we have

sup / ()|t do < N1
T

[vl<y

(3) Trivial count:

S Tvtm) = o(N*"1) (N = 00),

nek i<s

where
K={neZ:c-n=0, n;=n; for somei#j}.
There is one other ingredient, density transfer, which roughly asserts that

Z lny(n) >N = Z v(n) > N,

neA neA
but this is easy to confirm. The Ramsey-theoretic result, Theorem 1.4,
requires further combinatorial machinery, which we import from [11].

We gauge the strength of our results by the value of ¢f(s). This depends
on the values of x and t relating to Fourier decay and restriction, so we
have attempted to maximise y and minimise ¢t. Although we are able to
obtain power-saving Fourier decay for all 1 < ¢ < 2 in Proposition 2.1, we
do need to assume that ¢ < cf(s) in order to also obtain the restriction
estimate (3.3), which is a limitation when s < 4.

Organisation. We establish a Fourier decay estimate in Section 2, and a
restriction estimate in Section 3. In Section 4, we strengthen the transfer-
ence principle provided by Browning in Prendiville in [6, Proposition 2.8],
using recent developments. Finally, in Section 5, we prove Theorems 1.4
and 1.8.

Notation. For z € R, we write e(z) = ¢*™*. We put T = [0,1]. For
f € {(Z), we define the Fourier transform by

fla) =3 f(n)e(na).
neZ

We employ the Vinogradov and Bachmann-Landau asymptotic nota-
tions, as we now describe. For complex-valued functions f and g, we write
f < gor f = O(g) if there exists a constant C' such that |f| < C|g|
pointwise. We indicate the dependence of the implicit constant C' on some
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parameters Ai,...,\; using subscripts, for example f <y, .\, g or f =
Ox,... 2 (9). We write f < g if f < g < f. We write f = o(g) if f/g — 0
and f ~ g if f/g — 1, in some specified limit.

Acknowledgements. We are grateful to Sean Prendiville for drawing our
attention to Problem B, and we thank Florian Richter for the accompanying
historical comment. We thank the anonymous referee for a careful reading
and for helpful suggestions.

2. Fourier decay

The purpose of this section is to prove the following Fourier decay esti-
mate for our weight function

v(n) = ve(n) := ¢'(n) " 1ps, (n)(n),
where ¢(n) = n'/c.
Proposition 2.1 (Fourier decay). Let ¢ € (1,2) and € > 0. Then
v — T[N] oo ey NE+6/5-2/(5e),

The broad strategy used to understand the Fourier coefficients of v is
given in [21], where it is attributed to Vaughan.

Lemma 2.2. Forallc>1 andn € N,
1ps.(n) = [=¢(n)] — [=é(n+1)].
Proof. Since ¢ > 1, the mean value theorem implies that the function
n— [=¢(n)| —[-o(n+1)]

has image {0,1}. Observe that n € N is mapped to 1 by this function if
and only if there exists m € N such that

¢(n) <m < ¢(n+1).
Applying ¢~ !, this is equivalent to
n<m‘<n+1,
which holds if and only if n = |m€]. O

An application of this lemma reveals that
(2.1) v(a) =Y ¢'(n)"'e(na)([~¢(n)] — |~d(n+1)]).
n<N
To further modify this expression, we deploy the saw-tooth function
Y(z) =x— x| —1/2.

For each n € N, observe that

[—¢(n)] = [=¢(n+1)] = ¢(n+1) = ¢(n) + ¢Y(=d(n + 1)) — P(=¢(n)).
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By Taylor’s theorem with Lagrange remainder, there exists &, € [0, 1] such
that

p(n+1) —¢(n) = ¢'(n) + ¢"(n +&)/2.
Thus,

> () le(na)(g(n+1) — ¢(n))

n<N
=) e(na) (1 + 1 =c)n j__fn)c_Q)

n<N 2cne
= /I[N} (Oé) + O(log N)

Inserting this into (2.1), we find that

D(a) — T[N] (o) = Z P(—p(n +;/)()n; Y(=9(n))
n<N

e(na) + O(log N).

To make further progress, we split the sum on the right-hand side into
dyadic ranges:

(2.2) D(a) —Ipn(@)= Y S(N/2%)+O(log N),
1<k< 28T 41
where

S(P)=S(Pia)= 3. Y(=d(n +1)) —p(=p(n))

To prove Proposition 2.1, we require estimates for the exponential sums
S(P). As noted in [21, Section 2], we have the following standard approxi-
mation for ¢ by trigonometric sums.

