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Large sums of high order characters II

par ALEXANDER P. MANGEREL et YICHEN YOU

RESUME. Soit y un caractére de Dirichlet primitif, de module g, et soit § > 0.
Etant donné que l'ordre de y, noté d, est suffisamment large, nous obtenons
une borne supérieure non-triviale pour le nombre de solutions en n < z a
Péquation x(n) = «, quelque soit « parmi les racines de I'unité d’ordre d,
pourvu que x > ¢°. Ceci améliore un résultat du premier auteur en supprimant
des contraintes sur les parametres g et d. On en déduit comme corollaire que
si le plus grand facteur premier de d satisfait Pt (d) — oo avec ¢ alors le
nombre de solutions en n < z & x(n) = « est de taille o(x) dans ce méme
domaine de x.

Note démonstration repose, entre autres, sur une amélioration d’une esti-
mation en moyenne carré sur 1 < ¢ < d—1, des sommes courtes des caracteéres
x¢, obtenu par le premier auteur, et qui est supérieur au théoréme de Burgess
lorsque d est suffisamment large. En fait, nous montrons un résultat faculta-
tif, selon lequel la somme partielle de soit (a) x elle-méme, soit (b) x¢ pour
“presque tout” 1 < £ < d— 1, manifeste de 'annulation dans Iintervalle [1, ¢°],
pour n’importe quel § > 0 fixé.

Par une méthode semblable, nous montrons également que l'inégalité de
Pélya—Vinogradov peut étre amélioré, soit pour Y, soit pour presque tout les
x%, 1 < ¢ < d—1. En particulier, notre estimation en moyenne est non-triviale
méme lorsque d est un entier pair, pourvu qu’il est suffisamment grand.

ABSTRACT. Let x be a primitive Dirichlet character modulo ¢, and let 6 > 0.
Assuming that y has large order d, for any dth root of unity o we obtain non-
trivial upper bounds for the number of n < z such that x(n) = «, provided
x > ¢°. This improves upon a previous result of the first author by removing
restrictions on ¢ and d. As a corollary, we deduce that if the largest prime
factor of d satisfies PT(d) — oo then the level set x(n) = a has o(x) such
solutions whenever z > ¢°, for any fixed § > 0.

Our proof relies, among other things, on a refinement of a mean-squared
estimate for short sums of the characters !, averaged over 1 < £ < d — 1,
due to the first author, which goes beyond Burgess’ theorem as soon as d
is sufficiently large. We in fact show the alternative result that the partial
sum of either (a) y itself, or (b) x*, for “almost all” 1 < ¢ < d — 1, exhibits
cancellation on the interval [1, ¢°], for any fixed § > 0.

Manuscrit regu le 8 juillet 2024, révisé le 10 mars 2025, accepté le 30 mai 2025.
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By an analogous method, we also show that the Pélya—Vinogradov inequal-
ity may be improved for either y itself or for almost all x*, with 1 < ¢ < d—1.
In particular, our averaged estimates are non-trivial whenever y has suffi-
ciently large even order d.

1. Introduction and main results

The objective of this paper is to improve the results of [12] on averages of
short and maximal sums of a Dirichlet character whose (group-theoretic) or-
der is large. In [12], the first author considered primitive Dirichlet characters
x modulo a prime ¢ with order d, under the assumption that d = d(q) — oo
as ¢ — oo. In that work the first author investigated how this assumption
on d influenced the sizes of the short sums

Sie(z) = Z xi(n), x>¢°

n<x

for arbitrary fixed § > 0, and the maximal sums

0y . l
M(xX) = max n%x (n)
for 1 < ¢ < d—1. The methods of [12] had the defect that they only yielded
non-trivial results under the assumption that the least prime factor of d
was also assumed to be large.

In this paper, we rectify this shortcoming by presenting (quantitatively
stronger) analogues of the theorems in [12] in which assumptions on the
size of the prime factors of d are removed. Moreover, the results in this
paper apply to general moduli ¢, rather than just to prime q.

Our first main theorem is an alternative bound, which states that in the
régime that d — oo with ¢, either |Sy(x)| = o(x) or else the mean-square
average of the short character sums S,¢(z) with length = = q° exhibits
cancellation.

Theorem 1.1. Let ¢ > 3 and let x be a primitive Dirichlet character
modulo q with order d > 2. Then there is an absolute constant ¢ > 0 such
that if 7 € (0,1/2),

. log log(ed) 1/2 e
0 := max { (c log(ed) > , (log q) } ,

and x > ¢° then at least one of the following is true:
(i) x itself satisfies

1
x 2 x(n) < (loglog(ed))l/G_T;

n<z
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(ii) we have the average bound

HS SRS SRt

1<e<d n<lx

2
1

log log(ed))t/6-7"

<<T(

This should be compared with [12, Thm. 2], in which the averaged bound
was only non-trivial under the assumption that P~(d) — oo with d, and
the savings only comparable if P~(d) > loglogd.

As in [12], a mean-square bound like Theorem 1.1 (together with some
additional inputs) may be used to prove a paucity phenomenon for the level
sets of x. In this direction, our second main theorem provides a non-trivial
upper bound for the cardinality of the set of solutions n < x with x(n) = a,
for any fixed dth order root of unity ¢, whenever d — oo and = > ¢° for
0 > 0 fixed but arbitrary. This strictly generalises [12, Thm. 1], wherein
the condition that d be squarefree had to be assumed.

Theorem 1.2. There are absolute constant c1,co > 0 such that the follow-
ing holds.

Let ¢ > 3 and let x be a primitive Dirichlet character modulo q with
order d > 2. For each z > 1, define

1/2
d.:= [[ " 0.:= max{COglog(edZ)) 7(10gQ)Cl}-

fein? c1 log(ed,)
p>z

Then if x > ¢°*,

(11) max = [{n < 2 s x(n) = o

< inf (1 + 0 (1)>
T 1<z<loglog(ed) \ Z (loglog(ed.))2 ) )

x>q52

Remark 1.3. Let us show that Theorem 1.2 indeed generalises [12, Thm. 1].
If d is squarefree and z = loglog(ed) then by the prime number theorem,

d/d. < [ p < €% =< (logd)?,

p<z

provided d is sufficiently large. The upper bound from Theorem 1.2 is thus of
quality O(1/(loglog(ed))?), which is comparable (albeit with a less explicit
loglog(ed) power) with [12, Thm. 1].

Remark 1.4. To explain the form of the upper bound given in Theorem 1.2
it is helpful to consider a case, not covered in [12, Thm. 1], where d is a
prime power, say d = 2¥. In this case, da = 1, so that, taking z — 27, the
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upper bound provided by Theorem 1.2 is precisely
1 1
(1.2) max —[{n <z:x(n)=a} <=+ o0xo0o(l)
a2k:1 X 2

(and indeed this is the worst-possible bound that (1.1) provides in general).
It can be shown that Theorem 1.1 implies the bound

max 1|{n<x'x(n):a}]<<¥ S —
aFo1 T T (log k)1/13 (log k)2/13’
which is of course much stronger as & — oo. In the converse case that
|Sy ()| is small, however, the following heuristically plausible scenario is
consistent with (1.2).

Suppose that y has order 2%, but satisfies x(p) = £1 for all p < = and

whenever |Sy(z)| >

1
Z — — 00 as k — oo.
p<zT
x(p)=-1

Thus, x is a real-valued multiplicative function on [1,z]. By a theorem of
Hall and Tenenbaum [7], we obtain

Sy(@)] < zexp (—}1 > 1‘5(”)) — ().

Since x(n) € {—1,+1} for all n < z, this is equivalent to

1 1
— <z: = = — 1
T <) = a)| = 5+ oraell),

which is precisely of the form (1.2).
We obtain the following straightforward consequence of Theorem 1.2.

Corollary 1.5. Assume the notation and hypotheses of Theorem 1.2, and

let
_ loglog(eP*(@)\"*
6.—max{<0110g(ep+(d))> , (log q) }

Then if © > q° we get

Ly o 1
oy x|{n swix(n) =ajl < (loglog P*(d))e2”

Corollary 1.5 shows that as long as Pt (d) — oo with d, the level sets
{n < z : x(n) = a}| are sparse as soon as x > ¢°, for any fixed, but
otherwise arbitrary, § > 0. Note that this property is fairly generic, only
excluding orders d that are very smooth (and hence rare).

In [12] the first author also gave a non-trivial average bound for the
maximal character sums M(x*), 1 < ¢ < d — 1. The Pélya-Vinogradov
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inequality states that for a non-principal character ¥ of modulus m we
have M () < /mlogm. It is a long-standing open problem to obtain
unconditional improvements (as m — oo) to this bound for general .
In [12] (see Theorem 3 there), the bound

1 log loglog q
Z M(x") < (v/qlogq) ( +
d1<€<d . P—(d) \/ loglog g

was obtained by appealing to combinatorial arguments. Clearly, this bound
is non-trivial only when d has no small prime factors and therefore must be
odd. Well-known work of Granville and Soundararajan [5] (with refinements
n [2] and [10]) previously showed that M (x) = o(,/qlogq) whenever x has
odd order d = o(+/loglog q), so that this result is only new when

d > +/loglogq and P~ (d) — oo as d — oc.

Our next theorem remedies this situation, providing non-trivial bounds as
soon as d — oo (including the case that d is even).

Theorem 1.6. Let ¢ > 3 and let x be a primitive Dirichlet character
modulo q with order d. Then at least one of the following statements is
true:

(i) x dtself satisfies

Valogq
M —_—
o) < (loglog d)'/8
(ii) we have

Y M) < YL

| <t<d-1 (loglog d)!/8"

SHE

1.1. Proof strategy. Let us describe separately the strategy of proof of
each of the main theorems in this paper.

1.1.1. On averages of short character sums. The proof of Theo-
rem 1.1 largely follows the line of attack of [12], introducing refinements of
the key lemmas at several junctures.

Ideally, we would like to prove that |S,(z)| = 04oo(®) when z > ¢°
for 6 € (0,1), and the first alternative of Theorem 1.1 is consistent with
this goal. We shall mainly discuss the consequences of assuming that this
alternative in fact fails.

As in [12], given small parameters d,e € (0,1) we study the structure of
the “large spectrum” set

Ca(e) ={1<l<d—1:[S«(x)| > ex}, x> Q.

