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Class numbers and integer points on some Pellian
surfaces

par Yijie DIAO

Résumé. Nous donnons une estimation du nombre de points entiers non tri-
viaux sur la surface pellienne t2 − du2 = 1 dans une région bornée. Nous
établissons une borne inférieure pour la taille des solutions fondamentales
pour presque tout d appartenant à une certaine classe, en nous fondant sur
une conjecture récente de Browning et Wilsch concernant les points entiers
sur les surfaces log K3. Nous obtenons également une borne supérieure pour
la moyenne du nombre de classes dans cette classe, sous la même hypothèse
conjecturale.

Abstract. We provide an estimate for the number of nontrivial integer
points on the Pellian surface t2 − du2 = 1 in a bounded region. We give
a lower bound on the size of fundamental solutions for almost all d in a cer-
tain class, based on a recent conjecture of Browning and Wilsch about integer
points on log K3 surfaces. We also obtain an upper bound on the average of
class number in this class, assuming the same conjecture.

1. Introduction

1.1. The Pell equation. A Pell equation is a Diophantine equation of
the form
(1.1) t2 − du2 = 1,

where d ∈ N is a positive integer that is not a square. When d is a negative
integer or a perfect square, the only possible integer solutions are the trivial
ones (t, u) = (±1, 0). In this article, we assume that d ⩾ 2 is not a perfect
square. For given d, it is convenient to write a solution as ηd = t + u

√
d.

Dirichlet’s unit theorem tells us that the set of integer solutions of (1.1) is
isomorphic to the group of integers and there exists a unique fundamental
solution εd = t1 + u1

√
d satisfying {ηd : solution of (1.1)} = {±εn

d , n ∈ Z}
and t1, u1 ⩾ 1.

Note that t2
1 = 1 + du2

1 ⩾ 1 + d, so we obtain the lower bound

(1.2) εd ⩾
√

d + 1 +
√

d.
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The equality holds if and only if d + 1 is a perfect square.
Let h(d) be the class number of quadratic forms of determinant1 d.

Specifically, h(d) is the number of properly primitive classes of indefinite
forms ax2+2bxy+cy2 with determinant d = b2−ac. This unusual definition
was originally due to Gauss. The advantage is that any integer can be a
determinant, instead of having to meet certain criteria modulo 4.

In order to find an upper bound of εd, the class number formula [7,
Formula (3)] tells us that

h(d) log εd =
√

dLd(1), where Ld(1) =
∞∑

m=1
m odd

(
d

m

) 1
m

.(1.3)

The size of Ld(1) fluctuates within relatively narrow ranges. From [3, Equa-
tion (3.11)], we have Ld(1) ≪ log d. Therefore, on using h(d) ⩾ 1, we know
that

(1.4) log εd ≪
√

d log d.

1.2. Density of integer points on the Pellian surface. In this paper
we shall study the following counting function of nontrivial integer solutions
to the Pell equation with bounded height:

N(B) = #{(t, d, u) ∈ Z3 : t2 − du2 = 1, max(|t|, |d|, |u|) ⩽ B, u ̸= 0}.(1.5)

The growth rate of N(B) is closed related to the average size of fundamental
solutions.

For α > 0 and x ⩾ 2, Hooley [7] introduced the counting function

S(x, α) = #{ηd : 2 ⩽ d ⩽ x, εd ⩽ ηd ⩽ d
1
2 +α}.

For 0 < α ⩽ 1
2 , he [7, Theorem 1] has proved that

(1.6) S(x, α) ∼ 4α2

π2 x
1
2 log2 x, when x → ∞.

For α > 1
2 , Hooley has suggested a conjecture [7, Conjecture 1] for the

asymptotic behavior of S(x, α) when x → ∞. In particular, his conjecture
implies that

(1.7) S(x, α) ≪α x
1
2 log2 x.

We are now ready to reveal our first result.

1We use the term determinant d instead of discriminant ∆, in order to align with Hooley [7]
and differ from the regular definition ∆(ax2 + bxy + cy2) = b2 − 4ac. See also [4, Chapter 1.3.D]
for the history and connection between these two terms.
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Theorem 1.1. Let ϵ > 0.
(i) We have

B
1
2 (log B)2 ≪ N(B) ≪ϵ B

7
12 +ϵ.

(ii) If Hooley’s Conjecture (1.7) is true for α = 3
2 , then we also have

N(B) ≪ B
1
2 (log B)2.

