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On the distribution of the number of distinct
generators of h-free and h-full elements in an
abelian monoid

par SOURABHASHIS DAS, WENTANG KUO et Yu-Ru LIU

RESUME. Ce travail présente la premiére étude approfondie des éléments h-
free et h-full dans les monoides abéliens, offrant une approche unifiée pour
comprendre leur role dans diverses structures mathématiques. Soit m un élé-
ment d’un monoide abélien, avec w(m) désignant le nombre d’éléments pre-
miers distincts engendrant m. Nous étudions les moments de w(m) sur des
sous-ensembles d’éléments h-free et h-full, établissant 1'ordre normal de w(m)
au sein de ces sous-ensembles. Nos résultats sont ensuite appliqués aux corps
de nombres, aux corps de fonctions globaux et aux variétés projectives géo-
métriquement irréductibles, mettant en évidence la portée étendue de cette
approche.

ABSTRACT. This work introduces the first in-depth study of h-free and h-full
elements in abelian monoids, providing a unified approach for understand-
ing their role in various mathematical structures. Let m be an element of an
abelian monoid, with w(m) denoting the number of distinct prime elements
generating m. We study the moments of w(m) over subsets of h-free and h-full
elements, establishing the normal order of w(m) within these subsets. Our
findings are then applied to number fields, global function fields, and geomet-
rically irreducible projective varieties, demonstrating the broad relevance of
this approach.

1. Introduction
For a natural number n, let the prime factorization of n be given as

n=pi...p,
where p;’s are its distinct prime factors and s;’s are their respective multi-
plicities. Let w(n) denote the total number of distinct prime factors in the

factorization of n. Thus, w(n) = r. Let h > 2 be an integer. We say n is
h-free if s; < h —1 for all « € {1,...,r}, and we say n is h-full if s; > h
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for all i € {1,...,7}. The set of h-free and the set of h-full numbers are
well-studied in the literature (see [5, 6, 9, 10, 11]). The former has a density
of 1/¢(h), where ((s) is the classical Riemann (-function, and the latter is a
zero-density subset of the natural numbers. Moreover, every natural num-
ber that is not an A-free or an hA-full number can be written uniquely as
a product of two co-prime numbers, one being h-free, and the other being
h-full. Thus, to have a more refined understanding of the distributions of
w(n), we study its corresponding distributions over the h-free numbers and
over the h-full numbers.

For x > 1, let Sp(x) and Nj(x) respectively be the set of h-free and the
set of h-full numbers less than or equal to z. The authors in [5, Theorem 1.1]
proved the first and the second moments of w(n) over h-free elements as
the following:

1 Gi °

1 2 1
Z w?(n) = m (loglogz)? + C; * xloglogx

Oy T
0

+ 2+ O (oga)
where C; and Cy are constants that depend only on the set of primes and
h, and where Ox denotes that the implied big-O constant depends on the
variable set X. Similarly, in [5, Theorem 1.2], they proved the first and the
second moments of w(n) over h-full elements as the following:

LL/h
> wn) = Yoz loglog z + Divyo pa'/™ 4+ Oy (10 —
neNp(z) g

and

Z w?(n) = 707h3:1/h(10g log z)%2 + (2D + 1) ’yovhxl/h loglog x

neNp ()
1/h
+ Dyyona'/" + O, (1: / logloga:)
’ log
where D1, D2, and vp 5, are constants that depend only on the set of primes
and h.

In this article, we expand the study of h-free and h-full elements to
include any countably generated free abelian monoids for the first time.
This new approach allows us to analyze a variety of mathematical objects,
such as number fields, global function fields, and geometrically irreducible
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projective varieties, all within one unified framework. Section 5 explores
various applications of this generalized setting, demonstrating the broad
applicability of our approach.

Let P be a countable set of elements with a map

N:P—Zs1, pr— N(p).

We call the elements of P prime elements, and the map N(-) as the Norm
map. Let M be a free abelian monoid generated by elements of P. In other
words, for each m € M, we write

m= Z np(m)p,

with ny(m) € NU {0} and ny(m) = 0 for all but finitely many p. We call
np(m) the multiplicity of p in m. We extend the norm map N on M as the
following:

N: M—N

m=>ny(m)p — N(m):= [[ N(p)™™.
peP peP

Thus, N can be extended to a monoid homomorphism from (M, +) to (N, ).
Let X be a countable subset of Q that contains the image Imop(N(M))
with an extra condition: if x1,29 € X, the fraction x1/xz2 belongs to X,
too. By [17, Theorem 2], without loss of generality, one can assume X = Q
or X = {q*: z € Z} where ¢ is a power of a natural number strictly greater
than 1.

Given P, M, X, and for sufficiently large x € X, we assume that the
following condition holds:

(x) I(z):= Z 1=kx+0(z?), forsomer >0and0 <6 <1,

meM
N(m)<z

For each m € M, we define

w(m) = Z 1,

peP
np(m)>1

the number of elements of P that generates m, counted without multiplicity.
For a non-zero element m € M, let the prime element factorization of m
be given as

(1.1) m=s1p1 + -+ SrPr,

where pls are its distinct prime elements and s are their respective non-
zero multiplicities. Here, w(m) = r and

N(m) = N(p1)™ ... N(p,)*



1044 Sourabhashis DAs, Wentang Kuo, Yu-Ru Liu

Let h > 2 be an integer. We say m is an h-free element if s; < h — 1
for all i € {1,...,r}, and we say m is an h-full element if s; > h for all
i€ {l,...,r}. Let Sj denote the set of h-free elements and N}, denote the
set of h-full elements. The distribution of h-free elements in M is well-
established. To demonstrate the result, we introduce the generalized (-
function which is an analog of the classical Riemann (-function as the
following:

1 Nt
gmgﬁgmww_g@<mm) for R(s) > 1,

where m and p respectively range through the non-zero elements in M
and the prime elements in P. Since Condition (%) satisfies [13, Chapter 4,
Axiom A] with (G,-) = (M,+), A =k, 6 = 1, and n = 0, the absolute
convergence of the above series for R(s) > 1 follows from [13, Chapter 4,
Proposition 2.6]. In the region $(s) > 1, the proposition also proves the
equality between the sum and the product, proves that (a(s) # 0, and
establishes the integral form of (x(s) as the following:

Cm(s) = 3/100 I(x)z*"1 da.

Let P, M, and X satisfy the Condition (). Let z € X and let Si(x)
denote the set of h-free elements with norm N(-) less than or equal to
z. Since Condition (%) satisfies [13, Chapter 4, Axiom A], thus, by [13,
Chapter 4, Proposition 5.5], we have:

K
1.2 Si(x)] = z + On(Rs, (7)),
(12) )2 = ¢ g+ OnlBs, (@)
where |S| denotes the cardinality of the set S, and where
zf if + <0,
(1.3) Rs,(z) = { ai(logz) if +=0,
o it L>9.

As an addition to the literature, we prove the distribution of A-full elements.
To do this, we need to define a new constant. Note that for a real sequence
{an}, the absolute convergence of the product []>2 (1 + ay,) is equivalent
to the absolute convergence of the sum »37°; ay,. Since 5, N (p)~(+1/h)
converges by Part (3) of Lemma 2.2, thus the product

o N(p) = N(p)'/" )
(1.4) Yo = VM = 1;[ (1 + N(p)? (N(p)l/h —1)

converges as well. The lemma also proves the convergence of all series of the
form 37, N(p)~ where a > 1. We will use this reasoning without repetition
to define other constants in our work.
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For the distribution of A-full elements, we prove:

Theorem 1.1. Let P, M, and X satisfy the Condition (x). Let x € X and
h > 2 be any integer. Let Ny, (z) denote the set of h-full elements with norm
N(-) less than or equal to x. We have

Wi(2)| = mma /™ + On (R, (),

where 7y, is the constant defined in (1.4), and where

xh if 5 <0,
(1.5) Ry, (2) = xﬁ(logm) ith_H:Hfor someie{l,...,h—1},
R ithH>0andhLH#Qforanyie{l,...,h—l}.

