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Two monoidal structures on Satake category in
mixed characteristic

par KATSUYUKI BANDO

RESUME. Fargues et Scholze ont démontré 1’équivalence de Satake géomé-
trique sur la courbe de Fargues—Fontaine. Celle-ci peut étre transférée a I’équi-
valence de Satake géométrique relative a une grassmannienne affine de vec-
teurs de Witt via les cycles proches. D’autre part, Zhu a démontré ’équiva-
lence de Satake géométrique concernant une grassmannienne affine de vecteurs
de Witt. Dans cet article, nous expliquons la coincidence de ces deux équiva-
lences de Satake géométriques, y compris celle des deux structures monoidales
symétriques sur la catégorie de Satake.

ABSTRACT. Fargues and Scholze proved the geometric Satake equivalence
over the Fargues—Fontaine curve. This can be transferred to the geometric Sa-
take equivalence concerning a Witt vector affine Grassmannian via a nearby
cycle. On the other hand, Zhu proved the geometric Satake equivalence con-
cerning a Witt vector affine Grassmannian. In this paper, we explain the coin-
cidence of these two geometric Satake equivalences, including the coincidence
of the two symmetric monoidal structures on the Satake category.

1. Introduction

The geometric Satake equivalence is the equivalence between the cate-
gory of equivariant perverse sheaves on the affine Grassmannian of a re-
ductive group and the category of finite-dimensional algebraic representa-
tions of its dual group. This equivalence connects geometric objects with
representation-theoretic objects, so it is important in geometric represen-
tation theory. In particular, it is closely related to the geometric Langlands
program. Therefore, considering the geometric Satake equivalence in mixed
characteristic is also important in number theory. In [4], Zhu proved the
geometric Satake equivalence in mixed characteristic using a ring of Witt
vectors. This plays an important role in various representation theoretic
or number theoretic results. On the other hand, in [2], Fargues—Scholze
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proved the geometric Satake equivalence in mixed characteristic using the
Fargues—Fontaine curve, in a form that makes its relation to the categori-
cal Langlands conjecture clear. We discuss the relation between Zhu’s and
Fargues—Scholze’s geometric Satake equivalence. In this way, various results
proved using Zhu’s equivalence can be transferred to Fargues—Scholze’s con-
text.

Let F' be a p-adic local field with a residue field F,. Write O for its ring
of integers. Put k :=F,. Let G be a reductive group scheme over Op. Let
{ be a prime not equal to p. Write G for the Langlands dual group of G

over Q.
In [4], Zhu defined a Witt vector affine Grassmannian
Grg = Grgist;ec A

as a geometrization of G(W (k) @w ) F)/G(W (k) @w ,) OF), which is an
ind-projective ind-perfect scheme over k. Let PeI'VL-Q-,Wit,tg(GI‘giStf)ec e Qp)
be the category of LTWi*G-equivariant perverse sheaves, where LTWVitt@
is a positive loop group over k, a geometrization of G(W (k) @ () OF).
Let Rep(G,Qy) be the category of finite dimensional representations of
G over Qy. According to [4], there is a symmetric monoidal structure on

Perv L+,me(GrgiStIgec 1> Q¢) and there is a symmetric monoidal equivalence
called the geometric Satake equivalence:

PerVL+,w1ttG(Grgistf)ec ks @g) o Rep(éa @E)

Using notions of diamonds, we can rephrase this result as a symmetric
monoidal equivalence

(1.1) Sat(Hcke spd ks Qr) — Rep(G,Qy),

where Hckg spa  is a local Hecke stack over Spd k, and Sat denotes a Satake
category, see [2, Definition VI.1.6, §VI.7.1]. On the other hand, there is a
symmetric monoidal equivalence

(1.2) Sat(Hcke spac, Qp) — Rep(G, Qy),

where C' is the completion of an algebraic closure of F'. This can be proved
by the same argument as the geometric Satake equivalence in [2, §VI]. More
precisely, the construction of the symmetric monoidal structure of the fiber
functor can be proved by a parallel argument to the case of Div! in [2, §VI]:

Proposition 1.1 (Proposition 5.2). There exists a canonical symmetric
monoidal structure of

FSlpdC := H*(Grg, —): Sat(Hckg spac, Q) — Vecty,,

where Vect@e is the category of finite dimensional Q,-vector spaces.
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The identification of the Tannakian group with G follows from the case of
Div!, and we obtain (1.2). By transferring this via a nearby cycle, we have
another symmetric monoidal structure on Sat(Hcka spd Q) and another
symmetric monoidal equivalence of the same form as (1.1), see [1]. The
main theorem is the following:

Theorem 1.2. The symmetric monoidal structure on the category

(Sat(Hcke spak, Qp), *)

in [1] coincides with the one in [4]. Moreover, the geometric Satake equiv-
alence

Sat(Hcke spa ks Qr) — Rep(G, Qy)
in [1] coincides with one in [4].

The fact that Fargues—Scholze’s geometric Satake equivalence gives a
new proof of Zhu’s geometric Satake equivalence is mentioned in [2, Re-
mark 1.2.14], but it is not mentioned how to show the compatibility of the
two symmetric monoidal structures. This is a nontrivial question since the
methods of constructing the two symmetric monoidal structures are quite
different. We show this compatibility (and also Proposition 1.1) by using
the following lemma: Put

(Spd C)y_aisj = (Spd C)?\ (Spd C x ;1 Spd C).

Note that Spd C' xp);,1 Spd C' = Spd C' x W holds since Div! is the quotient
of Spd C' by the action of the Weil group Wy of F' in [2, §IV.7].

Lemma 1.3. Let
Jwdisj,(Spd c)2 * (Spd O)%/V-disj — (Spd C)?

be the open immersion. Let A € Shg((Spd C)%, A) be a constant sheaf of
a finitely generated A-module, where Sh¢(—,A) is the full subcategory of
Dgi(—, A) consisting of complexes concentrated in degree 0. Then the natural
map

0 - .
A— R ]W-disj,(SpdC)Q*J;V—disL(Spd 0)2A

is an isomorphism.

