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On the class number of pairs of binary quadratic

forms

par ANDRAS BIRO

RESUME. Pour dy,ds,t € Z, soit h(di,ds,t) le nombre de SLg(Z)-classes
d’équivalence des couples (Q1,Q2) de formes quadratiques & coefficients en-
tiers tels que le discriminant de Q); est d;, et le codiscriminant de Q) et Q2
est t. On donne une formule explicite pour h(dy,ds,t) en supposant que d;
n’est pas un carré parfait (i = 1,2), et t2 — dydo # 0. Auparavant, de telles
formules n’étaient connues que sous certaines conditions de coprimalité.

ABSTRACT. If dy,ds, t €7Z, let h(dy, da,t) be the number of SLy(Z)-equivalence
classes of pairs (Q1, Q2) of quadratic forms with integer coeflicients satisfying
that the discriminant of @Q; is d;, and the codiscriminant of Q1 and Q- is t.
We give an explicit formula for h(dy,ds,t) assuming that d; is not a square of
an integer (i = 1,2), and t? — d1da # 0. Previously such formulas were known
only under some coprimality conditions.

1. Introduction

1.1. Basic definitions and motivation. If 7 = (¢%) € SLy(Z) and Q
is a quadratic form, let us define the quadratic form Q7 by Q"(X,Y) =
Q(aX + bY,cX + dY). For dy,ds,t € Z, let Qq,.4,+ be the set of pairs
(Q1,Q2) of quadratic forms

Qi1(X,Y)= A X2+ B XY +CY?,

(1.1) ) )
Q2<X7 Y) = A3 X* + B XY + oY

with integer coefficients A;, B;, C; satisfying
(1.2) B? —4A,C) =dy, B3 —4A5Cy = dy, B1By —2A,Cy — 2A,C, = t.

Here d; and ds are the discriminants of ()1 and (o, respectively, and ¢ is
called the codiscriminant of the pair (Q1,Q2)-
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It is easy to check that if 7 € SLp(Z), and (Q1,Q2) € Qd,.do,t, then
(Q7,Q3%) € Qdydot- Hence SLo(Z) acts on Qg 4,+ Let us denote by
h(dy,dz,t) the number of SLy(Z)-equivalence classes of Qg, d, .-

Our motivation to study this class number is that it appeared in our
recent paper [1] in a formula which expresses the inner product of two
automorphic functions, see [1, Lemma 2.1]. Conjugacy classes of pairs of
elements of the modular group occur in [1], such pairs correspond to pairs
of quadratic forms, this leads us to the class numbers studied here.

In the papers [2] and [3] explicit formulas were given for h(dy,da,t), but
only under such coprimality conditions for the parameters which are not
satisfied in [1, Lemma 2.1]. An explicit formula without those conditions
might be useful, as was mentioned already in [1]. This motivates our present
study.

We note that a general upper bound for h(dy,ds,t) was proved in [1,
Lemma 3.1]. Some parts of the proof of that upper bound are used also
in the present paper, but for the sake of completeness we prove every-
thing here. The present paper is independent of automorphic functions, the
methods here are elementary.

1.2. Necessary notations and statement of the main result. If p
is a prime, let Q, be the field of p-adic numbers and let Z, be the ring of
p-adic integers. If 0 # x € Q,, then let v,(z) € Z be such that zp~r(®) ig
a p-adic unit, and let v,(0) = oo.

If pis a given prime and a, b € Q,\{0}, define the Hilbert symbol (a, b)
the following way. Let us take (a,b), = 1 if the equation 22 — ax? — by? = O
has a solution (z,z,y) # (0,0,0) in Qg, and let (a,b), = —1 otherwise
(see [4, Chapter 3]).

If pis a prime, d € Z, let sp(d) = 1 if d is a square in Q,,, and let s,(d) =0
otherwise. If d € Z, then let

0, if vo(d) is even, - (d) = 1 mod 4,
2 P
c(d) = =<1, if 1s(d) is even, gv;)(d> = 3 mod 4,
2, if va(d) is odd.