We use the above distribution results to study the distribution of w(m)
over h-free and h-full elements. We begin with some definitions.
Let x € X. Let 2 and B be constants defined as

1
(1.6) 2 := lim —— —loglogz |,
N(p)<z
and

—72/6 it X =Q and

(17) B = {(loglogq)2—712/6 le:{qZZEZ}

The existence of the constant 2l is explained in [18, Lemma 2]. We define
the constants

. N(p)—1
(18) G =AY NV EE D
and
_ N(p) ' - 1)
(1.9) ¢y ._¢%+¢1+%—§p:<N(p)h_1> .

For the distribution of w(m) over h-free elements, we prove:

Theorem 1.2. Let P, M, and X satisfy the Condition (x). Let x € X and
h > 2 be an integer. Let Sp(x) be the set of h-free elements with norm N(-)
less than or equal to x. Then, we have

K k& T
E w(m) = xloglogx + x40 ()7
e () (m) Cm(h) Cm(h) "\logz
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and
2 1
Z w?(m) = r x(loglogm)Q—l—Majloglogw—i— wes x
mESy (x) Cm(h) Cm(h) Cam(h)
R (fcloglogw>
log x

Next, we consider the case of h-full elements. Let £ (r) be the convergent
sum defined for r > h as

1
(LI0) 8032 2 ST (W) — NG+ 1)
We also define two new constants
(1.11) D1 :=™A—logh+ L,(h+1) — L£4(2h),
and
1 2
(1.12) Dy ::Q%Jr@ﬁ%_zp:(N(p)—N(p)l—l/h+1) .

For the distributions of w(m) over h-full elements, we prove:

Theorem 1.3. Let P, M, and X satisfy the Condition (x). Let x € X and
h > 2 be an integer. Let Ny () be the set of h-full elements with norm N(-)
less than or equal to x. Let vy, be defined in (1.4). Then, we have

1/h
Z w(m) = kM loglog z + k@12 + Oy, (f > ,
meN}, (z) 08t

and

Z w?(m) = kypzt/M(loglog 2)? + kyp (2901 + 1) 2/ loglog «
mENh(J:)

+ kDot + 0y, (ml/h log loga:> )

log

In [7], Hardy and Ramanujan strengthened the classical distribution re-
sult for w(n) by proving that w(n) has the normal order loglogn over
natural numbers. In [8, Section 22.11], one can find another proof of this
result using the variance of w(n) (see [8, (22.11.7)]). In [18, Corollary 1],
using this method of variance, the third author provides an analog of this
result over any abelian monoid M. More precisely, she showed that for any
€ > 0, the number of elements of M with norm N(-) less than or equal to
x that do not satisfy the inequality

(1 —¢)loglog N(m) < w(m) < (1 + ¢)loglog N(m)
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is o(z) as * — oo. This shows that w(m) has normal order loglog N(m)
over M.

Note that w(n) may exhibit different normal orders over different subsets
of N. For instance, w(p”) = 1 for any prime p and any positive integer r > 1,
and thus w(n) has normal order 1 over the set of all prime powers. However,
using the first two moments of the w(n) over h-free and h-full numbers, the
authors in [5] established that w(n) has normal order loglogn over these
restricted subsets as well. In this work, we generalize this to the abelian
monoid case. First, we define the normal order of a function over a subset
of M. Let & C M and &(x) denote the set of elements belonging to & and
with norm N (-) less than or equal to x. Let |&(x)| denote the cardinality of
S(x). Let f, F : & — R>( be two functions such that F' is non-decreasing,
ie., if my,my € M with N(ml) < N(mg), then F(ml) < F(mg) Then,
f(m) is said to have normal order F(m) over & if for any ¢ > 0, the number
of m € &(z) that do not satisfy the inequality

(1 =e)F(m) < f(m) < (14 ¢€)F(m)
is o(|&(x)]) as © — .
The set of h-free elements has a positive density 1/{x((h) in M. Thus,

the proof of normal order of w(m) over h-free elements being log log N (m)
follows from the classical case. In particular, one can establish the following:

Corollary 1.4. For any € > 0, the number of m € Sy (z) that do not satisfy
the inequality

(1 —¢)loglog N(m) < w(m) < (1 + €)loglog N(m)
is o(|Sp(x)]) as x — oo.

On the other hand, the set of h-full elements has density zero in M and
thus does not follow directly as the previous two result. However, writing
an h-full element m as m = tgtl where vy is the product of all distinct prime
element factors p of m with ny(m) = h, one can use the classical result on
w(tp) to establish the normal order of w(m) over h-full elements. Addition-
ally, working similarly to [5, Proof of Theorem 1.3], using the method of
variance, we can establish the following result:

Corollary 1.5. For any e > 0, the number of m € Nj,(x) that do not satisfy
the inequality
(1 —¢€)loglog N(m) < w(m) < (1+ ¢)loglog N(m)
is o(|[Nn(z)|) as v — oc.
Finally, our work can be extended to analogs of other arithmetic func-
tions as well. Let Q(m) denote the number of prime element factors of m

counted with multiplicity. In particular, for the representation of m given
in (1.1), Q(m) = >>;_; s;. Using the methods employed for w(m) in this
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manuscript, we can establish analogous results for Q(m). In particular, we
can establish the first and the second moments of €(m) over h-free and over
h-full elements. We can also prove that €(m) has normal order log log N (m)
over M and over Sy, and has normal order hloglog N(m) over Nj.

2. Lemmata

In this section, we list several lemmas required for our study.

Lemma 2.1. Let P, M, and X satisfy the Condition (x). Let x € X. Then

(2.1) M) = Y 1—0( * )

o log
N(p)<z

Proof. The result can be deduced from Condition (*). The case of X = Q
is a result of Landau [15, p. 665-670], and the case of X = {¢* : z € Z} is
given by Knopfmacher [12, p. 76, Theorem 8.3]. O

Lemma 2.2. Let P, M, and X satisfy the Condition (). Let x € X and
a be a real number. We have

(1) Ifo<a<l,
1 -«
Z N(p)e = Oa (11]3 ) ’

N(p)<z
(2) If0<a<l,

meM\{0}
N(m)<z

(3) If a > 1, then

1
Z a Oa(l)’
met oy V(M)
N(m)<z
and thus )
Z o = Oa(l)
o N
N(p)<=z

(4) As a generalization of Mertens’ theorem, we have

1 1
Z zloglogaz+21+0( ),
ap N log x

N(p)<=z

where A some constant that depends only on P.
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(5) We have

1 , 1

where
A =r +/ (I(y) — ky)y~*dy,
1

and where 1(y) is defined in Condition ().
(6) If « > 1, then

> v = (@ meioes)

peP
N(p)>z

(7) If a > 1, then

N“%)A:gx N(Ilu)o‘ =0 <(a - 11)ma1) '

Proof. Notice that Conditions (A) and (2.1) satisfy the Conditions (A)
and (B) in [18, p. 574] and Axiom A of [13, Chapter 4]. Thus Parts 1,
3, and 4 follow from [18, Lemma 1 and 2| and Part 5 follows from [13,
Proposition 2.8(i)]. Parts 2, 6, and 7 follow from the technique of partial
summation (see [1, Lemma 1.2]). O

Lemma 2.3. Let P, M, and X satisfy the Condition (x). If X = Q, we
have

1 o loglog x
N(p)z<:m/2 N(p)log(z/N(p)) ( log >

and if X ={q¢*: z € Z}, we have

1 B log log x
O Tl

N(p)<z/q

Proof. Follows from [18, Lemma 4]. O

Lemma 2.4. Let P, M, and X satisfy the Condition (x). If X = Q, we
have

1 T
——loglog —— = loglogx2+2lloglog:z+%+0(
2 Ny el g = teglosa)

N(p)<z/2

log log :U)

log =
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and if X ={q¢*: z € Z}, we have

1 T loglog x
—loglog —— = (loglog z)? +Aloglog z + B+ O ()
zp: N(p) N(p) ( ) log x
N(p)<z/q
where A and B are defined in (1.6) and (1.7) respectively.
Proof. Follows from [18, Proof of Lemma 3. O

Lemma 2.5. Let P, M, and X satisfy the Condition (%). Let p and q
denote prime elements. Let x € X. Then, we have

1 loglog x
E ————— = (loglogx 2+29110g10gx+912+%+0( >,
e N(p)N(q) ( ) log x
N(p)N(q)<z

where A and B are defined in (1.6) and (1.7) respectively.