We will combine results from Fouvry and Jouve [5] and Reuss [9] for the
upper bound in Part(i). The lower bound will be deduced from (1.6).

1.3. The log K3 surface and A1-curve solutions. A smooth cubic
surface U ⊂ A3

Q is said to be log K3, if there is a morphism from a smooth,
projective surface X̃ to the completion X of U in P3

Q, which is an isomor-
phism over U , and such that D̃ = X̃ \ U is a divisor with strict normal
crossings whose class in PicQ(X̃) is ω∨

X̃
. In particular, it follows from the

adjunction formula that U is log K3, if X itself is smooth over Q.
Let U be a log K3 surface. We denote

NU (B) = #{(x1, x2, x3) ∈ U(Z) : max(|xi|) ⩽ B}.

When U(Z) contains an A1-curve ϕ that is defined over Z, the curve con-
tributes ≍ B

1
deg(ϕ) points to NU (B). We typically expect the contribution

from A1-curves to dominate the counting function. Hence it is natural to
study the subset U(Z)◦ obtained by removing the points in U(Z) that lie
on any A1-curve defined over Z. This leads us to consider the following
counting function

N◦
U (B) = #{(x1, x2, x3) ∈ U(Z)◦ : max(|xi|) ⩽ B}.

In a recent paper, Browning and Wilsch [1, Conjecture 1.1] have proposed
the following conjecture for the specified logarithmic growth for a certain
class of log K3 surfaces.

Conjecture 1.2 (Browning–Wilsch). Let U ⊂ A3 be a cubic surface that
is smooth and log K3 over Q and that is defined by a cubic polynomial
f ∈ Z[x1, x2, x3]. Denote by ρU the Picard number of U over Q and by b

the maximal number of components of D̃(R) that share a real point. Then

N◦
U (B) ≪U (log B)ρU +b,

when B → ∞.

Let UP = V (t2 − du2 − 1) ⊂ A3
Q be the surface defined by the Pell equa-

tion. Surprisingly, every integer point (t0, d0, u0) on UP lies on an A1-curve
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defined over Z. This can be verified by the parametrization (see Zapponi [14,
Proposition 3])

t(z) = (t0 + 1)u4
0z2 + 2(t0 + 1)u2

0z + t0,

d(z) = (t0 + 1)2u2
0z2 + 2(t0 + 1)2z + d0,

u(z) = u3
0z + u0.

This parametrization is consistent with the lower bound for N(B) in The-
orem 1.1.

Instead of studying the original Pellian surface, we shall investigate the
integer points on the Pellian equation
(1.8) t2 − (z2 + k)u2 = 1,

for some non-zero k ∈ Z. Changing a variable y = t + uz takes us to the
equation
(1.9) 2uyz = y2 − ku2 − 1.

We will show in Section 3.2 that this equation defines a log K3 surface when
k = 3.

If we choose k = 1, then the fundamental solution of (1.8) can be calcu-
lated as

εz2+1 = 2z2 + 1 +
√

z2 + 1 · 2z.

Therefore, the integer solution (y, u, z) to the equation (1.9) that corre-
sponds to the fundamental solution t1+u1

√
z2 + 1 to the Pell equation (1.8)

lies on the A1-curve
y(z) = 4z2 + 1, u(z) = 2z,

defined over Z. According to the structure of integer solutions to the Pell
equation, one may prove by induction that every integer point on the surface
defined by (1.8) lies on an A1-curve defined over Z. Indeed, one may check
that the above phenomena happens whenever k = ±1, ±2, or ±4.

Therefore, we shall focus on the example
(1.10) t2 − (z2 + 3)u2 = 1,

with k = 3, as well as the corresponding log K3 surface defined by
(1.11) 2uyz = y2 − 3u2 − 1.

We will show in Proposition 3.1 that for any integer solution (t, u, z) to the
equation (1.10), if 3 ∤ z, z2 + 3 is square-free and u ̸= 0, then it does not lie
on an A1-curve defined over Z.

In Theorem 1.1, we used Hooley’s heuristics on the typical size of the
fundamental solutions to assess the size of the counting function N(B)
in (1.5). Our next result uses a reverse process to extract information about
the typical size of the fundamental solutions, assuming Conjecture 1.2.
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1.4. An almost all lower bound for fundamental solutions. Hoo-
ley [7, Conjecture 2] has proposed the conjecture that for almost all d,
we have log εd ≫ d

1
2 −ϵ. However, we are still very far away from this re-

sult. In the same paper, Hooley has firstly shown that for almost all d, we
have εd ≫ d

3
2 −ϵ. Reuss [9, Corollary 10] has improved Hooley’s result to

εd ≫ d3−ϵ.
Let U be the surface defined by the equation (1.11). We will prove the

following theorem.