Lemma 2.3. For any integer M > 2,

o0 Y UM in(t, () = Y belme),
0<|m|<M meZ

for some

logM 1 M
bm<<1fnin{og }

M ] w2

We apply this lemma with M € [2, P] equal to a power of P to be
specified later. This gives

S(P) — Sp < S1 + So,
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where
1 e(na+mo(n+ 1)) — e(na + me(n))
So = - / ’
’ 0<|%|:<M 2mim P<§2P ¢'(n)
min{1, (M||¢(n)|)~"}
S — )
1= 2 ()
min{1, (M||¢(n+1)||)~'}
S, — .
’ P<§2P ¢’(n)

We begin by bounding Sp. Using partial summation, we find that
Z e(na+ me(n+1)) — e(na + me(n))

P<n<2P ¢'(n)

2P
= Up(2P)pm(2P) — /P Upn (2) ) () diz,

where
_e(m(g(z+1) —¢(x))) — 1
pmlr) = ?'()
and
Un)= Y e(na+mo(n)).

P<n<z
We compute that ¢, (z) < m and ¢),(x) < m/x, whence
So < Z sup |Un(2)].
0<|m|<M EF2P]
Notice that, for P < x < 2P, the function F(x) = ax + m¢(x) satisfies
|F"(z)| < |m|PY¢2. Invoking van der Corput’s lemma [27, Lemma 3.1],
we deduce that
Um(ﬂ?) < |m|1/2P1/(28) —|—P1_1/(20)\m|_1/2,
and so
SO < M3/2Pl/(20) +Ml/2p171/(20).

We now consider the sum S;. The key ingredient is the following estimate

observed by Heath-Brown [21, Lemma 1].

Lemma 2.4. Let m € Z and 1/2 < v < 1. Then, whenever we have
1< PP 2P,
S e(mnY) < min{P, |m| PP + (Im|PY)Y2)
P<n<P1
Remark 2.5. This can be refined in some ranges using the theory of ex-

ponent pairs [18]. However, such a refinement does not seem to affect the
final outcome of Proposition 2.1.
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To simplify our notation, let v = 1/¢, so that ¢(n) = n?. By the triangle
inequality,

mEZ

> e(mo(n)

P<n<2P

For further convenience, we write
T = Tin(P) = Z e(mao(n)).
P<n<2P
Our goal is to establish bounds for
> |bm Tl
meZ

We accomplish this by examining the contributions from various ranges for
m € Z.
We begin with “small” |m/| for which the bound b, < (log M)/M from
Lemma 2.3 suffices. The contribution from m = 0 is immediate:
Plog M
boTo| = |bg| P € ————.
|boTo| = [bo| P < M
Notice that, for any m, P > 1, we have
(mP)Y2 < m~ Py

if and only if

m < P37,
Let L = [(2P)?/377|. By Lemma 2.4,
log M 1
> [Tl < %Plﬂ > o=
0<|m|<L 0<|ml<L [m|
(log M)log L _;_ pl-ote
e )P pl—y
< Vi <e Vi
A similar computation reveals that
b Tin| < Mpwﬂ ml|/2 < MY/2p/2 log M.
M
L<|m|<M L<|m|<M

For |m| > M, we use the bounds |b,,| < M/m? and |T,,,|? < |m|P? from
Lemmas 2.3 and 2.4, respectively, to deduce that

Z ’mem’ < ]\4'P’Y/2 Z ‘m’_3/2 < M1/2P7/2,
By combining all of the above observations, we see that

7 b D] < (MTYP + MY2PY/?)log M.
meZ
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Since ¢'(P) = vP7~1, we therefore have

Sy < (M~YP*7 4+ MY/2P1=7/2) log M.
Using an almost identical argument, we can also show that

Sy < (M™YP*7 4+ MY2P1=7/2) log M.

We have therefore demonstrated that
S(P) < M32p7/? 4 (M~'P?>™7 4 M2 P1=7/2)10g M.
Recall that ¢ < 2, whence 7 > 1/2. Choosing M = PY/5=37/5 gives
S(P) <. pet6/5-23/5,

for any € > 0. Inserting this estimate into (2.2) finishes the proof of Propo-
sition 2.1.

Before moving on to the next section, we record the following observa-
tions. By Proposition 2.1, if € > 0 then

[v]l1 = D(0) = N + O(N=F6/572/00)),
In particular, since ¢ < 2,
(2.3) [Pllc = l¥l1 ~ N (N = o0).
3. Fourier restriction

In this section, we use Bourgain’s epsilon-removal process [5] to establish
two restriction estimates for our weight function v = v,.