Proof. Let X = Q. Since N(q) > 2, thus N(p)N(q) < z implies N(p) <
x/2. Thus, using Part (4) of Lemma 2.2 and Lemma 2.3, we can write

2 Nov@
N(p)N(q)<z
1 1
= L Wy % W@
N(p)<z/2 N(q)<z/N(p)
1 T 1
= —— [ loglog FA+O | 77—
2 e < N ) <1ogN<p>>>
N(p)<z/2
1 T x loglog x
= loglo —|—Ql(lo lo +Ql)+0<>.
Zp: N(p) =N 582 log
N(p)<z/2

Applying Lemma 2.4 to the above and the fact that

1
(2.2) loglog% = loglogxz + Opg <log$> )

for any constant 8 > 2, we complete the proof for this case.
Now, let X = {¢* : z € Z}. Here, since N(q) > ¢, thus N(p)N(q) < z im-
plies N(p) < x/q. Thus, again using Part (4) of Lemma 2.2 and Lemma 2.3,
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we can write

1
% N(p)N(q)
N(p)N(q)<z
1 1
B ; N(p) ; N(q)
N(p)<z/q N(q)<z/N(p)
1 T 1
= —— | loglog +2A+0 <x>>
; N(p) < N(p) log 5
N(p)<z/q
1 T x loglog x
= log log + A <log log — + Ql) +0 <> .
. N N(p) q log =
N(p)<z/q

Finally, we complete the proof using Lemma 2.4 and (2.2) to the above. [

In the following sections, we will always assume that P, M, and X satisfy
Condition (x).

3. The first and the second moment of w(m) over h-free
elements

We begin this section by proving the distribution of h-free elements which
are co-prime to a given set of prime elements. To do this, we introduce the
generalized Mobius p-function. For an m € M, the Mobius function g (m)
is defined as

1 ifm=0,
pm(m) =< (=1)" if m is 2-free and generated by r distinct prime elements,
0 if there exists a prime element p with ny(m) > 2.

Let my,mo € M. We say m; divides my if the following holds: for any
p € M, if ny(my) = r, then ny(my) > . We denote this property by mj|ms.
Note that, for any m € M, pa(m) satisfies the identity

(3.1) 3 @) =
i

1 if m is h-free,
0 otherwise.

Note that the generating series for pa(m) is the reciprocal of the general-
ized (-function. In particular, for R(s) > 1, we have

I pm(m) 1
32 i~ 2 e~ L w7)

m(s) meM\{0} peP
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Note that the above equalities follow from the absolute convergence of the
sum and the product formulas of {y(s) in the region R(s) > 1. We prove
the following distribution result:

Lemma 3.1. Let h > 2 andr > 1 be integers. Let £, ..., ¢, be fized distinct
prime elements and Sy, . ¢.(x) denote the set of h-free elements m with
norm N(m) < z and with ng,(m) =0 for alli € {1,...,r}. Then, we have

T N ﬁl‘ h _ N ez‘ h=1 K
|Sh v, ()| = H ( ( &(gi)h E 1) ) Cm(h)

i=1

where Rs, () is defined in (1.3).

T + Oh,r (Rgh (:E)) ,

Proof. We define the restricted generalized Mobius p-function on M as

m) ifn,(m)=0 Vied{l,...,r},
s () = pa(m) A ') { }
0 otherwise.

Using this and (3.1), notice that

Shtyt (@) = D > um)

meM oeM
Nm<z  oF|m

— Z Z PA,ey,. b, (D)

meM 0EM
Nm)<z "m
ngi (m):(], Vi
= > wma.n® D>, L
weEM meM
N@) <z N(m)<z/N(d)"

’ngi (m):O, Vi

We estimate the inner sum above using inclusion-exclusion, Condition (*),
and the fact that N(¢;) > 2 for all 7 as

> 1

memM
N(m)<z/N()"
ngi(m)ZO,Vi
x " x " x
- (o) B () * 51 )
vor) & Fera@ Z: NQ@)"N ()N (L))
i#£]
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KT KT 1
“Nop N(o)" ; (N(&)) 0)h Z ( (@))

2,J=1
i#]

( 1) ka 1 .
TN (Nwl) <m)+0<2 N<a>h@>

1 .o
e M1 (1 7)o (7w

where the factor 2" bounds the number of possible subsets of {¢1,...,¢}.
Combining the last two results, we obtain

Sh.ey,....00 ()]
: 1 oy el 0. (0) af
:m:H<1—> Z EM b, b T +012" Z
i=1 N(&) 2EM N ()" 2EM N ()"
NQ@) <z N@®)h<z
- 1 paey,...0, (D) 1
= KT H <1 — ) Z —ro e S 4L 0| x Z -
i=1 N(&) veM\{0} N(@)* 0EM N(@)
N@)>z'/h
0 S 2’
+ 2" —
oem N
N(@)<zl/h

Note that, using the Euler product formula mentioned in (3.2), we can write
the main term on the right side above as

LA, 0 (D) _
2, ~vor - U <1 ¥or)

e M\ {0}
h
(H o)

We bound the first error term using Part (7) of Lemma 2.2 with o = h as

[
—
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Also, for the second error term, using Parts (2), (3), and (5) of Lemma 2.2,
we obtain

. 1 if 1 <0,
Z W <p lOlgI‘ if % == (9, and
N/ zh=? if > 0.
Combining the above four results, we complete the proof. O

Finally, we establish the asymptotic distribution of w(m) over h-free el-
ements:

Proof of Theorem 1.2. Let p¥||m denote the property that np(m) =
Then writing m = kp + y with ny(y) = 0 for such m and using m
min {h — 1, |[logx/log N(p)|}, we obtain

2, wm= >, > 1

mESh(x) meSh(x) np(nﬂ)21

k.

m

N(p)<z k=1 meSy (z)
p¥(jm

— Z Z 1.
N(p)<z k=1 yeS8), (z/N(p)*¥)
Ny (ZL/):O

Now, using Lemma 3.1 for one prime, writing Rs, () < 2 where 0 <v < 1
and using Part (1) of Lemma 2.2 to the above, we obtain

33) > w(m)

mesSy, (CC)

B h—1 N(p)h N N(p)h—l > 1
7N k 1<N(p)k(N(P)h—1) +O(logx>'
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Now, using

>

SN -N@E't 1 Np) -1
— N(p)E(N(p)h —1) ~ N(p) NP)(N(p)-1)’

(]

=

and Parts (4) and (6) of Lemma 2.2, we obtain

N(p)"*

(p)" 1
Z Z( N p)F N(p)h_1)>:1og10ga:+¢1+0h<logx)’

p)<z k=1

where €; is defined in (1.8). Combining the above with (3.3) and (3.4)
completes the first part of the proof.
Next, let

mp = min{h — 1, [logz/log N(p)|}
and

mq = min{h — 1, [logz/log N(q)]} .
Then, we have

2

35 Y w(m)= > Yoo

meSy (z) meSy (z) (nﬂ)>l
'I’Lp =
mp Mg
S et Y Y (221)7
meSy (x) meSh (z) p.q k=11=1

pFllm, g!ljm, p#£q

where p and q above denote prime ideals. The first sum on the right-hand
side is the first moment studied above. For the second sum, we rewrite
the sum and use Lemma 3.1 for two primes p and q and Rs, (z) < 2",
0 < v < 1, again to obtain

36) > > (% % 1)

meSy (z) p.q k=11=1
pFllm, q'|jm, p#£q

_ R (N - NE) T (N@) =N @
N pzq: ,;;(( N(p)* N(P)h—1)> (N(q)l(N(q)h—1)> ¢(h)
p#4,N (pg) <z
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We employ Part (1) of Lemma 2.2 and Lemma 2.3 to estimate the error
term above as

Mp Mq
U S S R0
k=11= 1
p#q, () (q)<z
» 1 xloglogx
<Lz < .
zq: N(p)N(g " logz
p#q, N(p)N(q)<z

For estimating the main term in (3.6), we consider the set R defined as

R::{N(p)ga: : Log)]g\ffp)J <h—1}.