If |Cq(e)| < ed then the L? average of |S,¢(x)| is < e. Our main objective
is to prove that this upper bound on |C4(¢)| indeed holds.
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Suppose instead that [C4(¢)| > ed. In this case we use results from ad-
ditive combinatorics to derive a structure theorem for C4(¢) (see Proposi-
tion 3.1). Precisely, we show that there is m = O,(1) such that the m-fold
sumset

mCq(e) :={a1 + -+ ap, (modd) : a; € C4(e) for all 1 < j <m}

coincides with a large subgroup H < Z/dZ, and that for each E € H
the character x! “pretends to be” an archimedean character n’, with
maxye g |te]logx = Oz (1). As a consequence, we deduce that

_ )4
(1.3) Z L= Relx(p)) = O(1) uniformly over ¢ € H.

p<zm p

Unlike in [12] where P~ (d) was assumed to be large, here the subgroup H
need not be the entirety of Z/dZ. Nevertheless, the fact that |H| >, d is
what is crucial in the forthcoming analysis.

As in [12], the argument then splits according to the nature of the prime
level sets!

Sj={p<z:x(p) =e(j/d)}, 1<j<d-1,

and in particular the associated reciprocal sums

1
aj(x):zzf, 1<j<d-1.

After showing that

Yy () = Z - = Z oj(x) = 00 as d— oo

p<z P 1<i<iaa
x(p)#0,1

(see Proposition 2.5, which is a very slight generalisation of [12, Thm. 1.1]
to composite moduli ¢), we consider two cases. First, if maxi<j<q—1 0;(x)
is rather small compared to X, (z) then we show that there is ¢ € H

such that (1.3) cannot hold (see Lemma 4.1). This follows the lines of [12,
Lem. 4.4]. Namely, having first observed that

> zszn £ 20,0,

p<e p 1<j<d-1

1 —Re(x‘(p)

LAs usual, given t € R we write e(t) := 27,
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we use Fourier analysis to obtain a lower bound for the left-hand side sum
for some ¢ € H by showing a variance bound of the shape?

2 1

e oy b
oj(z) 12

2)‘

~—

>

2
Ex(fv) = 0d—>oo(zx(x
¢cH \1<j<d—1

Whereas the argument in [12, Lem. 4.4] made use of the fact that P~ (d)
was large, we manage to circumvent this assumption by a more careful
argument.

In the case that oj,(x) = maxi<j<q4—10j(x) > E,(x) we provide a
quantitatively stronger variant of [12, Prop. 4.5]. The idea there was to
establish an asymptotic of the shape

(1.4) > x(n) = e(jot/d) Y~ x"(n) + 0400 (@),
n<lx n<x

by using the Turdn-Kubilius inequality® to show that most integers n < x
have ~ oj,(x) prime divisors p € Sj,. For each of these prime divisors,
if n = mp then x*(n) = e(jol/d)x*(m), and using Lipschitz estimates for
multiplicative functions the partial sum S,.(z) for n < x can be well-
approximated by the sum S,¢(x/p) for m < z/p (as long as p is not too
large).

Our refinement of this idea, found in Proposition 4.2 below, generalises
this from single primes p € Sj, to products of k prime factors p € Sj,,

where k = o(4/0j,(2)). The flexibility in the choice of k is what is ultimately
responsible for the improved exponent of loglogd in Theorem 1.1, relative
to [12, Thm. 2].

Note that (1.4) is only useful in proving |S,¢(z)| = 0400(z) provided
that

1= e(jot/d)| = lljot/d]| > 1.

In [12] the condition P~(d) — oo proved advantageous in showing that
this was the case for most £ € H. Indeed, since 1 < jg,f < d, we have
v := (jo,d) < d/P~(d). Setting a = jo/v and d’' = d/~, it follows that
joﬁ o al
lel=lzl
and it can be shown that when d' is large, most choices of ¢ satisfy
l7o¢/d|| > 1, essentially because the range [ed’, (1 — €)d'], say, is large.

This certainly fails if P~ (d) is small. For instance, if d is even then it is
plausible that jo = d/2, and so |[|jo¢/d|| = 0 for approximately half of all
1 < ¢ <d-—1. The issue here is that v = (jo, d) is excessively large, i.e., of
size > d, in this case. On the other hand, we show that ~ is rather smaller

2Given t € R we write ||t|| := min{{t}, 1 — {t}}.
3A similar application of this idea will be discussed in Section 1.1.3 below
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than d whenever |S,(z)| is large, and in this case we may again conclude
that ||jof/d|| >¢ 1 for most 1 < ¢ < d — 1. This is precisely the reason for
assuming that |5y (z)| is large in the second alternative in Theorem 1.1.

1.1.2. A new bound for level sets of x. To prove Theorem 1.2 we
employ three observations (see Lemmas 5.1 and 5.2 below), two of which
are already present in [12]. Firstly, if b|d, « is a dth order root of unity and
3 := a® then we have the trivial inclusion

{n<z:x(n)=a}C{n<z:x"(n) =45}

This allows us to replace a bound for the level sets of x of order d by those
of ¢ of some order d’ = d/b dividing d. As discussed below, this sometimes
presents an advantage.

Secondly, the level sets of x can be linked to the L? averages of the
powers x¢. This follows by orthogonality modulo d from the formula

Sele) =S x'm) = Y ollfn <a: x(n) = o},

n<x at=1

Therefore, whenever a non-trivial bound is available for the L? average

(1.5) é Y [Sye(@)?,

1<¢<d

we obtain correspondingly non-trivial bounds for all level sets |[{n < z :
x(n) = a}|. By Theorem 1.1 this is true as long as |Sy ()] is large.

The third key observation concerns the converse case, namely when
|Sy ()| is small (and therefore non-trivial bounds for (1.5) do not follow
from Theorem 1.1). In this case, we may arrive at a bound for the level sets
by interpreting the event x(n) = a = e(a/d) as an instance of the distribu-
tion of the complex argument 6,, € [0, 1) of x(n) (provided (n,q) = 1), i.e.,

X(n) = e(0) with 6, € [a, M) .
d d
Since this interval has measure 1/d, if ,, were uniformly distributed we
would expect the number of such n < z to have size ~ x/d. Using the
Erdos—Turéan inequality to control the deviation from this heuristic, we
show that [{n <z : x(n) = a}| may be bounded above by

xT

x 1
(1.6) -+ —=——=+0 Z —|S,x(z)| | for any K > 1.
d K+1 ek k X

Knowing that |Sy(z)| is small, we use the pretentious theory of multiplica-
tive functions to show (in certain key cases where upper bounds for (1.5) are
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not available) that in fact [,k ()| is also small whenever 1 < k < P~(d).
This can be understood as being due to

x*(p) # 1 whenever x(p) # 1 and 1 < k < P~(d),

so that x* retains much of the oscillation exhibited when x has small partial
sums. The upshot of this is that we may then select K = P~ (d)—1 in (1.6).
This bound presents no advantage when P~ (d) is quite small, but can be
strengthened in the case that the contribution to d from its small prime
factors is small. More precisely, applying the first observation above with

d = H p* for any 1 < z < loglog(ed)
k
p"lid
p>z
allows us (after replacing d and x by d’ and X 4 respectively) to ap-
ply (1.6) with K = P~(d’) — 1 > z — 1 instead. This improves the bound,
as long as d’ is sufficiently large.

1.1.3. On averages of maximal sums. Our expectation is that the
first alternative of Theorem 1.6 always holds, but here we will mainly focus
on the consequences if it fails. As in [12], given a small parameter ¢ > 0,
we investigate the structure of

La(e):={1<0<d—1:|M(x"|>ey/qlogqg}.

If |L4(c)| < ed then the average size of M(x") is < €,/glogq. In other
words, for most 1 < ¢ < d— 1, M(x") admits a sharper upper bound than
what the Pdlya—Vinogradov inequality provides. Our goal is to show that
|L4(e)| is indeed of size O(ed).

By Proposition 2.1 and Lemma 2.2, bounding M (x?) reduces to the
estimation of a logarithmic sum

Ly (V) = 30 XT1)

where 7y, is some Dirichlet character of small conductor determined by x?,
and N = Ny € [1,¢]. In turn, this can be related via standard estimates for
logarithmic averages of multiplicative functions, to the prime sum

5~ L= Rex'Tlr)

p<q p

In the same vein as the structure theorem for C4(e), we show that there
is m = O(1) such that mL;(¢) is a subgroup H = Z/rZ < Z/dZ, where
r >, d. Assuming x%" “pretends to be” a primitive Dirichlet character &
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of order r, for each ¢ € H the character x%/" also “pretends to be” &¢ (in a

manner that is uniform in ). As a result, setting ¢ := x%7€ we show that
1 — Re((p))

max - = 05(1))

et P

which is of the same shape as (1.3). We have thus reduced matters in this

problem to a situation similar to that of the short character sums problem,

replacing x¢ by ¢, for £ € H. By considering the prime level sets of 1, we

can apply analogous arguments to those used in the proof of Theorem 1.1.
More precisely, let w = e(1/r) and

~ 1
5jp = max S
J<r
p<q, .p
P(p)=w’

The case when 7, is small relative to ¥(q) is completely analogous to the
corresponding case in the proof of Theorem 1.1, and so we focus here on
the case that 7, > ¥, (q). We seek to obtain an asymptotic formula of the
type in (1.4), for the logarithmic sums L, (N¢). In fact, we prove that

) log Ny
(1.7) Le(Ng) = e(jol/d)Lye(Ng) + o ( = ) ,
v v V 9o
where [Le(Ng)| = maxi<y<g|Lye(N)|. The idea is to view 7, as the

average value of the completely additive function

Qjo (n) = Z 1,

p*n,

P (p)=wio

and by the Turdn-Kubilius inequality we have Q;,(n) ~ 7, for most n < q.
In particular, we find that

) (n ¢ o
sz(Ne)Nézwwé 3 ¥ (p) > Yt(m)

Tdo <N, n Tio p<n, P m<Nyp
P(p)=w’0
Ljo 1
w
=—— > —Lyu(Ne/p)
i p<n, P
P(p)=w0

Using the trivial estimate Ly¢(Ne/p) = Lye(Ng) + O(logp) and Mertens’
theorem, we arrive at (1.7). (While this gives a quantitatively weaker es-
timate than what might be obtained by the more general, yet technical,
method of Proposition 4.2, the argument is shorter and hopefully slightly
more illuminating than that of Proposition 4.2.)
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In [12], only the size of L4(e) was studied, using the ideas of [5] to show
that L4(e) is a 2k-sumfree set (in the sense of additive combinatorics, see
e.g. [1, Thm. 3] and [8, Thm. 2.4]). Bounds for |L4(¢)| crucially depended
in this way on the divisors of d, and ultimately on whether or not P~(d)
was large. Drawing on the ideas used to prove Theorem 1.1, we obtain
significantly more structural information about L£4(e), which enables us to
better estimate its size. In this way, we refine [12, Thm. 3] in a way that
does not rely on P~ (d) being large.

