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Bertrand’s and Rodriguez Villegas’ conjecture for
real multi-quadratic Galois extensions of the
rationals

par DOHYEONG KIM et SEUNGHO SONG

RESUME. La conjecture due & Bertrand et Rodriguez Villegas affirme que la
norme 1 d’un élément non nul dans une puissance extérieure des unités d’un
corps de nombres admet une certaine borne inférieure. Nous démontrons cette
conjecture dans le cas du carré extérieur lorsque le corps de nombres est une
extension galoisienne multiquadratique réelle, de degré quelconque, du corps
des rationnels.

ABSTRACT. The conjecture due to Bertrand and Rodriguez Villegas asserts
that the 1-norm of the nonzero element in an exterior power of the units of
a number field has a certain lower bound. We prove this conjecture for the
exterior square case when the number field is a real multi-quadratic Galois
extension of any degree of the rationals.

1. Introduction

An outstanding conjecture named after Lehmer asserts a lower bound
for the Weil height of a unit in a number field. The origin of the conjecture
is a problem which Lehmer posed in [7], concerning irreducible polynomi-
als with integer coefficients. It has evolved, as more extensive numerical
evidence emerged, into Lehmer’s conjecture, which is nowadays often for-
mulated in terms of heights. By the time Zimmert [11] obtained a lower
bound for the regulator of a number field, it had become evident that both
the Weil height and the regulator could be interpreted as a suitable ['-
norm. In particular, it became natural to consider not only units but their
exterior powers in all degrees, which would recover Lehmer’s conjecture in
degree one and subsume Zimmert’s theorem in the top degree.

For general exterior powers, an analogous problem to find lower bounds
for [>-norms was proposed by Bertrand [3, p. 210], although the attention
was limited to the case of pure wedges, in retrospect. This is so only in
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retrospect because the formulation therein was in terms of subspaces, and
the reason why we phrased it in terms of pure wedges in exterior powers
will become clear soon. In any case, the problem posed by Bertrand was
confirmed, except for the exterior square case, by Amoroso and David [2].

In 2002, Rodriguez Villegas proposed a sharper version of Bertrand’s
conjecture, which remained unpublished until it appeared in [5]. It refines
Bertrand’s in two ways. First, it asserts a lower bound for {'-norms, which
seems more subtle than the [?-counterpart. Second, it is stated for all non-
zero vectors in the exterior powers, rather than just pure wedges. We regard
this as a common generalization of both Lehmer’s conjecture and Zimmert’s
result. Further background on the history of heights and Lehmer’s problem
can be found in Bombieri and Gubler [4], as well as in Mckee and Smyth [8].

Our aim in this paper is to provide an evidence for the conjecture. To
proceed, we recall some definitions from [5].

Definition 1.1. Let L be a number field and A; be the set of its
Archimedean places. Then the function LOG : O} — RAL is defined by

1 if v is real
(MMWM?WM%MUWMWeWZ{ 1 v Is real,

2 if v is complex

for v € O} and v € Ar. Here, ||, is the absolute value associated to v
extending the absolute value on Q.

Definition 1.2. The orthonormal basis {0"},c4, of RAL is given by

5 1 fw=w,
Yo ifw#w

for w € Ap. Let A[Lj] be the set of subsets of Aj, with cardinality j. For
each I € A%], fix an ordering {v1,v2,...,v;} of elements of I. Define
6T =6 NG A NG
to.get the orthonormal basis {51}I€A[Lj] of N? RAL. For w = ZIGA[Lﬂ crol €
N RAL | define its 1-norm as
lwlli =Y lerl.
1eAl!
Now we state the Bertrand’s and Rodriguez Villegas’ conjecture from [5].

