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Kida’s formula for split prime Z,-extensions over

imaginary quadratic fields

par Kazuakt MURAKAMI

RESUME. Soit p un nombre premier impair et & un corps quadratique ima-
ginaire dans lequel p est décomposé en p et p*. Alors il existe une unique
Zy-extension Ny /k telle que 'idéal premier p* soit non ramifié. Pour une
extension finie K/k, nous appelons Ko, = KNy la Zy-extension de type
split prime correspondant a p. Nous démontrons un analogue de la formule
de Kida pour les Z,-extensions de type split prime. Comme application, nous
appliquons cette formule aux modules d’Iwasawa p-ramifiés et déterminons
les classes d’isomorphisme des modules d’Iwasawa non ramifiés associés aux
Z,-extensions sur k.

ABSTRACT. Let p be an odd prime number and k£ an imaginary quadratic
field in which p splits into p and p*. Then there exists a uniquely defined Z,-
extension N, /k such that the prime ideal p* does not ramify. For a finite ex-
tension K/k, we call K, = KN the split prime Z,-extension corresponding
to p. We prove an analogue of Kida’s formula for the split prime Z,-extensions.
As an application, we apply this formula to p-ramified Iwasawa modules and
determine the isomorphism classes of unramified Iwasawa modules associated
to Zp-extensions over k.

1. Introduction

Let p be an odd prime number. For a number field £, there exists a Z,-
extension koo /k, which is a Galois extension whose Galois group Gal(koo/k)
is topologically isomorphic to the additive group Z, of p-adic integers. Let
L(ks) be the maximal unramified pro-p abelian extension field of ko,. We
call Gal(L(koo)/koo) the unramified Iwasawa module associated to ko and
denote it by X (ko). The Galois group Gal(ks/k) acts on X (ko) via the
inner automorphism. Then it becomes a module over the completed group
ring Zp[Gal(koo/k)]. Iwasawa [11] proved that the unramified Iwasawa
module is a finitely generated torsion Z,[Gal(k/k)]-module. By fixing
a topological generator of Gal(ks/k), we have an isomorphism between
Zp|Gal(ks/k)] and Z,[T7] the ring of power series over Z, in one variable.
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From the structure theorem of Z,[T]-modules (|23, Proposition 5.1.7]), the
characteristic ideal of X (ko) is generated by a power series of the form
p* f(T'), where p is a non-negative integer and f(7') is a distinguished poly-
nomial over Z,. We call p and the degree of f(T") p- and A-invariant of
koo /k, respectively. The A-invariant of k. /k is equal to the dimension of
X (ko) ®7Qy as a vector space over Q, of p-adic numbers. These invariants
have very important role in Iwasawa theory.

Let kS, be the cyclotomic Zj-extension, namely, kS, is the maximal p-
extension of k in (Jp_ k((pn), where (pn are primitive p™-th roots of unity.
Iwasawa [13] conjectured that p-invariants of cyclotomic Zy-extensions van-
ish. Ferrero and Washington [5] proved this conjecture under the assump-
tion that k is an abelian number field. For an odd prime p and a Galois
extension L/K of a finite algebraic number field of degree p, Iwasawa [13]
proved that u(KS /K) = 0 if and only if u(LS, /K) = 0, where KS_ and LS,
are cyclotomic Zjy-extensions, respectively. In the case of p = 2, the same
result holds under the assumption that K is a totally imaginary field.

Concerning A-invariants of cyclotomic Zy-extensions, Kida’s formula [18]
relates A-invariants in p-extensions of CM-fields in terms of the degree and
ramification index for an odd prime p. This formula is an analogue of the
classical Riemann-Hurwitz formula. Iwasawa [14] also proved this formula
under a general assumption including p = 2 using the theory of Galois
cohomology for number fields whose degree are not necessarily finite over
the field of rational numbers. Iwasawa’s formula does not need the CM-field
assumption.

In this paper, we assume that p is odd and that k is an imaginary qua-
dratic field in which p splits into p and p*. We will give an analogue of
Kida’s formula for non-cyclotomic Z,-extensions. From class field theory,
there exists a uniquely defined Zp-extension No/k (respectively, N /k)
such that the prime ideal p* (respectively, p) does not ramify. Let F' be an
arbitrary finite extension field of k. We call

Fo = FNy

the split prime Zp-extension of F' corresponding to p. The split prime
Zyp-extension No, over k has rather similar properties to the cyclotomic
Zy-extension over QQ of rational numbers. It is known that the Iwasawa p-
invariant of N /k is zero. This fact was proved by Gillard [6] and
Schneps [27] for p > 5, and Oukhaba—Viguié [24] for p = 2, 3. We denote by
M, (F) the maximal pro-p abelian extension field of Fi,, unramified outside
all prime ideals lying above p. Greenberg [9] proved that X, (F) is a finitely
generated torsion Z,[Gal(F /F)]-module and that it has no non-trivial fi-
nite submodule. We call this module p-ramified Iwasawa module associated
to Fi. Under an isomorphism Z,[Gal(Fus/F)] = Zp[T] obtained via a
fixed topological generator of Gal(F/F'), we have a characteristic ideal
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of X,(Fs) whose generator is a power series of the form p*G(T'), where
G(T) is a distinguished polynomial over Z,. We call i above the p-invariant
of Xy(Fix). For p > 5, Schneps [27] proved the vanishing of p-invariant of
X, (Fx) for F' = k whose class number is 1, and Gillard [6] proved the same
result for arbitrary F' abelian over k. Recently, it was proved by Oukhaba—
Viguié [24] and Crisan—Miiller [3] that the p-invariants of X,(Fi) is zero
for p = 2,3 under the assumption that F'/k is a finite abelian extension.
Choi-Kezuka-Li [2] also proved the same result in the case where F' is
the Hilbert class field of k£ for p = 2 under some technical condition on k.
Oukhaba—Viguié, Crisan—Miiller and Choi—Kezuka—Li proved the results
independently. Hence X, (Fy) is a free Zy,-module of finite rank if we sup-
pose that F'/k is abelian.

In this paper, we relate the Zj-ranks of p-ramified Iwasawa modules in a
p-extension of number fields that are abelian extensions over k in terms of
the degree and ramification index. More precisely, we prove the following

Theorem 1.1. Let p be an odd prime number and k an imaginary quadratic
field in which p splits into p and p*. Let L/ K be a Galois extension of degree
p of abelian extensions over k. Let t be the number of primes of Ko, which
are not lying above p and ramify in Loo. Then we have

rankz, (Xp(Loo))
B p-rankZP(Xp(Koo))—l—(p—1)(t—1) fKoeNL=K
 |rankz, (Xp(Kw)) if KN L # K,

where rankz,, (x) is the Zy-rank of *.

We note that our proof of Theorem 1.1 is similar to that of Iwasawa [14],
Jaulent [16], and Michel [19]. Wingberg [29] and Michel [19] proved an
analogue of Kida’s formula for the Selmer groups of elliptic curves with
complex multiplication under several assumptions on the ramification of p
in L/K. Very recently, Kataoka [17, Theorem 4.5] also proved this theorem
using Selmer complexes. More precisely, let & be a CM-field such that every
p-adic prime splits in k/k™, where k™ is the maximal totally real subfield of
k. Let ko /k be a Zy-extension such that no finite prime splits completely
and X a set of primes of k lying above p that contains each pair of complex
conjugate primes over p. His result is a Kida’s formula for the Iwaswa
module of p-abelian extensions unramified outside ¥ and totally split at all
other places. In the case where k is an imaginary quadratic field, ¥ = {p},
and koo = N, this Iwasawa module coincides with X, (Noo).