Outline of the paper. The paper is organised as follows. In Section 2
we collect several results about character sums, and estimates for Cesaro
and logarithmic mean values of multiplicative functions. We also state and
prove a slight refinement of an estimate from [12] establishing a lower bound
for the number of primes p < ¢ with x(p) # 0, 1.

In Section 3 we establish structure theorems for the respective sets Cy(¢)
and Lg(e) of powers 1 < ¢ < d — 1 for which |S,¢(z)| > ez and for which
M(x*) > e,/qlog g. In Section 4, the structure theorem for C4(¢) is applied
to study the Cesaro averages of the short sums S, ¢(x). The outcome of the
analysis in that section is Theorem 1.1. In Section 5, we use Theorem 1.1
and several additional ideas to derive Theorem 1.2 and its corollary, Corol-
lary 1.5. Finally, in Section 6 we use our structure theorem for L4(¢) to
establish Theorem 1.6.

Acknowledgments. We thank Youness Lamzouri and Oleksiy Klurman
for useful comments and encouragement. We are grateful to the anony-
mous referee for a careful reading of the paper, and for providing helpful
comments that improved the exposition of this paper.

2. Auxiliary results

2.1. Character sums and mean values of multiplicative functions.
In this section we collect various results about mean values of multiplicative
functions in general, and their connection to character sums in particular.
Our first lemma shows that if a character 1 has a large maximal sum
M(v) then M (v) is asymptotic to a logarithmically-averaged partial sum
determined by .

Proposition 2.1 ([3, Prop. 2.1)). Fiz A € (2/w,1) and let ¢ be a character
modulo m. Then

M () > Vm(logm)®

if and only if there is a primitive character & (mod ¢) with

£(=1) = —=p(=1) and ¢ < (logm)** =) (loglog m)*
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such that

> S0, (logm

Ve

In this case there is a cy ¢ € [1/2,3] such that as m — oo,

Vit ) (n
el

wp(L) 12N Zm n

Z (¥€)(n)

).

max
1<N<m

n_

M () = (exg +o(1))

n<N

Our next lemma indicates how the estimation of the logarithmically-
averaged partial sums of a bounded multiplicative function f are quantita-
tively controlled by the distribution of the prime values (f(p))p.

In the sequel we write U := {z € C : |z| < 1} to denote the closed unit
disc in the complex plane. For y > 2 we define the pretentious distance (at
scale y) between functions f,g: N — U by

~ 1/2
Imﬂ%y%_<§:1—Rdf@w@D) .

p<y p

See [12, Sec. 3.1] for a discussion of the properties of the pretentious dis-
tance.

Lemma 2.2. Let f: N — U be multiplicative and let x > 2. Then
n<y n

Proof. Let yo € [1, 2] maximise the left-hand side. Applying [5, Lem. 4.3]],
we obtain

max < 1+ (log x)e_%D(f’l?xy.

1<y<z

max < 1+ (log yo)e_%D(f’LyO)Q.

1<y<z

-z 5

n<yo

e

n<y

Since 1+ Re(f(p)) > 0 for all p, by Mertens’ theorem we find

1 un )2 1 1+ R
(log yo)e2PU-1w0)" = exp (2 Z e(f(p)))

P<yo p
<o (; e R«;(f(p)))
p<z

and the claimed bound follows. O
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Whereas the logarithmically-averaged partial sum up to z of a bounded
multiplicative function f is always controlled by D(f, 1;x), the same is not
true of Cesaro-averaged sums in general. In this case, the following estimate
will be suitable for our applications to short sums of characters.

Lemma 2.3 (Haldsz—Montgomery—Tenenbaum Inequality). Let f : N — U
be multiplicative. Let x > 3, T > 1, and set

M := min D(f,n"; z)2.

[t|<T
Then we have
(2.1) LIS )| < (1 4 1ye ™y L loslos
. — n e — 4 =
2 T log
Proof. This is [14, Cor. 111.4.12]. O

Finally, the following lemma shows that characters of small modulus
cannot be too close in pretentious distance to the archimedean characters
n — n.

Lemma 2.4. There is an absolute constant Cy > 1 such that if C > Cy
the following is true. Let y > 10 and suppose 1 < m < y'/C. Let ¢ be a
Dirichlet character modulo m and let |t| < y%. If

D(y,n";y)* < C
then v is principal and |t|logy < €*C.

Proof. This is [11, Lem. 3.3], made slightly more precise (the bound claimed
here follows from the proof of that result). 0

2.2. Results about high order characters. We next give a generali-
sation and sharpening of a result implicitly derived in [12, Sec. 6] (see in
particular the proof of Theorem 2 there), showing that x(p) # 0,1 often
when x has large order. In the sequel, we write

1
ZX(I‘l) = Z ) €T Z 2
p<z p
x(p)#0,1

Given a multiplicative function f: N — U and x > 1 we also put
f(n)
S¢(x) := Zf(n), Ly(x):= Z m—
n<lz n<lz

Proposition 2.5. Let x be a non-principal character modulo q of order
d > 2. Then there is a constant ¢y > 0 such that if

5 max{(logbg@wy/{ﬂogq)_q}

c1logd
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then whenever x > ¢° either

[Sx ()] ILx(q)I} 1

or else
Yy (z) > c1loglogd.

Proof. We follow the arguments in [12, Sec. 5]. Let ¢; > 0 be a parameter
to be chosen shortly, define § as above and let 2 > ¢°. Assume for the sake
of contradiction that

[Sx (@) [Lx(9)] 1
(2.2) max{ r  logg }Z (logd)1/5’

and also that
(2.3) Yy (z) < c1loglogd.

Set ¢ := 4¢; and consider first the case in which d < e(°89°. Since x has
order d, orthogonality of Dirichlet characters implies that

Q1) n<gixm=1=5 ¥ ¥ xmy =22

0<j<d-1 n<gq
(n,g)=1
Now, let g : N — [0, 1] be the completely multiplicative function defined at
primes by

1 ifp<zand x(p) =1
9(p) = :
0 otherwise.
Write also
1 1
U:D(g,Lq)Q: Z -+ Z )
v<p<q P p<z P
x(p)#1
set o_(u) := up(u) where p is the Dickman function (see e.g. [14,

Sec. I11.5.3-4] for a definition and relevant properties), and put
1 _1
R(g;q) =[] (1 - > (1 - g(p)) = e,
P<q p p
By Hildebrand’s theorem [9, Thm. 2] there are absolute constants 5 € (0, 1)
and A > 0 such that

(25) Hn<q:x(n)=1}2) g(n)

n<q

> AqR(g: q) (o-(e") + O(e~ (59" ) .
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Since p(v) > v~2" for large v we have o_(e%) > e~ (1089)"

%log log q. Since = > ¢° by assumption,

as long as u <

1
uw< Y = 4log(1/6) + O(1) < By(x) + (¢1 + o(1)) loglog g
<z
xj(op#l

< (2¢1 + o(1)) loglog q

we obtain o_ (e*) > e~ (o8 9’ with a suitably large implicit constant as long
as ¢ =4c1 < (8, and ¢ is large enough. Combining (2.4) and (2.5), we find

qﬁiiq) > ge Yo_(e") > qp(e¥) > qe=2ue",

We deduce that
u + log(2u) = (1 4+ o(1))u > loglogd,
whence also
() + 21 +log(1/8) > (1 — o(1))loglog d.
pla ¥
As log(1/6) < $loglogd we deduce that
(26)  max{S(x),log(a/6(a)} = (1/4— o(1)) loglog .

Now using a theorem of Hall [6], we have

|SX(1')| < Z 1(n,q):1 <Lz H (1 — ;) < xQZ)E;]) exp Z 1 < x@

n<x p<zx p>x p q
plg plg

Similarly,

Ll ¥ r<oso[(1-1) = 2P

pln=p<q plg q
(n,g)=1

From (2.2) we see that

Z; — log(a/é(a)) + O(1) <

plg

loglogd + O(1).

ot =

In light of (2.6), we have
Yy (x) > (1/4 —o(1))loglogd,

whenever d < e(°89° another contradiction as ¢; < /4 < 1/4. Hence
Yy (x) > c1loglogd in this case.
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Next, assume that d > e(°289° The argument? in the proof of [12,
Prop. 5.1] actually shows in this case that

1
Z — > (c—o0(1))loglogg.
p<qg P

x(p)#1

Since we have

1
> o log(q/#(g)) + O(1) < logloglogg + O(1)
plg

and ¢; = ¢/4 we deduce that when d > e(logq)g,

1 1
Si(z)> Y == > —=>(c—o(1))loglogq —log(1/)
p<q p x<qup
x(p)#0,1

> (3¢1 — o(1)) loglog g > ¢ loglogd
using g > ¢(q) > d in the last bound. The claim now follows. O

3. Minimising Archimedean and Dirichlet twists

Let ¢ > 3 be large and let x be a primitive character modulo ¢ with
order d > 2. We assume that d is larger than any fixed absolute constant,
g is a positive integer with g|d, and for ¢; > 0 chosen as in Proposition 2.5

we let )
o log log(ed)\ '/ —e
5 = Imax { (qlogd) y (10g q) .

Let ¢ > 0 and = > ¢, and define the sets®
Ca(e) := { (mod d) : |S,¢(x)| > ex},
Ly(e) == {¢ (modd) : M(x") > e/qlogq}.

We assume here that € is smaller than any fixed constant. We will prove
a structural result about each of the sets C4(c) and Lg(e). The first is an
analogue of [12, Prop. 4.1].

Proposition 3.1. Let ¢ > 0 with ¢ > (logq)~'/10. Assume that |C4(c)| >
ed. Then there are positive integers 1 < g < el and 1 < m < e 2 such
that

Ci(e) C{lg (modd):1<¢<d/g} =mCqy(e),

4While the result stated there was only stated for prime ¢, the proof employed zero-density
estimates that hold for the family of non-principal characters to more general moduli ¢, and is
therefore applicable to the present circumstances.