By this lemma, the calculation of each monoidal structure reduces to the
calculation over (Spd C’)%V_disj, and this can be done using some exterior
products.

Consequently, our result gives a geometric construction of the commuta-
tivity constraint of the monoidal structure in [4], which is constructed in [4]
using a numerical result for the affine Hecke algebra.
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2. Notation

2.1. Notation on diamonds. Throughout this paper, F'is a p-adic local
field with a residue field F,. Write Op for its ring of integers. Put k := F,.
We write C' for the completion of an algebraic closure of F', and F for the
completion of the maximal unramified extension of F' in C.

Let Perf; be a category of perfectoid spaces over k. When we consider
diamonds, or more generally, v-stacks, we work on Perfy. As in [2, Definition
VI.1.1], put

Divg’l; = (Spd O)%,

Div? := (Spd F'/o%)?/%y,
where Y, is the symmetric group and ¢ is the Frobenius. Let G be a
reductive group over Spec Op. For a small v-stack S with a map S — Div?
or S — Div‘)i;, we get the corresponding divisor Dg on the Fargues—Fontaine

curve Xg or Vg, respectively, which is defined for example in [2, §2]. Let
Bgivd(S) (resp. Bgivdy (S)) be the global section of the completion of Xg

(resp. Vs) along Dg. Put BDiv?y)(S) = Bgiv?y)(S)[l/Ig], where Zg is the

ideal corresponding to Dg. Then the following spaces are defined as in |2,
§VI.1]:

The positive loop space and the loop space of G over DiV?y) are defined
by

+ . +
(2.1) LDiv(dy)G : Perfy, — Sets, S +— G(BDiv(dy)(S))’
(2.2) LDiV?y)G : Perfp, — Sets, S +—— G(BDiV?y)(S)).
s d - -
For a v-stack S over DIV(y), put Lg = L;/Div‘(iy)G = Lgivde XDiv‘(iw S

and Lg := Lg / Divwa = Lp; G XDiv((iy) S. The Beilison—Drinfeld affine
Grassmannian of G over S is
Grg,s = GrG,S/ Divd, = [LsG/LEG),
and the local Hecke stack of G over S is
Heka s = HCkG,S/Divfw = [LEG\LsG/L{G].

Moreover, we also define the m-th congruence subgroup La . GZ™ as the

M&))
subgroup of Lgvd G corresponding to the kernel of the homomorphism
V)
G(Bfa (5) =GB (S)/T3™)

Put LEG>™ = Lt , G>™ xpya 8.

) )
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2.2. Notation on categories. Let ¢ be a prime number not equal to p.
Let A be either Qy, a finite extension L of Qy, its ring of integers Oy, or its
quotient ring. If A is a torsion ring, then the derived category Dg (X, A) for
a small v-stack X and the six functors with respect to this formalism are de-
fined as in [3, Definition 1.7]. We define DJ*(Hckg g, A) C Dey(Hcka,s, A)
as the full subcategory consisting of ULA sheaves, see [2, Definition VI.6.1,
Definition IV.2.1.]. Let
Sat(Hcka,s,A) C D (Heke,s, A)

denote the Satake category, see [2, Definition VI.7.8]. Even if A is not a tor-
sion ring, we have an ad hoc definition of D¢ (X, A), see [3, Proposition 26.2]
and [1], i.e.
e If A =0y, then Dét(X, OL) = hgn Dét(X, OL/fn)
e If A = L, then Dy (X, L) = D¢t (X, Or)[¢7!], which is obtained by
inverting ¢ in Hom-sets.

e If A= @g, then Dét(X,@g) = @L Dét(X, L)

We can define D" (Hckg s, A) by changing Dg to DM in all the terms
in the (co)limits. Similarly, we define Sat(Hckg,s, A).

2.3. Notation on geometric Satake. For a v-stack S over Divzly), there

exists a monoidal structure on Dg(Hcke,s) called the convolution product
defined as follows: Put

Hek@y = LEG\LsG x"5¢ LsG/LEG
= Hckea,s X 32,8/ LE G 2 Heka,s -
There exists a canonical map
(2.3) convy s: Hekgshao — Hekas
induced by the multiplication map LgG xXg LgG — LgG. Moreover, there
are natural maps
(2.4) al: Hek?s' = Heka s Xty 2,8/ LEG 1 2 Heke.s
— Hcka,s X5 Heka s -
For A, B € D(Hckg,s,A) The convolution product is defined by
Ax B := R(convy g).aj(AX B).
Let
F=F''=Fgg:=F&g

(2.5) = @Hi(Rﬂqs*): Sat(Hcka,s) — LocSys(S, A),

€L
where the functor

Rrg s« Sat(Hckag,s) — Det(S, A)
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is the composition of the pullback to Grg,s and pushforward along
TGS GI“G7S — S,

and LocSys(S, A) is the full subcategory of D¢ (S, A) consisting of the lo-
cally constant sheaves on S whose fibers are finite projective A-modules.
Note that LocSys(Spd k, A) and LocSys(Spd C, A) is equivalent to the cat-
egory of finite projective A-modules, and LocSys(Div!, A) is equivalent to
the category Rep(Wg,A) of continuous representations of Wy on finite
projective A-modules.

The two geometric Satake equivalences

Sat(Hcke spd ks Qr) =~ Rep(G, Q)

in [1] and in [4] come from monoidal structures of Fi spq via Tannakian
construction, but the way of constructing the monoidal structures of
Fg spdk is not the same.

3. Plan of paper
For Theorem 1.2, we need to prove the followings:
(1) The associativity constraints

(AxB)xC = Ax(B*x(C)

with respect to the two monoidal structures, are the same.
(2) The unit constraints

(6xA)=A

with respect to the two monoidal structures are the same, where
d € Sat(Hcka spak, Q) denotes the unit object.
(3) The commutativity constraints

AxB=BxA

with respect to the two monoidal structures, are the same.
(4) The isomorphisms

F(A%B) = F(A) ® F(B)

with respect to the two monoidal structures of F', are the same.