If ¢ is an integer and d > 0 is an odd integer, then let () be the Jacobi
symbol. For a real number r let [r] be the least integer not smaller than r.
Let us fix dy,ds, t € Z, we do not denote the dependence on them in the

following notations. If p is a prime, let us choose dy, € {di,ds} such that

vp(dop) = min(vp(dy), vp(dz)), and let §, = %, where

my = min(vp(di), vp(da), vp(t))-

Let €, = 1 if m,, is even, €, = 0 otherwise.
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If p > 2, let hy(dy,da,t) be

Z/p(t2 —dq d2)72mp

5
(14 (doyt? = duda)y) D> p* +ep™/? > ( p)-

0<a<my/2] p=0 v
To define ha(dy, ds,t) we need some more notation. Write
M := max(v2(dy), v2(dz)),
and let
min(va(dy) — ¢(dy), va(d2) — c¢(da)),
if vo(dy) = va(da) = 1a(t),

A= in((dh) — e(dy), va(da) — c(da), M — 1, v (t) — 1),
otherwise,
1, if Vg(dl) = 7/2(d2) == Vg(t), Sg(dl) == Sg(dg) == 1, (13)

e:=<1, if Vg(dog) +2< M, l/g(d(),g) + 1 < w»(t), Sz(dog) =1, (14)
0, otherwise.

Then let hg(dl, d2, t) be

(1 + (dg,t2 — dldg)g) ( Z 20[_[&/2-‘ + 62m2/2(1/2(t2 — dldg) —2mo — 2)) .
0<a<A

It is easy to see that h,(d1,d2,t) is well-defined, i.e. it is independent of the
choice of dy ) in the case v,(d1) = vp(dz). It is trivial for p = 2, but we will
show it also for p > 2 in Section 5.

Theorem 1.1. Assume that di,ds,t € Z, and d; is not a square of an
integer (i = 1,2). Assume also that t> — dyds # 0 and 4|t — didy. Then we
have

(1.5) h(dy,da,t) =[]  hpldi,da,t).
p|t2—d1d2

1.3. Outline of the paper. The basis of the proof is the simple obser-
vation that if (1.2) holds, then we have

doA? + dy A3 — 2tA1 Ay = (A1 By — AyBy)2.

Hence if Qg 4,0 # 0, then the equation daz? + d1y? — 2tzy = 22 has a
nontrivial solution (z,y, z) in integers. So we can assume that there is such
a solution, otherwise h(di,ds,t) = 0. It can be shown (see Lemma 3.1)
that if we fix a nontrivial primitive solution (x,y, z), then in every SLa(Z)-
equivalence class of Qg 4, + there is an element (Q1,Q2) of the form (1.1)
such that A; = rx, Ay = ry where r is a divisor of t?> — dids. Then the
goal of determining h(dy, da,t) is reduced in Section 3 to count the possible
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pairs (Q1,Q2) with given A; and As, fixing B; modulo 2|A;|. This leads
to the problem of counting the number of solutions of certain systems of
congruences, see Lemma 3.4. This is solved in Section 4 by elementary but
tedious local calculations. To prepare the proof of Lemma 3.1 we analyze
the rational and p-adic points on the quadratic curve doz®+d y? —2tzy = 1
in Section 2. The results of Section 2 are also used in Section 5, where we
complete the proof of Theorem 1.1. The proofs are elementary, only basic
properties (including the Hasse-Minkowski Theorem) of the Hilbert symbol
are used.

2. On a quadratic curve

2.1. Some identities. In the next lemma we collected together some
identities needed later. Some of them will be used only in Section 3.

Lemma 2.1. Let K be a field such that Q C K and let dy,ds,t € K.
Let A;, B;,C; € K for i = 1,2 such that (1.2) holds. Define Q1(X,Y) and
Q2(X,Y) by the formula (1.1), and let

(21) R(X,Y) = (A1B2 — AQBl)X2 + 2XY(A102 — AQCl)
+Y%(B,Cy — ByCh).
Then we have the identities

(22)  da(Qi(X,Y))* + d1(Qa2(X,Y))? — 2tQ1(X,Y)Q2(X,Y)