5As we define M () := maxj <<, | Sy (t)| for a character ¥ of modulus m, the maximal sum
M (xo) of the principal character xo (mod q) is well-defined and equal to ¢ — 1.
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and furthermore

gl 1. 2 2
lgrlggéi/g]l)(x ,1;2)* < 200m*log(1/e).

Proof. Observe that £ € C4(¢) if and only if —¢ € C4(e), so Cy(e) is a
symmetric subset of Z/dZ. Applying [11, Lem. 5.8], we find an integer®
1 <m < &2 and a divisor r|d with r > ed such that mCy(c) = H is a
subgroup of Z/dZ of order |H| = r. Note that H is generated by d/r =: g, so
that 1 < g < e ! and H can be parameterised as {{g (modd) :1< /¢ <r}.
Moreover, since 0 € Cq4(e) we have Cq(e) € mCq(e) for all m > 1, and hence
Ci(e) € H as required.

The proof of Proposition 3.1 now follows the same lines as that of [12,
Prop. 4.1]. Taking T' = 1/&? and applying Lemma 2.3, we find that for each
IS Cd(é‘),

z iy, log 1
ex < |Spe(r)| <z (D(Xé,n’t";x)QeD(Xz’" ) g g2y 08 08T 0gx>

log

for some |t;| < 1/2, from which we deduce that (when d, and thus g, is

sufficiently large)
max D(y!, n't; z < 4/2log(1/e).
(eCe) (X", n"™; ) og(1/e)

Now for ¢1,¢> € H we can choose representations
L=r+-+ry, (modd), fy=s+--+ sy, (modd), 14,5 € Cqle).

Setting
t(fl) =ty + o+t t(£2) =ty + o+ ts,,
we find by the pretentious triangle inequality that

]D)(Xh,nit(gl);x)é Z D(X”,nifrj;x)g 2m?log(1/e),

1<j<m
D(y%2, n?); z) < Z ]D)(ij,nifsj;x)g 2m?2log(1/e),
1<j<m

D<X€1+Z2,ni(t(€1)+t(€2)); 1,) < ]D)(Xel , nit(fl); x) + D(sz,nit(b);x)

< \/8m?log(1/e).

Define the map ¢ : H — R via ¢(¢) := t;, where for each ¢ € H, t; €
[—2m/e?,2m/£?] is chosen such that

D(x*, ' z) = !

min _D(x%, n'; ).
|t|<2m /e?

6The proof of [11, Lem. 5.8] actually shows that m = 2911 where j is the largest integer such
that (3/2)7~! < 1/e. Since 2log(3/2) > log2, it is easy to check that this forces m < e~2 when
¢ is sufficiently small.
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Since [t(£1) + t(f2)] < [t(¢1)| + [t(£2)| < 2m/e® we see by the minimality
property of ¢(¢;), j = 1,2, that

D(n) i) 1) <D(x, ) 2) + D(x, 0, )
< 2D(x", n"%); )

< y/8m?log(1/e),

[D)(ni¢(f1+f2) ’ ni(t(fl)ﬁ(b)); )

and also that

< ]D<X41+€27 ni¢(€1+52);w) + D(X€1+52’ ni(t(£1)+t(£2)); x)

< (1l i H ), 1y < 39m2 log(1 /¢).

Set K := g 16m? > 1. It follows from Lemma 2.4 that

- |p(l1 + La) — t(€1) — t(L2)] < K

|6(€5) — t(£5)] <

logz’ logz’
whence that also

4 4
2K+ K < 3K

(41 + L) — d(l1) — d(L2)] < logz ~ logz’

The map ¢ is therefore a igolg(i

of [13]. Since there are no non-zero homomorphisms H — R, by [13, State-
ment (7.2)] we deduce that

-approximate homomorphism, in the sense

3K*
max [6(0)] < "=
teHd log

By Mertens’ theorem we then deduce (again using the minimality property
of ¢(¢)) that

01,02 ¢ ib(0). )2 ib(0). N2
<
I&%(D(X 1) _2%%( (ID)(X ,n' )+ D, 'Y x) )

0 it(0). N2
< 2max (DO, n0; 2)2 +log(1+ [6(¢)| log ) + O(1))

<2 <8m2 log(1/e) +4log K + O(l))
< 150m?log(1/e) + O(1),

and the claim follows since each ¢ € H can be written in the form g¢’ with
1</l <r. ]

We also prove an analogous pretentiousness result about £4(g); no such
result appeared in [12].
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Proposition 3.2. Let ¢ > 0 with € > (log q)~'/10. Assume that |Lq(e)| >
ed. Then there are

e positive integers 1 < m < e 2and 1< g < e~ such that
La(e) CTH{gl: 1< <d/g} =mLy(e),

e a positive integer 1 < k < e 3™ and a primitive Dirichlet character

¢ (mod k) of order dividing d/g such that
D(x%, & Zlog(1/e).
| ax, (X", €5 9)* < m*log(1/e)
Proof. As with C4(e), L4(¢) is a symmetric subset of Z/dZ. Applying [11,
Lem. 5.8] as in the proof of the previous proposition, we can find an integer
1 <m < e 2 and a divisor 7|d with > ed such that mLy(e) = H is a
subgroup of Z/dZ of order |H| = r, and L4(¢) € H. By Proposition 2.1,
for each ¢ € L4(¢) there is a primitive character £ (mod k) such that

1 Vi vV kg
. < — = .
(3.1) elogg < \@M(x ) < o) max L g (V)]

Applying the trivial bound |LX45Z(N)\ <log N in (3.1), we see that
Ve logN _ Vke
max — <K ,
¢(ke) 1=N<q logg — ¢(ke)
so that since ¢(b) > b/ loglog(3b) for any b > 1 we obtain the bound

(3.2) max k; < (e loglog(1/e))2.
ZG[,d(E)

e K

Using instead Lemma 2.2 in (3.1), we deduce that

elogg < 1+ (logq)e™ DOCEe q)
from which we find that
D(x‘€e, 159)* = D(X", &5 9)” < log(1/e).
Let ¢ € H. As H = mL4(¢) there is a representation
=7+ +ry, (modd), r; € Ly(e).
By the pretentious triangle inequality, we find that

D(x”,H&i;q> S DX € q) < myflog(L/e).

i=1 1<i<m
Using (3.2), the modulus of [[;<;<,, &, is

Ky ooy bony ] < hpy ook, < (671 loglog(1/€))?™ < e73m,
provided ¢ is sufficiently small. This modulus is a divisor of
K(e) = [1,2,..., [(¢ loglog(1/¢))?]],

Tm
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which, by the prime number theorem, satisfies
log K (¢) < 2(c ™" loglog(1/e))?,
again provided ¢ is sufficiently small.

In the sequel, write 1y to denote the principal character modulo K (e).
For each ¢’ € H, there is a primitive character &» with conductor < =3™
such that

y 1
D(x", &riq)” < m*log(1/e) + > = < m*log(1/e) + logloglog ke
plky
< m?log(1/e),
and therefore also
' y 1
DX, &ooiq)? <D s )’ + > =
plK(e)
< m?log(1/¢) + logloglog K (¢)
< m?log(1/e).
Let g = d/r. Then H can be parametrised as {jg (modd) : 1 < j <r}. Let
S denote the group of characters modulo [k, : ¢ € H|, generated by the set

{&%o, ..., & o}

Define a map ¢ : H — S by ¢(i) = o, and 1 < i,5 < r. By (3.3) and the
triangle inequality,

D9, ¢(i)p(5); a) < D(X, ¢(i); @) + D9, ¢(j); q) < my/log(1/e),
so that
D(¢(i + 4), 9()p(3); @) < D9, 6()p(5); @) + DX, 4(i + 5); q)

< my/log(1/e).

Take k := max{k;, k;, ki+;}. By Lemma 2.4 we see that either
e MK (e) > k2K (e) > ¢'/©,

(3.3)

or else that o
B(i + 7)(4)9(5) = Eir5€i€ %0
is principal, with modulus m; ; dividing [K(¢), ks, kj, ki+;] = K(e). Since

m?log(1/¢) = o(log q) the former is not possible. Thus, writing X(()mi’j) to

denote the principal character modulo m; ;, we have

B + 1) = &irgtbo = EET o = (&b (§100) = B(0)B(5).

It follows that ¢ is a homomorphism, and therefore

&0 = ¢(j) = (1) = &y for all 1 < j <7~
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Since ¢; is primitive for all 1 < j < r, it follows that &, is the trivial
character, and thus &7 is principal, i.e., £&; has order dividing r.
We deduce that, uniformly over 1 < j <,

BOCS, (65 < DO, 0G0 + Y+ < mlog(1/2).
plK(e)

We write £ = &1 and k = k1, and the claim follows. O

4. Averaged Cesaro sums: Proof of Theorem 1.1

Write ( = e(1/d), which is a primitive dth root of unity. As in [12] we
decompose

Zx(x) = Z

p<z
x(p)#0,1

where given y > 2 and 1 <75 <d— 1 we set

= > o),

1
P <j<a

1
Uj(y) = Z —.
p<y .p

x(p)=¢’

We consider below how the size of the fibred sums o; influence the mag-
nitudes of the partial sums S,¢(z), for 1 < ¢ < d — 1. For the remainder
of this section, fix n € (0,1) to be a small parameter, to be chosen later.
In the next two subsections, we assume that [Cy4(g)| > ed and 1 < g < e}
with g|d.

4.1. Small o case. In the case where all o are “small” (in a sense to be
made precise), we will prove the following analogue of [12, Lem. 4.4].

Proposition 4.1. Let n be sufficiently small, and suppose oj(x) < gZX(a:)
forall1 < j <d—1. Then there are elements 1 < { < d/g such that

D(x%, 1;2)* > =%, (2).