Proposition 3.1 (Fourier restriction I). Let 1 < ¢ < 2. Suppose we have

(3.1) 17 = Tinjlloo e N'7X,
for some x € (0,1). Define tg > 2 by
1—-1/¢

3.2 =9

(3:2) X

and let t > to. Let v : Z — C with |¢| < v. Then
(3.3) / 1B()[t dor <oyt N1,

T

Proof. A naive approach would be to consider ¢ = 2 and use orthogonality
to obtain

(3.4) / (@) da< 3 v(n)? < N2Ve,
T n<N

This only saves 1/c in the exponent. We need to save an additional exponent
of 1 — 1/c and to do this, we use an epsilon removal process. This method
is usually used to remove an arbitrarily small power ¢, but it can in fact
achieve more, as in [11, Appendix E].
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Note from (2.3) that ||¢)]|ec < N. For 0 < § < 1, define the large spectra
by
Rs={aecT: |Y(a)] >IN}
We claim that it suffices to prove that

1
(35) meaS(Rg) <<g,t0 (StUTN

for all sufficiently small ¢ > 0. To see this, let C > 0 be such that
> onen v(n) <CN for all N > 1. Then

/ |@Z(a)|t da < Z(Q_nCN)t meas(Ry-—ng) <K Nt-1 Z o(to—t+e)n
T

n=0 n=0
Then we simply take € < t — tg.
Now, by (3.4),

62N? meas(R;) < / 1)(e)?da < N27Ve,
T
and therefore
meas(R;) < §2N~V/e,
So (3.5) holds if
5—2N—1/c < 5—t0—aN—l,

which is equivalent to

SN
where
1-1/c
3.6 =\
(36) T —2+e
We may therefore suppose that
(3.7) N T<i< 1

Let 61,...,0r € Rs be such that ||0; — 6;|| > 1/N whenever i # j. Let
¢ and a,, be such that

|1Z(97“)| = CMZ;(GT)? 1/}(”) = anV(n)a

noting that |c,|, |a,| < 1. Cauchy’s inequality gives

R 2 R 2
2N2R? < <Z|@Z(er)|) = (Z chanu(n)e(n9r)>
r=1 . r=1 ) n
K N> vn) D crend)| <N > [9(6, —60)].
n r=1 1<r <R

Consequently
FPNR* < > |06, — 6,)|

1<r,r’<R
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and, by applying Holder’s inequality with x > 2 a constant to be chosen
later,

FENERP < > (90— 6)]".

1<rr'<R
It follows from (3.1) and standard upper bounds for T[ ~] that

N

« N LN (e,
ST (0eT)

v(0)
Now
52/{NHR2 < N* Z F(er _ GT/) 4 NH(I*X)RQ’
1<r,r’<R
where F(0) = (1 + N||0]|)~". Recalling (3.2) and (3.6), we see that n <
x/2. Combining this with (3.7), we find that N*0=X)R? = o(§**N*R?).
Therefore
FPPRP Y F(0,—6).
1<r,r’'<R

Then, by the argument in [5, Section 4], but with N? replaced by N, the

exponent /2 replaced by k in the definition of F', and with Q = 1, we
obtain

8"R? < 1.

Hence R <« §7". Recalling that 0;,...,0r are 1/N-spaced points in Rs,
and supposing that this set is as large as possible, it follows that

R R/N )
meas(Rs) < R/N < N

Choosing k = tg + ¢ then gives (3.5) and completes the proof. O

Our second restriction estimate is similar, but we bootstrap a fourth
moment estimate — a bound on the additive energy — instead of a sec-
ond moment estimate. Specifically, we invoke [1, Equation 47|, which is
essentially [34, Theorem 2]. This tells us that

#{(z1,. .., ) € [X]* 1 |2 + 2§ — 2§ — 25| < 2} e X2 4 XACTE
for any ¢ > 1 and any € > 0. Consequently, if 1 < ¢ < 2 and € > 0, then
Ec(N) = #{(n,...,na) € PSc(N)* : ny +np = ng +ny}
(3.8) Lo Ne71FE,

Proposition 3.2 (Fourier restriction II). Let 1 < ¢ < 2. Let t > 4, and
suppose we have (3.1) for some x € (0,1). Let ¢ : Z — C with |¢| < v.
Then we have (3.3).
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Proof. We follow the proof of Proposition 3.1, mutatis mutandis. We replace
to by 4. For any ¢ > 0, we see from (3.8) that

54N meas(Rs) < / ()] da < [V|[LE(N) <. N3+,
T

SO
meas(Rs) < 0 N1,
Essentially the same proof then carries through. O

4. An update on the transference principle

In this section, we refine the general transference machinery given by
Browning and Prendiville in [6, Proposition 2.8]. Kosciuszko mentioned
this possibility in [24]. To elucidate the quantitative aspects of this result,
we begin by recalling the key concept of pseudorandomness.