= (R(X,Y))?,

(23) dQA% + dlA% — 2tA1 Ay = (AlBQ — AQBl)2,
t? — did
(24)  (Ai1Cy — AC1)? = (A1By — A2 B1)(B1C2 — BaoCh) = #,
and writing
(25) a = A102 - AQCI, b= AgBl - A1B2
we have
t? — did t? — did
(26) Ql(a7 b) = Al#v QZ(av b) = AQ#;
t? — did

(27) R(a, b) = —(A1B2 - AQBl)#

Ifr=(2%) € SLy(Z) and
28) QT(X,Y) = A;X? + Bf XY + C}Y?,
' QY(X,Y) = ASX? + B3 XY + C3Y?,

then we have
(29) AT :Ql(aaﬁ)a AEZQZ(OQB% BSAT_BTAZZR(O‘HB)
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Proof. Every statement can be checked by direct computations. The lemma,
is proved. O

2.2. Parametrization of a quadratic curve. If di,ds,t € Z and K is
a field such that Q C K, introduce the notation

(2.10) Carar t(K) = {(2,) € K2 dya® + diy? — 2twy = 1.

Lemma 2.2. Let dy,ds,t be as in Theorem 1.1. Let A;, B;,C; € Q for
i = 1,2 such that (1.2) is true. Assume that AyBy — AaBy # 0. Let K be a
field such that Q C K. Introduce the abbreviations

I S S
N AlBQ — AgBl7 2 AlBQ - AQBI'

Recall the notations (1.1) and (2.1). If a,b € K are such that R(a,b) # 0,

. b ,b
then write T4y == %(((Zb)); Yab = %(((Zb))'

(i) Let a,b € K be such that R(a,b) # 0. If (Tap,Yap) = (a1,a2),
then we have b = 0. (g, Yap) = (—a1,—a2), then we have a =
AMA1Cy — A3CY), b= N(A3By — A1 Bg) with some nonzero A € K.

(ii) For x,y € K the following two statements are equivalent.

(a) We have (x,y) € Caqy.dy(K).
(b) There are a,b € K such that R(a,b) # 0 and x = Tap, Y = Yab-

(2.11) ay

Before proving this lemma we need another one.
Lemma 2.3. Let di,ds,t and K be as in Lemma 2.2, assume that
(i, yi) € Cay 1 (K)
fori=1,2 and (x1,y1) # (z2,y2). Then we have

(2.12) S1 = d2($1 — 132)2 + dl(yl - y2)2 - 275({[:1 - 332)(3/1 - y2) 7& 0

and

(2.13) So = (diy1 — tw1)(y1 — y2) + (daz1 — ty1)(z1 — 22) # 0.
Proof. One can check the identities
_ di —t\(y1—y2
(2.14) 52 = (y1 1:1) (—t dg) (wl . x2>
and

2
252 + Z(—l)z(dgl‘% + dlyZQ — 2tz;y;) = S5
=1

Since (x4,yi) € Cay dpt(K) for i = 1,2, so S; = 255. Hence it is enough
to show that S; # 0. Assume for a contradiction that S; = 0. Then the
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right-hand side of (2.14) is 0, but this is true also by exchanging the role
of (z1,y1) and (z2,y2), so we get

y1 r1\[(dr —t\[(y1—y2\ (O
yo wo)\—t do)\x1—22) \0)°

The vector (y“”) is nonzero and det(ilt ;;) £ 0 by t2 — didy # 0, so

1 —To
we must have det( ¥} 72 ) = 0. Hence (z2,y2) = A\(x1,y1) with some X € K,
A # 1,508 = (1 —X\)?# 0 by our assumptions. This is a contradiction,

the lemma is proved. O
Proof of Lemma 2.2. 1t is easy to see that if a,b € K, then
(2.15) (Ql(a, b) — a1 R(a, b)) B b <aa + bﬁ)

Q2(a,b) —a2R(a,b))  A;By — AyBy \ya + 0b
with
(2.16)  a:= Bi(A1By — AyBy) + 241 (A0 — A1C) = tA; — di As,
(2.17) B :=C1(A1By — A3By) + A1(C1By — C2By),
(2.18) 7 := Ba(A1By — A3 By) + 245(AsCy — A1C) = —t Ay + da Ay,
(2.19) 6 := Cy(A1 By — A3By) + As(C1 By — CoBy).