Theorem 1.3. Let ϵ > 0. Assume Conjecture 1.2 is true for the surface U .
Let d(z) = z2 + 3. Then for almost all z ∈ Z>0 with 3 ∤ z and square-free
d(z), we have

log εd(z) ≫ d(z)
1
8 −ϵ.

Remark 1.4. The classical work of Ricci [10] shows that there is a positive
proportion of z ∈ Z>0 with 3 ∤ z such that d(z) = z2 + 3 is square-free.

Golubeva [6] has shown that for almost all primes p and d = 5p2, we have
log εd ≫ d

1
4 . However, much less result is known when d is square-free. For

any positive integer d, there is a unique way to decompose d = d1d2
2, where

d1 is square-free. We call sf(d) := d1 the square-free part of d. The best
previous result for the lower bound of the size of fundamental solution
for an infinite set of square-free d is that of Yamamoto [13, Theorem 3.2;
Example (II)], in which log εd ≫ (log d)3, where d = sf

(
(3 ·2m +3)2 −8

)
. By

combining Theorem 1.3 and Remark 1.4, we obtain infinitely many square-
free d such that log εd ≫ d

1
8 −ϵ, under the assumption that Conjecture 1.2

is true for the surface U .
We recall that the fundamental unit of a real quadratic field K is de-

fined as

εK = a + b
√

∆K

2 ,

where ∆K is the discriminant of K, and (a, b) is the pair of smallest positive
integers satisfying a2 − ∆K · b2 = ±4. We shall deduce following result.

Corollary 1.5. Assume Conjecture 1.2 is true for the surface U . Then
there exists infinitely many real quadratic fields K, such that

(1.12) log εK ≫ ∆
1
8 −ϵ

K ,

when ∆K → ∞.

1.5. The average of class numbers. Hooley [7, Conjecture 7] has con-
jectured that ∑

d⩽Z

h(d) ∼ c1 Z · log2 Z,
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for an explicit constant c1 > 0. Unsurprisingly, we understand this conjec-
ture as little as Hooley’s other conjectures on the average size of fundamen-
tal solutions to the Pell equation.

Sarnak [11] has considered a similar question, but in a slightly different
setting. Let D = {∆ > 0 : ∆ ≡ 0, 1 (mod 4), d not a square} be the set of
positive discriminants. Let H(∆) denote the number of inequivalent prim-
itive binary quadratic forms ax2 + bxy + cy2 of discriminant ∆ = b2 − 4ac,
and let ε̃∆ be the fundamental solution of the Pellian equation t2−∆u2 = 4.
Let Dx = {∆ ∈ D : ε̃∆ ⩽ x}. He has shown that

1
#Dx

∑
∆∈Dx

H(∆) = 16
35

Li(x2)
x

+ O(x
2
3 +ϵ).

Note that this ordering is different from the usual one.
In a subsequent paper [12], Sarnak studied the behavior of H(d) along a

thin sequence ∆(z) = z2 − 4, where the fundamental solutions are equal to
ε̃∆(z) = (z +

√
z2 − 4)/2. He has shown that∑

z⩽Z

H(z2 − 4) ∼ c2 Z2 · (log Z)−1,

where c2 > 0 is an explicit constant.
Let us return to the special values of d(z) = z2 + 3. The average of the

class number is dominated by the contributions when z is a multiple of 3,
namely when the integer point (t, z, u) lies on an A1-curve defined over Z.
Using Yamamoto’s Theorem [13, Theorem 3.1], which will be introduced
in Section 3, one may deduce that∑

z⩽Z,3 ∤ z
µ2(z2+3)=1

h(z2 + 3) ≪ Z2 · (log Z)−2.(1.13)

Let U be the surface defined by the equation (1.11). Conditionally, we
will prove the following improvement.

Theorem 1.6. Assume Conjecture 1.2 is true for the surface U . Then we
have ∑

z⩽Z,3 ∤ z
µ2(z2+3)=1

h(z2 + 3) ≪ Z
9
5 · (log Z)

3
5 .