We apply Theorem 1.1 to Iwasawa modules attached to imaginary qua-
dratic fields. Let ©, (respectivgly, Dy+) be Ehe decomposition group of the
prime p (respectively, p*) in k/k, where k is the maximal multiple Z,-
extension field of k. Minardi [20, Lemma 3.1] proved that the prime number
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p is only finitely decomposed in k /Q. Hence the index [Gaul(isj /k) : Dp+] is fi-
nite. Let M, (k) be the maximal pro-p abelian extension field of k unramified
outside all primes lying above p. We denote the Galois group Gal(M, (k)/k)
by X, (k). It is a finitely generated torsion Ly [Gal(k/k)]-module. The fol-
lowing theorem determines the structure of the Iwasawa module XP(E) as

a Z,[Gal(k/Ny)]-module.

Theorem 1.2. Let p be an odd prime number and k an imaginary quadratic
field in which p splits into p and p*. Then X,(k) is a free Z,[Gal(k/Nx)]-
module of rank rankz, (X,(Nxo)) + [Gal(k/k) : Dp.] — 1.

Let ng be the integer satisfying p" = [Gal(k/k) : Dp]. Let k%, be the
anti-cyclotomic Zj,-extension of k and kj, the ng-th layer of k%, /k. In the
previous paper, we studied the behavior of A(koo/k) and u(keo/k) as koo
varies over all Z,-extension fields of an imaginary quadratic field k£ and gave
an explicit upper bound of A-invariants for all Z,-extensions under several
assumptions ([21]). In particular, we proved that A(k/k) < p™° for all
Zy-extension ko, which satisfies that ko N kS, D ky, ([21, Theorem 4.1]).
Applying Theorem 1.1 and Theorem 1.2 to this case, we can determine
the actual value of the A-invariants and determine the isomorphism class
of Iwasawa modules for such Z,-extensions. More precisely, we have the
following

Theorem 1.3. Let p be an odd prime number and k an imaginary qua-
dratic field in which p splits into p and p*. Assume that k is p-rational, in
other words, L(k) C k, where L(k) is the p-Hilbert class field of k. Assume
also that ®y is a normal subgroup of Gal(k/Q). Let koo be a L -extension
satisfying keo Nk, D kg . Then X (koo) is a free Zy-module of rank p™° and
is a cyclic Z,[Gal(ks/k)]-module. In other words, if we fix a topological
generator v in Gal(ks/k), we have an isomorphism

X (koo) = Zp[Gal(koo/K)] /(77" — 1)

as a Zp|Gal(koo /k)]-module. In particular, X (k%) is a free Z,-module of
rank p"° and is a cyclic Z,[Gal(k, /k)]-module.

The outline of this paper is as follows. In Section 2, we provide some basic
definitions and notation. In Section 3, we prove Theorem 1.1 using Galois
cohomology. In Section 4, we prove Theorems 1.2 and 1.3, and introduce
some numerical examples which were computed using PARI/GP.

Acknowledgments. The author would like to express sincere gratitude to
Professor Masato Kurihara and Rei Otsuki for their kind encouragement.
They provided the author with valuable advice regarding the computation
of cohomology groups in Section 3. The author is also grateful to Profes-
sor Yoshitaka Hachimori for his insightful suggestions and for bringing to
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the author’s attention the theorems in Wingberg [29] and Michel [19]. Fur-
thermore, the author wishes to thank the referee for reading this article
carefully and for offering many helpful suggestions.

2. Preliminaries

We assume that p is an odd prime number, and that k is an imaginary
quadratic field in which p splits into p and p*. Let F' be a finite extension
field of £ and S a finite set of primes of F. We put

T(F) = {v|v is a prime ideal of F' lying above p},
F¢ ={a € F*|ordy(a) =0 forall vin S},
FTX(F)M(”) ={ac€e F;(F) |a =1 mod v" for all v in T(F)},

where ord, is the normalized additive valuation with respect to v and n is
a non-negative integer. For n = 0, we have F%(F),m(n) = F;(F).

For each prime ideal v of F', we denote by F, and U(F,) the completion
of F at v and the unit group of F,, respectively. Let O be the ring of
integers of F'. For each non-negative integer n, we put

U™(F,) = {a € UE,)) | ordy(a — 1) > n},
Ui(pn)(F) ={a € OF|a=1modv" for all v in T},
where O} is the group of units in Op. For each prime v, we fix an embedding

i’ . F — F,. For simplicity, we write i, = if and T = T(F). By definition
of Ft, we have i,(F}) C U(F,). We define a homomorphism
it F} — @U(F)
veT
by i (a) = (iy(a))ver, where a € F. Since UD(F,) includes i, (U (F)),

the homomorphism zg induces the following embedding

iy U (F) — Q% UD(F,).
ve

Let Z}TW(US)(F)) be the closure of 2?((]}1)(}7)) in @, UM(F,) under the
p-adic topology. Then there exists a non-negative integer dr; such that
ranks, (if (UL (F))) = ra(F) = 1= dry,

where r9(F) is the number of complex primes of F'. Greenberg states that
p-adic Leopoldt’s conjecture holds if F'/k is abelian (in the end of Section 4
in [9]). Namely we have the following

Proposition 2.1 ([9]). Suppose that F'/k is abelian. Then we have gy = 0,
in other words, rankz, (z%(U%l)(F))) =ry(F) — 1.
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Proof. We note that dp, = 0 if and only if Ry(F) # 0, where R,(F)
is the p-adic regulator of Leopoldt for F. We define R,(F') as follows:
Let {o;|1 < i < ra(F)} be the embeddings of F' into @, extending the
embedding of £ into @, given by p. Since F' is totally imaginary, the Z-
rank of UM(F) is 7o(F) — 1. Let {e;|1 < i < ro(F) — 1} be a basis for
UD(F)JUD(F)sor, where UM (F)4,, is the torsion subgroup of UM (F).
Let log, be a p-adic logarithm such that log,(p) = 0. Then we define the p-
adic regulator of Leopoldt by det(log, ci(¢€;))i j=1,...,,—1- Since we suppose
that F'/k is abelian, {log,¢; |1 <4 < ro(F) — 1} are linearly independent
by [1]. This implies that R,(F') # 0. Thus we get the conclusion. O

(n)

For each non-negative integer n, let i’ be a homomorphism

veT

given by i;’(n) (a) = (iy(a) mod UM (F,))yer, where a is an element of F.
We consider homomorphisms

ik FY @y Z, — @ UW(F,),
veT

iy ™ FX @y 2, — @UY(F,)/UM(E,)
veT

Faow=((50m) )., =
i;’(n)(a ®a) = ((va(a))a mod U(n)(Fv)> ;

veT
where wp, is the Teichmiiller character for F,.

(n)

Remark 2.2. We may omit “F” from symbols Zg and 7,5 , if it can not

cause confusion.
We use the following proposition to prove Theorem 1.1.

Proposition 2.3 ([7], Proposition 2.4.1). Let n be a positive integer. We
have the following exact sequences of Zy,-modules

1 — Fff o ©2.Zp — Ff @22, = U (E)/UM(E,) — 1
veT

and

1— () (Ff iy ®2.Zp) — Ff @72 SEIN Puh(E,) — 1
n=1 veT
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Remark 2.4. We note that p-adic Leopoldt’s conjecture holds for p and
F if and only if ker(ir) N (Of ® Z;) = 0.

3. Kida’s formula for split prime Z,-extensions

In this section, we prove Theorem 1.1 using Galois cohomological method
which is similar to that of Iwasawa [14], Jaulent [16], and Michel [19]. Let G
be a cyclic p-group. For a finitely generated Z,[G]-module M, we suppose
that cohomology groups H!(G, M) and H%(G, M) are finite groups. We

define )
#H*(G, M)
x(G, M) = ord,, (#Hl(G,M)> )
where ord,, is the normalized additive valuation on Q, of p-adic numbers
such that ord,(p) = 1. We also put Mg = M/IgM, where I is the aug-
mentation ideal of Zy[G].