Using the definition of m, and mg, we rewrite

(3.8)

A (N(p’“‘> —N(p“>> <N(qh) —N(q“)>
N(pk)(N(p") —1) ) \ N(q

=3
o
bl

=11l=1

j h=1h=1 [ nr(ph) _ N (ph—1 N(ah) — N(qh—1
. ((P) (p ))( (9") — N(q ))

< o= \NEH((N(ph) - 1)

p#q,N(pq)<z

where

log =
p£d, N(pq)<x =| w11
PER

p#a pq)<w

o '« = N(ph)—N(ph-1>)(N(ah)—N(ah*))
b= 2 2 2 (N(pk)(N(ph)—l) NCIICOENTA
p;&q,N(p}%)Sz I.logN(p)JJr I= Llog}g\f(q)J_‘—
p,qe
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The sum I, I, and I3 contribute to the error term. Note that Iy = Is. In
fact, using (2.1) and Lemma 2.3, we estimate

1 1
L < ons
% N(p)lolglg\l(p) N(q)
p#a, N(p)N(q)<z
pER
< > !
2
2. s N@P og(a/N(q)
log1
» oglogz
log =
Similarly, for I3, we have
1 1
I3 << Z N( ) log « N( ) log «
p.q log N (p) log N (a)
p#4q, N(p)N(q)<z p 9
pacR
1 1
<< J—
o 2 N loglo/N @)
loglog x
zlogz

We next estimate the main term in (3.8). First, we rewrite the sum as

AL (NGt - Nt ) (th) - N(qh—w)
S D VP )P (N(pk)(N(ph) 1) \N@O®@) -1
p#q, N(p)N(q)<=z

_ N(p" 1 —1) (N(@" ') —1
- (W) (Ve

Nt -1\
-2 (N@h)—l)'
N(p)<z!/?

The second sum above is estimated using Part (6) of Lemma 2.2 as

2 2

NE'H -1 N -1 < 1 )

1 AL BV o (£t Ly

s 3 (W) =3 (W) +o (s
N(p)<z!/?

For the first sum on the right-hand side in (3.9), using

NeEt-hH-1_ 1 N(p)—1

N(p")—1 ~ N(p) NE)(N(Eh-1)
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and the symmetry in p and q, we have

N(p" 1) N ) -1
> (Wt (W)

N(p)N(a)<z
_ o 1 N(q)—1
N pzq: Npa) Zq: N(p) <N(q)(N(qh) — 1)>
N(p)N(q)<z N(p)N(q)<z
N(p) — N(q)—1
o (Fooen =) Fame D)
N(p)N(a)<z

We estimate the sums on the right-hand side above separately. For the first
sum, we use Lemma 2.5. Let X = Q. For the second sum, we use Parts (4)
and (6) of Lemma 2.2, and (2.1) to obtain

1 N(q)—1
2 N(p) (N(Q)(N(qh) - 1))

N(p)?\}?q)Sx
_ 1 N(p)—1 1
- ; N(p) (; NEWNE) -1 <<z/N<p>> log<x/N<p>>>>
N(p)<z/2

B N(p)—1 1
= (Z NORDE 1)> (loglogz +2A) + O (logm> .

p

For X = {¢* : z € Z}, the above results follow similarly, but with the
replacement of x/2 with x/q. Similarly, for the third sum, we use Part (6)
of Lemma 2.2, and Lemma 2.3 to obtain

N(p)—1 N(q) -1
%,: (N(p>(N(ph) - 1)) (N(q)(N(qh) — 1))

N(p)N(q)<z
B N(p)—1 2 loglog
a (zp: N(p)(N(p)" — 1)) +O< zlog x )

Combining the last three results and Lemma 2.5, we obtain

N@Eh-H -1\ (N@"") -1
> () (e
N(p)N(q)<z

log1
= (loglog z)* + 2Aloglogz + A> + B + O (w) .

log
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Combining (3.5), (3.6), (3.7), (3.8), (3.9), and (3.10) with the above equa-
tion and using the first-moment estimate from the first part, we obtain the
required second moment. O

4. The first and the second moment of w(m) over h-full elements

Let h > 2 be an integer. Recall that N}, denotes the set of h-full elements
in M. Let m € Nj,. We can separate the prime elements in the prime
element factorization of m (see (1.1)) based on their multiplicity modulo h
as

(4.1) m = htyop10+- - +htiopi0 + (ht11+1)pra+- -+ (At 1+1)py 1
multiplicity =0 (mod h) multiplicity =1 (mod h)
+- o+ (htipa+h=1)p1 o+ -+ (hty, -1 +h=1)py, | n1,

multiplicity =h—1 (mod h)

where p; ; with 1 < ¢ < [; denote a distinct prime with its multiplicity
congruent to j modulo i and [; denotes the number of such distinct primes.
We set

ap = t1,0p1,0 + -+ + tig,0010,0 + (b1, — L)p1g + -+ (L1 — Db
+ o+ (tip— = Dt + o+ =1 — 1)P1 b1,
and for j =1,...,h — 1, we set
Gj = Prj =+ F Py

Note that aq,...,a,_1 are 2-free and any two a;-s do not share any primes
in their prime element factorization.
Thus, we can write

(4.2) m = hag + (h + 1)a1 +---+ (Qh — 1)ah,1.

Notice that the generating series for the h-full ideals is defined on R(s) >
1/h as:

(4.3) Mp(s) = > ~

1 1
:1;[(1+N(P)’“+m+1\f(p)’“+”')

_ N(p)~"
I )



1060 Sourabhashis DAs, Wentang Kuo, Yu-Ru Liu

Let x € X. Let NM,(x) denote the set of h-full elements with a norm not
exceeding z. Then, by the definition of an h-full element (4.2), we have

Mu(@)] = > 1= > (e + -+ ap_),
meN;, ag,...,ap_1EM
N(m)<z N(ag)"N(a)" 1. .N(ap_1)? 1<z
where the inner sum is non-zero if and only if a;, ..., a,_1 are 2-free and any

two of them do not share a prime element in their factorization. By [9, (1.5)],
we have that there exists constants a;.;, where 2h+2 < r < (3h%+h —2)/2
such that the following equality is satisfied

ol

— v

(4.4) <1+1 )(1—vh)(1—vh+1)...(1—v2h1)

(3h2+h—2)/2
=1-— 22 4 Z oy pv" .
r=2h+3

Note that |a,. 5| < h2". Now, substituting v = N(p)~* above, taking the
product over all prime ideals, and using the product formula for the gener-
alized (-function (3.2), we obtain

(45) Ma(s) = Cu(hs)Ca((h+1)s) - Cu((2h = 1)5)Cg ((2h+2)3) 1 (5),
where ¢7(s) satisfies

(3R2+h—2)/2

“6) ] (1 — N(p)~ @2 % aT,hN(P)_”)

p r=2h+3
= (i (20 +2)5)03" (s).