Now, one can compute that

a B
det(v 5)
= 2(A231 — AlBQ)((Alog — A201)2 — (AlBQ — AgBl)(Bng — B201))

The last bracket equals ﬁf% by (2.4). Hence t2 —didy # 0 and A1 By —
As By # 0 imply det(: g) # 0. Assume R(a,b) # 0. If (zqp, Yap) = (a1, a2),
then (2.15) and det(: g) # 0 imply b = 0. If (24p,¥ap) = (—a1, —a2),
then (2.15) implies b # 0, hence from (2.15) we get

(5)=r( D))

with some nonzero pu € K. Using (2.11) and

5 —,8 al o Ang — A2C1
-y a)\az)  \A2B1— A1B;
we obtain statement (i).
We now turn to (ii). Note that by (2.3) we get (a1, a2) € Cq, 4, (K). We
first assume (b). Then (a) follows at once from (2.2).

We now assume (a). If (z,y) = (a1, a2), then we can take a =1, b = 0.
So let us assume that (x,y) # (a1, a2).
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Let us take a,b € K in the following way:

(2:20) ()= )G0)

By (2.15) and (2.20) we then easily get

bdet(® 7))
221) <8;Ez:2§:z;253:2§)=AlefAfﬁl(z:z;)-

So this is true if (x,y) # (a1,a2), and a, b are defined by (2.16)-(2.20).
Assume that b = 0. Then by (2.16), (2.18) and (2.20) we get

(dlAQ — tAl)(y — CZQ) + (—tAQ + d2A1>(J? — al) =0.

By (2.11), (a1,a2),(z,y) € Cq, 4,+(K) and (z,y) # (a1,a2) this contra-
dicts (2.13). So we have b # 0.
Assume that R(a,b) = 0. Then (2.2) and (2.21) imply that

do(z — a1)* + di(y — az)? — 2t(z — a1)(y — ag) = 0.

But this contradicts (2.12). So we have R(a,b) # 0.
Then (2.21) clearly implies

(o) - b(oe(5 5))

(x - al)
Yab — a2 a,b)(A1By — AsBy) \y —az)’

Hence we have (244, Yap) # (a1,a2), since we assumed (z,y) # (a1, az).
We would like to show that (x,y) = (Zap, Ya,p)- If this is false, then (a1, az),
(%a,ps Ya,p) and (x,y) are three pairwise different points lying on a line and
all of these three points belong to Cy, 4, (/). Hence we have that the
equation

(2.22) da(ar + q(z — a1))® + di(az + q(y — a2))?
— 275(&1 + Q(ZE — al))(ag + q(y — CLQ)) =1

has three different solutions ¢ € K. The coefficient of ¢? is nonzero by (2.12),
so this is a contradiction. d

2.3. A rational point on the quadratic curve which is prescribed
at finitely many places. Our goal here is to prove Lemma 2.5, which
will be used in Section 5. We first need a preparatory lemma which is an
easy application of Lemma 2.2.
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Lemma 2.4. Let di,ds,t and K be as in Lemma 2.2. Assume that
To,Y0,20 € Q are given such that zo # 0 and (£, L) € Cy, 4,+(Q). Then

20’ 20
for x,y,z € K the following two statements are equivalent.

(i) We have z # 0 and (£,%) € Cg,,dy,¢(K).
(ii) There are c,u,v € K such that ¢ # 0, u?dy 20 +uv(—2dyyo + 2txo) +
vz # 0 and

x = cxo(udy — v?),
y = c(u?(2tzo — diyo) + 2z0uv — yov°),
2 = c(uldy 2o + uv(—2d1yo + 2txg) + v220).