However, by the faithfulness of F, the claims (1), (2), (3) follow from the
claim (4). Thus it suffices to show (4). In Section 4, we show some results
as preliminaries. In Section 5, we show the desired result (4).
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4. Preliminaries

4.1. The functor j;V_diSj,(Spd o)z Put

(Spd C)iy_aisj = (Spd C)?\ (Spd C x ;1 Spd C).
Since Div! is the quotient of Spd C by the action of the Weil group W of F
in [2, §IV.7], Spd C x ;1 Spd C' = Spd C' x Wg. The subspace (Spd C’)%,V_disj
is open in (Spd C)? since Div! is separated by [2, Proposition I1.1.21]. Let

Jw-disj (spac)? (SPAd C)iy iy — (Spd C)?
be the open immersion and let
iwy: (Spd C) x Wp < (Spd C)?

be the closed immersion.
By the paragraph after Remark VI.2.5 in [2], the spaces Hcke (spd )2
and Grg (spa )2 split after the base change by ji_qisj, (spd ¢)2:

Heke (spd 02 X (8pd 02 (SPA C)iy_aisg = (Heka,spa ) X (spd 02 (SPA C)fy_ais

Gra (spac)? X (spd 02 (SPA O)iy-aigg = (Gra spac)” X (spa ey (SPd O)yais;
To prove the main theorem, we reduce, in a certain sense, to the case
over (Spd C’)%V_diSj by using j*, where the above splitting is applied. The
following lemma is necessary for this reduction:

Lemma 4.1. Let A € Shg((Spd €)%, A) be a constant sheaf of a finitely
generated A-module, where Shey(—, A) is the full subcategory of Dgi(—, A)
consisting of complexes concentrated in degree 0. Then the natural map

0, o
A — R"jw disj,(Spd )2+ -disj, (Spd )2 A
is an tsomorphism.

Proof. We may assume that A is f-power torsion. Moreover, by decompos-
ing A and changing A if necessary, we may assume A = A. It suffices to
show that R(iy,)'A € Déth(Spd C, A), i.e. the cohomologies of the complex
R(z’WF)!A are nonzero only on degree > 2. Choose a pseudo-uniformizer
w € C”, which induces homomorphism

oo

Fp((lip_ )) - Cb’ T w,

and a morphism ¢: Spd C' — SpdF,((z? ")). Consider the diagram

-/

Spd €' x Wr —— (1 x q)"1(Spd C' x W) d Spd C' x Spd C'

—_ ] : Ji

SpdC x W ——— Spd C x spdch@*
— Wp

Ccho

where IB)B, :=Spd C x SpdF,((zP"7)). Put ¢ := (1 x q) o iwp.
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Claim 1. If R/(1 x ¢),A € DZ*(Spd C x W), then the lemma follows.

Proof. Assume Ri'(1 x ) A € Déth(SpdC x Wr). Note that R(1 x q)«A =
(1 x q)xA € Shg(D¥,,A) by [3, Remark 21.14]. By the base change, it
follows that

*Cb’
R(¢)«R(I")'A = R/'R(1 x q).A € DZ>.
Since the functor R(q). is exact (by [3, Remark 21.14]) and faithful (as ¢’
is surjective), it follows that R(i')'A € D%?, hence
R(iw,)'A = R(")'R(/')'A € D5>. O
Now it suffices to show R¢'(1 x q).A € Déth.
Claim 2. R/A € Dz”.

Proof. Write « for the projection }ﬁ)*cb — Spd C. Since « is £-cohomologically

smooth and Ra'A is in degree —2 as in [3, Proposition 24.1] and the proof
of [3, Proposition 24.5]. Moreover, put gy, = c o, which is the projection
SpdC x Wr — SpdC. Then Rq{,VFA is a sheaf written in [3, Proposi-
tion 24.2]. Thus we have

RIA = R (Ra'A ® (Ra‘A)™Y)
= Rqjy, A ® (Ra'A)~! € Dg”. O
Hence it follows that
R (1% q)«R(1 x q)'A = R(¢')«R(')'R(1 x q)'A
(4.1) =~ R(¢').R(¢) Re'A
€ Dz”.
However, by Claim 1, we have to show Ri'(1 x q)«(1 x ¢)*A € DE%Q. There-

fore we need to compute the difference between Ri'(1 x q)«R(1 x q)'A and
RiM(1 x q)«(1 x q)*A.

Claim 3. The sheaf (1 x ¢)«(1 x ¢)*A on IEJC., injects into
HO((1 x q)«R(1 x q)'A).
Proof. For a finite extension F’ of F,((z? ")) in C”, write ¢ : Spd F/ —
SpdF,((zP~ ™)) for the projection. Then we have
(42) (Ixgklxg’= lim (1 x qr)«(1 X qp)",
F'JFp((xP™ 7)):finite
(see the proof of [3, Proposition 23.4]). Thus

(1 X q)*A = hﬂ (1 X CIF’)*A-
F' JFp((zP~ 7)) finite
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We know that gg» is proper and that ¢ is partially proper as ¢ is the inverse

limit of ggr. Thus R(1 X gp/ )« = R(1 X qpr); and R(1 X q)« = R(1 X ¢); hold.

By passing to the adjoint of (4.2), we have

(4.3) (1 xq).R(1 xq)'A= ling R(1 x qp)«R(1 x qp)'A.
F'JFp((zP™7)):finite

Since qp is étale, we have R(1 x gzr)'A = (1 x ¢z+)*A. Therefore, we obtain

the natural map

(1 X q)*A = hgfl (1 X qF/)*A
F'[Fp((zP™ 7)) finite
— lim (1 % gpr)«A
F'JFp((zP™ 7)):finite
= lim (1 x gpr)«R(1 X gp)' A
F'[Fp((zP™ 7)) finite
= HO((1 x q)« R(1 x g)'A),
which is injective since it is a sheafification of an injection of presheaves
from a direct limit as presheaves to an inverse limit. O
Put
Q = HO((1 % ). R(1 x 0)'A)/(1 x q).(1 x )*A.
By the long exact sequence, Claim 1 and (4.1), we have to show that
R'Q e DZ'.
It suffices to show that Homp, (spdoxwy,a)(4, R/'Q) = 0 for any A €
Shgt (Spd C' x Wg, A), equivalently,
Homshét(]ﬁ)*b,/\) (L*A, Q) == 0
C

Here we use the equality ¢, = Rt = Ru since 1 x ¢ is partially proper and
R(1 x q)« is exact by [3, Remark 21.14].