2. Proof of Theorem 1.1

2.1. The initial decomposition of the Pell equation. Fouvry and
Jouve [5] have considered the following decomposition, which can be traced
back to Legendre and Dirichlet. The Pell equation (1.1) can be rearranged as

(t + 1)(t − 1) = du2.
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Note that gcd(t − 1, t + 1)|2, so there are three possibles splittings of d and
u, as follows:

• If t is even then u = u1u2, d = d1d2 and d1u2
1 − d2u2

2 = 2.
• If t is odd and 4 ∤ d, then u = 2u1u2, d = d1d2 and d1u2

1 − d2u2
2 = 1.

• If t is odd and 4|d, then u = u1u2, d = 4d1d2 and d1u2
1 − d2u2

2 = 1.
We call the above splittings as the initial decomposition of the Pell equation.

For θ = ±1, ±2, we consider the following function

Nθ(D1, D2, U1, U2)
= #{(d1, d2, u1, u2) ∈ Z4 : di ∼ Di, ui ∼ Ui, d1u2

1 − d2u2
2 = θ},

where the notation n ∼ N means N < n ⩽ 2N . Reuss [9, Theorem 5] has
applied the approximate determinant method to show that

(2.1) Nθ(D1, D2, U1, U2)

≪ (D2U2)ε min
(
(U1U2M)

1
2 + U1 + U2, (D1D2M)

1
2 + D1 + D2

)
,

where
log M = 9

8
log(D1D2) log(U1U2)

log(D1U2
1 )

.

We also need a result by Fouvry and Jouve [5, Lemma 8], which is par-
ticularly useful when D1 or D2 is very small. For D1 ⩽ D2, we have

(2.2) Nθ(D1, D2, U1, U2) ≪ (D1D2)ε((D1D2)
1
2 + D1U2

)
.

By combining (2.1) and (2.2), we may prove the following lemma.

Lemma 2.1. Let ϵ > 0. Assume that D1 ⩽ D2, D1D2 ⩽ B and D1U2
1 =

D2U2
2 = B, then for any θ = ±1 or ±2, we have

Nθ(D1, D2, U1, U2) ≪ B
7

12 +ϵ.

Proof. When D1U2 ⩽ B
7

12 , then (2.2) implies

Nθ(D1, D2, U1, U2) ≪ Bϵ(B
1
2 + B

7
12 ) ≪ B

7
12 +ϵ.

Next we observe that if log(D1D2) = k log B, then

(2.3) m := log M

log B
= 9

16k(2 − k).

Since 0 ⩽ k ⩽ 1, the function m(k) is an increasing function.
When D1U2 > B

7
12 , then considering D2U2

2 = B, we know

D1D
− 1

2
2 = D1U2B− 1

2 > B
1

12 .

Since D1D2 ⩽ B, we obtain

D2D−1
1 = (D1D2)

1
3 · (D1D

− 1
2

2 )− 4
3 < B

1
3 − 1

9 = B
2
9 .



980 Yijie Diao

On the other hand, using D1 ⩽ D2, we know

D1D2 = (D−1
1 D2)3 · (D1D

− 1
2

2 )4 ⩾ (D1D
− 1

2
2 )4 > B

1
3 .

In other words, we have k > 1
3 . Since m(k) is increasing when 0 ⩽ k ⩽ 1,

we have m(k) > m(1
3) = 5

16 . Hence we have

(2.4) M > B
5

16 .

Therefore, it follows that

M > B
2
9 ⩾ D2D−1

1 , which implies (D1D2M)
1
2 > D2 ⩾ D1.

If we further assume that k ⩽ 2
3 , then by (2.1) we have

Nθ(D1, D2, U1, U2) ≪ Bϵ(D1D2M)
1
2 ≪ B

1
2 ( 2

3 +m( 2
3 ))+ϵ = B

7
12 +ϵ,

since m(k) + k is also an increasing function.
The remaining case is when D1U2 > B

7
12 and k > 2

3 . Note that

U1U2 = (BD−1
1 )

1
2 · (BD−1

2 )
1
2 = B1− k

2 .

By (2.4), we obtain that

M > B
5

16 > B
1
9 ⩾ (D2D−1

1 )
1
2 = U1U−1

2 ,

which implies
(U1U2M)

1
2 > U1 ⩾ U2.

We also have
(U1U2M)

1
2 = B

1
2 (1− k

2 +m(k)).

Note that the function −k
2 +m(k) = 1

16k(10−9k) is decreasing when k > 5
9 .