Definition 4.1. Let ¢ € Z°, and let v : Z — [0,00) be supported on [N].
We say that v is c-pseudorandom if, for any § > 0, there exists ¢(d) > 0
such that if 0 < f < v then

>

Izl = > [T f() =) > [l
c-x=01i<s c-x=01i<s
For the pseudorandomness of 1y, Browning and Prendiville infer a
quantitative rate c¢(9) from earlier work of Bloom [3]. We now update this
rate by incorporating recent advances due to Kosciuszko [24] and Filmus,
Hatami, Hosseini, and Kelman [12]. The latter generalises the aforemen-
tioned breakthrough of Kelley and Meka [23].

Lemma 4.2. Let 7(3) = 9, and set 7(s) = 7 for all s > 4. Let s > 3
and let cq,...,cs be non-zero integers summing to zero. Then 1) is c-
pseudorandom with quantitative rate

¢(8) = exp(~Clog™)(2/9)),
where C' is a large, positive constant depending on c alone.

Proof. Throughout this proof, the letter C' will denote a sufficiently large
positive constant which depends on ¢ alone. The value of C' may change
from line to line.

We claim that it suffices to show that for all N € Nand all 0 < § < 1, if
A C [N] satisfies |A| > 0N, then

(4.1) {x € A°:c-x=0} > N"lexp(—Clog™®(2/6)).
To see this, let f : [N] — [0,1] with ||f]i1 > JN, where N € N and
0<d<1,and let A ={n € [N]: f(n) = 6/2}. By averaging, we have

|A| > 6]\7/2 Since f > (6/2)14, we find that
ST T f(i) = (6/2)* Nt exp(—C'log™®)(2/5)).

c-x=01i<s
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After adjusting the value of C slightly, we infer the required bound

(4.2) Z Hf (2;) > exp(—Clog™®(2/6)) Z Hl[N] (x4).

c-x=01i<s c-x=01i<s

It therefore remains to verify (4.1). For s > 4, this follows immediately
from [24, Theorem 3].

For s = 3, we need to perform some additional manoeuvres to ex-
tract (4.1) from [12]. We begin with [12, Theorem 1.5 (ii)], which tells us
that, for any prime p > ||c||1, if B C Z/pZ does not admit a non-trivial
solution to ¢ -x =0 (mod p) with x € B*®, then

|B|/p < exp(—C " log!/? p).

To ensure that the conditions of the cited theorem hold, one uses the
parametrisation ((¢1 + c2)x + 2z, (¢1 + c2)y — c12, c1x + coy) for solutions
to ¢-x = 0 over Z/pZ. This parametrisation “captures” solutions to c¢-x = 0,
in the sense that every solution is counted exactly p many times. The “un-
derlying graph” is then a complete graph of order 3, which is “2-degenerate”
— see [12, Example 1.7] and the paragraph preceding it.

If we choose |[c|[[i1N < p < 2|c||1 N, then x € [N]* satisfies ¢-x = 0
if and only if ¢ - x = 0 (mod p). Hence, by embedding [N] into Z/pZ in
the usual way, the cited theorem implies — upon rearranging — that there
exists a positive integer k < exp(C'log?(2/6)) such that every S C [k] with
|S| > d6k/2 contains a non-trivial solution to ¢ - x = 0. Since the entries
of ¢ sum to zero, an averaging argument of Varnavides [39] — with the
calculation as in [19, Proof of Lemma 6.8] — reveals that if A C Z/pZ and
|A| = np > 1 then

Hxe€ A% :c-x=0} > > NZexp(—Clog?(2/1n)).

2k‘2
This verifies (4.1), upon choosing n = 6/(2/c||1)- O

This lemma leads to the following refinement of [6, Proposition 2.8].

Theorem 4.3. Let s > 3 and let 7(s) be as in the statement of Lemma 4.2.
Let cy,. .., cs be non-zero integers summing to zero. Let IC be a finite union
of k many proper subspaces of the hyperplane defined by ¢ - x = 0. Let
v:Z — [0,00) be supported on [N], with the following properties:

(i) (Fourier decay) For some 6 € (0,1],
17— T oo < ON.