Conjecture 1.3 (Bertrand-Rodriguez Villegas). There exist two absolute
constants cg > 0 and ¢y > 1 such that for any number field L and any j €
Zq, the following inequality

(1.1) lwlly > cocf
holds for any nonzero w € N LOG(O%) € N RAL.
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For some values of j, the conjecture reduces to the case when w is a pure
wedge product, i.e. w = LOG(e1) A --- A LOG(ej) where ¢; are multiplica-
tively independent units of L. This includes the case j = 1, where the con-
jecture is equivalent to Lehmer’s conjecture [7], and the case j = rankz (07 ),
where the conjecture is equivalent to Zimmert’s theorem on regulators [11].
The case j = rankyz(O7 )—1 also reduces to the case where w is a pure wedge
product. This is because every element of A/ LOG(0O7) can be written in the
form d-LOG(er) A--- ALOG(€;) where d € Z and LOG(€1), ..., LOG(€j41)
are the basis of LOG(Oj ) as shown in the Lemma 28 of [5]. In general, show-
ing the inequality (1.1) for nonzero pure wedge products does not guarantee
that the inequality holds for all nonzero elements of A\Y LOG(O% ). For pure
wedge products, recent progress is due to Akhtari and Vaaler [1]. However,
little progress has been made in the non-pure case, as noted in [5].

For a totally real number field L, Costa and Friedman [6] showed that
for independent elements e1,...,€; of OF, the inequality

| 1 [L:Q\?/? :
(12)  LOG(e1) A--- ALOG(e;)]|2 > (j+2)\fj< : ) 1.4067

holds for 1 < j < [L : Q. Therefore, with some calculations it follows that

L gy -

ILOG(e1) A--- ALOG(e;) |1 > — , < , ) 14067 > 0.001 - 1.47
G+2)vi\

also holds, proving the conjecture for pure wedge products of units of totally
real fields. This result is a consequence of earlier work by Schinzel [10] and
Pohst [9]. The inequality (1.2) is stronger than that of Bertrand-Rodriguez
Villegas conjecture, in the sense that the 2-norm is used and that the lower
bound diverges as the degree [L : Q] goes to infinity for a fixed j. This
implies that the important part of the conjecture is that the inequality (1.1)
holds for all nonzero w € A? LOG(O% ), even for w that is not a pure wedge
product.

In this paper, we give a lower bound of ||w||; for nonzero w € A2 LOG(O5)
when L is a real Galois extension of Q with Gal(L/Q) = (Z/2Z)" for some
integer n > 2. When n > 3, this case does not necessarily reduce to the
case when w is a pure wedge product. Our main theorem is as follows.

Theorem 1.4. Let n > 2 be a positive integer, and L be a real Galois
extension of Q with Gal(L/Q) = (Z/2Z)". Then,

1++5
2

w1 > 2log ( ) log(1 + V/2) ~ 0.8483

for any nonzero w € A2LOG(O%).
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While our result is limited to the exterior square case where L belongs
to a specific family of number fields, we provide a constant lower bound
of |Jw|; independent of the degree [L : Q] = 2.

The key idea of the proof of the main theorem is to use the fundamen-
tal units of the quadratic subfields of L. The field L has exactly 2" — 1
quadratic subfields, and the fundamental unit of these quadratic subfields
generate a subgroup F of O7. Since the Galois module structure of E is
known, LOG(E) is easier to handle than LOG(O7 ). We first give a lower

bound of ||w||; for nonzero element w of A?LOG(E) using elementary
linear algebra, and extend this result to A?LOG(O%). The terms 1+72\/5

and 1+ /2 in the lower bound are the fundamental units of the real qua-
dratic fields Q(v/5) and Q(v/2), respectively. If we denote by u,, the funda-

mental unit of a real quadratic field Q(y/m) with wu,, > 1, then us = 1*—2‘/5
and uy = 1 + /2 are the two smallest among them.

The proof of the main theorem is given in the following sections. In Sec-
tion 2 we show some properties of subgroups of (Z/2Z)"™ of index 2. We
introduce a subgroup E of O} generated by positive units of quadratic
subfields of L, and prove that for any unit v € O3, """ € E. In Sec-
tion 3, using the values of LOG of the fundamental units, we give a basis
of A2LOG(E) and the 1-norm of its elements. In Section 4 we give a lower
bound for the elements of A2 LOG(E) using elementary linear algebra, and
use this result to prove our main theorem.