As in the previous section, we suppose that p splits in k into p and p*.
Then there exists the split prime Z,-extension N, over k corresponding to
p. For a finite extension field F' over k, let Fi,/F be the split prime Z,-
extension corresponding to p. Then the p-ramified Iwasawa module X, (F)
is a finitely generated torsion Z,[Gal(F/F)]-module and has no non-
trivial finite submodule. Hence it is a free Z,-module.

Let L and K be abelian extension fields over k. In the following, we
suppose that L/K is a Galois extension of degree p. Using the method
of [20, Lemma 3.1], we can prove the following lemma. This is essential in
Propositions 3.3 and 3.16.

Lemma 3.1. Let F be a finite abelian extension field over k. Then all
prime ideals of F' are finitely decomposed Fx,/F.

Proof. Since F/k is a finite extension, we have only to prove that all prime
numbers are only finitely decomposed in Ny, /Q. The prime number p is
finitely decomposed in k /Q by [20, Lemma 3.1]. Let q be a prime ideal of
k which is not lying above p. For an algebraic number field E over k, we
denote by M, (E) the maximal pro-p abelian extension field of £ unramified
outside all prime ideals lying above p. Since k is an imaginary quadratic
field, M,(k)/N is a finite extension. Therefore we shall prove that q is
finitely decomposed in M,(k)/k. We have an isomorphism

Gal(My(k)/k) = %iTmGal(L/k)
(0 € Gal(My(k)/k) <+ (o|z)r € lim Gal(L/k)),
L
where L is running over all intermediate field extensions between M, (k)

and k such that L/k is finite and the inverse limit is taken with respect
to the restriction homomorphisms. Let J(k) be the idéle group of k. From
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class field theory, global norm residue symbols induce a surjective homo-
morphism
(-, My(k)/k) : J(k) — Gal(M,(k)/k).
The homomorphism (-, M,(k)/k) induces an isomorphism
k> U(kq) x Uk
LLgp Ok) > U1 ”)> =~ U0(y),
kX gy U (k)
where q ranges over all primes of k not lying above p. Also we have an exact
sequence

0 — UW (k) - Gal(My(k)/k) — Gal(L(k)/k) — 0,

Gal(M,(k)/L(k)) = p-part of(

where ¢ is an injective homomorphism induced from the isomorphism above.
Let 7 be a prime element in q, in other words, 7 € q and © & g°. Since
=1 £ 1 and 7771 € UW(k,), we see that (7P~1) has finite index in
UM (ky), where (x) is the topological closure of () in U (k). Let Dy be
the decomposition group of the prime q in Gal(M,(k)/k). If we prove that
L((mP=1)) C Dy, we see that q is finitely decomposed in M, (k)/k. We shall
prove this inclusion. We define o = (a.). and 8 = (b;). in J(k) by

p—1 i = 1-p i -
o = is ?ft p, and b = 0 Tft q,
1 if v # p, 1 if © # q.

Let v = (c). an element of J(k) satisfying a1 = 7P~1y. We note that
¢y =cq=1and ¢ = 7'7P € U(k,) for v{pq. Then we have

(™ My(k)/k) = ((x"~", L/k) - (v, L/k))1

= (H(Wl_pv Lt/kt) ’ (17Lp/kp) ’ (1’ LCI/kCI)>
L

tfpq
= (idz)r,

where (x, L./k:) is the local residue symbol for a prime tv. Here we note
that L/k, is unramified for each prime 7 with 7 { pq. Hence we have
(0, My(k)/k) = (B, My(k)/k). Since (8, My(k)/k) = ((w'~P, Lg/kq)) 1. € Dq,
we get (P~ 1) = (a, My (k) /k) € Dy. Therefore we obtain ¢({(mP~1)) CDy. O

In this section, we will investigate the relation between the Z,-rank of
Xp(Ko) and that of X,(Lo).

Lemma 3.2. Let L and K be abelian extension fields over k. Suppose that
Koo N L # K. Then we have rankz, (Xp(Loo)) = rankz, (Xp(Koo)).

Proof. In the case of Koo N L # K, we have L = K;j. This implies that
Lo = K. Thus, we arrive at the conclusion. O
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We suppose that Koo N L = K. We put G = Gal(Loo/Kx). As we
stated in introduction, the p-ramified Iwasawa module X (L) is a free Z,-
module. Using the method of Iwasawa [14, Section 9], we have the following
relation between the Zy-rank of X,(Ls) and its Pontryagin dual.

Proposition 3.3. Let L/K be a Z/pZ-extension of abelian extension fields
over k which satisfies that Koo N L = K. Then we have

rankz, (Xp(Loo)) = p - rankz, (Xp(Loo)a) + (p — D)x(G, Xp(Loo)Y),
where X,(Loo)" is the Pontryagin dual
XP(LOO)V = Homgz, (Xy(Loo), Qp/Zp).

Proof. We note that X,(Ls) is a torsion-free Z,-module of finite rank and
that G is isomorphic to Z/pZ. The only indecomposable Z,[G]-modules
having a free finite Z,-basis are (up to isomorphism) Z,, Ig, and Z,[G]
by [4, 10, 26]. Then there exist non-negative integers «, (3, and v such that

Xp(Loo) 2 25 & I @ Z,[G]*7.
Hence we get an isomorphism as Z,[G]-modules
Xp(Loo)" = (Qp/Zp)** @ (1) @ (Qp/Z,[G)) ™7,
where 1% is the Pontryagin dual of I¢. In the same way as [14, Section 9],
we get a + v = rankz, (Xy(Leo)a), B — a = x(G,Xp(Leo)"). Hence we
obtain
rankz, (Xp(Loo)) = a+ (p = 1)B+py =pla+7) + (0 — (B — a).

Thus we have the conclusion. g

We will calculate ranky, (Xy(Loo)g) and x(G, Xp(Loo)Y). First we con-
sider the Zy-rank of X,(Loo)g-

Proposition 3.4. Let L/ K be a 7Z/pZ-extension of abelian extension fields
over k which satisfies that KooNL = K. Then we have rankz, (Xy(Loo)g) =
rankz,, (Xp(Koo))-

Proof. Let Ram(Lo /Ko ) be the set of prime ideals of Ko, which ramify
in Loo/Kos. We put
H = {P5 |V is a prime ideal of K, lying above p*}

where T'(K ) is the set of prime ideals of K lying above p. By Lemma 3.1,
p* is finitely decomposed in K /k. Therefore H is a finite set.
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Let M be the intermediate field of M, (L) abelian over K. Let Q be
an element of H. We denote by Iy the inertia subgroup of Gal(M /K ) for
the prime ideal £. Then we have an exact sequence

0— > In— Gal(M/Ks) — Gal(My(Ko)/Koo) — 0.
QeH
We note that the fixed field of M by Y qcpy Iq coincides with M, (K ) and
that Xy(Loo)a = Gal(M/K). By definition of H, we have Gal(M/La) N
Iy =1 for any prime 9 in H. Hence we get

~ J{0}  if Q is unramified in Lo,
" |Z/pZ  otherwise

for any Q in H. Thus we have rankz,(Ig) = 0. From the exact sequence
above, we obtain rankz, (Xp(Leo)a) = rankz, (X, (Koo)). O

Next we will calculate x(G, Xy(Loo)"). Let v be a topological generator of
Gal(Loo/L). We fix v and put w, = 77" —1 as an element of Z,[Gal(Lso/L)]
for each non-negative integer n. Let L, be the intermediate field of the
Zp-extension Lo, such that L, is the unique cyclic extension over L of
degree p".

Lemma 3.5. Assume the same notation above. Then we have an exact
sequence

0 — Xp(Loo)/wnXp(Loo) — Gal(Mp(Ln)/Ln) — Gal(Loo/Ly) — 0

as Zp|Gal(Ly/Ky)]-modules. Moreover, the quotient Xp(Loo)/wnXp(Loo) is
a Zp-module of finite order.