1
2
Proof. Set r :=d/g and let 1 < ¢ <r. As in [12], we use the lower bound

(41) DO et = S (1—cos(2njgt/d) 3
1<j<d-1 p<e P
x(p)=¢?
|7
>8 ) T’ oj(x)

1<j<d-1
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In the sequel we write o; = o;(z) for convenience. We then consider the

(restricted) variance”
) 2
1 j 1
1<e<r \1<j<d—1
2
:1 Z Z ( ﬁ g ) gy
"i<ezr \1gj<a—1 \I'" 12

Expanding the square and using the Fourier expansion

I1? = = 5 T 5.2

for the 1-periodic map ¢ — ||t||?, we obtain

1 Gi? 1 lis > 1
A= 2 "jl"f‘?rZ(r 1) 7] -
1<51,§2<d~1 1<e<r
1 (—1)vi+e2 1 ‘. ,
= 4t Z 941952 Z (0102)2 7 Z € (T(lel —32’112))
1<51,j2<d—1 vraA0 V172 1<t<r
1 (_1)v1+v2
=D DI L R D i
1<, ja<d—1 v1,0270 1v2
Jj1vi=j2v2 (modr)
1 (_1)v1+v2
= 4t Z Z Z 71952 Z (v102)2
en,e2|r 1<j1<d  1<j2<d v1,v27#0 192
(J1,m)=e1 (Jo,r)=¢€2 J1v1=j2v2 (modr)

where we have split the sum according to the GCDs of j; and jo with
r. Note that (jiv1,r) = (jove,r) whenever jiv; = jove (modr). Letting
A = (j;vi, ) denote this common divisor of r, we of course have ej, ea|A.
In this case, writing A = e;f; and j; = J;e; for ¢ = 1,2, and noting that
(Ji,r/ei) =1, we find

A= (e - Jivi,e;-r/e;) = ei(Jvi,r/e;) = ei(vi,r/ei),

"In contrast to [12], here we restrict ourselves to an average over powers g¢, and thus our
sums over £ and j have different ranges.
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so that f; = (v;,7r/e;); in particular, f;|v; for i = 1, 2. Setting u; := v;/ f;, it
follows that

re by w SIS SR

Alr eifi=A flf?) 1<Ji<d/er 1<Ja<d/es
1=1,2 (Jl,r/e1):1 (JQ,T/€2)=1

by

u1,u27#0
Jiui=Jauz (modr/N)
(u1,m/A)=(uz,r/N)=1

(_1)f1u1+f2uz

(uruz)?

If we truncate both of the w1, us series to terms with |u;| < M7/ for some
M > 1 then we obtain

(4.2) 47r4 Z Z Z Z O Jie19 Jzen

Ar eifi=X flf?) 1<Ji<d/e; 1<Ja<d/es
1=1,2 (Jl,’r’/el)il (Jz,’r‘/eg):l

Z (_1)f1U1+f2U2

1<|ua |, |uz|<M7/X
Jiui=Jauz (modr/A)
(u1,r/N)=(uz,r/N)=1

()2 +0 (Em),

where we have set

&= A X 2. ) na%he

Alr ezfz— f1f2> 1<Ji<d/er 1<J2<d/ez
=12 (Ji,r/e1)=1 (Ja,r/ea)=1

Rearranging, we obtain

1 A
EM:MT Z S Z Oj2 Z (\2/e1es)?2
en,ealr | 1<ji<d 1<ja<d Alr 162
(J1,r)=e1 (J2,r)=e2 le1,e2]|A
. 1 (6162)2
ey | ol S| p e
er,ezlr | 1<ji<d 1<ja<d alr/[e1,e2] ’
(41,m)=e1 (j2,7)=e2

We observe that for each pair e, es|r we have

2 3
(e1e2)” v Lo ene)”
rle1, es)? reies

alr/[e1,e2]
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since (e1,e2) < min{ey,es} < r. It follows therefore that

1 1
SM < M Z Z O’jl Z sz = MZX(.Q?)Q.
e1,e2|r 1<j1<d 1<j2<d
(J1r)=e1 (j2,r)=e€2

In the main term in (4.2), momentarily fix 1 < |ul,|ug|] < Mr/X with
(ug,m/X) = (u2,r/A) = 1, assume ey > e; and let 1 < J; < d/e; with
(Jl,r/el) =1.1f

Joug = Jiug (modr/N), ie., Jo = Jluglul (modr/A)

then among the d/es possible choices of J there are O(i//ef +

1) choices sat-
isfying this congruence. For each of these Jy we have 0,¢, < (rn/d)X,(z)
by assumption. Thus, applying the preceding arguments to all uy, ua, ez >

1 (the other case being identical up to relabelling) and J; as above the
main term in (4.2) is bounded above by

(4.3)
WX Y G X T e (et

(uju9) res

)\|r e1f1= 1<j51<d 1<‘u1|,|u2|§M7"/)\
es fo= (J1,m)=e1 (uruz,r/A)=1
62261

< %zx(g;)(nl +Ry),

where, using A\ = e fi = es fo and the fact that the series in u1, us are both
convergent, we have set

Ry = ; Z Z O Z f Z f
erlr | 1<ji<d filr/er 71 faler fr
(J1,r)=e1 fo<f1

Ro ::Z Z oj Z Z 6162 .

er|lr | 1<51<d ealr Alr
(J1,m)=e€1 ex>e1 [er,e2]|A

To estimate Ry we observe that 1p,<p < (f1/f2)'/? in the inner sum,
whence

1 1

Z fl Z f —fz Z 3/2<<1

3 2
filr/e fale1f1 1lr/e1 fl falerf
fo<f1
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It follows therefore that

d
R < = Z Z o :;Ex(az).
61|T 1<j1<d
(J1,m)=e1

To bound Rg, note that for each eq|r,

6162 . (6162)2 1 1 61,62
I LT
ealr Alr ea|r alr/le1,e2] 2|r
ex=>eq [e1,ea]|A ez>e1

‘We now observe that

€1a€2 _i 2 | Av 1
QZ a2 L[ 2 »7 e 3
Leglr pFllr \0<ji<v v<j<k

p”lex
0<v<k

1 20 N o 1\7!
<<6—2H p (1—2) +p (1—2>
1 puHel p p
2 )<

r>1
Applying this bound for each eq|r, we find that

P|€1 <
Re <Y > 05 =S().
err 1<1<d
(j1,r)=e1

Substituting our bounds for R and Rs into (4.3), we obtain the upper
bound

d d
Gathering all of the bounds together and selecting M =7
1
A< (n + M) Ty (2)? < ¥y (2)?,

Thus, by Chebyshev’s inequality we see that, with O(nlog(1/n)r) excep-
tions 1 < ¢ <r, whenever o;(z) < (rn/d)Ey(x) forall 1 <j <d -1,

‘ 3l 2 1
DO L) 28 3 (2, 2 <3 +0 <1g(1/n)>> Sy ().

1<j<d-1

ﬂzx(m)(m +Ro) K ﬂZ]><($)2 (i + 1) < Sy (2)2.

—1 we obtain

In particular, provided 7 is small enough, we deduce that D(x9,1;z)% >
33 (z) for some 1 < £ <. O
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4.2. Large o case. Suppose next that thereisa 1 < jo < d—1 for which
gj,(x) is “large”, in contrast to the previous subsection.
Our objective is to give a strengthening of [12, Prop. 4.5], in this case.

Proposition 4.2. There exists an absolute constant ¢ > 0 such that the
following holds. Suppose there is 1 < jo < d—1 such that oj,(z) > gEx(az),
and that moreover

m?log(1/e) < cXy ().
Then for any parameters z > 10 and k € N satisfying

10 <z <exp (I%ix) . 1<k <\/oj(z),

forany0<p<1—2/m and any 1 <L <r,

jot

(1

Proof. Define

k
o (")) LS

_ log z\* _ _
<R (8o ()2 + (122 ) () +a700).

Tee = 1{p1-pr: pi <z and x(p;) = ¢ for all 1 <i < k}.
For each t € Ty, and n € N define®
b
fi(n) := Z 'ué)lan.
ab=t

Let 1 </ < 7. Select yge0 to be a maximiser for max|,|<gioga [Fye(1 +iy),
where for s € C with Re(s) > 0 we write

Fyi(s) == H (1 — XM(M) 71.

p<z P
We then define

0 if [yge0| > % logz,
om0 ol

Yge,0 Otherwise.

Now, by Proposition 3.1, whenever 1 < £ < r we have

D(x%, 1;2)* < 200m? log(1/e).

8Note that when ¢t = p is prime this reduces to the “mean 0” function fp(n) = lpin — %.
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Since, when y4¢ # 0,

Foo(1+1 Foo(l+1
’ gf( +Zyg€)| —  max ‘ gf( +iy)|

exp (—D(x%, n¥st; 2)?) =<
Xp( (X ) ? ) ) logx |y|§210g1‘ logx

=exp|— min DK n¥;2)?|,
ly|<2logz

it follows that

D(Xge,ninE;x)z = min D( niy;x)Q + O(l)
ly|<2logx

Using this minimal property when y, # 0, we deduce that when ¢ is
sufficiently small,

D(1,n%o; 2)* < 2(D(xY, 1; ) + D(x*, n¥; 2)) < 4D(x, 1;2)* + O(1)
< 1000m? log(1/e),

a bound which also trivially holds when y,, = 0. From this and Lemma 2.4
we deduce that there is C' > 1 such that

(4.4) [yge| < 7™ /log .
Next, define hy(n) := y9 (n)n_iyﬂ and consider the sum
My, (x;t) Zh@ t(n), te€Tks
n<:c

We will estimate the sum » ;.7 My, (7;t) in two ways.
First, we relate this sum to the mean value of hy. To begin with, observe
that since hy is completely multiplicative,

M (x:) = £ 3 () 30 P, =y MO 4,

n<:1c ac=t ac=t m<:r:/a
3 e o2 u(m
ac=t m<z/a

For each a|t the Lipschitz bound [4, Thm. 4] yields

3 = S o () e () )

m<a:/a m<a:

It follows that

My, (z;t) = ( > u(e)h(a ) > he(n) + O(6:()),

ac=t n<x
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where ¢; is defined via

Z L (log(Ba))l_Z/7r log< log x )2'

=, log = log(3a)

Now let

SRt ple) x'(@)

teﬂcz ac=t ace’ﬁg,z

Then we have

(4.5) Zh@ = > My, (z;t) +0<Z 5¢(x )

T n<e 1€Tk, 2 t€Tk,-

We next obtain an asymptotic estimate for Ay, .. Since ac € T, . if and only
if there is 0 < v < k such that a € 7,,, and ¢ € Tj_, ., taking into account
the number of representations of this shape we deduce that

(4.6)

Z
_ p(c X9 (a
Ak=z - Z Z 1+'Lygg
0<v<k \c€Tk—v, = acTy,z

S — 3 (=DF 3 XY (p)p~ ot
< (=)