Therefore, by the assumption k > 2
3 and (2.1) we have

Nθ(D1, D2, U1, U2) ≪ Bϵ(U1U2M)
1
2 ≪ B

1
2 (1− 1

3 +m( 2
3 ))+ϵ = B

7
12 +ϵ. □

As a remark, one may find that the extreme case appears when k = 2
3 and

D1U2 ⩾ B
7

12 . This is when D1D2 = B
2
3 and B

5
18 ⩽ D1 ⩽ B

1
3 ⩽ D2 ⩽ B

7
18 .

2.2. Proof of Theorem 1.1. Without loss of generality, we may assume
that B is an integer to ensure that 2t = (εd + ε−1

d ) ⩽ B ⇔ εd ⩽ B.
For the lower bound, we use the fact that

N(B) ≫ #{(t, d, u) ∈ Z3 : t2 − du2 = 1, 2 ⩽ t ⩽ d ⩽ B}
⩾ #{d ∈ Z : 2 ⩽ d ⩽ B, εd ⩽ d}

≫ B
1
2 (log B)2,

by Hooley’s Theorem (1.6) for α = 1
2 .
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For the upper bound, we consider the number of solutions in dyadic
intervals:

(2.5) N(2B) − N(B) = M1(B) + M2(B),

where

M1(B) = #{(t, d, u) ∈ Z3 : t2 − du2 = 1, d ∼ B, t ⩽ 2B},

and
M2(B) = #{(t, d, u) ∈ Z3 : t2 − du2 = 1, d ⩽ B, t ∼ B}.

By Hooley’s Theorem (1.6) for α = 1
2 , we have

M1(B) ⩽ #{d ∈ Z : 2 ⩽ d ⩽ 2B, εd ⩽ 2d}(2.6)

≪ B
1
2 (log B)2.(2.7)

Note that 2t = ηd + η−1
d > ηd = (εd)n. Hence by (1.2) we have

#{(t, d, u) ∈ Z3 : t2 − du2 = 1, d ⩽ B
1
2 , t ∼ B}

⩽#{(t, d, u) ∈ Z3 : t2 − du2 = 1, d ⩽ B
1
2 , ηd ⩽ 4B}

⩽
∑

d⩽B
1
2

[ log 4B

log εd

]
≪

∑
d⩽B

1
2

[ log 4B

log d

]

≪ log B · B
1
2

log B
= B

1
2 .

This implies that M2(B) = M3(B) + O(B
1
2 ), where

M3(B) = #{(t, d, u) ∈ Z3 : t2 − du2 = 1, B
1
2 < d ⩽ B, t ∼ B}.

If we assume Hooley’s Conjecture (1.7) is true for α = 3
2 , we have

M3(B) ⩽ #{(t, d, u) ∈ Z3 : t2 − du2 = 1, d ⩽ B, t ⩽ 2d2} ≪ B
1
2 (log B)2.

By using (2.5), this completes the proof of part (2) of Theorem 1.1.
Unconditionally, we may divide D1 and D2 into ≪ (log B)2 dyadic inter-

vals. By using the initial decomposition of the Pell equation and Lemma 2.1,
we have

M2(B) ≪ sup
D1D2⩽B,D1⩽D2

D1U2
1 =D2U2

2 =B, θ=±2

Nθ(D1, D2, U1, U2) · (log B)2 ≪ B
7

12 +ϵ.

This concludes the proof of Theorem 1.1.
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3. Proof of Theorem 1.3 and Theorem 1.6

We recall the equation (1.10) from the introduction. This takes the shape

t2 − d(z)u2 = 1, where d(z) = z2 + 3.

For all z = 3k > 0, we have

εd(z) = (6k2 + 1) +
√

d(z) · 2k.

Hence for each z which is a multiple of 3, the integer point (t, z, u) lies on
an A1-curve defined over Z.

3.1. The A1-curve solutions. The main result of this section is the fol-
lowing proposition.

Proposition 3.1. Let (t, u, z0) be an integer solution of (1.10) such that
3 ∤ z0, d(z0) square-free and u ̸= 0. Then it does not lie on an A1-curve
defined over Z.

Yamamoto [13, Theorem 3.1; Example 4 (I)] has proved the following
lower bound for the fundamental unit of a special class of real quadratic
fields.