Since Spd C' x W is a locally spatial diamond, [3, Proposition 14.15] says
that D¢ (Spd C x W, A) is the left-completion of D((Spd C x Wr)st, A),
the derived category of A-sheaves on étale site over Spd C x Wg. The same

holds for ﬁgb AlSo, tx = g4+ holds, where 14 is the pushforward functor
for sheaves on étale sites.
Thus it suffices to show the following claim:

Claim 4.
Homgy (- ), ) (14, @) = 0
for any A € Sh((SpdC x Wr), A).
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Proof. Assume

J € Homgy (e )0 (14, Q)

is nonzero, that is, there exists a geometric point z: Spd C' — ﬁ)*cb such
that the stalk f, is nonzero. There exist an étale map U — D¢, and a €
(1, A)(U) such that the point Spd C’ % ]13)2,b factors through U and f(a), #
0. By shrinking U, there exists

£{a) € Qim(1 ) A)O) = HO(1 % )uR(1 x g} A)(T)
in

N

such that its image in Q(U) is f(a)(U). For each finite extension F’ over
F,((t*"™)) in C°, consider the diagram

Uc Urp U

| o | o |

(Spd C')2 —— Spd C x Spd F' — D*,,.
1xqpr C

Let V' be a connected component of U whose image in Iﬁ)*cb contains the
image of x. Since Up» — U is finite étale surjective, there exists a connected
component Vg of Ups which restricts to a surjection Ve — V. We can
choose {Vpr}pr functorially in F’. Now put
VC = %in VF/.
Fl

The space V¢ is connected and the map Vo — V' is surjective by construc-
tion. Let & be a geometric point of Vo whose image in D¢, is . Consider
the element

(1 q)* fla) € ((1 y q)*<1%1(1 « qF/)*A>)(Uc).

The map Spd C' — Spd F,,((#?” ")) is universally open since it is the quotient
map by an action of the absolute Galois group of F,((t* " )). Therefore the
map 1 X ¢ is universally open. From this we can show that the morphism
of sheaves

(1 x q)*<£n(1 X qF/)*A> — m(l X q)* (1 x qpr )\
F' F
is an isomorphism since the section of both sheaves on an étale map U’ —
(Spd C)? is equal to lim ., A((1 x gr)~H1 x q)(U)).
As (f(a))s is nonzero, we have

(1% 0 a)s # (1% o) (img(1 x ar).n) = (tim(x 0)"(1x ap)id)
F’ T z

F/
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Since the étale morphism 1 x gp splits after a base change by 1 x ¢, the
sheaf (1 x ¢)*(1 x qpr)«A is a constant sheaf of a finitely generated A-
module. Thus the sheaf @F,(l X q)*(1 X qpr)«A is a sheaf of the form

W' — C(|W’|, K) for some profinite space K. Since V¢ is connected but K
is totally disconnected, it follows that

(1% @) F(@)y ¢ (lim(1 x 0)*(1 % g). )
F' Y

for any y € V. Hence (f(a))y # 0 for any y € V. However, let U/ be the
fiber product as in

U, ,C _— UC
| = |
Spd C' x Wp —— DY,
Then U/, is proétale over Spd C' x W, in particular totally disconnected,
but Vi is connected and not a single point (as Vo — V is surjective).

Therefore we have a point y € Ve \ Im(U(). Since the image of y is away
from Spd C' x Wp, it follows that

Iy € Hom((L*A)ya Qy) =0,

which is a contradiction. O
This complete the proof of Lemma 4.1 O

Let Sh™®%((Spd C)?%,A) be the full subcategory of Shei((SpdC)?, A)
consisting of constant sheaves of finitely generated A-modules. By the stan-
dard argument, Lemma 4.1 implies the following corollary:

Corollary 4.2. The pullback functor
Jiv-aisi: SHE™?((Spd C)2, A) — De((Spd O)fy-aisgs A)
1s fully faithful.

Let D% ((Spd €)™, A) C Det((Spd C)™, A) denote the full subcategory
consisting of constant complexes with perfect fibers, i.e. the full subcategory
of objects isomorphic to the pullback of a perfect complex in Dg;(*, A) ~
D(A-mod). This full subcategory satisfies the following lemma:

Lemma 4.3. The full subcategory D% ((Spd C)™, A) C Det((Spd C)™, A)
is a Serre subcategory. Moreover, the functor

H°((Spd O)", —)
is exact on DE™*((Spd C)™, A).
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Proof. Both statements reduce to the case n = 0 by using the fact that the
pullback functor

Dy (*,A) — Det((Spd C)", A)
is fully faithful, see [3, Theorem 1.13(ii)]. O
Corollary 4.4. For A € D% ((Spd C)?, A), the homomorphism
jév_disL(spd 0)2: H*((Spd 0)27 A) — H*((Spd C)%/V-disj ) jév_disL(spd c)2A)
18 injective.

Proof. 1t suffices to show the injectivity on degree 0. Then we may assume
that A is concentrated in degree < 0. We have the following homomorphism
of exact sequences:

H°((Spd C)?, <1 A) ———— H((Spd C)?, A) ———— H’((Spd C)*, H'(A))

|» | |+

H((Spd C)fy_qisjs 5 7<-14) — HO((Spd )y sy 5* A) — HO((Spd C)fy_gigj» *HO(A)),

where j = jy_qisj (spd c)2- Lemma 4.3 implies H%((Spd C)?, 7<_14) = 0,
and Lemma 4.1 implies the right vertical arrow is an isomorphism. This
implies the desired injectivity. Il

We write Dje(—,A) C D¢ (—,A) for the full subcategory of locally con-
stant complexes with perfect fibers. We also need the following lemma later:

Lemma 4.5. If A € D¢ ((SpdC)", A) is in the essential image of the
pullback functor

Die((Div')", A) — Dt ((Spd C)", A),
then A € DE™t(Sp1C"A),

Proof. The claim follows from a commutative diagram of pullback functors

Di([x/Wg]") —— Dy((Div')™)

J |

ch(*) — ch((Spd C)n)a

and the fact that the upper horizontal arrow is an equivalence by [2, Propo-
sition IV.7.3]. O
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4.2. The v-stack Hck® and the fusion product. In this subsection,
we define the following v-stack Hck® and v-sheaf Gr') (i = 1,2) over
(Spd C)%:

Definition 4.6.