(ii) (Fourier restriction) For somet € [s —1,s),

sup / ()]t da < [[V|[LN 1,
|p|<v /T
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(iii) (K-trivial saving) For some n > 0,
> 1wl <or Ivf5N—1m
xeL i<s
Let A C supp(v) be such that if x € A®* and c-x = 0, then x € K. Then,
for some sufficiently large constant C' = C(c,t,k,n) > 1,
N

v(n) < . '
% (n) exp (C—1 m1n{loglog(2/9)’1OgN}1/T(s))

Proof. After inserting the bounds given in Lemma 4.2 into [6, (2.4) and
(2.5)], the theorem follows with the same proof as [6, Proposition 2.8]. [

5. Applying transference

In this final section, we use our Fourier decay and restriction estimates
to prove Theorems 1.4 and 1.8.

5.1. Bounding the weighted number of trivial solutions. Let ¢y,
..., Cs be non-zero integers, where s > 3. Let 1 < ¢ < 2, and put v = 1/c.

Lemma 5.1. Let
K={ne€Z’:c-n=0, n;=n; for somei#j}.
Then, for some n > 0,

ST vni) <em N5

nek i<s
Proof. Put
€1 =C,...,65—2 = Cs—2, €s—1 = Cs—1 + Cs.

By symmetry, it suffices to prove that

(5.1) > ITvn) < No71,

nekK i<s

where
K={neZ:c-n=0, ns_1=ns}
= {(n1,n2,...,ng—1,n5-1) € Z° 1 €101 + -+ + €s_1ng_1 = 0}.

Recall that ||V]jcc < N and |v||e < N'77. By orthogonality, Holder’s
inequality, and periodicity,

Z Hl/(nz) < N7 Z H v(n;)

ncK i<s nekK i<s—1

= N / (1) - - D(es—20)D(es—10r) dov
T

< N5 / 9(a)2 da <« N5~ = N*~1-n,
T
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where nn = 2y — 1 > 0. This confirms (5.1), thereby completing the proof of
Lemma 5.1. U

5.2. Proof of Theorem 1.4. We establish the restriction estimate (3.3)
by dividing the analysis into two cases. If s < 4, then we have 1 < ¢ < ¢*(s).
Our definition (1.1) of ¢*(s) then guarantees that there exist x,to,t € R
satisfying (3.2) and

2 1

s—1<ty<t<s, O<xy<——=.
0 XS5 75

Hence, Proposition 2.1 provides us with the Fourier decay estimate (3.1).
Then, by Proposition 3.1, we have the restriction estimate (3.3). If instead
s = 5 then, by Propositions 2.1 and 3.2, we again have (3.3) for some
t € (s—1,s). For any s > 3, it follows from (3.1) that

1
\M,

7 I

[l [l

[e.9]

for some M = NX.
For F1,...,F, : Z — C compactly supported, define

T(Fy,...,F)= > Fi(n)-- Fs(ns).

c-n=0

We abbreviate

For i € [r], let

'(n)~1, ifn ;
fi(n)={¢() S hnes

0, otherwise,

so that Y, fi = v. By the modelling lemma [11, Proposition 14.1], there
exist g1,...,gr : [N] = [0,00) such that
— 2 < (log )~V (t+2),

’ Wi~ N
The generalised von Neumann lemma [11, Lemma C.3] now gives
(5:2)  T(fi/Ivl1) = T(gi/N) < N~ (log N)~0=0/0F2) (1 i <),

To complete the proof of Theorem 1.4, we use the following “functional
FGR” lemma [11, Lemma 15.2].

g+ Hge =1+ M)y

and R
fi Gi

Lemma 5.2. Let s > 3 be a positive integer. Let ci,...,cs € Z\ {0} with
Yicr ¢ =0 for some non-empty I C [s]. For any r € N there exists No =
No(c,r) € N and no = no(c,r) € (0,1) such that the following is true. For
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y positive integer N > Ny and any functions Fy,...,Fs : [N] — [0,00)

with Fy + -+ -+ Fs > 1), we have

T
> T(F...,F) = nN°""
i=1

An application of this lemma shows that there exists k£ such that
T(gx) > N* 1.

Since ||v||; < N, for this value of k it follows from (5.2) that

T(fx) > N°".

By Lemma 5.1, this shows that there exists x € C}; with (1.2).

5.3. Proof of Theorem 1.8. Let A C PS.(IN) be as in the statement of
Theorem 1.8. We compute that

4]
Z v(n) > Z el > / cz“dx = |AJ.
0

neA 2<|A|

With the same constants x > 0 and ¢t € (s — 1, s) from the previous sub-
section, we again have the Fourier decay estimate (3.1) and the restriction
estimate (3.3). Thus, by Lemma 5.1, all of the sufficient conditions in The-
orem 4.3 are met, delivering the claim.
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