Proof. Since L, /k is abelian extension, p-adic Leopoldt’s conjecture is valid
for L,, by Proposition 2.1. This implies that the Z,-rank of Gal(M(Ly)/Ly)
is 1. Hence X,(Loo)/wnXp(Loo) is a Zy-module of finite order. O

For each non-negative integer n, we denote by
Ver™ : Gal(My(Ly)/Ln) — Gal(My(Ln+1)/Lnt1)

the transfer map from Gal(My(Lyn41)/Ln) to Gal(Mp(Lp+1)/Lnt1). This
homomorphism is defined as follows. We put G,, = Gal(My(Ly,+1)/Ly) and
H, = Gal(Mp(Lp41)/Lns1). Let R, be a set of left representatives for
the cosets of Hy in G, satisfying idyg (r,,,,) € Rn, where id, denotes the
identity map on *. Hence we have G,, = R, - H,. We note that H,, is an
abelian group. Let o be an element of Gy,. For each p € R, there exist
o, € Hyp and p' € R, such that oo p = p’ o 0,. Then we define

Ver™ (o mod [G,, : Gy] H Tp,
pPER,
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where [G,, : G,] is the commutator subgroup of G,,. We note that transfer
map is independent of the choice of the representatives.

We have the following commutative diagram of Z,[Gal(L, /Ky )]-modules
as follows.

Proposition 3.6. Let n be a non-negative integer. Then we have the fol-
lowing commutative diagram :

0 — Xp(Loo) /wnXp(Loo) —— Gal(My(Ly)/Ln) —— Gal(Loo/Lyn) — 0

wzzl XJ Vcr(">l l

0 — Xp(Loo)/wns1Xp(Loo) — Gal(My(Lns1)/Lnt1) — Gal(Loo/Lns1) — 0,

where the left vertical map is multiplication by wp41/w, and the right ver-
tical map is the p-th power map.

Proof. From Lemma 3.5, the rows are exact. Let 7 be an extension of v to
My(Ly+1). Here, 7y is the fixed topological generator of Gal(L,/L) defined
before Lemma 3.5. We set

Rn = {ide(Ln_H)a ?p”’§2p”’ cee 7,.)/(]0 Lp" }7
which is a set of left representatives for the cosets of H,, in G,,. Note that
Xp(Loo)/wnXp(Loo) = Gal(My(Ly)/Lo). Via this isomorphism, we iden-
tify these Z,[Gal(L,/Ky)]-modules.

First, we prove the commutativity of the left side of the diagram, i.e.,
we prove that Ver™ (g) = “wtio for any o in Gal(My(Ly)/Leo). Suppose
that o € Gal(M,(Ly)/Lso). Let o be an extension of o to My(Ly41). By
the action of Gal(Loo/Ly) on Gal(My(Ly+1)/Loo), we have

up™

PG = oG oF "
for each u in {0,1,2,--- ,p — 1}. Here, 37" = idas,(z,,) for u = 0. Since
M,y(Ly)/Ly, is an abelian extension, we have (y“F" - )| a,(L,) = o- Hence,
there exists 7(u) in Gal(My(Ln+1)/My(Ly)) such that y*P" -5 = & o 7(u).

Note that ¢ o 7(u) € H,,. Thus we get

oo '~y_“pn = ﬁ_“pn oo orT(u).

This implies that

Ver(™ Haor (H'y ) w:’}“a.

Next we prove the commutativity of the right side of the diagram, i.e., we
prove that Ver™ ()| = (o|r..)? for any ¢ in Gal(M,(Ly)/Ly). Suppose
that o € Gal(M,(Ly)/Ly). Let o be an extension of o to My(Ly+1). We put
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7|r.. = 77" for some p-adic integer s. For each integer u with 0 < u < p—1,
there exist s(u) in {0,1,2,--- ,p — 1} and oy in H,, such that
GoFyW =7 sWr” 5 5,

Here we note that s(u) = s + u mod p. Thus we obtain

p—1
Ver( ‘Loc — (H Uu) ’Loo _ (H §(S+u—s(u))p”) ‘Loo _ (5‘Lw)p_
u=0

Thus we get the conclusion. Il
We put G = Gal(Ls /Ko ). We consider Zy[G]-modules
hﬂXP(LOO)/WnXP(LOO)u lim Gal(Mp(Ln)/Ln), lim Gal(Loo/Ln),
where inductive limits are taken with respect to the same maps defined in

Proposition 3.6. Taking direct limits is an exact functor in the category of
modules, we have

Corollary 3.7. We have the following exact sequence of Z,|G]-modules
0— ligXp(Loo)/wnXp(Loo) — hg Gal(My(Ly)/Ly)
— lim Gal(Loo/Lp) — 0.
Using the method of [12, Section 1] and [19, Section 3|, we have the

following proposition and lemma.

Proposition 3.8. With the same notation as above, we have
(G X)) = (Gl X (L) 0 Ky (L) ).
n

Proof. First we note that the Pontryagin dual X,(Ls)Y is pseudo-iso-
morphic to lim Xp(Loo)/wnXp(Loo). Indeed, let o(Xy(Loo)) be the adjoint
of Xp(Lso). In other words, we define

a(Xp(Loo)) = Homy, (h_n; Xp(Loo) fumXp(Loo) @ /Zp> .

Here Xy(Loo)/wnXp(Loo) is a Zy-module of finite order by Lemma 3.5.
We make o(X,(Loo)) into a Z,[Gal(Leo/L)]-module by defining the action
v+ () = F(3 - @) for [ € a(Xy(Loe)) and @ € lim Xp(Loo)/wnXp(Loo).
Since o (X, (Loo)) is pseudo-isomorphic to X, (L) (cf. [28, Corollary 15.31]
and [12, p. 250]), the Pontryagin dual X,(Loo)" is pseudo-isomorphic to
limg Xp(Loo)/wnXp(Loo). Thus, we obtain the conclusion. O

We note that L and K are abelian extension fields over k. Hence, G acts
trivially on Gal(Loo/Ly,) for all L,,. This leads to the following



Kida’s formula for split prime Zy-extensions 39

Lemma 3.9. With the same notation as above, we have
X(G, lim Gal(Loo /L )) _1
% oo/ Lin

Proof. We have the following commutative diagram:

Gal(Loo/Ly) — (7P")

| |

Gal(Loo/Lns1) — (777,

where the vertical maps are p-th power maps. We note that these maps
are isomorphism. Thus we obtain lim Gal(Loo/Ly) = Zy. Since G acts on
@n Gal(Lso/Ly) trivially and G is a group of order p, we have

H? <G, lim Gal(Loo /Ln)> ~ H*(G,Z,) = Z/pZ and H(G,Z,) = 0.

Thus, we obtain the conclusion. O
Combining Corollary 3.7 with the results above, we have the following

Proposition 3.10. With the same notation as above, we have
X(G X3 (L)) = x( G lng Gal (M (L) /L)) ~ 1.

Proof. By Corollary 3.7, we get
(Gl Gal My (£0)/ L) ) = (. iy X (Loc) e X (L))

+ X(G7 Y%Gal(Loo/Ln))

We obtain x(G, Xp(Le)Y) = x(G, lim Gal(M,(Ln)/Ly)) — 1 using Propo-
sition 3.8 and Lemma 3.9. Therefore, the conclusion follows. O

To calculate x(G, lim Gal(M,(Ly)/Ly)), we prepare some lemmas and
propositions. Let F' be an algebraic number field over k. Let I(F') be the
set of non-zero fractional ideals of F', or equivalently, the invertible Op-
submodules of F. As in the previous section, we write 1" for T'(F') and fix
an embedding if" : F* — FX for v € T. We denote by I7(F) the subgroup
of I(F') generated by non-zero fractional ideals prime to p. We denote by
PF the set of principal ideals of F' generated by the elements of F[. Letn
be a non-negative integer. We put

Pﬁm(n) ={aeIp(F) | a=(z) for some z € Fp ) }-
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Here, note that PTE, m(0) = Pf . We define homomorphisms

W FY — Ip(F) and  §F : FX ®4 2, — Ir(F) @4, Z,
by
Y1 (a) = (a) and ¢f(a®a)=(a)@a
for a € Fff and a € Z,. We note that ¥5 (Ff, . €2 Zp) C Phy ) @2 Zp.