2. Structure of units

Fix a positive integer n > 2 and fix a totally real number field L such
that the group Gal(L/Q) is isomorphic to (Z/2Z)". Let A : (Z/2Z)" —
Gal(L/Q) be a group isomorphism. Identify L with a subfield of C so that
the identity map is an element of Gal(L/Q). Since L is real, 1 are the only
roots of unity of L. We can view each element of Gal(L/Q) as a real place
of L and identify Ay, with Gal(L/Q). Let A := (Z/2Z)™\{0} and let B be a
set consisting of subgroups of (Z/27Z)™ of index 2. Then each element of B
corresponds to a quadratic subfield of L. We first define some notions that
will be used throughout this paper.

Definition 2.1. We define (-, ) : (Z/22)" x (Z/2Z)" — Z/2Z as follows.
For two elements p = (p1,p2,...,pn) and ¢ = (q1,...,qn) of (Z/2Z)" with
pi, @i € /27 for 1 <i < n, define

n
<p7 q> = szqu
i=1

where the multiplication between the elements of Z/27Z is defined as in
the finite field Fy. In other words, for z,y € Z/27Z, xy = 1 if and only
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if x =y =1. For p € A, define
pti={z € (2/22)" | (p,2) = O}.

For any p € A, p’ is a kernel of a surjective group homomorphism that
sends z € (Z/2Z)" to {(p, z). Thus p+ € B. In fact, every element of B are
of this form, as stated in the following lemma.

Lemma 2.2. Let A, B be defined as above. We have:
(1) There is a bijective map ¢ between A and B given by

¢p: A — B

ZL’F—>ZL'L

and in particular, |B| = 2" — 1.
(2) For any element x of A, x is in exactly 2"~! — 1 elements of B.
(3) For any two distinct elements x and y of A, |z Nyt| =272

Proof.

(1). First we show that ¢ is surjective. Take any b € B. Then since
(Z/2Z)™ is abelian group, b is a normal subgroup of (Z/27Z)", and
(Z)2Z)"/b = Z/2Z. Thus there exists a surjective homomorphism hy :
(Z/2Z)" — Z./2Z such that its kernel is b. Let e; be a i-th standard basis
of (Z/27)", i.e. the element with i-th component 1 and other components 0.
If we let a = >"1" | hy(e;)e;, then a € A and hy, sends z € (Z/2Z)" to (a, z).
Thus ¢(a) = ker(hy) = b, and ¢ is surjective.

We now show ¢ is injective. Let x,y be distinct elements of A. Since = #
y, there exists 1 < j < n such that (z,e;) # (y,e;). If e; € 21, then e; ¢ y*
and if e; ¢ x, then ej € y*. Thus z # y* and ¢ is injective. Therefore ¢
is bijective and |B| = |A| = 2" — 1.

(2). By (1), we only need to count the number of elements of A which are
perpendicular to x. Let the j-th component of z be 1. Then for any z €
(Z/2Z)™, only one of z and z +e; is perpendicular to . Thus 3|(Z/2Z)"| =
2"~1 elements of (Z/2Z)" are perpendicular to z. Excluding 0, exactly
2n~1 _ 1 elements of A are perpendicular to z.

(3). Since x # y, there exists 1 < j < n such that (x,e;) # (v, e;). Without
loss of generality, let (z,e;) = 0 and (y,e;) = 1. Then for any z € 2=,
since (z +ej,x) = 0, z +¢; € a1, Since (2,y) # (2 + e;,9), only one of z
and z + e; is also in y+. Thus exactly %\xﬂ = 2772 elements of x' are
in z+ Nyt g

For each a € A, a* is a subgroup of (Z/2Z)" of index 2, so A(a't) is
a subgroup of Gal(L/Q) of index 2. Let Q[\/d,] be the quadratic subfield
of L that corresponds to A(a’), and let u, > 1 be its fundamental unit.
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Then every unit of Q[v/d,] is of the form +u* where m € Z. Let E :=
{TTaca ude | mq € Z}. We show the following lemma.

Lemma 2.3. For any unit u of L, ¥ s in E.