For h = 2, the sum on the right side of (4.4) is empty, and thus, ¢3%(s) = 1.
Moreover, by (4.6), if h > 2, ¢7'(s) has a Dirichlet series with abscissa of
absolute convergence equal to 1/(2h + 3). Thus, we may write

(4.7) N (s) = Gn(s)Ln(s),

where

(48)  La(s) = 3 In(m)n=" = Car(hs)Can((h+1)s) ... Cua((2h — 1)s),
n=1

and

o0 M s
(4.9) Gr(s) = Z gr(n)n™°% = Pn ()
n=1

CMm((2h +2)s)’
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is a Dirichlet series converging absolutely in R(s) > 1/(2h + 2). Then, one
can write

(4.10)  |Niu(2)| = > pha(ar + -+ ap_1)

ag,-..,ap—1EM
N(ao)hN(al)h+1...N(ah_1)2h*1§x

= Y gr(m)in(n).
mn<x
In the above expression, m and n would be natural numbers if X = Q and
would be positive powers of ¢ if X = {¢*: z € Z}.
Additionally, let 7y, (z) denote the unweighted sum

(411)  Til@) = Y luln) = ) 1,

n<z N(ag)"N(a)+1...N(ap_1)2h 1<z
where the sum is taken over all ideals ag, . .., ap_1. Clearly, |V (z)| < Trh(x).

4.1. Distributions of h-full elements. To prove estimates involving
N (z), we need the following estimate for Ty (z):

Lemma 4.1 ([4, Lemma 6.1]). For any x € X with x > 1 and any integer
h > 2, we have
h—1
Tn(@) = x (H Cm(1+ z’/h)> /" + Oy (R (),
i=1

where

[ .
Th thiﬂ<07

(4.12) Ry (x) = xh%rl(logx) ifhiﬂ.zﬁforsomeie{1,...,h—1}

zt/(ht1) z'fhil>t9andhiﬂ.yéefm"anyie{1,...,h—1}.

Proof. Using Condition (%), we have

(4.13) Tu(z) = > > 1

N(ap)P+1. . N(ap_1)2h—1<z N(ag)"

< X
= N(ap)h+1. N(aj_q)2h—1

_ K 1/h

= > ((N(al)thl ' __N(ah_l)2h71)1/hx

N(a)" 1N (ap_1)?h =1 <o

v 0
+ O(((N(al)thl . ”N(ah_l)%l)l/h) ))

= k2T 4+ O(T),

where ¥ and T5 are defined as

1
T = Z (N (a)h 1. . N(aj_q)2h=1)1/h

N(al)h'*‘l...N(ah,l)?h—lgx
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and

1

Ty = x@/h .
N(al)h+1,,_]%h1)2h1gx (N(al)h+1 e N(ah—l)%il)g/h
Notice that, by Part (7) of Lemma 2.2, we have
1
T =
N(a2)h+2-..]\/z(a:h_1)2h1§x (N(a2)h+2 . N(ah,l)Qh_l)l/h
1
X -
D N{ar)F1/m
= N(ag)h 2. N(ap_q)2h—1
- Z h+2 : 2h—1\1/h Cm(L+1/h)
N(ag)"*2. .N(ap_1)2h—1<z (N(a2) ...N(ap_1) )
1
+0 L
N(a1)> 21/ (h+1) N(a1)1+1/h
o (N(a2)h+2___N(ah71)2h—1)1/(h+1)
1
= 1+1/h
Cm(1+1/h) Z (N (a2)P*2 .. N(aj_1)2h—1)1/h

N(ag)h+2...N(ap_1)2h—1<z

1

+0 ! 1
Jfﬁ N(a2)h+2...N(ap_1)2h—1<z (N(ag)h*+2. . N(ap_1)2h—1)n

Note that, for any A > 2, the sum inside the error term above is Op(1).
Thus, we deduce

1
(N (ag)"2... N(ap_1)2h—1)1/h

1
0 (Lm )

T1 = (m(1+1/h) S

N(az)h+2..N(ap—1)?h 1<z
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_ 7 _ 1
Repeating this process h — 1 times and realizing that x ) < g R(+D
for all 7 > 1, we obtain

2
T = [[Cm+i/n) >
=1

N(ag+3 2h—1)Sx (

eapy
o 1
+Uh <x1/(h(h+1>)>

1
N (a3 aZh hy)1/h

h—2
. 1 1
= H Cm(1+i/h) (N(ap_q)2h—1)1/h + O (xl/(h(h-i-l)))

=1 N(ap_1)?h=1<z

h—1
: 1
- g Cm(1+1i/h) + Oy, (xl/(h(h—i-l))) :

Thus,

h—1
(4.14) ke'/hT =k (H Cm (1 + z/h)) 2" 1+ 0y, (a:l/(h+1)) .

i=1
Next, we bound the term To. First, we assume 6(1 + i/h) > 1. Then
0(14i/h) > 1foralli e {1,...,h —1}. Thus, by Part (3) of Lemma 2.2,
we have

Ty = 20/h Z

N(a}lﬁl...ai}i*ll)ga: (

1
N(altt . aZh hy)orh

_ . 0/h 1
S e | N
N a2 <a h—2
1
x > ez
21/(2h—1) h—1
N(ap_1)< NI 2R =)

1

< 2f/h >

N(a"* o252 <

h h— ’
eyt (N(a1+1 e a}21—22))0/h

and repeating the step h — 2 times, we obtain

(4.15) Ty <p 20/h Z <h 20",

N(ahh<a

(N ()7
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Next, we assume 6(1 +i/h) = 1 for some ¢ € {1,...,h — 1}. Thus, 6(1 +
k/h) > 1 for k > i and 6(1 + k/h) < 1 for k < i. Then, working similarly
to the above parts and using Parts (2), (3), and (5) of Lemma 2.2 above,
we have

1
_ .8/h
Ty = 2 Z (N (a1, a2hT))o/k
N+ a2h <y 1 a7y
1
<p :L’a/h Z

h+1 h-+1i
e ey <y (VT a7

1
(N(ay ™)

<, 2/t >

N(a’lﬁl...a?ff*l)gz

1

x 3 B
1/ (hti) (N (a;™))0/n
N0 ST =T 170D
1
0/h
<p 2""(log ) Z (N(ah+1 ah—i—i—l))g/h
N(al ol < 1ol
) 1
< 2D (log ) Z

o N(T G
N(a?+1.,.a?+§_2)§m ( 1 i—2 )

Repeating the process, we obtain

1

1/(h+2) — T
(4.16) Ty < @ (log ) Z N (al 1)1/ (t2)

N(ul)gzl/(h+1)
<p /) (log ).

Finally, for the third case, we assume (1 + 1/h) < 1 and 6(1 +i/h) # 1
for any i € {1,...,h —1}. Thus, there exists a k € {1,...,h — 1} such that
v(l4+r/h) <1forr <kand@(1+r/h) >1for k <r < h—1. Thus, using
Parts (2) and (3) of Lemma 2.2 and separating the sums similarly to the
previous two cases, we obtain

1
Ty < 29" 3
vty e, Va0
1
<, 2/ ) _ '
2. N(al ™. alth=y1/(htk)

N(a?+1...a2ff71)§x
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Repeating the steps again, we obtain

(4.17) Ty <pp 2t/ (F2) > <p /D),

AN (PN /(h+2)
N(a1)<az/(v+1) N (aft1)1/(h+2)

Combining (4.13), (4.14), (4.15), (4.16), and (4.17) completes the proof.