Remark 3.11. The symbol “F” may be omitted from Ip(F), P:,Em(n), and

1/17}3 if there is no risk of confusion.

From the ideal-theoretic formulation of class field theory, we use the
following

Lemma 3.12 ([15], Section 1). Let F/k be an algebraic extension. Then
we have

Gal(M,(F)/F) = (Ir(F) @z Z,) /7 (ker(ir)),
where it is the homomorphism defined in Section 2.

The following lemma will be used to prove Proposition 3.14.
Lemma 3.13. Let F/k be a finite extension. Then we have
ker(@) = O0p QL.

In particular, if we assume that p-adic Leopoldt’s conjecture holds for p and
F, we have

ker(¥F) Nker(ip) = 0.

Proof. By the definition of the homomorphism %E , we have an exact se-
quence

0— Of — Ef — PF —0,
where P} = {(a) € I7(F)|a € F}}. Hence we have ker(¢f) = OF @ Z,,.
From Remark 2.4, we have ker(ir) N (Of ® Z,) = 0. Thus, the proof is
complete. O

For each v in T'(n), we fix an embedding it : LX — (L,)>. The inclusion

Ly, C Lpy1 induces natural embeddings I,y — Ip@41) and ker(ipg,)) —
ker(i(n41)) as Zp[Gl-modules. Hence, we have Z,[G]-modules lim (I7(n) ®

Zyp) and lim ker(ip(n))-

Proposition 3.14. Assume the same notation as above. Then we have

x(G, i Gal (L) /Ln)>

_ X(G,@(IT(H) ® Z,,)) _ X(G,n%lker(im))).

n
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Proof. Note that the p-adic Leopoldt’s conjecture holds for p and L.
Hence, by Lemma 3.13, we have ker(¢p,)) N ker(iz(,)) = 0. Thus we

obtain ¥y, (ker(ire,))) = ker(ir(,)). Combining this isomorphism with
Lemma 3.12, we obtain an exact sequence of Z,[G]-modules:

0 — ker(ip(n)) — Irm) ® Zp — Gal(My(Ly)/Ly) — 0.

Thus, we obtain an exact sequence of Z,[G]-modules:

0 — lim ker (ip(n)) — lig(IT(n) ® Zp) — ligGal(Mp(Ln)/Ln) — 0,

where the inductive limit of the right term is taken with respect to the
transfer map Ver(™ defined in Section 3. Therefore, we get

V(G lim Gal(My (L) /L)

= X(Gv hgn(IT(n) ® ZP)) - X(Gv hglker(ZT(n))) O

Let 9 be a prime ideal of L and Q4 a prime ideal of Ly lying above 9.
Then we define

(Do) = (D),

where Q,, = Qs N Ly, and the inductive limit is taken with respect to the
natural embedding (L) — [(Lp+1) for n > 0.

Remark 3.15. The transition map only maps 9Q,, to Q,41 if Q is inert in
Ly41/Ly,. This is the case for all n large enough.

By Proposition 3.14, to compute x(G, X,(Loo)¥), we only need to cal-

culate x(G, ligqn(IT(n) ® Zyp)) and x(G, lim ker(i7())). The former can be
calculated using the method described in [14, Section 1].

Proposition 3.16. Let t be the number of primes of Ko that do not lie
above p and are ramified in Lo,. Then we have

X(Ga hﬂ(IT(n) ® Zp)) =t.

Proof. By Lemma 3.1, no prime ideal of L splits completely in Lo /L.
Let Q be a prime ideal of L which is not lying above p. Then Q is un-
ramified in Lo, because Lo /L is the split prime Z,-extension correspond-
ing to p. Let Qo be a prime ideal of Ly, lying above Q. Then we have
(Qoo) = hgﬂﬂ(ﬂn)z >~ 7, where 9, = Qs N L, and the inductive limit is
taken with respect to the natural embedding I(L,) — I(Lp+1) for n > 0.
Hence, we have I7(Ly) = lim I, = DBaip(Qoo)z = Ba_yp Z, where
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o ranges over all prime ideals of L, not lying above p. Thus, we obtain
isomorphisms of Z,[G]-modules:

I7(Loc) ® Zpy = lig(Ir(n) @ Zp) = P (Qe)z, = D Zp.
" Qootp Nootp

Let q be a prime ideal of K which is not lying above p and ., a prime
ideal of K, lying above . Since q does not split completely in K, oo is
not inert in L.,. Hence all prime ideals of K, which are not lying above p
either ramify or split completely in Lo,. Then we have a direct summands
of Z,[G]-modules:

@ <QOO>ZP = @ <QOO>ZP ® @ <QOO>ZP = @ Zp & @ Zp’
Qootp Do€A Ds€B Noc€A Q€B
where we put

4 a oo 18 a prime ideal of Lo, which is not lying above p,
N o Qoo N Ko is ramified in Lo ’

B a o is a prime ideal of Lo, which is not lying above p,
I Qoo N K splits completely in Lo '

For i = 1,2, we obtain

(0@ s =16 @ @)oo © )

Dootp Noc€A Noc€B

Since @g_cp(Qoo)z, is an induced G-module, H(G, Bg_cp(Qoc)z,) =0
for i = 1,2. Note that G acts on (Quo)z, (Qoo € A) and Bq_ c4(Qo0)z,
trivially. Since G is a cyclic group, we have

H? (G, &y <Doo>z,,> =~ P H* G, (Qx)z,) = P Zo/vZy = (Z/pZ7)P".

Noo€A Noo€A N €A

Here, we note that ¢ = #A. Since G is a cyclic group of order p, we have

H! (G, &P <Qoo>zp> %Hom<G, &b <Doo>zp> = 0.

Noc €A Noc€A
Therefore, we obtain x(G, @n(IT(n) ® Zp)) = t. O
For each positive integer n and prime w in T'(n), we select a symbol e,,
and we let @, cr(,) Zew be the free Z-module of rank #7(n), which has

{ew|w € T(n)} as basis. From the isomorphism G = Gal(L,/K,), we let
G act on @,er(n) Zew by

o€y = €4(,) foroeG.
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We define homomorphisms
ord("):LTXL — @ Ze, and ¢, : @ Ze, — @ Zeg
weT(n) weT(n) weT (n+1)
by

Ord(n) (a) = (Ordw(a)ew)wGT(n)
and @n((awew)weT(n)) = (e(ﬁ)/w)awew)ﬂ)GT(n—H)a

where a € Lj and (awew)wer(n) € Duwer(n)Zew, W is a prime ideal of
L4 lying above w, and e(w/w) is the ramification index of the exten-
sion (Lp41)w/(Ln)w. Note that ord™ and ¢, are homomorphisms of Z[G]-
modules.

To compute x (G, hﬂn ker(i7(y))), we prepare the following two proposi-
tions.