Proof. For any a € A, NL/Q[\/d—a] (u) is a product of conjugates of u, so it is
a unit of L. Since Ny o1/z:1(u) € Q[v/da], it is also a unit of Q[v/d,]. Hence
H o(u) = tuy'
o€Gal(L/QlV/da])

for some m, € Z. By multiplying above equations for every a and taking
its absolute value, we get

H ugla — H H O'(U)
acA a€A 5eGal(L/Q[Vdq))
=] T[] A=) ()
beB zeb

where the second equality comes from the bijection between A and B
in Lemma 2.2(1). In the product [[,cp[l,cp, the element 0 € (Z/2Z)"
appears |B| = 2" — 1 times, while other elements appear 2"~ — 1 times by
Lemma 2.2(2). Thus in the product [[oea Ilyecair/qpvag), i@ € Gal(L/Q)
appears 2" — 1 times, while other elements appear 2! — 1 times. Thus
we have

H umMe = W21 H J(u)wl—l
acA o€Gal(L/Q)\ {id}
. 27171 2n71_1
= |u . H o(u)
s€Cal(L/Q)
= " N o).
Since u € O, we have [Ny, /g(u)| = 1 and therefore
w2 = H uge € E. O
acA

3. 1-norm of the wedge products

Since E is generated by {ug}qca, the group LOG(E) is generated by
{LOG (tq)}aca. Identifying Gal(L/Q) with Ay, the basis of RAL is
107 Yoccal(r/Q) = {6)\(x)}ze(z/22)n. We now compute LOG(u,) for a € A.

If \N(z) € Gal(L/Q[V/d,)), it fixes u, and if A(z) ¢ Gal(L/Q[vd,)), it
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sends u, to its conjugate, :I:i. Also, A(z) € Gal(L/Q[v/d,]) if and only
if x € at, which is equivalent to (a,z) = 0. Thus, the coefficient of the
basis 6*®) of LOG(ug) is

(LOG(ta))r@) = (—1){** log(uq).

Here, for n € Z/27Z, (—1)" =1 if n =0 and (—1)" = —1 if n = 1. Now give
any ordering to (Z/2Z)" with 0 being the smallest element, and also give
this ordering to A. For b,c € A and x,y € (Z/2Z)" with b < ¢ and = < y,
the coefficient of the basis §*@) A $*®) of LOG (up) A LOG (u,) is

(LOG (up) A LOG(tue)) (A(x) ()
— log(us) log(ue) x { (—1)eH+en) — (—pybartien)

The abelian group A?LOG(E) is generated by LOG(u) A LOG(u.)’s
where b,c € A and b < ¢. Thus w € A> LOG(FE) can be written as

(3.1) w= > nLOG(up) A LOG(uc)

b,ceA
b<c

where all ny.’s are integers. Then its coefficient of the basis SME) A
AW (z < y) is

(3.2)  (W)r@)Aw)
= > melog(up) log(ue) { (~1) P Hew) — (—p)urtien .

b,ceA
b<c

If we let b+ c=d and x + y = z, then

(=1)lbmtley) _ (_1)bu+len

)

_ 71)<b,z—m>+(d—b,x) {(71)(d,z) - 1}

_1)<b,z)+(d,x>+2<b,x) {(_1)<d,z> o 1}
)
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Then (3.2) and the above equation implies that the 1-norm of w is

S| melog(u) log(ue) { (—1)Bew — (—)baitlen]

z,y€(Z/2Z)™ |b,cEA
<y b<c

=> > XY nmwarslog(us)log(uays)

2eAze(2)22)" |deA beA
r<z+x b<b+d

- (=1) b2+ (da) {(_1)@2) _ 1}

= S S masslog(up) log(ugy)(—1) b (—2)

2€Aze(Z/22)" | dEA bEA
r<z+x <d,z>:1 b<b+d

=Y > S DT 2npauplog(up) log(ugys)(—1) AT

2€Aze(Z/22)" | dEA bEA
r<z+x <d,z>:1 b<b+d

In summary,

(3:3) lwli=>Y > > 2npaqelog(up) log(uays)

2€Aze(Z/22)" | dEA bEA
rx<z+x <d,Z>:1 b<b+d

. (_1)<b’z>+<d7x>

for w given by (3.1).