YD

0<v< VIV proeoprey <2 PUT Pl p<z P
x(pi)=¢’0 x(p)=¢’0
p; distinct

1 k : _ 1 pilygl
b2 (el v

) v pryppy<z P17 PR p<z p
x(pi)=¢90 x(p)=¢70
p; distinct
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Dispensing with the distinctness condition in the first bracketed expression
in (4.6), we get

Z 1
ptopiy <z P17 PRy
X (pi)=¢70

p; distinct

1 1
= > 0 > >
pl""’pkfl’gz pl pk_l/ 1Si<jgk_yp17"'7pk7u§'z pl pk_lj
)=¢J Di=Ppj
X x(pz)ZZ“jO
k—v _
=00 (2)" 7 (14 0 (K0,(2)72))
for each 0 < v < k — 2. Setting
1 piiygf
©jy.0(2) == 7
% Tjo (2) Zé:z p

x(p)=¢’o

we may rewrite our expression for Ay . in (4.6) as

g, 2 k
Ak,z:(1+0(k%jo<z>‘2))“’,£!) > (

0<v<k

k
v

> (Cjogf@jol(z))y (_1)k—u
= (1 + O(k20j0 (z)_2)) Gjolif)k (CjogZQjo,é(Z) - 1)k-

Next, we estimate O, o(2). Set zg := min{z, e!/Wotl}. By Mertens’ theorem
and (4.4), we find

1— —iYg, lo 1
)3 w« ) [ygellogp > = < 1+log(|Jygellog 2)

<z p<el/lvgel P 20<p<z

x(p)=¢Jo
< m*log(1/e).
We deduce therefore that

(4.7) @jo,g(z) =140 (mﬂog(l/s)) >

so that we may finally conclude that

- Ojo\% F 1 m?log(1 k
Ak,z - (1 + O(kQO'jO(Z) 2)) Jk(;l) <CJ09€ —140 (o-mg((z>/6)>>
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We now obtain an upper bound for the right-hand side in (4.5), beginning
with the average value of M}, (x;t). By the Cauchy-Schwarz inequality,

48) | > My, (z;t) ‘ > he(n ( > ft(n))|
t€Tk,~ n<x teTk, -
, 2\ 1/2 1/2
- ST filn) ( > Z fr,(n) fr, (0 ) -
n<lx [t€Ty,» t1,t2€Tg, - n<:c

Next, fixing t1,t2 € Ty, for the moment we observe that

A AEED DD D L S

Ci1C
n<x ajc1=t1 azca=ta 1€2 n<x
[a1,a2]|n

>y Meel( 2 o)

aic1=t1 agca=ta €12 al’QQ]

=in X X wlenu(en)(an,a) +O(d(n)d(t),

ajc1=t1 azca=t2

where d(t) is the divisor function. For each pair of divisors ajc; = 1, notice
that?

(49) Z ,U(CQ)(CLl, a2) — H (pmin{uyp(m)} . pmin{y—l,yp(al)}) :

azc2=t2 pY||t2
which is non-zero precisely when
vp(ar) > v for all p”||ta, ie., ta]a;.

In this case, the left-hand side of (4.9) is precisely ¢(t2)14,q, - Since a1t
we get to|t1. Making the change of variables a; = t3 A, we find

S fu)f) = 225 ST ) + O d()

n<z tito Ajci=t1/ts
_ $f<f2> Ly—t, + O(d(t1)d(t2))
x¢( z(t)

= — " Lty=t,=t + O(d(t1)d(t2)).

9Given n € N and a prime p we write vp(n) to be the maximal power v > 0 such that p¥|n.



Large sums of high order characters I 955

Substituting this back into (4.8), using d(t) < 2* for allt € T, and | T .| <

7(2)*, we obtain
1/2 1/2
1
> X O (LS a)di)
tET . Yt aeT s

o o)

ZMhe.%'t

t€Tk,~

< 0j,(2)

Finally, we estimate the contribution to (4.5) from &;(x). Applying the
trivial bound a < ¢ in the sum defining §;(z), we get

d(t) 10gt)1_2/7T (logx)2 d(t) <logt>p
) < —= 1 —
o) < t (log:c o8 logt < t \logz

for any 0 < p < 1 —2/m. Using the simple inequality

(a1 + - +am)’ <af+---+af,, aj€(0,00),

together with Mertens’ theorem and partial summation, we deduce that

1
Z ot (x Z Zlogp
tE€Ty, - log:r) €Tk, = (p gl
1 (v + 1)(logp¥)* d(t")
<
(log z)” Z p t,G; ¢
s ot
log = k-1
< (1Z2) o).

Consequently, when km < n,/c;,(z) for n > 0 small enough, we find that

LIS bt

n<x

aj,(2)" 2)k ogz\” 7(2))k
< o () o 2)



956 Alexander P. MANGEREL, Yichen You

Recall that he(n) = x9(n)n~%s¢. Recalling the bound (4.4) and applying [4,
Lem. 7.1], we obtain

(4.10) Z X% (n)
n<:v
exp(D(x*, n¥'; ) /(2 +o(1)) Toglog )

1+|yg€‘ ng;ché ( logw

< |= Z R S
n<a: e IOgZIZ

7jo (2 )k ‘ —k/2 k <10gz>p , -1 (27T(Z))k

< <aj0(z) +2 log gjo(2)”" + —a )

whenever m?log(1/¢) < clogloga for ¢ > 0 small enough. In light of the
lower bound

|1 — (9| = 2sin(jogl/d)| = 4] jogt/d| = 4ljot/r].

we obtain that
9 k
‘—i—O (m log(1/€)>>
Tjo (z)

Finally, as z¥ < z!/3, the last error term in (4.10) is O(z~'/%). The claim
now follows upon rearranging. [

jot

|Ak,z, >

4oy (2)F (’
k!

The bound in Proposition 4.2 is only efficient provided we can obtain a
lower bound for ||jo¢/r|| for many ¢. The purpose of the next result is to
bound the number of ¢ for which ||jof/7|| is small.

Proposition 4.3. With the above notation, there is an absolute constant
C > 0 such that if

m2ylog(1/¢)\ "/
(4.11) 0y :=C ( logTog .

then at least one of the following is true:
(i) |Sy(z)| < ex, and
(ii) (jo,7) < bor.
Moreover, in the second case we find that for any 0 € [6y,1/2],

H1 <t <r:|jol/r] <0} < Or.
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Proof. Assume (i) fails, so that |S)(z)| > ez, i.e., 1 € C4(e). By Proposi-
tion 3.1, g/ = 1 (mod d) for some g|d, whence g = 1, and

D(x, 1;2)? < 200m?log(1/e).
Combining this with (4.1) and ¢ = 1, we find that

(4.12) 200m?log(1/e)
2

112 - 12
J Jo
Tjo = 8n||=

d

0¢)

o; > 8||=

> j =

>

1<j<d—1

HJO

2y ().

Let 7 := (jo,d) and put jo := jo/v, D := d/~. Since
ljo/dll = [ljo/ DIl > 1/D = ~/d,
it follows from Proposition 2.5 that there is a constant C' > 0 such that
25m?n~" log(1/e) ) "/ 2 11og(1/e) | 2
g B s\ _ L (et os/e))
2y (z) loglogd

Since r = d, (jo,7)/r = (jo,d)/d and (ii) follows.
Next, write R := r/(r, jo) and Jy := jo/(r, jo). Dividing £ = mR + L
with 0 <m <r/R—1and 1 < L < R, observe that

Lot /7]l = | Jot/RI| = [|Jo L/ R]-

Let 0 € [0o,1/2], where 0y is as defined in (4.11). As (Jp, R) = 1, taking
V := R/2 and applying the Erdés—Turan inequality [14, 1.6.15], we obtain

(s e [ <o) -on

1 11 vJoL
R 7 VR ¢ ( R )
1<o<v ¥ 1<L<R
1 1
=R|—=+ - | <1
Vv 1<;V v
R|Jov
It follows that
H1 <t <r:|jol/r|| <6} = (20R—|— O(1)) =7r(20+O(1/R)).

As R=7/(jo,r) > 61, we obtain
{1 <e<r:|jol/rl| <0} < br,

as claimed. O
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Proof of Theorem 1.1. Since the bound in the theorem is otherwise trivial,
we may assume that d is larger than any fixed constant. Hence, we may
assume that z is also larger than any fixed constant, given the constraint
x> ¢

Let 7 € (0,1/2) and let ¢ := %, (x)~"/6+7) and suppose throughout that
|Sy(z)| > ex. Assume for the sake of contradiction that |Cq(e)| > ed.

By Proposition 3.1 we find integers 1 < m < e 2and 1< g < e~ 1 such
that

D(x%, 1; z)? Zlog(1/e).
| ax (X", Lz)” < m”log(1/e)

7/30_ 50 that since

e log(1/)\
/2
by < ( — 6 L e e,

Fixn=0=¢

we have 0 € [0y, 1/2], when ¢ is sufficiently small.
Let 1 < jo < d—1 be an index satisfying

ojo(@) = | max  o;(x).

If 0j,(z) < gEX(x) then by Proposition 4.1 we can find 1 < ¢ < d/g such
that

D(x*, L;2)* = §5y(2).
Comparing these bounds using Proposition 2.5 and m < 72, we find

e 0T =%, (z) <« m?log(1/e) < e *log(1/e),

which is al® contradiction.

Next, suppose o, (z) > gEX(x). Since 1 € C4(e) we deduce that g = 1,
and d = r. Let M > 2 be a parameter to be chosen later, and set z := 21/M,
We have the crude lower bound

Tjo (Z) 2> Oy (:E) - Z
/M <p<g

Assume henceforth that M is chosen so that log M < 23, (). Thus, when
d is large enough we have

> nEy(x) —log M — O(1).