Proposition 3.17. With the same notation as above, we have
X(G Iy (L) ) © ) =0,

where the inductive limit is taken with respect to the natural embedding
(Ln);(n) - (Ln+1);(n+1)-

Proof. We have an exact sequence of Z[G|-modules:

0 — (L) — Ln ord®, P Ze, — 1.
weT (n)
Using a homomorphism ord™ @1 : Ly ® Zp = @yer(n) Zew @ Zp and an
isomorphism Ze,, ® Z, = Zpe,,, we get an exact sequence of Zy[G]-modules:

ord(™)
0 — (Ln) i ®@ Zp — L ®Zy 255 @D Zye, — 1.
weT (n)

Then we have a commutative diagram:

ord(™ @1
Ly ® Ly ——————— @uer(n) Lpew

| |

ord(®*t1) @1
Lyt ® Ly ———— @germsr) Lpew
where the left vertical map is the map induced by the natural embedding
L, C Ly41. From the commutative diagram, we obtain an exact sequence
of Z,[G]-modules:
Wi © Ly — IR L 0 Z, 2 iy ) Zye, — 1.
" weT (n)

0—>1g1(
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Hence, we get

x<G,lig(Ln);(n) ® Zp> = X(G,@Li ®Zp> - X(G,@ EB Zpew>.

n weT(n)

First, we will show that x(G, lim L7 ® Zp) = 0. We have
Hi(G,n LX®Z ) =lim (G, L} ® Z,) 2 lim H(G, L) ® Z,.
% n P % n P ?In n P

By Hilbert’s Theorem 90, we have H'(G,LX) = 0. This implies that
HI(G,liﬂn LY ®Z,) = 0. Since no finite prime of K splits completely in
K, we have Br(Ky) ® Z, = 0 by [23, Theorem 8.1.14], where we denote
by Br(x) the Brauer group of *. Then we obtain H?(G, L) ® Z, = 0 from
the exact sequence

0 — H*(G, LX) — Br(Ks) — Br(Loo).

Hence we get x(G, hgnn LY ®Z,) =0.

Next we will show that x(G, lim Dy er(n) Zpew) = 0. Since K /K is the
split prime Z,-extension corresponding to p, there exists a positive integer
n such that all prime ideals of K, lying above p are totally ramified in K.
By the same argument as in Proposition 3.16, we get

H (G, b Zpew> =0,
weT (n), wNK, splits

where w ranges over all primes in 7'(n) such that w N K, splits completely
in L,,. Hence we have

H(G P Zpew>gHi<G, &y Zpem)@Hi(G, P Zpew2>
weT(n) w1 €T (n) w2 €T (n)

for i = 1,2, where w; and wy range over all primes in 7'(n) such that
wy N K, is ramified and w; N K, is inert in L,,, respectively. Since G acts
trivially on @, er(n) Zpew, (j = 1,2), we have

H (G, @ Lpey, | = D, er(n) Z/PL jfz: — 9,
] 0 lf 1 = 1’
w; €T (n)
for j = 1,2. Hence

H1<G,ng . Zpew>’:vligH1<G, . Zpew>:o for i = 1.

" weT(n) weT (n)
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Furthermore, the homomorphism

H2<G, D Zpew> —>H2<G, Ph Zpew>
)

w; ET(n) W ET(n+1
is induced from the homomorphism
@ Zey, — @ Zey,
w;i €T (n) w; €T (n+1)

which is the p-th power map. Therefore, we get

H2<G,lig b Zpew> =0.

" weT(n)
This completes the proof. O

Proposition 3.18. With the same notation as above, we have

X(GJQ D U“><<Ln>w>) =0,

n weT(n)
where the inductive limit is taken with respect to the natural inclusion
Buerm) UV ((Ln)w) = Baermsn UM (Lnt1)a)-

Proof. We have an isomorphism of direct summands of Z,[G]-modules
P vV(Lyw) = H U a P vY(L
weT(n) weA(n) weB(n)
where we put

A(n) ={w e T(L,) | wN K, is unramified in L},
B(n) ={w € T(Ly) | wN K, is ramified in L, } .

If w is a prime ideal in A(n), we have HZ(G UD((Lp)w)) =0 for i =1,2.
Hence we obtain Hi(G,lign Duwcawm) UMD ((Lp)w)) =0 for i =1,2.

We will show that x(G, lim @Duepm) UM ((Ln)w)) = 0. We suppose that
w € B(n). Because Ko /K and Lo /L are split prime Z,-extensions, all
prime ideals of K, (respectively, L,) above p are totally ramified in Ko,
(respectively, Lo ) for sufficiently large integer n. Hence if w € B(n), then
w € B(n + 1) for sufficiently large integer n. We put v = w N K,,. Then
we have H2(G, UM ((Ly)w)) & Z/pZ since (Ly)w/(Kp)y is a ramified ex-
tension. For each positive integer n, let recgl ) be the reciprocity map

recgl) : (Kn)zf/N(Ln)w/(Kn)v((Ln)w) — Gal((Ln)w/(Kn)v),
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where N(z,.)../(Ky), 15 the norm map. Then we have the following commu-
tative diagram:

rec" TV

(Kn+1)12)(/N(Ln+1)w/(Kn+l)ﬁ((Ln+1)w) —_— Gal(([’n-i-l)@/(Kn-f-l)ﬁ)

Nq(D"“)J/ J:V
(n)
—

(Kn)g/N(Ln)w/(Kn)v((Ln)w) e Gal((Ln)w/(Kn)wv),

where NgH_l) is the homomorphism induced from the norm map (K1) —
(Kyp)y (0 =wNK,41) and the right vertical map is the restriction map. We
note that the right vertical map is an isomorphism since Gal((Ly)w/(Kn)v)
and Gal((Lp+1)w/(Kn+1)5) are groups of order p. Let a, be an element of
UM ((Kp)y). Then we have

rec (NS (ay, mod Nz, 1yu /()5 (Ent1)i)))

= recgl) (a’n mOd N(Ln)w/(Kn)v ((Ln)w))p
=1.
We have a, mod Nz, ),/ (Kni1)s (Lnt1)a) € ker(recz(gﬂ)) from the com-
mutativity of the diagram. Hence an € Nz, )y /(Kps1)s((En+1)a). This
implies that H?(G, lim UMD ((Lp)w)) = 0. Thus we obtain

H2<G,li£l @ U(l)((Ln)w)>:O'

" weB(n)

Next we will show that H(G, lim Duern) UMD ((Lp)w)) = 0. We suppose
that w € B(n). Then we have the following commutative diagram:

(L) —20ey

7
Jxe((LnH)w/(Ln)w)
(Ln1)s 25 2,

where the right vertical map is the is multiplication by the ramification
index e((Lnt1)a/(Ln)w). From HY(G,U((Lyp)w)) = HY(G, UMD ((L,),)) for
each w € T'(n), the diagram above induces

Z/pZ. — HY (G, UMD ((Ly)w)

Xe((Ln+1)w/(Ln)w)J/ J{

Z./pZ —— HY (G, UV ((Lyni1)a),
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where the left vertical map is the is multiplication by the ramification index
e((Ln+1)w/(Ln)w)- Here we note that e((Ly,)w/(Ky)y) = p since w € B(n).
We have e((Lp+1)w/(Ln)w) = p for sufficiently large integer n. Therefore,
the right vertical map is a zero map. Hence, we obtain

H1<Gh h vV >_o

" weB(n)

Thus, we reach the conclusion. O

Finally we can compute x(G, hﬂn ker(ir(y)))-

Proposition 3.19. With the same notation as above, we have

X (G, lim ker(z’T(n))> =0.

Proof. By Proposition 2.3, the homomorphism iz, is surjective. Thus we
have an exact sequence

1 — ker(ir(n)) — (Ln)Fm © e, D UV(Ln)w) — 1.
weT(n)

Using Propositions 3.17 and 3.18, we obtain
(G lim er(ir )
= X(G,@(Ln);(n) ® Zp> — X(G, hﬂ @ U(l)((Ln)w)>
n " weT(n)
= 0. O

Now we can prove Theorem 1.1.

Proof of Theorem 1.1. By Propositions 3.10, 3.14, 3.16, 3.19, we obtain
V(G Xy (L)) = x (G limy Gal My (L,) /L) ) ~

— (G-l (Ir © 2,) ) — x (G lim er(ir) ) ~ 1
=t—1.