Theorem 3.2 (Yamamoto). Let Kα = Q
(√

α2 ± 4p
)

for a given prime p.
Assume that p splits in Kα. Then we have

log εKα ≫ (log ∆Kα)2.

Let K be a real quadratic field. Let t1+u1
√

d be the fundamental solution
of the Pell equation for d = c2∆K , c ∈ Z>0. We have a2 − ∆K · b2 = 4 for
a = 2t1 and b = 2cu1. Therefore, for any c ∈ Z>0 we have

(3.1) εK ⩽ εc2∆K
.

The following corollary gives a lower bound for the fundamental solution
of (1.10).

Corollary 3.3. Let z ⩾ 2 which is not a multiple of 3, and let d(z) = z2+3.
We have

(3.2) log εd(z) ≫
(

log sf(d(z))
)2

.

Proof. We choose α = 2z and p = 3 in Theorem 3.2. When 3 ∤ z, we know
that p splits in the real quadratic field Kz = Q(

√
4z2 + 12) = Q(

√
d(z)).

Therefore, by (3.1) and Theorem 3.2, we get

log εd(z) ⩾ log εKz ≫ (log ∆Kz )2 ≫
(

log sf(d(z))
)2

. □

Note that by using Corollary 3.3 and the class number formula (1.3), we
may obtain the upper bound (1.13) for the average of class numbers.
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Remark 3.4. The lower bound (3.2) is indeed sharp. For example, Gol-
ubeva [6] has shown that

εd(z) ⩽ 2
((

z +
√

d(z)
3

)n(2 +
√

d(z)
z + 1

)(
z − 1 +

√
d(z)

2

))2

,

for z = 3n + 1.

We also need the following lemma on the square-free part of polynomial
values.

Lemma 3.5. Let f ∈ Z[x] be a separable polynomial with degree ⩾ 2. Then
for almost all z ∈ Z>0, we have

sf(f(z)) ⩾ z
2
3 −ϵ,

for any ϵ > 0.

Proof. We consider the quantity
Qf (S, Z) = #{(z, r, s) ∈ Z3 : 1 ⩽ z ⩽ Z, 1 ⩽ s ⩽ S, f(z) = sr2}.

Let f(x) ∈ Z[x] be a polynomial satisfying our assumptions. By a result of
Luca–Shparlinski [8, Theorem 1.3], we have

Qf (S, Z) ≪f Z
1
2 +ϵS

3
4 ,

for any ϵ > 0. We may choose S = Z
2
3 −2ϵ, so that Qf (S, Z) = o(Z). This

implies that for almost all z ⩽ Z, we have sf(f(z)) ⩾ Z
2
3 −ϵ ⩾ z

2
3 −ϵ, for any

ϵ > 0. □

Lemma 3.6. Let f ∈ Z[x] be a non-constant polynomial, and let g(x) =
f(x)2 + 3. Then for almost all z ∈ Z>0, and so we have

log sf(g(z)) ≫ log z,

where the implied constant depends on the choice of f .

Proof. We may decompose
g(x) = c · h1(x) · h2(x)2,

where c ∈ Z, h1, h2 ∈ Z[x], and h1 separable.
We shall firstly show that deg(h1) > 0. If not, then we may consider the

formula
f(z)2 + 3 = g(z) = c · h2(z)2

for integer variable z. By comparing the leading coefficients of both sides,
we know c is a perfect square, hence without loss of generalization, we
may assume that c = 1. However, the only integer solution to the equation
z2

1 + 3 = z2
2 is that z1 = ±1 and z2 = ±2, contradicting the assumption

that f is a non-constant polynomial.
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Let g1 = c · h1(z). Since 2 | deg(g) by its definition, we know that
deg h1 ⩾ 2. By Lemma 3.5, we know sf(g1(z)) ≫ z

2
3 −ϵ for almost all

z ∈ Z>0. Note that sf(g(z)) = sf(g1(z)), we have

log sf(g(z)) = log sf(g1(z)) ≫ log z,

for almost all z ∈ Z>0. □

Now we are ready to give the proof of Proposition 3.1.

Proof of Proposition 3.1. If the integer solution (t, u, z0) lie on an A1-curve
defined over Z, then there exists non-constant polynomials t, u, d, f ∈ Z[x],
such that

f(0) = z0, d(x) = f(x)2 + 3 and t(x)2 − d(x)u(x)2 = 1.

Hence we have

lim
x→∞

log t(x)
log d(x) = lim

x→∞
deg(t) log x

deg(d) log x
= deg(t)

deg(d) < ∞.