(1)

For ¢ = 1,2, the v-stack Hckg Divl,)? over (Divi,)2 is a functor

(
sending an affinoid perfectoid S — (Div%,)2 to the groupoid of pairs

of G-bundles &1, & over Bgi » (S) (with respect to the composition
vy
S — (Div},)? — Div3)) together with an isomorphism ¢ between &
and & over Bgi » (S)[1/Z;]. Here Z; is an ideal sheaf corresponding
vy

to a map
S — (Div},)? P, Divy,
where pr; is the ¢-th projection.

For i = 1,2, the v-stack Grg) , over (Div},)? is a functor

(Divi,)

sending an affinoid perfectoid S — (Div},)? to the sets of a G-

bundle & over BgiVQ (S) together with a trivialization ¢ of & over
y

By (S)[1/T).

We can write Hck® and Gr® in terms of a variant of loop groups:

Definition 4.7. For ¢ = 1,2, the v-sheaf L

(giV§;)2G over (Div},)? is a v-

sheaf given by

S G(BJ s (S)[1/T).

Proposition 4.8.

(1)

(2)

There is a natural isomorphism of étale stacks over (Div%;)2

(@) ~ (T+ (@) +
HCkG,(Divly)2 = (L(Div;)ZG)\(L(DivlyVG)/(L(DivlyVG)'

There is a natural isomorphism of étale sheaves over (Div%,)2

(2) ~ (7@ +
G’rc,(Div;,)2 = (L(Divlny)/(L(Div;ﬁG)'

Proof. This follows from the same argument as [2, Proposition VI.1.7,

VL1.9].

O

For i = 1,2, let B;‘(S) be a ring B]eri 1 (S) with respect to a natural
vy

map (4.

map

(4.5)

4), that is, the completion of Oy, along Z;. Then there is a natural

Di HCkg?(Div§)2 — HCkG’,DiV%,
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sending (&1, &2, ¢) to its pullback (51|B+ 5),52|B+ 5),¢|B+ [1/1]) under a
natural map

noting that the right hand side is the completion of Oy, along Z; and the
left is along Z17Z5. Also, there are two projections

T2 et MK s = (Dl s ONEQ 2 G/ (L 1, 6)

(D (Divi)2
(4.6) _ N Y
— (DlVy) /(L(Dlv )2 ,G)
with respect to the left and right actions of L(D. 1 )2G on ng). 1 )QG, respec-
lVy lVy
tively.

For a v-stack S — (Div%,)Q, put
() ._ (1)
HCké,S T HCkGZ,(Divi))z X(Div%,)Qsa

and still write 7y 2, T2 2 for the base change of 1 2,722 to S. We also write
p; for the map

pi X pri Hekgspacp = Hk iy o X (a2 (3P4 €
— HCkG,ley XDiv}, Spd C = Hckg spac -
Put
HAS 1 o = L acp O\, 0p @ x e 1O it
K@, (spd 0)? = L(spd o)2 \ (Spd¢)2& X (Spd C)2 / (Spd C)2

_ (1) (2)
= HCkG,(Spd €)2 Xma,2,(Spd C)2/L+G w1 o HCkG,(Spd )2

There exists a canonical map
(4.7) convag: Hckg?é’pd oy2 — Hekg (spao)?

induced by the multiplication map

(1) (2)
L(spdC)2G X(Spd C)2 L(SpdC)QG — L(spacyG-

Moreover, there are natural maps

conv 1 2
(4 8) HCk G,(Spd )2 = HCk(G’,)(Spd 0)2 X 19,2,(Spd C)2/L+G,m1 2 /HCk(G,)(Spd )2

1) (2)
— Mk spa oz X(spd 0)2 HEKG (spa o2 -
For A, B € Sat(Hcke spdc, Qp), define the fusion product
AxB < Sat(HCkG SpdC Qe)

by
A% B := R(convs).ay* (pj AKX psB).

We will use the following lemma later:



Two monoidal structures on Satake category in mized characteristic 15

Lemma 4.9. Let A, B € Sat(Hckaspac, Qp). The sheaf FSdeC’(A *x B) €
LocSys((Spd C)2, A) (defined in (2.5)) is constant.

Proof. The category Sat(HCkG,SpdC,@g) is semisimple and its simple ob-
jects are the intersection sheaves, which admit a Weil descent. Thus A and
B can be written as the pullbacks of sheaves in Sat(Hckg 1, Qp). It holds
that

F2(Ax B) = €D R'(7G 5pd 0) g,y o R(conva)«(ah o (p1 X p2))* (AR B),

where TGrg,qc: Graspdc — Hckgspac is the natural projection. The
morphisms appearing here can also be defined over Div!, and Ta piv? and
CONV, ;1 s ind-proper. This implies that F2(A % B) can be written as the

pullback of an object in LocSys((Div!')2, A). Then the claim follows from
Lemma 4.5. g

5. The two monoidal structures

In this section, we will prove the main theorem, which states that two
isomorphisms

F(AxB) 2 F(A) ® F(B)

agree for A, B € Sat(Hcke spak, Qp)-

We start with some preliminaries and proceed to review the first monoidal
structure: Zhu’s monoidal structure. Next, we explain the second monoidal
structure, which needs some arguments. Finally, we prove the main theo-
rem.