SR

0in(2) 2 25 (@),

We first establish the existence of ¢ with ||jof/d|| > 0/m. Assume for the
sake of contradiction that
max ||jof/d] < 6/m.
(e)

€Cql(e

10We emphasise that this part of the argument is independent of the assumption | Sy (x)| > .
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Since Z/0Z = mCq(¢), if
{=ay+ -+ ap (modd), a; €Cye)
then the triangle inequality implies that for every 1 < ¢ < d,

Jot Joai 0
=< X |5 sm— <.
d 1Siem d m

On the other hand, since |Sy(z)| > ez, Proposition 4.3 shows that
{1 <e<d:|jot/d| <0} < 0d,

which is a contradiction. In particular, there must exist £ € C4(e) for which
ll7of/d|| > 6/m. Note that by our parameter choices, we have

m?log(1/e) < 2m*n~"log(1/e) « OHTA-T/2 _ 247/2 o ET/4£
o (2) Sy () m
Jol

d

< €T/4

Taking p = 1/4 and applying Proposition 4.2 we thus find that if

1 <k < min {A; \/nzx(fﬁ)}

then for any 1 < ¢ < r for which r t jo¢ we have

ok k)2
jo! ’ ( 1 ) N 1/41 v
r N2y () nMVAE, (z)

1
(413) —|S ()] <K

By Proposition 3.1, C4(¢) € mCy(e) = Z/dZ. We deduce using k! < k* that

1 em)2 \"? (2km/0)
e < LS ela)| < ((M) +n§41/4éx)<x>) |

As m < e72, we get that

et \? 0 (2k/(c20)k
(4.14) e< (] + (2k/(0)"
1?2 () nMAE, (z)
Recall that = § = £7/%9, choose M so that log M = 1%, (z) and select

k= r:)\/s‘”T/QEX(x)J .

We then find that if d is sufficiently large relative to 7 then

5
p

K24\ /2
(02;(x)> < (100772527—/5) <5 52,
nu= 2y
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on the one hand, and also

(2k/(€20))"
nMYAE, ()
1 £7/30 £2+7/4 L
< =T () exp (—UEX(IL‘) + 10 2y ()2 log By (x)
52
< B () Bemm™x@) « 3 (2)7100
< 600

on the other. It follows that (4.14) yields a contradiction.
We conclude, therefore, that |C4(e)| < ed, and therefore
1 Ca(e)]
E Z ‘SX(Z({L‘)F S 52 + T Le€
1<¢<d

1
As ¢ = X, (x) V() <« (loglogd) 67 by Proposition 2.5, the proof of
the theorem follows. O

5. Proof of Theorem 1.2

In this section, we present the proof of Theorem 1.2. For convenience,
we introduce the notation

My (e) i= max |{n < @ : x(n) = a}].

We begin by establishing a couple of lemmas.
Lemma 5.1. We have
Mgy (z) < midn M, \ar(z).

|
Proof. Tt clearly suffices to prove that Mg (z) < M, 4/ (z) for each r|d.
Thus, fix r|d and let ¢ := YY" Let a be a dth order root of unity for which
May () = {n < : x(n) = i,

and let 8 := a¥". Then 9(n) = § whenever x(n) = . Since 3 is a root of
unity of order r, we obtain

Mgy (z) < {n <@ :4(n) = B} < Mry(x),
as claimed. O

Lemma 5.2. Let x be a character modulo q of order d, and let K > 1.
Then

(1 N2 ¢ oz 2 1S (2)]
Mg (x) < min d Z Sy (@)] 7E+K—|—1+§ Z %

1<e<d 1<k<K
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Proof. We prove each of the above bounds in sequence. The proof of the
first, which is already invoked in [12, Sec. 3.2], is as follows. Given any dth
root of unity a we have

(5.1) [{n <z :x(n)=a}[ = {n,m < z:x(n) = x(m) = a}["/?

1/2
< H{n,m <z x(n) = x(m)}"? = <Z|5 ) :

Maximising over c, the first alternative bound for M, () holds.

For the second bound, set N := |[{n < z : (n,q) = 1} and for each
(n,q) = 1 write x(n) = e(#,) for some 6,, € [0,1]. Specifying that x(n) =
a = e(a/d) is equivalent to

a a+1
O, € |-, —— ).
“la5)

By the Erdés—Turdn inequality (in the form given in [14, 1.6.15]), for any
K > 1 we have

(5:2) [{n<z:x(n)=ajl

N
<—+ sup [{n<a:(nqg)=1,0, €I} —[I|N]
d  1cpy)
1 1 2 111
SN|=+—=——=+% > 7|= D e(kbn)
K+1 31Sk§Kk N Snts
(TL,)=1
1 1 2 111
<z|-+—"7+2 Z f—ZX(n)k .
(d K+1 31<k§Kk Ty
This implies the claim. O

Proof of Theorem 1.2. Let ¢; > 0 be a sufficiently small constant to be
determined later. Given 1 < z < loglogd, write

loo'1 1/2
0, := max { (()gog(edz)> , (log q)_cl} , dy = H and r, :=d/d,.

c1 log(edy) Sl
p>z

By Lemma 5.1 we have

Md,x(‘r) < Iil‘ldn Mr,xd/T (‘T) < lgzg’llci)glongdZ’sz (IL’)

m>q6z

For ease of notation, we write d = d,, and X = x"*0, where 1 < 2y <
log log d minimises this latter upper bound, subject to the condition that
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x > ¢%0. In the remainder of the proof, we show that

1 1
(5.3) Mg (x) <z (P(g) O <W>> ,

and since P~ (d) > z this provides the required upper bound.
Similarly to the proof of Theorem 1.1, let & := X, (x)~'/7

Case 1. Assume first that ¢(q)/q < W. Picking K := |(logd)/1]
in (5.2), together with the uniform upper bound

¢(q) x
(n,qi)zl

(using [6] as before), we deduce that

1 x 1 x loglogd
M~~ < = O E - —_—
= (d et ((logd)l/m k)) < (logd) /10

1<k<(log d)1/10

which is more than enough suffices for the bound we seek. In the remaining

cases we shall assume that ¢(q)/q > W, and in particular by (2.6),

Yy (z) > cloglog d for some absolute constant ¢ > 0. We assume this lower
bound henceforth.

Case 2. Assume next that |[Cz(e)| < ed. By (5.1), we have

1/2
M (@) < (} > Se@l+= 3 \Sge<x>|2)

é%cti(é) fecd"(é)

c- 1/2
(N
d (loglog d)/14

which is more than sufficient.

Case 3. Assume [Cj(e)| > ed and e77 = Yi(z) > clog logd. We consider
several subcases below.

Case 3.(i). Assume that g > 1 in Proposition 3.1. Since gld, we have g >
P~(d), and as Cz(e) C {gf: 1 < ¢ < d/g} we have that [Sk(z)| < ex for
all 1 < k < g. Applying (5.2) with K = g — 1 and recalling that g < e~ !,
we get

MJ~(x)§x<£+1+O(€logg)>§x %—&—O M ,
X d 9 P=(d) (loglog d)/7
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which implies the bound (5.3) in this case. We will assume for the remaining
subcases that ¢ = 1. Let n € (0,1) and 6 € [0y, 1/2] with 6y defined in
Proposition 4.3 be small parameters to be chosen later.

Case 3.(ii). If |Sg(2)] > ex then as z > ¢°%0, Theorem 1.1 immediately
implies that

x
= ISp (@) €« ————<—,
Z 1S (@)] (loglog d)'/7
and the claimed bound (w1th c = 1/14) follows from (5.1).
Case 3.(iit). If |Sy(z)| < ex and (recalling g = 1) Max) << j oj(z) <
n¥¢(z) then we obtain a contradiction to |Cj(¢)| > ed as in the proof of

Theorem 1.1 (as this part of the argument did not require |Sg(x)| > ex).
We deduce that |C;(¢)| < ed, and the claim follows from Case 2 above.

Case 3.(iv). Assume that |Sy(z)| < ez, 0j,(z) = max;;.5 ,0;(z) >
nXg(x) and (as r = d/g = d) (jo,d) < 6d, noting that here § > /2,
From this, we deduce by Proposition 4.3 that there exists an ¢ such that
jol/d|| > 0/m. Following the proof of Theorem 1.1, this was enough to
deduce a contradiction to the assumption [C(e)| > ed, and so the claim of

the current proposition follows once again from Case 2.

Case 3.(v). Finally, we assume the following data:

e g=1, sor=d

o [Sx(2)| <ex
o 0j0(2) > nS4(x)
o Xz(z) > cloglogd
o (jo,d) > 0d.
Set R :=d/(jo,d) < 671, and note that for each 1 < k < R — 1 we have
Jok ‘ _ k(jo/ (o, d)) L1
d R ~ R’

since j/(jo, ) is coprime to R. It follows from equation (4.1) that for every
1<k<R-1,
ﬁ 2

- ok || 8
DT, L) =8 Y 22 oy () > 55k (@)

1<j<d—1

oi(z) > 8’

> 8n6*Ys ().
Now, either

(a) k& Cy(e), or else
(b) k€ ng(E).
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In case (a) we immediately have [Sgk (7)| < ex. Thus, assume that (b) holds.
From the proof of Proposition 3.1, if ¢}, is a minimiser for D(X*, n’; ) from
[—2m/e2, 2m/e?] then |t;|logz < 3e~64™”  and therefore

D(1,n"; 2)? = log(1 + |tx|logz) + O(1) < 64m?log(1/e) + O(1)
< 64c " log(1/e) + O(1).
Now, by the pretentious triangle inequality we have
D(X*,n'*;2) > D(X*, 1;2) — D(1,n"™; z).

Given the bound 7,0 > £1/8 we have

1/2
D(Y*, 1;2) > (8?702) / S(@)? > 2126316772 > 21/2¢73
> 206 2log(1/¢) > 2D(1, n''*; ).

whenever d is sufficiently large. Hence we have

; 1
D(X", n'*; 2)? > ZD(ik, L;2)? > 2n0*Sg(x) > 2ce7°,

Applying Haldsz’ theorem (with T' = m/e?), we obtain, for each 1 < k < R,
Sge(@)] <€ @ (& + DR, mith; )26 PRE )
ce (et
< &’z

It follows that in either of cases (a) and (b), |S,k(7)| < ex for all 1 <k <
R—-1.
Applying this in (5.2) with K = R < 671, we get

M; (z) <w (34— % +0 (62 logR)> <z (}12 + O(elog(l/s))) .