If u ̸= 0, then by the structure of the integer solutions to the Pell equa-
tion, we must have 2|t(z)| ⩾ 2t1(z) = εd(z) + ε−1

d(z) > εd(z) for z ∈ Z>0.
Hence by Corollary 3.2, Lemma 3.5 and Lemma 3.6, we have

lim sup
z→∞
3 ∤ f(z)

∣∣∣∣ log t(z)
log d(z)

∣∣∣∣ ≫ lim sup
z→∞
3 ∤ f(z)

log εd(z)
log d(z)

≫ lim sup
z→∞
3 ∤ f(z)

(
log sf(d(z))

)2
deg(d) log z

≫ lim sup
z→∞
3 ∤ f(z)

(log z)2

log z
→ ∞.

Therefore, we require that 3|f(z) for all sufficiently large z, in particular
3|f(3z) for all sufficiently large z, which implies 3|f(0). This contradicts the
assumption 3 ∤ z0. □

3.2. Computation of the exponent. Recall the definitions of the quan-
tities A, ρU and b in the Conjecture 1.2. Let X = V (2uyz − y2v + 3u2v +
v3) ⊂ P3

Q be the completion of U , which is a singular cubic surface. Let
L1 = V (y, v), L2 = V (u, v), L3 = V (z, v). The divisor at infinity is D =
X \ U = V (2uyz), a union of these three lines. It follows that

(3.3) b = 2.

There is a unique singularity [u : y : z : v] = [0 : 0 : 1 : 0] on X. It is of
the type A2 according to the classification by Bruce and Wall [2, Lemma 3].
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Let X̃ ⊂ P3 × P2
[u1:y1:v1] be the blow up of X at this singularity. There are

two exceptional curves

E1 = ([0 : 0 : 1 : 0], [u1 : 0 : v1]), and E2 = ([0 : 0 : 1 : 0], [0 : y1 : v1]).

Let f : X̃ → X be the minimal desingularization map. Since the singularity
of type A2 is a rational double point, f is crepant. Therefore KX̃ = f∗KX

and K2
X̃

= K2
X = 3. In particular, X̃ is a weak del Pezzo surface of degree 3.

This gives rank(PicQ(X̃)) = 10 − 3 = 7.
Let L4 = V (v +y, 3u−2z) and L5 = V (v +y, u) be two other lines in X,

and denote by the same names the strict transforms of Li, 1 ⩽ i ⩽ 5, in X̃.
One may check that the intersection pairing of L1, L2, L3, L4, L5, E1, E2 in
X̃ takes the form

L1 L2 L3 L4 L5 E1 E2
L1 −1 0 1 1 0 1 0
L2 0 −1 1 0 0 0 1
L3 1 1 −1 0 0 0 0
L4 1 0 0 −1 1 0 0
L5 0 0 0 1 −1 0 1
E1 1 0 0 0 0 −2 1
E2 0 1 0 0 1 1 −2

This is matrix has rank 7, hence it generates the geometric Picard group of
X̃. Since all these lines are rational, it follow that rank(PicQ(X̃)) = 7. We
also know from the intersection pairing that the five lines L1, L2, L3, E1, E2
at infinity are linearly independent, hence

(3.4) ρU = 7 − 5 = 2.

Therefore, by (3.3) and (3.4), we conclude that

(3.5) A = ρU + b = 4.

in the Conjecture 1.2 for the surface U defined by (1.11).
Moreover, the boundary divisor E1 +E2 +L1 +L2 +L3 has anticanonical

class in the Picard group, so U is log K3.

3.3. Conclusion of the proofs. Recall that the changing of variable
y = t + uz to the equation (1.10) gives us the surface

U = {(y, u, z) ∈ A3 : 2uyz = y2 − 3u2 − 1}.

We may establish a lower bound for N◦
U (B), as follows.

Lemma 3.7. We have

N◦
U (B) ⩾ #{z ⩽ B : 3 ∤ z, µ2(d(z)) = 1, εd(z) ⩽ B}.
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Proof. Recall that all the solutions of (1.10) are of the form{
(tn, un) ∈ Z2 : tn +

√
d(z)un = ±εn

d(z), n ∈ Z
}

.

When z ⩽ B, 3 ∤ z, µ2(d(z)) = 1, and εd(z) ⩽ B, we consider the integer
point

P = (t1 − u1z, u1, z) ∈ U.