Proof. This follows at once from Lemma 2.2 (ii) writing

dq 1
A= — B =0 Ci=—-
1 9 ) 1 ) 1 27
d
AQZt_liyO, 32:@7 sz_ﬂ.
2x0 xo 2xq
Note that zy # 0 follows from (i—g, z—g) € Cq, 4,+(Q) and the assumption
that dy is not a square. O

Lemma 2.5. Let di,ds,t be as in Lemma 2.2. Assume that xg,yo, 20 €
Q are given such that zg # 0 and (ﬁ—g,g—g) € C4d,4(Q). Let v > 1, let
D1,D2, - - -, Pr be pairwise distinct primes and let x;,y;, z; € Zp, for1 <i<r
such that the following conditions are satisfied for every 1 < i <r: z; #0,
(2, %) € Caydpt(Qp,) and min(vyp, (z:),vp,(yi)) = 0. Let A > 0 be an

integer. Then there are elements x,y,z € Z such that z # 0, (£,%) €

27z

Cay.,dst(Q), (x,y) =1 and there are p;-adic units oy for 1 < i < r such that
v —aimy) > A, vp(y —auyi) > A, vp(z —aiz) > A
for1 <i<r.

Proof. We know from Lemma 2.4 that for every 1 <14 < r there are u;, v; €
Zyp; and 0 # ¢; € Qp, such that

Ty = Cﬂo(ugdl - U?)’
yi = ci(uf (2two — diyo) + 2zouivs — Yovy),
zi = ci(ufdizo + uivi(—2d1yo + 2txo) + v} 20).
Let B > 0 be any integer. By the Chinese Remainder Theorem there are
elements u,v € Z and 0 # ¢ € Q such that

Up,(u—u;) > B, vy (v—v;))>B, vp(c—c¢)>DB
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for 1 <i¢<r. Let

x* = cxo(udy — v?),

y* = c(u2(2t:ro — dyyo) + 2z0uv — yov?),

2* = e(udy 20 + uv(—2dyyo + 2txzg) + U2Z0).

We have z*, y*, z* € Q, and if we choose B to be large enough, then we will
have

Vpi(x* - :ZZZ) > Av Vp; (y* - yi) > A7 Vp; (Z* - Zi) > A7

(223) Yyt € Zyp,, min(vp, (z7), vp,(y7)) =0

for 1 <i <1 and we have also z* # 0. By Lemma 2.4 we have (%, %) €
Cd, ,d2+(Q). There is an element 0 # a € Q such that az*, ay* € Z and
(az™, ay*) = 1. It follows from (2.23) that « is a p;-adic unit for 1 < i <
r. Let (z,y,2) = (ax*, ay*, az*). We clearly have z # 0 and (%,%) €
Cd, d»,+(Q), and since z,y € Z, we get z € Z. O

3. Determining h(d;, d2,t) by local data

Let di,ds,t be given as in Theorem 1.1. Assume that z,y,z € Z are
given such that z # 0, (£,%) € Cyg,,4,,,(Q), (z,y) = 1 (see (2.10)). In this
section we determine h(dy,ds,t) in terms of this given point of Cy, 4, +(Q).
Our main goal is to prove Lemma 3.4.

Let P be the set of primes and let P = P; U P2 be a disjoint union such

that if p € Py, then (p,z) =1, and if p € Py, then (p,y) = 1.

Lemma 3.1.
i) In every SLo(Z)-equivalence class of Qg 4.+ there is an element
( ) y 1,42,
(Q1,Q2) with coefficients Q;(X,Y) = A; X? + B, XY +C;Y? (i =
1,2) and an integer 0 # r € Z such that r|t> — didy and

(3.1) A1 =rx, A2 =1y, B2A1 — BlAQ =Tz, 0< B < 2’141‘.

(ii) Assume that (Q1,Q2) € Qdydot: (@1, Q5) € Qay.dot with coeffi-
cients Qi(X,Y) = A; X2 + B XY + C;Y2, Qi(X,Y) = A X2 +
BfXY + C;Y? for i = 1,2. Assume also that r,r* are nonzero
integers such that both of them are divisors of t> — dida, and we
have (3.1) and

(3.2) Af=r*z, AL =r'y, BiA} - BiA,=r"2, 0<B!<2lAll.

Assume that (Q1,Q2) and (QF, Q%) are SLa(Z)-equivalent. Then
Q1 =Q1, Q2 =0Q5.