Using Lemma 3.2 and Proposition 3.3, the proof is complete. O
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4. Applications

In this section, we apply Theorem 1.1 to Iwasawa modules associated
with imaginary quadratic fields. Let p be an odd prime number and k an
imaginary quadratic field in which p splits into two distinct prime ideals p
and p*. Let K be a Zp-extension or the Z;‘?Q—extension of k. We denote by
L(K)/K the maximal unramified pro-p abelian extension and put X (K) =
Gal(L(K)/K). Since the Galois group Gal(K/k) acts naturally on X (K),
it becomes a Z,[Gal(K/k)]-module. It is known that X (K) is a finitely
generated torsion Z,[Gal(K/k)]-module ([8, 11]).

Since we have Gal(k/k) = ZP?, k has two independent Z,-extensions.
For example, the cyclotomic Z,-extension kS, and the anti-cyclotomic Z,-
extension k% are disjoint over k£ and satisfy k= kS k. Let o and 7 be
topological generators of Gal(k/kS,) and Gal(k/k% ), respectively. By the
isomorphism

Gal(k/k) = Gal(k/kS) x Gal(k/kZ2),

we fix an isomorphism

(41)  Z,[Gal(k/k)] 2 Z,[S,T] (0148, 7 1+T).

We put A = Z,[S,T]. Using this isomorphism, we regard X (k) as a A-
module.

4.1. Proof of Theorem 1.2. In this subsection, we give a proof of The-
orem 1.2. Let G be a profinite group. For any G-module M, we denote by
M the subset of elements of M invariant under the action of G. We also
denote by Mg the largest quotient module of M on which G acts trivially.

First we give a necessary and sufficient condition for the vanishing of the
A-invariant of X, (Noo).

Proposition 4.1. Let p be an odd prime number and k an imaginary qua-
dratic field in which p splits into p and p*. Then the followings are equiva-
lent:

(i) k is p-rational, in other words, L(k) C k,

(ii) My(Noo) = No.

Proof. First we suppose that (i) holds. Since k is p-rational, we have
My(k) = k, where M,y (k) the maximal unramified pro-p abelian exten-
sion field of £ unramified outside all prime ideals lying above p. Hence we
obtain M, (k) C My(k) = k. Furthermore, all prime ideals of Ny, lying
above p* are totally ramified in %/NOO because N, coincides with the
fixed field of k by the inertia subgroup of Gal(k/k) for the prime ideal p*
([20, Lemma 3.2]). Thus we have M, (k) = N. Since we have an isomor-
phism Xy (Neo)Gai(Na k) = Gal(Mp(k)/Noo), we get Xp(Noo)Gal(Noo k) =
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0. From Nakayama’s lemma, we obtain X,(Ns) = 0. This implies that
My(Ns) = No.
Next we prove that (ii) implies (i). We suppose that (i) does not hold.
This implies that L(k)k # k. Hence we obtain
Noo © NooL(k) C My(K).

This implies that Gal(M,(k)/Ns) # 0. Hence (ii) does not hold. Thus we
get the conclusion. O

For each non-negative integer n, let k{ be the n-th layer of kS /k. We
denote by (k) the split prime Z,-extension of ki, corresponding to p.
From Theorem 1.1, we have the following

Theorem 4.2. Assume the same conditions in Proposition 4.1. Let Dy« is
the decomposition group of the prime p* in Gal(k/k). Then we have

rankz, (Xp((k5))) = p" - (ranks, (Xp(Noc)) + [Gal(k/k) : D] — 1)
— ([Gal(R/k) : Dp] — 1)
for any positive integer n > 0. Furthermore, we have
ranky, o i/n.op (X () = rankz, (X, (Noo)) + [Gal(k/k) : Dp.] — 1.

Proof. Let n be a positive integer. The extension (kS )oo/(k_1)co is Galois
with [(kf)oo : (k5_1)o0] = p. We note that the Z,-extension k/Ny is un-
ramified outside all prime ideals lying above p* and that all prime ideals
of Ny lying above p* are totally ramified in k/Ns. By [22, Lemma 3.10],
we have [Gal(k/k) : Dp] = [Gal(Nao/k) : Dye], where Dy is the de-
composition group of p* in Gal(Ns/k). Hence the number of primes of
(kS_1)oo which ramify in (k$)s is equal to [Gal(k/k) : Dp«]. We put
ng = ord,([Gal(k/k) : Dys]). We apply Theorem 1.1 to K = (k5 1)oo
and L = (k¢)s. Then we obtain
rankz, (X ((ky)oo) = p - rankz, (Xp(ki_1)oo) + (p = D(p™ — 1)
for positive integer n. It is easy to check that
rankz, (Xp((kp)oo)) = p" - (rankgz, (Xp(Noo)) +p" — 1) — (p" — 1).

For a non-negative integer n, let L™ be the maximal abelian extension

field over (kf)o in M, (k). Let
{pil

be the set of prime ideals of (k¢ )~ lying above p*, where ng is the integer
satisfying ng = ord,([Gal(k/k) : D,.]). We note that all prime ideals of
k lying above p are totally ramified in the cyclotomic Z,-extension kS, /k.
Hence the number of primes of (kf )~ lying above p* is equal to p™°. We

1<i<p™)



50 Kazuaki MURAKAMI

denote by Ip*(n_) the inertia subgroup of Gal(L(™ /(k¢)w) for the prime ideal
*(n) il

00,0 *

p, we have Gal(L™ /k) N Ip*(”? = {1}. Hence Ip*("? is isomorphic to Z, for

Since L™ / k is an unramified extension outside all primes lying above

each i. Then we have finitely generated Z,-module Zfi(i Ip*(".)' We note

that the fixed field of L(™ by Zf:i Ip*(") coincides with M, ((kS)so). Then

we have

and

rankz, (Xp (k)Gal(l%/(k%)oo))

p"0
= p" - (rankz, (Xp(Noo)) +p™ = 1) = (p" — 1) + rankg, (Z fpw) -

B 00,1
=1 ’

< p" - (ranke, (Xp(Noc)) + 9™ = ).

From the structure theorem of Z,[Gal(k/N)]-modules, we obtain the lat-
ter part. O

Now we can prove Theorem 1.2.

Proof of Theorem 1.2. Theorem 4.2 gives a lower bound on the Z,-rank of
the Galois coinvariant of Xp(N):

ranksz, (Xp(Noo)) +p™ = 1 < ranks, (X, (k) gu /v )-

This inequality implies that the Galois coinvariant Xp<k)Ga1(E /N.o) Das at
least rankz, (Xp(Noo)) + p"° — 1 generators. We use the same notation as
in the proof of Theorem 4.2. For simplicity, we write L and Iy~ = for L©)

k3

and Ip*<o), respectively. We note that Ip; . s isomorphic to Z, for each i

and that the fixed field of L by Y29 Iy« . coincides with Mp(Nos). Then

we have an exact sequence
p"o
0— Y Iy — Gal(L/Noo) — Xp(Noo) — 0.
=1
Hence Gal(L/No) is finitely generated with at most rankz, (X,(Noo)) +

p"® elements as a Zp-module. This implies that Xp(k)Gal(fc INS) has at
most rankz, (Xp(Noo)) + p™ — 1 generators. Concerning the Z,-rank of
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Gal(L/N«), we have
p’VLO
rankz, (Gal(L/No)) = rankz, (Z Ipe. ) + rankz, (Xy(Neo))
=1

< p" +rankz, (Xp(Noo)).

Hence we get

rankzp(Gal(L/E)) = rankz, (XP(%)Gal(IE/NOO)) < p" —14rankz, (Xp(Neo))-

This implies that X, (k) g, /v I8 @ torsion-free Zy-module. Therefore we
obtain

rankz,, (XP(%)Gal(fc/Noo)) =p" — 1+ rankz, (X, (Noo)).