5.1. Preliminaries. Let
iSpd O¢/L*G : Spd I{Z/L;'_pd kG — Spd OC/L—S;d OCG’
Jspaoo/ta: SPAC/LE 4G — Spd Oc /L4 0,.G
be the natural immersions. We also write

iHek: Heka spdk — Heka,spdoe,
JHek: Hekaspao — Heka spdog

for the natural immersions. For a small v-stack S — Div%y), the two maps
T8, T80 Hekas = [LEG\LsG/LEG] — [S/LEG],

with respect to the left and right actions, induce an H*([S/LEG], A)-
bialgebra structure on H*(Hckgs,A). Thus for A € DBDLA(HCkQS,A),
the module H*(Hcke,s, A) is an H*([S/LEG], A)-bimodule.



16 Katsuyuki BANDO

Lemma 5.1.
(1) The pullback homomorphisms

H*(Spd Oc /L 40, G, A) — H*(Spd k/LE 4G, A),

induced by ispq 0 /1+a and jspaoq L+ respectively, are isomor-
phisms of rings.

(2) Put Rg = H*(Spdk/Ld 4G, N). For A € DE"(Hckg spaoe,A)
and S = Spd C, Spd k or Spd O¢, the cohomology group

H* (’HCkGﬁ, A)

is a bimodule over H*([S/LEG), S) = R by (i). Then the pullback
homomorphisms

H* (HCkG,Spd Oc A) — H* ('HCkG,Spd ks i;—[ckA)v
H* ('HCkG,Spd Oc A) — H* (’HCkG’spd C, j;{ckA)

are isomorphisms of Rg-bimodules.

Proof. (1). There are equivalences of categories

Z; dOo~/LtaG
DYMA(Spd k/Ld, 4, G) ¢ DEMA(Spd Oc /L4 0. G)
jSpd O¢/LtG
DEM(Spd C/ L4 o G),

which can be obtained by restricting the result of [2, Corollary VI.6.7] to
the 0-Schubert cell Hckg 5,0. Since the constant sheaf A is ULA, we have

H™(Spd Oc/ L, q0,.G, A)

= I‘:[OnllDét (Spd OC/Lgpd oc

QG) (A? A[m])

~ -k Sk
= Homp, (Spdk/LE 4 ,G) (ZSpd OC/L+GA’ 'Spd OC/L+GA[m])

= H™(Spdk/Lg 4G, A).

This homomorphism is equal to the natural map in the statement, and it
is a homomorphism of rings by the general theory. The proof of the second
isomorphism is the same.

(2). When we regard H*(Hckag spdk,iyad) as a H*(Hckgspdoe, A)-
module via the pullback homomorphism

a* ('HCkG’Spd Oc> A) — H* (HCkG,Spdka A)7
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the first homomorphism in the statement is a homomorphism of
H*(Hckeg,spd o, A)-modules. Thus, when we consider both sides of this ho-
momorphism as a bimodule over

(i)
Rg = H*([Spd Oc/Lgpa o, Gl A)

via the two maps 71,1 5pd0, and m21,5pd 0, this homomorphism is a ho-
momorphism of Rg-bimodules. This Rg-bimodule structure on the target
agrees with the bimodule structure in the statement since the diagram

T3,1,8pd O T
Hekaspdoe — Spd Oc/Lg,q0,.G

T T

HCkG,Spdk Tl Spdk Spd k/Lg_pd kG

commutes for i = 1, 2. Therefore, the first homomorphism in the statement
is a homomorphism of Rg-bimodules.

Now we can show the claim by the same argument as (1), using equiva-
lences of categories

Z‘*
DEMA (Heke spar) <2 DEM (Heke,spaoc)

Jiie

s DG (Heka spac)
in [2, Corollary VI.6.7] and noting that Ag,p,p(4) is ULA by [2, Proposition
VI.6.5]. 0

5.2. The first monoidal structure: Zhu’s monoidal structure. In [4,
§2.3], they construct the monoidal structure as follows: (here, by “monoidal
structure” we only mean an isomorphism F(Ax B) = F(A)® F(B) in view
of Section 3.)

Note that we use the identification of several schemes or stacks over
Spec k with corresponding diamonds or v-stacks over Spd k via [3, §27].

(1) For A, B € Perv(Hcke spak, Q¢), the natural map
RI(Hcka spak, A) @g, R (Hcka spak, B)

_K—
e RF(,HCkG,Spdk XSpdk HCkG,Spdka AK B)

(a1)"

—— RU(Hckg'Sa s (a})*(AX B))
= RI'(Hckag spd i, A * B)
induces an isomorphism
(5.1) H*(Hckg spdk, A) @re H* (Hcka,spar, B) = H* (Hckg,spar, A x B)
of Ri-bimodules.
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(2) Two actions of Rg on H*(Hckg spdk, A) coincide for any perverse
sheaf A € Perv(Hcke spak, Qp)-

(3) By tensoring Q, over R with the isomorphism (5.1) and using (2)
the fact that

Q; ®re H* (Hcka spakr, A) = H*(Grg spak, A)
holds, we have the natural isomorphism
H*(Grgspak, A) @ H*(Grg spdr, B) = H*(Grg,spdk, Ax B).
Using Lemma 5.1, the same argument as above works if we replace Spd k
by Spd C.
5.3. Construction of the second monoidal strucutre. In this sub-
section, we explain the construction of the second monoidal structure of

Fslpdk‘: Sat(Hcke spd ks Q) — LocSys(Spd k, Q) = Vect@e.

In [1], we implicitly use the result of this subsection. For the construction,
we first construct a monoidal structure of

Fgpac: Sat(Hcka spac, Q) — LocSys(Spd C, Q) = Vectg,,

by an argument similar to [2, Definition/Proposition V1.9.4.]. More pre-
cisely, it is as follows: Recall that in [2], they construct a monoidal structure
of

(5.2) F]Zl)ivl t Sat(Hckg piyt, A) — LocSys(Div', A) = Rep(Wr, A)

for a torsion A. The same argument works for A = Q,, so we obtain a
monoidal structure of

Flil)ivl : Sat(HckGDivl,@g) — LocSys(DiVl7 A) = Rep(Wg, Q).
In this subsection, we will show the following proposition:
Proposition 5.2. There exists a symmetric monoidal structure
Fgpac: Sat(Hcka spac, Qr) — LocSys(Spd C, A)

such that the natural isomorphism which makes the diagram

_ Fl
Sat(Hckg piyts Q) ol LocSys(Div!, A)
F,

(5.3) (_)*l J(_)*
SlpdC

Sat(Hckea spac, Q) — LocSys(Spd C, Spd C')

commute 1is symmetric monoidal with respect to the above symmetric
monoidal structure of F[l)ivl and the canonical symmetric monoidal struc-
tures of the pullback functors.
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Once we prove this proposition, we obtain a monoidal structure of Fslp dk
by connecting Spd C' with Spd k via [2, Corollary VI.6.7] (or [1].)