4. Lower bound of the 1-norm
To give a lower bound for (3.3), we turn to the following lemma.

Lemma 4.1. Let m be a nonnegative integer, and let P be a 2™ X 2™ matriz
with each entries 1 or —1. Assume that the rows of P are perpendicular to
each other. Then for any vector X € R%" | the following inequality

[1PX]1 > 2" X]|oo

holds. Here, ||-|l1 and ||-|lco are the usual 1-norm and oo-norm defined

m

in R2"™,
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Proof. PPT = 2™] and in particular, PT is invertible. Let X = PTY. Then
(4.1) IPX|ly = [|IPPTY [y = [2"Y || = 2™[|Y 1.

For 1 < ¢ < 2™ let the i-th component of X,Y be x;,y; respectively.
For 1 <i,j < 2™, let P;; be the i-th row, j-th column entry of P. Then
from X = PTY,

2m
zi =Yy Py
j=1
for any 1 < i < 2™ and thus

2m
> Pjay;
j=1

|z =

2m 2m
< IPillyil =yl = 1Y |1
=1 j=1

It follows that
— N <
X oo = masx {lail} < V]

and with (4.1), we are done. O

Fix z € A. Let X, :={x € (Z/)2Z)" | v < z+ =z} and D, := {d € A|
(d,z) = 1}. Then |X,|=2""! and by Lemma 2.2(2), we also have |D,|=
2" Let X, ={x1,29,...,290-1} and D, = {dy,da,...,dyn-1}. The or-
der of the elements is irrelevant. Let V' be a vector in Rzn_l, whose -th
element is

(4.2) vit= > 24,40 log(up) log (g, 4)(—1)?)
beA
b<b+di

for 1 < i < 2" 1. Let P, be a 2" 1 x 21 matrix whose entry of i-th
row, j-th column is (—1)®i%) for 1 < 4,7 < 2"~!. Then each entry of P,
is either 1 or —1. Now we show that the rows of P, are perpendicular.
Let 1 < i< j < 2", Then the inner product in R?"~" of i-th row and j-th
row of P, is

on—1 on—1
Z (—1){mode) . (—1)(msd) = Z (—1)$mitesde) — Z (—1)fzitesd),
k=1 k=1 deD.

Take any element d’ of D,. Then D, = d’ + z*, and thus
Z (_1>(xi+xj,d) _ Z (_1)<xi+xj,d+d’> _ (_1)<xi+ﬂ?j,d’) Z (_1)<xi+xj,d>.
deD, dezt dezt

Since z; and z; are elements of X, we have z; < z; + 2z and z; < z; +
z. Therefore xz; + x; # z. Also, x; + x; # 0 since they are distinct. By
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Lemma 2.2(3),

Z (_1)<w¢+rj7d>

dezt
~ o o2y =) - [fa e+ 2y =1}
= |2 0 (@ + 2y) ] = (124 = 2 0 (@ + 25) )
= 2\2L N (z; + xj)l| - |ZL\
=2.9"72 _9gn-l
= 0.

Therefore the i-th row and j-th row of P, are perpendicular. Now by
Lemma 4.1,

2n71 27L71
> [ 20 w0 = [PV > 20|V oo = 27! max [uy].
i=1 | j=1 T

Rewriting the above inequality without using the indices ¢ and j, and sub-
stituting v; with (4.2), we have

> Yo Y 2ny00log(us) log(ugas)(—1) ) (—1) ")

2€(Z/2Z)" | deA beEA
z<z+z |{d,z)=1b<b+d

> on~t max > 2mp g4 log(wpy) log(uass) (—1) 02

cA
A ben
(d2)=1 | |, 55d

Applying the above inequality to each summand of (3.3), we get

Jw]1 > 2" max > 1 g6 log(up) log(uasp) (—1) P
z€A <d,z€):1 bbEA
<brd

Since every summands are nonnegative, for any d’ € A,

Jwlp >2" ) max >~ 1 gb log(up) log(uass) (—1) P
A A ben
@ =1 =1 | pita

> 2" Z Z Np,d/+b log(uyp) log(ud/+b)(_1)<b7z>

z€EA beA
(d,z)=1 |b<b+d’
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holds. Therefore we have