906 Andréas BIrRO

Proof. We first prove (i). Let Q;(X,Y) = A, X? + B;XY + C;Y? (i = 1,2)
be two quadratic forms such that (Q1,Q2) € Qg d,+ We first show that
replacing (Q1,Q2) by an element in its SLo(Z)-equivalence class we may
assume that (B, Ba) # (0,0). If 7 = ({ %), then we have

(3.3)  QU(X,Y)=QiX +0bY,Y) = A X%+ (B; + 24;b) XY + C;Y?

for i = 1,2 with some C}. If (B + 241b, By + 2A5b) = (0,0) for every
integer b, then A; = B; = 0 for ¢ = 1,2. But this is impossible, since this
would imply d; = dy = t = 0 which contradicts t* — didy # 0.

Hence we may assume that (B, B2) # (0,0). Let By # 0, say. Assume
for a contradiction that By A1 — B1As = 0 and BoC; — B1Cy = 0. Then
(AQ,CQ) = )\(Al,Cl) with A = BQ/Bl, hence CyA1 — C1 A5 = 0. So the

matrix (‘2; g; gg) has rank 1, hence its lines are linearly dependent. But

this contradicts t? — dyda # 0.

So we may assume that ByA; — B1As # 0 or BoCy — B1Cs # 0. But
applying the matrix (9 ') € SL2(Z) we can exchange the roles of A;
and Cj;. So finally, we proved that replacing (Q1,Q2) by an element in
its SLg(Z)-equivalence class we can achieve ByA; — BjAs # 0. Then it
follows from Lemma 2.2 that there are a,b € Q such that Qi(a,b) = qz,
Q2(a,b) = qy with some ¢ € Q, ¢ # 0. We may clearly assume here that
a,b € Z and (a,b) = 1. Taking 7 = (3 g) € SL2(Z) with some ¢ and d
we then see by (2.8) and (2.9) that replacing (@1, Q2) by an element in its
SL2(Z)-equivalence class we may assume that for their coefficients we have
Ay = mzx, Ay = my with some m € Z, m # 0. By (2.3) and by (£,%)
Cd, d».¢(Q) we then see that we must have ByA; — B Ay = dmz with § = —1

a_ .

or 0 = 1. If we have § = —1 here, then we take 7 = <(al;b) d> € SLy(Z)
(a,b)

with a,b as in (2.5). This is possible, since a = b = 0 is impossible by (2.4).

By (2.6), (2.7), (2.8), (2.9) and Lemma 2.2 we then see that replacing again
(Q1,Q2) by an element in its SLg(Z)-equivalence class we may achieve that
6 = 1, hence we may assume that for the coefficients we have A1 = rx,
Ay =1y, BoA) — B1As = rz with some r € Z, r # 0. Observe also that

(3.4) T = ng(Al, Ag)’t2 — d1d2

follows from the definition of d;, ds and t. We have A # 0 since d; is not a
square, hence using (3.3) we see that we can achieve also 0 < By < 2|4;].
Part (i) is proved.

We now turn to part (ii). Assume (Q7, Q%) = (Q7, Q%) with some 7 =
(3 q) € SLa(Z). By (2.9) and by B3 A} — B A5 # 0, which follows from our
conditions, we get R(a,b) # 0. By Lemma 2.2 (ii) we have that (24, Yap) €
Cay.dot(Q), and (QF,Q35) = (Q7,Q%) and (2.9) show that the vectors
(Zab, Yap) and (A7, A3) are constant multiples of each other. By (3.1)
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and (3.2) we have that
I Ay B Ax
Y“TABy — AyB)  AIBL — A3BY
S Ay B A}
> AyBy— AyB;  AIB; — A3BY’
and by (2.3) we have (a1,a2) € Cq, 4,+(Q). Hence (a1, a2), (ap, Yap) €
Ca, ,d»,+(Q) and these vectors are constant multiples of each other. So we
have (24, Yap) = (a1,a2) Or (Tap,Yap) = (—a1, —az). In the latter case we
get from Lemma 2.2 (i) and from (2.8), (2.9), (2.5), (2.6), (2.7) that
A, B At Ay B Az
A1By — AyBy  AIBy — ASBY’ A1Bo— A3By A(Bj — ASB}Y’
which contradicts (3.1) and (3.2). So we must have (244, Yap) = (a1, a2),
and then Lemma 2.2 (i) gives b = 0. Hence (Q7,Q3) = (Q], Q%) with some

7= (}¢) € SLy(Z), and then using (3.3) we can complete the proof of the
lemma. O

Lemma 3.2. Let 0 # r € Z be such that r\t2 — didy and let Ay = rx,
Ao = ry. For By, Bs € Z satisfying Box — Biy = z the following three
conditions are equivalent.
(i) There are integers C1,Cy such that for the quadratic forms
Qi(X,Y) = A X%+ B; XY + C;Y?
have (Q1,Q2) € Qdy dyt-

(i) We have B? = d; mod (44;) fori=1,2.