Proof. The proposition follows since we can give a parallel construction to
Fargues—Scholze’s construction of (5.2), noting that in the part where they
used [2, Proposition VI.9.3], we need to use Corollary 4.4 (and Lemma 4.9)
instead.

Namely, it is as follows: One can easily show that there are cartesian
squares

convy conv

aj
HCkG,SpdC — HCkG,SpdC E— HCkG,SpdC’ XSpdC HCkG,SpdC

A’HCkJ J/A;.Lckconv J{A'HCI(Q
/

n N a 1 2
Heka (spd 0)2 S /HCkg’),(gpd C)? : >7'[Ck(c:,)(spd 0)2 X (Spd C)? HCk(G,)(SpdC)Q’
where the maps conv; and a are defined in (2.3) and (2.4), respectively,

and the vertical maps are the base changes of the diagonal map Spd C' —
(Spd )2, under the isomorphism

Hekgspao = Mk (Spacyz X (spd0)2,a Spd C,

and similar isomorphisms. Thus, the restriction of A x B to the diagonal is
isomorphic to the convolution A x B. On the other hand, the restriction of
Ax B to

Heka spacp, . = (Hekaspao)” Xspacyz (Spd )iy aig

is isomorphic to the restriction of AKX B. Also, the Kiinneth formula defines
an isomorphism

2
(54) Fgpa O)iv-aisi ((A R B)lteks, 5pa C)e‘/—disj)

= (FY(A)® F'(B))|spac)

2 .
W-disj

Therefore

Figpacy (A * B)|ue = (FY(A) B F'(B))|spacy

2 .
G,(Spd C)%/V_disj W-disj

All objects in D¢t (Spd C, A) are constant (since SpdC' is strictly totally
disconnected and |Spd C| = #). This implies that F'(A) and F!(B) are
constant, so F'(A)X F'(B) are constant as well. Moreover, F(2Spd )2 (AxB)
is constant by Lemma 4.9. By Corollary 4.4, we have an isomorphism

(5.5) Flgpacy2(A* B) = Fipg o(A) K Fgyq0(B)

and
H*(Grg,Ax B) = H*(Grg, A) @ H*(Grg, B)
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by restricting to the diagonal. The other conditions for being symmetric
monoidal can be shown in exactly the same way, parallel to the argument
in [2]. The condition concerning the square (5.3) follows easily since this
construction is completely parallel to Fargues—Scholze’s one. U

5.4. Proof of main theorem. Now we can show the main theorem:

Theorem 5.3. For A,B € Sat(’l-[ckgspdk,@g), the isomorphism
F(AxB)= F(A)® F(B)
in Section 5.3 coincides with one in Section 5.2.

As in Section 5.3, the second isomorphism comes from a monoidal struc-
ture on

Fipac: Sat(Heke spac, Q) — Vectg,,
by connecting Spd C' with Spd k via [2, Corollary VI.6.7]. On the other
hand, as written in the last paragraph in Section 5.2, there is a method of
constructing a monoidal structure of Fépdc, which is parallel to Zhu’s con-
struction. This construction is compatible with Zhu’s one via [2, Corollary
VI.6.7] in view of Lemma 5.1. Therefore, it suffices to show that the two
monoidal structures of Fslpdc coincide:

Theorem 5.4. The above two isomorphisms
Fépac(Ax B) = Fg,q0(A) @ Fgpqo(B)
coincide.

Proof. We have the following commutative diagram in which all the squares
are cartesian:

A
Hck2
Hceka spd ¢ Xspd ¢ Heka,spac ——— Hekag,spac X Heka,spd o

P1Xp2

Agra2 (1) (2)
Heka spac Xspac Hekaspac —— Hek(gpa 02 X (spd )2 HEK G gpa 02

aj al
(56) HekeSpac S Hekg (Spa )2
convy conva
Hceka spd Bt HckG7(Spd 0)?
TGrgpa ¢ " (spa )2
Grg,spdc Sor Gre (spd )2 -
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Here the horizontal arrows are the pullback of the diagonal map
Aspacy2: SpdC — (Spd C)?
and TGrspacs TCrgpq op2 A€ the projections. See (4.5), (2.4), (4.8) for the

definition of p;, @}, ab, respectively. We also have the following commutative
diagram in which all the squares are cartesian:

J k2
Hekg spac X Heka,spd ¢ ———— (Heka spa 0)? X spa 02 (SPd C)y_aisg
P1Xp2
1 J ck2
Hk G5 92 % 3 )2 HEK S (0 o2 H2 (Hekr spa o) X (spacyz (SPA Oy gy
ay
(5.7) HkE a2 THAET (Heka spac)® X spacy2 (SPA C)iyaigy
conva
JHck 2
Heke (spd o)z ¢ (Hckaspac)? X spacy2 (Spd C)fyaigy
TGr (g4 02 r(spd C)%/V-disj

Jar

Gre,(spd 02 (Graspdc)? X (spacy? (SPd O)fy_ig;-

Here the horizontal arrows are the pullback of the immersion
Jw-disj: (Spd C)fy_aisj — (Spd ).