We prove the following distributions of A-full elements:

Proof of Theorem 1.1. Using (4.10), (4.11) and Lemma 4.1, we have
(4.18) Na(@) =) gn(m) > (n)

m<x n<z/m
= > gn(m)Th(z/m)
m<x
5 : 1/h gn(m)
=K ggM(1+z/h) T 2 i

m<x

(Z gn(m) R, x/m)) :
Recall that

N e
= 2 = e 29

converges absolutely in R(s) > 1/(2h + 2). Therefore, for any € > 0,

Z gh << a: /(2h4-2))+-€ ,

n<x

and thus, by partial summation,

(4.19) 3 ghl/h Gr(1/h) + O <Z g"l/h)>

msw m>x
= Gn(1/h) + O(z M/ @ht2))+e=1/hy
Moreover, by the definition of Ry, (x) (4.12), we have

> gn(m)Ry, (z/m)

m<x

%)
8 gn(m h
Th Zm<x ,,Zg/h) if h+1 < 9,

1065

g

xh+1 > om<e %(log(x/m)) if hiLLz =0 for some i€ {1,...,h—1},

LT qu% if 25 >0 and 7 #£ 0
for any i € {1,...,h —1}.
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Again, since Gp(s) converges at 1/(h+1), for the third case above, we have

1 gn(m) 1
oY i Sh
<z

and for the middle case, we have

) %(log(m/m)) <p a:h%l(log ).
m<x

Moreover, for the first case, since 6 / h>1/(h+1), thus

gn(m) gn(m) g
Z H/h <Lz - W<<h Th.

m<x

Putting the last four results together, we have

> gn(m)Ry, (x/m)

m<x
0
:Uh1 1fh+1<9,
<Lp i+ (logz) if h - =0 for some i € {1,...,h — 1},
1
ThHT 1fh+1>9and%H#Gforanyie{l,...,h—l}.

Combining the above together with (4.18) and (4.19), we obtain
N3 (z —H(H Cm (1 +Z/h>gh(1/h)$1/h+O<RNh(x)),

where Ry, (x) is defined in (1.5). Finally, by (4.5), (4.3) and (3.2), we have

ot . B N(p)~ 1
(Hl e z/h)> Gu(1/m) = T] (1 ) N(p)_l/h> (1- N(p))

p
:H<1+ N(p) — N(p)'/" )
. N(p)? (N(p)l/h —1)
which is a convergent product, since the left-hand side has a finite value.
This completes the proof. O

Lemma 4.2. Let x € X and let h > 2 be an integer. Let {1, ..., ¢, be fized
prime elements and Nh,zl’m’gr (z) denote the set of h-full elements with norm
N(-) less than or equal to x and co-prime to ¢; for alli € {1,...,r}. Then,

we have
T

K,
Wit = T o 4 On (R (),
(1 )

where 7, is defined in (1.4), and where Ry, (x) is defined in (1.5).




On the distribution of the number of distinct generators 1067

Proof. Similar to (4.3), we have

1 N —hs
Nhty,....00(8) = Z N(m)? - H (1 * 1—(;)(13)5> .

mGNh .
ng; (m)=0, Vi pALi, Vi

Moreover, by (4.7), we can write

Mhtr,.tr (8) = Gney,...t, (8) L(5),
where Lp,(s) is defined in (4.8) and
Gty (8) =D Ghoty,tr ()% = N ?M( ?) ;
e 1 (14 250 ) Cu((2h + 2)s)

where ¢i!(s) satisfies (4.6). We complete the proof by working similarly to
the proof of Theorem 1.1 and using

h—1
(H v (1+ z’/h)) Ghtr,...tr(1/R)

! ) N(p)!
- I (1 e ) 0 - )

Yh
(1 + 4]\7(([ )) 11/h) '

4.2. Distribution of w(m) over h-full elements. For the distributions
of w(m) over h-full elements, we prove:

O

Proof of Theorem 1.3. Inserting the formula for N}, ,(y) given in Lemma 4.2
with y = 2/N(p)* and with a prime element p, we obtain

(4200 > w(m)
meN, (z)
bl

= > D WNap(a/Nm")

N(p)<ol/h  h=h
L log x

logN(P)J KV xl/h .
- Z Z ((1+ N(p)—1t ) N(p)k/h +Oh(RNh(x/N(p) )))

N(p)<az!/h k=h N(p)~t/"

Let us study the main term above given by

Lloglg\fc(cp) J

RN YD :

—1 .
Nz i N (1 )
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We obtain

[ ¥

(4.21)  kypzt/h Z Z !

-1
Npzen k= N(p)H/P (1 T %)

1
_ 1/h
= KYhT
" N(p)%m N(p) (1= N(p)=/"+ N(p)~!)

p)~1/m) i | —h
= NN )T

B 1/h (N (
KYRT E
N(p)<azt/h N (1

Using |x] >« — 1, and (2.1), we bound the second term above with

log x

(N(p)fl/h)LmJ—h“ 21/h
N(p) (L— N(p) i+ N(p) 1) " loga

(4.22) k! Z
N(p)gml/h

Thus, it remains to study the first term in (4.21). A little manipulation
yields

1
42 2 N N NG

_ L N(p)~/" = N(p)™
- N(p)%uh N(p) " Noen N ) (1=N(p)~Yr+N(p)-1)’

For the first sum on the right-hand side above, we use Part (4) of Lemma 2.2
to obtain

1 1

4.24 —— =logl —logh — .

( ) Z N( ) oglogx 0og + A+ Oy <10g$)
N(p)<z!/h

For the second sum on the right-hand side of (4.23), we use the convergence
of the corresponding infinite series and Part (6) of Lemma 2.2 to obtain

§ N )
i N (1= N(p) =+ N(p)~1)

= Lp(h+1) — L£4(2h) + Oy, (M) .
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Combining the last three results, we obtain

1

4B 2 NG =N NG

1
=loglogz +©; + Oy, (logx> ,

where ©; is defined in (1.11). Combining the above result with (4.20),
(4.21), and (4.22), we obtain

1/h
(4.26) Z w(m) = kypz'/Mloglogz + kD 1zt + Oy, (x )
log =
mENh(x)
| wexe )
+or| X Y (Ru /NG

N(p)<azl/h  k=h

By (1.5), we can write Ry, (z) < 2%/ where 0 < v < 1. Using this in the
error term above, and Part (1) of Lemma 2.2 with o« = v, we obtain

Z Llo%ﬁJ ( i ) h Z 1 z1/h
Ry, (z/N(p)")) < ” - <
N(p<al/t k=h Nyzan V)T log

Inserting the above back into (4.26) completes the first part of the proof.
Now, note that

(427) ) w(m)
meN; (z)
2

= 2 | X1
mGNh(I) p
np(m)>h

Llozgolgifzp) J Lloigolg\’?q) J

= D> wm+ Y ) > > 1
meN; () meN; (z) i p.q k=h I=h
pFllm, g*flm, p#q

The first sum on the right side above is the first moment studied earlier.
For the second sum, we first rewrite the sum, and then use Lemma 4.2 with
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two distinct prime ideals p and q to obtain

L log x JL log x J
log N(p log N(q)

(428) > > Z Z 1

mGNh(m) & plvq
p*llm, g'[|m, p#£q

ool

1
— et Y 5

— ~  N(p)k/h (1 N(p)~*
ot Noogy<aln N ()" (14 =)

1
—1
N (1 + )

(g
Eesucilics ol

+ Oy > o> (Bu /(NN ())

k=h l=h

P,
p#q, N(pq)<z'/h

Recall that we can write Ry, (z) < z/" where 0 < v < 1. Thus, for
X = Q, the error term above is bounded by using Part (1) of Lemma 2.2
and Lemma 2.3 as the following

il

(4.29) S Z Z (R /(N (p)*N(a)")))

p?q
p#q, N(pq)<zl/h

<5 Th
" ? N(p)¥ ; N(q)”
N(p)<z'/7/2 N(q)<z'/"/N(p)
1 1
<5 Th
" ; N (p)log(z'/" /N (p))

N(p)<azt/h/2

Tk loglog x
<p ————.
log

For X = {¢* : z € Z}, a similar result as above can be proved using z/q
instead of x/2, and using the corresponding result from Lemma 2.3.
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Next, we estimate the main term in (4.28). First note that

| | .
N (e

B 1 - N(p)*%(tlolg()%J ~h+1)

NI =N(p)"Yh+N@p)~h)  NE)A—-N@p)~ P+ Np)-h)

Thus, using a similar result for a prime ideal q as above and the symmetry
of two prime ideals p and q, we deduce

ST >y !