Since jo < d, we have (jo,d) < d/P~(d), and therefore as ¢ > (log log d) /6,
we obtain

1 log log log d
M (2) < _ 4o logloglogd )}
X P~(d) (loglog d)/7

Conclusion. Summarising all of the above cases, we obtain, for some ¢ €

(0,1/14],
1 1

() <z — 4+ 0| ——| |,

Magle) < (P—< )" <<1oglogd>c>>

as claimed. O
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Proof of Corollary 1.5. 1f z € (PT(d) — 1, P*(d)) then d, > P*(d). Taking
z — P7(d) from below, and letting 6 = dp+(4)—1/(10gq), We find that when
x>,

maxl|{n <wz:x(n)=of] < <P+1@l) +0 ((loglolgdz)”)>

ad=1T
1

log log P+(d))e2’
as claimed. O

<1

6. Averaged Maximal Character Sums: Proof of Theorem 1.6

Our strategy towards proving Theorem 1.6 will be similar to the proof
of Theorem 1.1. Given € > 0, recall that

Ly(e):={1<0<d: M(x") > e/qlogq}.
Assuming that |L4(e)| > ed, Proposition 3.2 shows that there are posi-

tive integers m < e2 g < e land k < 3™, and a Dirichlet character
¢ (mod k) of order dividing r = d/g such that

Lag(e) CH{gl: 1<t <r}=mLye),
and furthermore

D gl 0. 2 21 1 )
[nax (X7, €5 2)° < m”log(1/e)

Set 1) := x9&, so that 1" is principal. Write w = e(1/r) and put

~ ~ 1
Yylg) = Z 7i(q), where 7j(q) = Z -
1<j<r—1 p<gq, p

Y(p)=w?

We will study the influence of the sizes of the prime sums 7;(g) on the
maximal sums M (x*). Throughout this section, fix € (0,1) to be a small
parameter.

6.1. Small o; case. We assume first of all that 7;(¢q) < 32¢(q) for all
I<j<r.

Proposition 6.1. Let n > 0 be sufficiently small, and suppose 7;(q) <
gz¢(q) for all1 < j <r—1. Then there are elements 1 < £ < r such that

1
D(x”, €% 0)* > 53 (q)-
Proof. Since 1) = x9¢ has order dividing r and
D(x*, & 9) = D', 1)

for each 1 < £ < r, the result follows upon applying Proposition 4.1 to v
in place of x9 (as Xy (x) > Xy (x) there). O
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6.2. Large o; case. Next, we assume that o;(q) > 7Xy(q) for some
J = Jo-

Proposition 6.2. Suppose there is 1 < jo < r — 1 such that 7j,(q) >
ZZw(q). For each 1 < £ <r let1 < N; < q satisfy

| Lye(Ne)| = X | Lye(N)]-

Then for any 1 < £ <,

Le(N,
[y (V)| < min{ ,

log ¢

H—l log Ny }

(log q)4/ 7o (Ve)
Proof. For gt € L4(g), by the trivial bound

elogq < [Lye(Ne)| < log Ny,
we have Ny > ¢°. We introduce the completely additive function

Qjo (’I’L) = Z 1.
pin,
¥ (p)=w’0
By the complete multiplicativity of 1, we have
(6.1) LTZJZ (Ne) _ Z 71[) QJO( ) + UJO (Ne) — (n)
log q log 4,25, 7o (Ne)
o s Y
5’j0 (Ng) log q =N, pk m
¥(p)=wio

€2y (n) /7o (Ne) — 1]
w0 3, )

We first estimate the error term above. By the Cauchy—Schwarz inequality,

62) 3 1)/ ~ 1]

n<Nyp n

1/2
(Z €2, ( )/Ujo(Né) | ) m.

n<Nyp
We will show that

6.3 S um/FN) -1P _ ( log N, > |

n<Np n Tjo (Ne)
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After expanding the square on the left-hand side, to prove (6.3) it suffices
to show that for j = 0,1, 2,

(Qjo (n)/gjo (NE))j — 1o log Ny
=, n st o (wwm) |

This bound clearly holds when j = 0. When j = 1, we have

Qjp(n) 1 1
o) 2 n T aa) X 2

n<Np Tjo n<Ng mpk=n,
¥ (p)=w’o
1 1 1
5Ny X F 2 m
70 pF<Ny, m<Ng/p*
P(p)=w’o
! > 1(1 Ny — klogp+ O(1))
= —(lo —klo .
7o (Ne) e &P
J0 PPN,
P(p)=w’o

Using Mertens’ theorem, we find that

klogp 1
> ok <logNe+ > k> k=172
pF <Ny, 2<k<log Ny g p<NL/k
¥(p)=w’0 B
<logNy+ > K <l0gN
g Ne paz <loglNe

2<k<log Ny

We also note that

Z loglf\fg_i_ Z plk<<logNg.

pF<Ng pF<Ng
P( ]322 Jo Vlp)=wlo
p)=w

Hence, we obtain

1 Qj,(n) log Ny
— =logN;+ O | = .
7o (Ne) n;Ve n 7o (Ne)
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Finally, when j = 2,

1 Qo (n)2 ( 1> ( 1)
= D = DN D >
%o (Ne) n<Ng n Ne n<Np p’fllna_ ! P§2|n,. !
P(p1)=w’o P(p2)=w’o
1 1
REREA D DD Vi
Py 7p22§N n £
¥ (p1)=1(p2)=w’0 p117p22|”
lo +0
; g([p117 52]) ( )
. 2 k &
O 5o (NK) [plfl,pl;Q]gNg, llap22]
¥ (p1)=1(p2)=w’0
Using Mertens’ theorem, we deduce that
1 1 _
Yo gEmT X g TN
[PT1,P§2]§N4 P1 P2 [p1.p2| <N, ’
P (p1)=1(p2)=wi0 P(p1)=1(p2)=w0
1
p1,p2<Nyp [pl’pz]
w(pl)ZW(p2)=wj0
log[py", p5] 1 log pl?
2 R S| 2 w2 ok
[Py P52 )< N [Py p’] PN, by pE2<N, by
P(p1)=¢(p2)=wio

P(p1)=w’o
<K G5, (Ng)log Ny.
Inserting these bounds in the previous estimates, we deduce that

1 > (2o én))2

(@50 (Ne))* 25,

log Ny

1 log Ny
(5o (Ne))? m,éw, [p1, p2] (%(Ne)>
$(p1) 1 (p2)=wo

. log Ng Z 1 ) log Ng
(Gjo (Ne))? o p1D2 7o (Ne)
p2<Ng,p17Pp2

¥(p1),(p2)=wio

logNg
=log Ny, + O ,
<Uj0 (N€)>
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as required.

Combining (6.3) with (6.2) and combining the result into (6.1), we find
that Le(Ng)/loggq is

1 Z wé(f)k Z wi(nm) Lo (( log Ny )

T(N)loga 5 PY L log ¢)4/ o (Ny)
P(p)=w’0
1 wioke k log Ny
jo4Ve)logq PN, p (log q)1/ 7, (N¢)
¥(p)=w’0
Since whenever p* < N, we have
1
N¢/pF<m<N,

we obtain using Mertens’ theorem again that L.,.(Ny)/logq is

1
5j0(N5> log g pkg]:w pk

P (p)=w’0

_ wjofLwe(Ne) Z 1 Lo (( log N, )

(sz(Nﬁ) + O(klogp)) + O( log Ny )
(log q) /5 j, (Ne)

5j0(N5)10gq p<nN;,, P log q)1/ 7, (Ne)
W (p)=wo

= wjogisz (Vo) +0 ( N ) ‘
logg (log q)1/7 o (Ne)

Rearranging this expression and using the bound |1 — w#¢| > ||jof/r||, we
deduce that

| Loye (Ne)| Jol |~ log Ny
log g r 1 (logg) /55, (V)
as claimed. O

Jog?

In analogy to Proposition 4.3, the number of £ for which || %2 H is small

can also be estimated effectively.

Proposition 6.3. With the above notation there is an absolute constant
C > 0 such that if

(mg)*n~"log(1/¢)
Oy :=C .
loglogr
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then at least one of the following is true:

(i) IM(x)| < ey/qlogg, and
(i) (jo,r) < bpr.
Moreover, in the second case we find that for any 0 € [0y, 1/2],

H1 < <r:|jol/r|| <0} < Or.
Proof. Assume (i) fails, so [M(x)| > e,/qloggq, i.e., 1 € L4(¢). By Proposi-
tion 3.2, H = 7Z/dZ implies g = 1, and
D(y, 1;¢)* < m*log(1/e)

where 1) = x£. Arguing as in (4.12), we have

m?log(1/) > 1| 2|24 (a).

Following the same argument as in the proof of Proposition 4.3, now gives
the claim. 0

Proof of Theorem 1.4. Let € > 0 be a parameter to be chosen shortly, and
suppose throughout that [M(x)| > £,/qlogq. Assume for the sake of con-
tradiction that L4(¢) > ed.

By Proposition 3.2, there are integers 1 <m <e 2and 1< g <e !and
a primitive Dirichlet character ¢ (mod k) with 1 < k < ¢73™ such that if

Y := x9¢ then

D 1: )2 210g(1/¢).
| ax, (V% 1;9)° < m”log(1/¢)

We now set ¢ = ¥,,(q)~'/%. Fix also n € (0,1) small such that n > /6,
and let 1 < jg < d — 1 be an index satisfying

Tjo(q) = mmax 7;(q).

Set r := d/g as previously. If gj,(¢) < ng(q), then by Proposition 6.1
there is 1 < ¢ < r such that

1
D', 1:9)* > 53 (q).
Using Proposition 2.5 and m < €72, we have
loglogr < %y (q) < m?log(1/¢) < e *log(1/e).
~1/8

Since € = Xy (q) we obtain a contradiction as soon as d is large enough.
Next, suppose 0j,(q) > IXy(q). Let 0 € [0,1/2] be a parameter that

satisfies § > /6. Since |M(x)| > £,/qlog g, by Proposition 6.3, we have
{1 <t<d:|jot/d| <0} < bd.
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By the same argument as in the proof of Theorem 1.1, there must exist
gl € Ly(e) such that ||jogl/d|| > 08/m. Moreover, as noted previously we
have Ny > ¢°, so by Mertens’ theorem

1 _n n

0(Ne) = jo(0) = 3. — =~ Syl) —log(1/e) + O(1) = 5 - (q).
Ny<p<q, P9 9
P(p)=w’o

Thus, as 6,7 > €'/, m < e 2 and g < ', and by Proposition 6.2

1/2
m2g / 1

1
e<—|Lp(N)| < | e | <7
ogg (N 0213y(q) 11725, (q)

Given that Y,(q) = =% we again obtain a contradiction. Therefore, we
conclude that |L4(e)] < ed. Applying Proposition 2.5 together with the
lower bound r > ed, we have

e K (loglogr)*l/8 < (loglogd)*l/g,

and therefore

1 [La(e)] Valogq
= Z IM(x")| < (€+ ) (Vqlogq) <«
d \Sra d (loglog d)'/8
as desired. O
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