(4.3) Jwli >2"maxq > s log(wp) log(uay) (—1)
deA
z€A beA
(d2)=1 [b<brd

This time, fix d € A. The following arguments are similar to above.
Let By := {b € (Z/2Z)" | b < d+b} and Z; := {z € A | (d,z) = 1}.
Then |Bg| = |Za| = 2. Let By = {b1,bs,...,byn1} with by = 0 and
let Zg = {z1,...,29n-1}. Let V’ be a vector in R2""", whose 1st element
is v] = 0 and i-th element is

v 1= Ny, agp, log(up) log(uats,)

for 1 < i < 2771 Let Qg be a 277! x 2"~! matrix whose entry of i-th
row, j-th column is (—1){% for 1 < 4,5 < 2"~!. Then each entry of Qg is
either 1 or —1. We now show that the rows of @)y are perpendicular. The
previous argument on the rows of P, shows that in fact the columns of ()4
are perpendicular. Hence QdTQd =] = QdQZ‘iF, and the rows of @)y are
also perpendicular. Then by Lemma 4.1,

(4.4) 1QaV'llx = 2" H|V'|loc-
The left hand side of (4.4) is

2n71

D

=1

2n71

Z U;(_1)<ijzi> —

J=1

S 1Y mwarslog(us) log(uas)(—1)

zEA beA
(d,z)=1 |b<b+d

while the right hand side of (4.4) is
2n—1

max{0, [v], .., [vha-s|} = 27" max {|ny,a-+p log(us) log(ua-s)|}-
b<bird

Applying (4.4) to the right hand side of (4.3), we get

> 92n~1 1 1 :

Jwlly = max { max {[1p,4+5 10g(up) og(ud+b)|}}
b<b+d

By Lemma 4.2 below, if b,c € A and b < ¢, then the inequality

log(up) log(ue) > 10g(1+T\/5) log(1+/2) holds. Hence if there exists b,c € A
such that b < c and ny . # 0, we have

(4.5) lwll > 22" log (1 +2*/5> log(1+ V).

In summary, the above inequality holds for any nonzero w € A2 LOG(O7).
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Lemma 4.2. For square-free integer m, let v, > 1 be the fundamental unit
of Q(v/m). Then, vy, > 1‘*'2—‘/5 and the equality holds if and only if m = 5.
Furthermore, if m # 5, vy, > 14 /2 and the equality holds if and only
ifm=2.

Proof. First, consider the case m = 2,3 (mod 4). The fundamental unit vy,
is of the form a + by/m where a,b are the smallest positive integers satisfy-
ing a2 —mb? =+1. If m =2, vo =1++2and if m # 2, v, > 1+ /m >
1+v2.

Now consider the case m = 1 (mod 4). Then v, is of the form M
where a,b are the smallest positive integers satisfying a? — mb> = +4.
Ifm =25, v5 = 1+72\/5 and if m = 13, v13 = % > 14 /2. Otherwise,

imel?,thenva@ZHTm>l+\/§. O
We now turn to the proof of the main theorem.

proof of Theorem 1.4. Let u be any element of O7. By Lemma 2.3, we
see that 2" 1 LOG(u) € LOG(E). Thus if nonzero w is in A* LOG(O%),
then 2272w € A2LOG(E). Thus by (4.5),

1

(46) wlh = 55512

wl[q

1
> 2log <+2¢5> log(1+V2) ~0.8483. O

Remark 4.3. The lower bound of (4.6) may not be optimal. In other
words, there might be a greater lower bound for ||wl|;. However, for the

case L = Q(v/2,V/5) and w = + LOG(:£2) ALOG(1 + /2), then |[wl|; =

8 log(LQ/g) log(1++/2) &~ 3.3930 and thus the optimal lower bound for (4.6)
is at most 3.3930.
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