By [25], Xy(k) has no nontrivial pseudo-null submodule. Hence we have
X, (k)Gal(k/Ne) = (. This implies that X,(k) is a free Z,[Gal(k/Noo)]-
module of rank p"® — 1 + rankz, (X, (Noo)). O

4.2. Proof of Theorem 1.3. In this subsection, we prove Theorem 1.3.
We put A* = A(kS,/k) — 1. We use the following

Lemma 4.3 ([21, Lemma 3.3, Proposition 3.8]). Suppose that \* > 1,
where X\* is the integer defined above. Then there exist power series f(S,T')
€ A and g;(S) € Z,[S] (1 =0,...,X*—1) such that f(S,T) is an annihilator

of X(k) of the form
FS,T) =T + gae ()TN 4+ + g1(S)T + go(S).

Furthermore, if we suppose that k is p-rational, we have a surjective homo-
morphism N

Zp[lS, T/(f(S,T)) — X (k)
as Zp[lS, T]-modules.

If k is p-rational and if ©, is a normal subgroup of Gal(%/ Q), we can
determine the ideal generated by f(S,0) = go(S) in Z,[S].

Lemma 4.4 ([21, Proposition 3.5]). Let k be p-rational. Assume that D, is
a normal subgroup of Gal(k/Q). Then there exists a power series U(S) €
Zp[S1* such that

f(5,0) = Vno(S)U(S)>

70
where we put vy, (S) = %

Let Dy be the decomposition group of p* in Gal(NZ /k). Let N,, be
the no-th layer of Ny /k. If we suppose that ©, is a normal subgroup of

Gal(k/Q), then we have N, = kg, by [22, Lemma 3.8].
We prepare a proposition to prove Theorem 1.3.
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Proposition 4.5. Assume the same condition in Theorem 1.5. Let L be the
mazimal abelian extension field over Noo in My (k). Then we have L = Np,,
where Ny, is the composite of all Z,-extension fields over Ny, .

Proof. As in the proof of Theorem 1.2, we denote by Iy« . the inertia sub-
group of Gal(L/Nx) for the prime ideal p3_; of Ny lyin;g above p*. Then
Iy:_ . is isomorphic to Z,, for each i. By Proposition 4.1, we have Xp(No) =
0. Hence we get Gal(L/Ny) = S0 Iy . For each i with 1 <i < p", the
decomposition group Dy« acts on Iy y because all prime ideals of N,,, lying
above p* do not split in Nu. Since we have Gal(L/k) N Iy= =1, there ex-
ists an injective homomorphism Jp« =~ — Gal(k/Ny) as Zp[Gal(Noo /Ny, )]-
modules. Then Dy« acts on I« trivially because k/N,, is an abelian ex-
tension. Hence Dy« acts on Zfii Lo~ y trivially. This implies that L/N,, is
an abelian extension. By [22, Lemma 3.10], we have Dp+ = Gal(Noo /Ny, )-
From the proof of Theorem 1.2, Gal(L/N,,) is a free Z,-module of rank
p™ 4+ 1. Since Ny, /k is an abelian extension, Leopoldt’s conjecture holds
for p and N,,, by Proposition 2.1. Hence we have Gal(Ny, /Ny, ) = Z;?pnOH.
This implies that L = m O

Now we can prove Theorem 1.3.

Proof of Theorem 1.3. Let koo be a Z,-extension satistying koo Nk, D Ky .
Since Ny, /koo is an unramified extension, we have rankz,, (X (koo)) > p"°.
Using Lemma 4.3, we have a surjective homomorphism A/(f(S,T)) —
X(k). By [22, Lemma 5.7], there exists a unit u € Z, such that

Gal(k/kss) = (™" 7) with m > ng. Then we have a surjective homo-
morphism
(42)  ZISI/(F(S, (14 8)™" = 1) — X(F)gargihan)-

By definition of f(S,T), we obtain

F(8,(1+8)7" —1)
A =1

= {1+ =1V + 3 a(H{A+8)7" — 1)
1=0

A1
= {1+ 1P+ Y ({45 1) modp
=0
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00 A A*— 0 ¢
= (_.“>S”’” S s Z<_-“>Sﬂ"" mod p
j=1 J i=0 Jj=1 J

=go(S) mod (p,5”").

We note that go(S) = SP"°~1U(S) mod p by Lemma 4.4. Then the mod-
ule Z,[S]/(f(S,(1+S)~“P" —1)) is a finitely generated Z,-module. Hence
we have rankyz, (Z,[S]/(f(S,(1 4+ S)~*" — 1)) = p™ — 1. Thus we ob-

tain rankZP(X(E)Gal(%/kw)) < p" — 1. Since Ny, /k is unramified, we see

that rankz, (X (k) gaji/k.)) = P"° — 1. Therefore the surjective homomor-
phism (4.2) is an isomorphism. It follows from the exact sequence

0 — X (F) oyt hony — X (oo) — Gal(k/koo) — 0

that rankz, (X (ko)) = rankz, (X(k)Gal(fc/koo)) +1 =p"™. Hence X (k) is a

free Zy-module of rank p™°. This implies that L(ks) = ]Vn/o. Furthermore,
X (ko) is a cyclic Zp[Gal(kso/k)]-module. Indeed, we have an isomorphism

X(koo)Gal(koo/k:) = Gal(E/kw) = Zp

by the assumption that L(k) C k. Since N:(,/Nno is an abelian extension,
Gal(koo/kn,) acts on X (ko) trivially. We have an isomorphism

X (ko) = Zp[[Gal(kOO/k)ﬂ/(’ano -1)

as a Zp[Gal(ks/k)]-module, where 7 is the topological generator defined
in the assumption of Theorem 1.3. g

4.3. Numerical examples. In this section, we introduce some numerical
examples which were computed using PARI/GP. As in the previous section,
suppose that s and ng are the integers satisfying

p*=[L(k)Nk:k],  p"™=[Gal(k/k): Dy
We denote by A(k) the p-Sylow subgroup of the ideal class group of k.

Example 4.6. Put p = 3 and put k = Q(1/—14). Then 3 splits completely
in k. By PARI/GP, we have A(k) = 0. Hence we have s = 0. By Proposi-
tion 4.1, we have X,(No) = 0. Using PARI/GP, we have ng = 1. Hence ®,,
is not a normal subgroup of Gal(k/Q). It follows from Theorem 1.2 that
Xp(k) 2 7, [Gal(/Noo) ]2

Example 4.7. Put p = 3 and put k = Q(v/—743). Then 3 splits completely
in k. We have A(k) = Z/3Z. We can check that L(k) C k. Indeed, the
class number of Q(1/2229) is 1. Using [20, Corollary of Proposition 6.B],
we see L(k) C k. Hence, we have s = 0 and Xp(Noo) = 0. Let f(S,T)
be the same power series defined in Lemma 4.3. By [22, Example 1], we
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have ng = ords(f(0,0)) = 1. It follows from Theorem 1.2 that X,(k) =

Zp[[Gal(E/Noo)]]@z. Since D, is a normal subgroup of Gal(k/Q), we obtain
Mkoo/k) = 3 for all Z,-extension ko satisfying koo N k% D kY.

Example 4.8. Put p = 7 and put k¥ = Q(+/—5207). Then 7 splitsN(:om—
pletely in k. By [21, Example (i)], we have A(k) = Z/7Z, L(k) C k, and
s = ng = 1. It follows from Theorem 1.2 that X, (k) = Z,[Gal(k/Nso)]*°.

Since ©, is a normal subgroup of Gal(k/Q), we obtain A(kso/k) = 7 for all
Zp-extension koo satisfying koo N kS, D kY.

Example 4.9. Put p = 3 and put £k = Q(/—971). Then 3 splits Cg)vmpletely
in k. We have A(k) = Z/3Z. ® is not a normal subgroup of Gal(k/Q). We

can check that L(k) C k. By the same method as Example 4.7, we get s = 0,
Xp(Noo) =0, and ng = ords(f(0,0)) = 5. It follows from Theorem 1.2 that

X (F) = Z,[Gal (k/Noo) 722
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