1
p.a k=h i=h  N(p)k/h (1 + %)
p#d, N(p)N(q)<z'/h

1
1
N(q)t/h (1 + 41_];\[7((1))—1/h)

1
/h
= KYp
" %: N(p)(L — N(p)=1/h + N(p)~1)
pa, N(p)N(q)<al/®
1
X —2J1 + Jo,
N(q)(1 — N(q)~1/" + N(q) )) b
where
Jp = /ﬁ’yhxl/h Z L
e N(p)(1 = N(p)~h + N(p)~1)
p#a, N(p)N(q)<at/?
N(q)_% (| maxty ] —+1)
X b
N(q)(1—N(q)~"" 4+ N(q)~1)
and
i (et ] =1 1)
J2 — H’thl/h Z ( ) 1/h
o N(p)(L=N(p)~"+N(p)~)
pa, N(p)N(q)<a!/

() (Lt +)
N(q)(1 = N(a)"/"+N(@)™") |
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Using |z] >z — 1, (2.1) and Lemma 2.3, we obtain

21" loglog x

Jl <p )
log
and
loglog x
Jo Ky, .
log

Combining the last three results, we obtain

(4.30)

Irolitsiol

1
e > > >
KYRT -
P k=h i=n  N(p)k/h (1 + %)
p#d, N(p)N(q)<z'/"
1
. S
N(q)l/h (1 + 1_N((1))71/h>
1
_ 1/h
= KT
2 (N(P)(l —N(p)~V"+ N(p)~1)

P,
p#d, N(p)N(q)<zl/"

1 2/ loglog x
g N(q)(l—N(q)‘l/h+N(q)‘1)> +Oh< log z ) '

Thus to complete the proof, we only require to estimate the main term
in (4.30). Using Part (6) of Lemma 2.2, we have

1
4.31
D SR b Ty ey v
p#q,N (pq)<z'/P

1
“ N@)(1 - N(q) 7+ N(q)‘1)>
1 1
N(p)(1=N(p)~Vh+N(p)=1) N(q)(1—=N(q)~/2+N(q)71)

p.q
N(pq)<a!/h
-3 (sor=merme) O ()
—~ \N(p) — N(p) /" +1 "\al/@ogx )
Now, using

1 L Ne)VP-NE)!
N(p)(L—N(p)~/"+N(p)~1)  N(p) N(p)(1—N(p)~2/"+ N(p)~1)’
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a similar result for another prime ideal q, and the symmetry of primes p
and g, we write the first sum on the right-hand side of (4.31) as

5 1 1
N(p)(1=N(p)~/"+N(p)~") N(a)(1—N(q)~/"+N(q)~)

N(p) /" = N(p) ™!
> (N(p)(l — N+ N(p) )

X

N(q)~'/" = N(q)™* >
N(q)(1 = N(q)"Y"+N(@q)~1) )

The first sum on the right-hand side above is estimated using Lemma 2.5.
For the second sum, if X = Q, we use Parts (4) and (5) of Lemma 2.2 and
Lemma 2.3 to obtain

3 N(q)~"/"— N(q)™*
N(p)N(q)(1 = N(q)~¥"+ N(q)71)

_ 1 N(q)~'/"— N(q)!
> N(p) 2 N(q)(1 = N(q)~¥/" 4+ N(q)~1)

p q
N(p)<azt/h/2 N(q)<az/"/N(p)

— (n(h+1) — £4(2h)) (loglog z + 2 — log h) + O, (

log log x)
log
and if X = {¢* | z € Z}, we replace x/2 with z/q and use the corresponding

result from Lemma 2.3 to get the same estimate as above. Similarly, for the
third sum, we obtain

3 N(p)~" — N(p) " N(q)"M" — N(q)~"
N(p)(L = N(p)~H/"+ N(p)~") N(a)(L — N(q)~/" + N(q)~1)

p?q
N(pg)<az!/h

= (Lh(h+1) — £,(2h)2 + Oy ( log log z ) .

zl/"* log
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Combining the last three results with Lemma 2.5, we obtain

1 1
% N(p)(L = N(p)~/"+ N(p)~') N(q)(1 = N(q)"/" + N(q9)™)
N(pg)<z'/"
log1
= (loglogz)? + 2 loglogz + D2 + B + O, (OIg()g()ix) .

Combining the above with (4.27), (4.28), (4.29), (4.30), and (4.31), and
using the first moment completes the proof for the second moment. O

5. Applications of the general setting

In this section, we provide various applications of our general setting. In
each case, we show that Condition (x) holds, and thus deduce the distribu-
tion of the w-function over h-free and h-full elements.

Recall the definitions of 7, €1, €2, D1, and D9 from (1.4), (1.8), (1.9),
(1.11), and (1.12) respectively. In each of the following subsections, these
constants will take values depending on the prime elements of the cor-
responding subsection. Moreover, the (-function in each subsection is de-
noted as

Cus) = > W I1(r- N(p)’s>_1 for R(s) > 1,

meM\{0} peP

where M and P respectively denote the abelian monoid and the set of
prime elements defined in the subsection.

5.1. The case of ideals in number fields. Let K/Q be a number field
of degree ng = [K : Q] and Ok be its ring of integers. Let P be the set of
prime ideals of O and M be the set of ideals of O . Let the norm map
be N : M — N be the standard norm map, i.e., m — N(m) := |Og/m|.
Let X =Q.

Let ki be given by

2" (2m)"2hR
KK = ———F———

Y

vy/|dk]|
with
r1 = the number of real embeddings of K,
2r9 = the number of complex embeddings of K,
h = the class number,
R = the regulator,
v = the number of roots of unity,

dr = the discriminant of K.
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Landau in [16, Satz 210] proved that
2
Z 1l=kgz+O0 (xl_nKH) ,

meM
Nm)<z
which satisfies Condition (x) with k = kg and § = 1 — # Thus, The-

orem 1.2 and Theorem 1.3 give the distribution of w(m) over h-free and
h-full ideals respectively as the following:

Corollary 5.1. Let x > 2 be a rational number. Let h > 2 be an integer.
Let Sy () be the set of h-free ideals with norm N (-) less than or equal to x.
Then, we have

Z w(m) = s xloglogx—kﬁK@lx—FOh( i >,

meSy (x) Ck(h) Cr (h) log
and
1
Z w2(m) = K x(log]oggj)Q + Mwloglogm + HKQ:Qx
mESn (z) Cx (h) Cx (h) Ck (h)
+Op (fﬂloglogw) 7
log x

where (i (s) is the Dedekind -function corresponding to the number field K .

Corollary 5.2. Let x > 2 be a rational number. Let h > 2 be an integer.
Let Ny (x) be the set of h-full ideals with norm N(-) less than or equal to
x. Then, we have

LL/h
Z w(m) = kgypz/"loglogx + kD12 + Oy, <1 ,
meN, (z) 08T

and

Z w?(m) = RK'yhxl/h(log log z) + kg, (201 + 1) 2" loglog z
mGNh(Z‘)
1/h log1
e 1Oy (W) |
log

Remark 5.3. For the case K = QQ, we have ng = 1 and kg = 1. Thus,

we can obtain the distribution of w(n) over h-free and h-full numbers as
proved in [5, Theorems 1.1 & 1.2].

5.2. The case of effective divisors in global function fields. Let ¢
be a prime power and F, be the finite field with ¢ elements. Let K/F, be
a global function field. Let Gk be its genus and Ck be its class number.
A prime p in K is a discrete valuation ring R with maximal ideal P such
that P C R and the quotient field of R is K. The degree of p, denoted as
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degp, is defined as the dimension of R/P over F,, which is finite. Let P be
the set of all primes in K. Let M be the free abelian monoid generated by
P. More precisely, for each m € M, we write

m= Z np(m)p,

with ny(m) € NU {0} and ny(m) = 0 for all but finitely many p. We call
elements of M as effective divisors. For an element m € M, we define the
degree of m as

degm = Z np(m) degp.
peP

By [20, Lemma 5.5], for any integer n > 0, there are finitely many effective
divisors of degree n. This proves that P is a countable set that satisfies the
hypothesis of our main theorems. Let the norm map N : M — N be the
g-power map defined as m — N(m) := ¢38™ Let X = {¢* : z € Z}.