As reviewed in Section 5.2, the first monoidal structure is defined as
follows: The canonical map

(5.8) RI(Hckgspac, A) ®g, BRI (Hcka,spac, B)

X
—— RI'(Hckg,spd ¢ Xspdc Heka,spac, AX B)

(a )* conv
—— RT'(Hc GSpdCa(a’l) (AX B))

= RT'(Hcka spac, A * B)
induces an isomorphism
H*(Hckaspacs A) Ore H*(Hckg spac, B) = H* (Hcka spac, A x B).
By applying Q, ®g, —, we have
(5.9) Q ®r, H*(Hckaspacs A) @r, H* (Hcke spacs B)
= H*(Grgspac, A * B).
On the other hand, we have the second monoidal structure:

(5.10) H*(GrG,SpdC;A) ®Q (GI‘G SpdCyB) = (GI‘G SpdC7A*B)
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as reviewed in Section 5.3. It suffices to show that the composition

(5.11) Qp ®pr, H*(Hckg spac, 4) ®r, H* (Hcka spac, B)

(5.9)
= H*(GTG,SpdCa A x B)

(5.10)
= H*(Grgspac, A) ®g, H (Graspac, B)

is a mnatural map under the fact that the two Rg-actions on
H*(Hcka spac, A) coincide. That is, when we write T for the image of
x € H*(Hckg spacyn, F) under the natural map H*(Hckg (spacoyns F) —
H*(Grg,(spacyn, F'), it is enough to show that the composition (5.11) is the
map of the form

1Tz RYr—TRTY.

First, for © € H (Hckg spac, A) and y € HY (Hckag spac, B), we can define
an element z * y of

Ri+jF<HCkG’(Spd )25 A * B),

as the image of x ® y under a map

RF(’HCkG’Spd C A) ®@£ RF(/HCkG,Spd [of} B)
225 R (Hckgspac X Hokaspa o, AR B)

(alz)*(pl xXp2)*
_—

RE(Hk ($pa o)z (a3)" (PTA X p3B))
= RT(Hcke spacy2s R(conva)«(as)* (pT A K p3B))
= RF(,HCkG,(Spd )2, A x B)

Claim 1. Under the isomorphism (5.9), Ag, (Z *y) corresponds to

l@z®y € Q®pr, H (Hckaspacs A) ®r, H (Heka spacs B).

Proof. Tt suffices to show that the homomorphism (5.8) maps = ® y
to A}, (z * y). This can be proved by a standard argument using the
cartesian squares in (5.6) and applying the proper base change for the ind-
proper morphism convs, noting that all concerning sheaves have bounded
supports. O

On the other hand, we can define an element T X 7 of

H"™((Grgspac)?, AR B),
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as the image of x ® y under a map

H (Hckaspac, A) ®@e HI (Hcka,spac, B)

lback :
T2 HY (Grg spacs A) @g, H (Gra,spac, B)

= H™ ((Gra.spac)® AR B).
Let jg,: (Grspac)? X (spa )2 (Spd C)%V_disj — (Grspac)? be the immersion.
Claim 2. The restrictions (jg,)*(Z*y) and (jg,)* (ZX7) of T*y and TRy
to (Spd C’)%,V_diSj coincide as an element of the (i + j)-th cohomology of
RY((Grspac)? X spacye (S CPyqu (76" (AR B).

Proof. This can be proved by the standard argument using the
diagram (5.7) and base changes. O

By Lemma 4.9 and Lemma 4.3, we have
H"™(Grg spacyz, A* B) = H°((Spd C)?, R"™ (g (spa c)2)« (A = B))
C H((Spd ©)%, F%(A * B)).

Thus the element Ty can be seen as an element of H((SpdC)?2,
F?(A x B)). Moreover, we obtain a commutative diagram

H™(Grg,spacy2, A * B) ————————— H((Spd C)?, R m.(A  B))
i i
H™(Grg spacys, 3" (A B) ————— H((Spd C)fy_qyj, J* R 7 (A + B))

~ ~

HH(Grg (spacy2 S I(ARB) — HO((Spd Oy _gisj 3* Birsjr—irj B 7 AR RI'm. B))

W-di:
* i
H™((Grg,spac)? AR B) —————— H((Spd €)%, @y jr—i1; R m AR RV'1. B))

_X— —X—

HZ‘(GI‘GSpd(j, A) & Hj(GrG,Spdc, B) - HO(Spd C, Riﬂ*A) & HO(Spd C, Riﬂ*B).

Here we only write j for various base changes of (Spd C)%A/_disj — (Spd C)?,
and  for the projections Grg spac — Spd C and Grg (spac)2 — (Spd C)2.
The five objects on the right are by definition direct summands of

HO((Spd C)?, F%(A « B)), H°((Spd €)%, j* F?(A * B)),
HO((Spd C)?, j*(F'(A) ® F(B))), H((Spd C)*, F'(A) B F'(B))),
and H°(Spd C, F'(A)) ® H*(Spd C, F1(B)),



24 Katsuyuki BANDO

respectively. The second vertical arrow from the top on the right is induced
by the isomorphism (5.5).
Let (Z X Y)(spac)? be the image of T X7 under the homomorphism

H'(Grg spac, A) ® H (Grgspac, B)
— H°(Spd C, R'n, A) ® H°(Spd C, R'm, B)
c HSpd C, F'(A)) ® H°(Spd C, F}(B))
B HO((Spd ©)%, FY(A) K F(B)).
By the above diagram and Claim 2, it follows that the restriction of T *y €
H°((Spd )2, F?(A* B)) to H°((Spd C)szv_disjaj*F2(A * B)) is equal to the
restriction of (TXY)gpa )2 to HO((Spd C)?, j*(F*(A)X F(B))) under the
isomorphism (5.5). Thus by Corollary 4.4,
A@MCP@?@efﬂ@muzAwF%A*B»)zF%A*B)
is equal to
A&maﬂ@&@@w@ﬂeH%%dQA%F%@@F%m»
~ Fl(A)® FY(B)
under (5.10). It is easy to show that the restriction of (T X ¥)(spac)2 to
HO(Spd C, Algpa oy (F'(A) B FY(B))) = H(Spd C, F'(A) © F'(B))
~ H*(Grg, A) @ H*(Grg, B).
is T ® y. This implies that A, (z*y) corresponds to T ® y under the iso-

morphism (5.10). From this and Claim 1, it follows that the map (5.11) can
be written as

1QrQy—ITQ7Y,

and the theorem follows. O
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