We will show that the height of P is less than B.
We have

u1 =
εd(z) − ε−1

d(z)

2
√

d(z)
≫ z−1εd(z).

By Corollary 3.2, we know that |u1| > |z|, for 3 ∤ z, µ2(d(z)) = 1 when z is
sufficiently large. Note that

|t1−u1z| =
∣∣∣∣∣εd(z) + ε−1

d(z)
2 −

εd(z) − ε−1
d(z)

2
√

d(z)
·z
∣∣∣∣∣ ≪

(
1− z√

d(z)

)
εd(z) ≪ z−2εd(z).

This implies that |u1| > |t1 − u1z| when z is sufficiently large. Therefore, if
εd(z) ⩽ B, then the height of P is u1, and we have

u1 =
εd(z) − ε−1

d(z)

2
√

d(z)
< εd(z) ⩽ B. □

We are now ready to complete the proofs of Theorem 1.3, Corollary 1.12
and Theorem 1.6. From (3.5), we know that the Browning–Wilsch Conjec-
ture 1.2 predicts that
(3.6) N◦

U (B) ≪ (log B)4.

Proof of Theorem 1.3. We consider the quantity
S(B) = #{z ⩽ (log B)4+ϵ : 3 ∤ z, µ2(d(z)) = 1, log εd(z) ⩽ log B}.

Then Lemma 3.7 implies that
S(B) ⩽ #{z ⩽ B : 3 ∤ z, µ2(d(z)) = 1, log εd(z) ⩽ log B}

⩽ N◦
U (B) ≪ (log B)4,

(3.7)

under the assumption of (3.6). Therefore, S(B) is a subset of [1, (log B)4+ϵ]∩
Z with zero density. As B → ∞, then for all z ⩽ (log B)4+ϵ outside a subset
of size o((log B)4+ϵ) with 3 ∤ z and z2 + 3 square-free, we have

log εd(z) > log B ⩾ z
1

4+ϵ ≫ d(z)
1
8 −ϵ. □

Proof of Corollary 1.12. For the same reason as in Remark 1.4, we know
that there is a positive proportion of z ∈ Z>0 with z ≡ 26 (mod 42), such
that d(z) = z2 + 3 is square-free. We will show that when z satisfies the
above assumption, the sequence of real quadratic fields Kz = Q(

√
d(z))
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satisfies (1.12), when z → ∞. Note that d(z) ≡ 3 (mod 4), and so we have
∆Kz = 4d(z).

By assumption, we know d(z) is a multiple of 7, so the negative Pell
equation

t2 − 4d(z) · u2 = −4
is not solvable for mod 7 reasons. Let (a, b) be the pair of smallest positive
integers satisfying a2 − 4d(z) · b2 = 4. Note that a must be even, so we have
(a

2 )2 − d(z) · b2 = 1. Hence we know that

εKz = a

2 + b
√

d(z) ⩾ εd(z).

Then we may apply Theorem 1.3 to conclude the proof by using the as-
sumption 3 ∤ z and d(z) square-free. □

Proof of Theorem 1.6. Let Z ⩽ B be a parameter, it follows from (3.7)
that

#{z ⩽ Z : 3 ∤ z, µ2(d(z)) = 1, log εd(z) ⩽ log B}
⩽ #{z ⩽ B : 3 ∤ z, µ2(d(z)) = 1, log εd(z) ⩽ log B} ≪ (log B)4,

under the assumption of (3.6). By the class number formula (1.3), Theo-
rem 3.2 and the bound Ld(1) ≪ log d, we have∑

z⩽Z,3 ∤ z
µ2(d(z))=1

log εd(z)⩽log B

h(z2 + 3) =
∑

z⩽Z,3 ∤ z
µ2(d(z))=1

log εd(z)⩽log B

√
d(z)Ld(1)
log εd(z)

≪ (log B)4 · Z log Z

(log Z)2

= (log B)4 · Z log−1 Z.

On the other hand, we have∑
z⩽Z,3 ∤ z

µ2(d(z))=1
log εd(z)>log B

h(z2 + 3) =
∑

z⩽Z,3 ∤ z
µ2(d(z))=1

log εd(z)>log B

√
d(z)Ld(1)
log εd(z)

≪
∑
z⩽Z

z log z

log B

≪ (log B)−1 · Z2 log Z.

Finally, we choose log B = (Z log2 Z)
1
5 to conclude the proof of Theo-

rem 1.6. □
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