By [20, Lemma 5.8 & Corollary 4 to Theorem 5.4|, for a non-negative
integer n satisfying n > 2G i — 2, the number of effective divisors of degree
n is
n—Gr+1
o A —

q—1

Thus, for sufficiently large n, we obtain

3 1:(1%2( 31>2q”+0(n).

N(m)<q" q

2
This satisfies Condition (x) with x = q%—’; (q%’l) and § = € for any € €
(0,1). Thus, Theorem 1.2 and Theorem 1.3 give the distribution of w(m)
over h-free and h-full effective divisors in a global function field respectively

as the following:

Corollary 5.4. Let n € N. Let h > 2 be an integer. Let K/F, be a global
function field with genus Gg and class number Cg. Let Sp(n) be the set
of h-free effective divisors in K of degree less than or equal to n. Then, we
have

. OK q 2 n
Z w(m)_CK(h)qGK (q—l) q" logn

b UK ( q )2(¢ +loglogq)q" + O <qn>
CK(h)qGK q—l 1 g1o0gq)q h n 5
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and
> wi(m)
mESh(n)
Cr ( q )2 2
— "(logn
Gethygx \q—1) 7 logm)
CK(2¢1+1+210g10gQ)( q )2 " loen
Cre(h)gCx g—1) 4%
+C’K (Cg—|—(loglogq)2—|—(2€1+1)loglogq)< q )Qqn
Cr(h)qCx q—1
]
R (q Og”>,

where (i (s) represents the (-function corresponding to the function field K.

Corollary 5.5. Let n € N. Let h > 2 be an integer. Let K/F, be a global
function field with genus G and class number Ck. Let Nj,(n) be the set
of h-full effective divisors in K of degree less than or equal to n. Then, we
have

_Cxwm (4 N\ am
Z w(m) = e <q—1> q"'"logn

mGNh(n)
log1 1/h 2 n/h
N Crm(®D1 +Gog 0gq )( q > "+ 0, (q ,
qvK qg—1 n
and
> Wi(m)
mENh(n)
Cxm (4 \° .
T oK <q_1> a"/" (logn)”

CrYn (2’)31 + 1+ 2loglog ql/h) g \?
+ e ( ) """ logn
qK q—1

Ckn (332 + (loglog ql/h)2 + (291 + 1) loglog ql/h) 2
: e
qg—1

qcx

n/hl

s (q Og”> |
n

Remark 5.6. For the special case when K = F,(z), whose genus and
class number are 0 and 1 respectively, we can consider the abelian monoid
A = FF,[z], the ring of monic polynomials in one variable over F,. The prime
elements of A are the monic irreducible polynomials in A. The localizations
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of A at these prime elements exhaust the set of all primes of K except one,
the prime at infinity. Using the fact that there are ¢ monic polynomials
of degree n, we obtain

S 1= +oq).
N(m)<q" ¢-1

meA
This satisfies Condition (%) with x = ¢/(¢ — 1) and # = 0. Thus, the
distribution of w(m) over h-free and h-full polynomials over finite fields
can be deduced from Theorem 1.2 and Theorem 1.3. Such a result will be
equivalent to the ones studied by Lalin and Zhang [14, Theorems 4.1 &
6.1]. Note that, in this special case, k = q/(¢ — 1) instead of (¢/(qg—1))? to
account for the lack of the prime at infinity analog in its construction.

Moreover, for an elliptic function field K/F,, the genus of K is 1. Thus

k=Ck (ﬁ) in this case.

Remark 5.7. The study of global function fields over I, is geometrically
equivalent to the study of irreducible projective varieties of dimension 1
over [F,. Such varieties are also called irreducible curves. We can apply our
main theorems to irreducible projective varieties of dimension r over [,
where 7 is any positive integer. We study this in the following subsection.

5.3. The case of effective 0-cycles in geometrically irreducible pro-
jective varieties of dimension r. In this subsection, we adopt notation
from [18, Example 4 of Section 4].

Let ¢ be a prime power and F, be the finite field with ¢ elements. Let
r be a positive integer. Let V/F, be a geometrically irreducible projective
variety of dimension r. Let P be the set of closed points of V/IF,, which is
in bijection with the set of orbits of V/IF, under the action of Gal(F,/F,)
(see [19, Proposition 6.9]). For each p € P, we define the degree of p, degp,
to be the length of the corresponding orbit. Let M be the free abelian
monoid generated by P. We call elements of M as effective 0-cycles. For
m € M, we have m = 7, p ny(m)p with ny(m) € NU {0} and ny(m) =0
for all but finitely many p. We define the degree of m as

degm = Z ny(m) deg p.
peP

By [19, Lemma 3.11], we deduce that P is countable and satisfies the hy-
pothesis of our main theorems. Let the norm map N : M — N be the
q"-power map defined as m +— N(m) := ¢"9%8™ Let X = {¢"* : z € Z}.
In [18, Remark 1 of Section 4], the third author proved that

Yoo 1=+ (qrqi1> q" + O, (n - q(r_l)") ;

N(m)<qg™
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where £’ is some positive constant defined explicitly in [18, Lemma 7 of

Section 4]. This satisfies Condition (x) with k = &’ (qrqil) and 6 = € for any
e € (1—1/r,1). Thus, Theorem 1.2 and Theorem 1.3 gives the distribution
of w(m) over h-free and h-full effective O-cycles in a geometrically irreducible

projective variety of dimension r as the following:

Corollary 5.8. Let n,r € N. Let h > 2 be an integer. Let V/F, be a
geometrically irreducible projective variety of dimension r. Let Sp(n) be the
set of h-free effective O-cycles in V' of degree less than or equal to n. Then,
we have

o= ()

q’!’

fi’(&Hoglogqr)( q" ) (qr”)
+ o, (1),
Cv(h) q 1 "\n

K qT ) n 2
= ——— ] ¢""(logn
Cv(h) (q’" -1 (logn)
k'(2¢€1 + 1+ 2loglogq") ( q > " logn
Cv(h) g —1
n k' (€2 + (loglog q")? + (2¢1 + 1) loglog q") ( q" ) o

Cv(h) q-—1
s (q logn),
n

where Cy(s) represents the (-function corresponding to the irreducible va-
riety V.

_l’_

Corollary 5.9. Let n € N. Let h > 2 be an integer. Let V/F, be a geomet-
rically irreducible projective variety of dimension r. Let Ny(n) be the set
of h-full effective 0-cycles in V' of degree less than or equal to n. Then, we
have

qT
> w(m) =k (qr - 1) g logn

meN, (n)

r rn/h
+ K (qrq 1> (D1 +loglogq"/")g"™™ + Oy, (q - ) ;
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=K' (erq_1> g™ (logn)?

T

-1

T

+ &'y, (qrq ) (2@1 + 1+ 2loglog qr/h) qm/h logn

— 1) (@2 + (loglog q’ﬂ/h)2 + (291 + 1) loglog qr/h) qm/h

rn/h
s (q logn) .

q
Rl (qr

n

In this work, we proved the distribution of w(m) over h-free and h-full
elements of a countably generated free abelian monoid. As a result, we
showed that w(m) has normal order loglog N(m) over these subsets. In
addition, we can also establish that w(m) satisfies the Gaussian distribution
over the subsets of h-free and h-full elements. We will report this result in
a follow-up article.

Let k£ > 1 be a natural number. Let wg(n) denote the number of distinct
prime factors of a natural number n with multiplicity k. The authors in [6]
studied the distribution of wy(n) over h-free and h-full natural numbers.
Moreover, in [3], the authors established the distributions of analogs of wg-
functions in function fields. Following this work, in [2], Gémez and Lalin
established the distributions of wg-functions over h-free and h-full polyno-
mials. We can generalize this result to any countably generated free abelian
monoid, using the setup presented in this article. The authors have been
working on this and will report their findings in a future article.

Acknowledgments. The authors would like to thank the referee for their
valuable comments.
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