(iii) For every p € P we have B} = dy mod (p»*")) and Bz + dyy —
tz = 0 mod (p»?")), and for every p € Py we have B} = dy mod
(p»)Y and —Boz + dox — ty = 0 mod (p*»(3").

Proof. Condition (i) clearly implies condition (ii). If Condition (ii) is true,
then we can take integers C4,C5 such that for the quadratic forms
Qi(X,Y) = A; X2+ B; XY +C;Y? we have B? —4A,C; = d; for i = 1,2. Let
us define t* := B1 By — 24,0y — 2A5C4, we want to show t* = t. By (2.3)
we have

dQA% + dlA% — 2t*A1A2 = (AlBg — A231)2,
and dividing by 72 this gives
(3.5) dox?® + dyy? — 2t*zy = (zBy — yBy)%.
On the other hand, by the conditions (£, %) € Cy, 4,(Q) and Box—B1y = 2
we have zy # 0 and
(3.6) dox?® 4 dyy? — 2txy = (xBy — yBy)>.
Formulas (3.5) and (3.6) give t* =t, so (ii) implies (i).
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Condition (ii) is true if and only if B} = d; mod (p*»44)) for i = 1,2 for
every p € P. If p € Py, then this condition is equivalent to
(3.7) B? = d; mod (p*“")),  B2z? = dya® mod (p*r“¥)).

The second condition here is the same as

(Bry + 2)? — doz® = B3y? 4+ 2B1yz + d1y? — 2tzy = 0 mod (p”p(4ry)),
which is equivalent to
(3.8) B?y + 2Bz + dyy — 2tz = 0 mod (p*").
The first condition in (3.7) and (3.8) together are equivalent to

B? = dy mod (p*“")), 2Bz + 2dyy — 2tx = 0 mod (p**“").

We can argue analogously for p € Pa, hence (ii) is equivalent to (iii). O
Lemma 3.3. Let 0 # r € Z be such that v|t> — didy and let Ay = rx,
As =ry. For every p € P let 8, be a given integer satisfying the following
properties. If p € Py, then we have ,63 = d; mod (p’jp(‘“")) and Bpz + d1y —
tr = 0mod (p»")), and if p € Pa, then we have /Bg = dy mod (p*»(*"))
and —Bpz + dox — ty = 0 mod (p*»?1)). Then there is exactly one way of
choosing two integers By and Bs satisfying the following properties: Box —
By = 2z, 0 < By < 2/A1] and B1 = [, mod (p”P(QT)) for every p € Py,
By = 3, mod (p*r(?1)Y for every p € Ps.
Proof. The listed properties of B; and By are equivalent to the following:
Byx — Biy = z, and we have By = 5, mod (p*»(?r2)) for every p € Py,
B1 =y Y(Bpz — 2) mod (p*»2r®)) for every p € P,. This shows that there
is exactly one possibility for B; modulo 2rx = 2A4;. Since B; determines
Bs, the uniqueness is proved. For the existence we have to prove that if By

satisfies these congruences, then % is an integer. This follows from the
congruences for p € Ps. O

Lemma 3.4. Recall the notations x,y, z, P, P1 and Py from the beginning
of Section 3. For « > 0 and p € P define N, .(p*) in the following
way. Let Ny, .(p®) be the number of residues f mod pt () satisfying the
system of congruences

(3.9) * = dy mod (pa+y”(4)), Bz + diy — tx = 0 mod (po‘+yp(2))
in the case p € P1, and

(3.10) 3% = dy mod (p®T*@), Bz + dyz — ty = 0 mod (p*+*?)
in the case p € Py. Then we have that

(3.11) h(dy,da,t) =2 ) T New.-(0%).

0<r[t2—dids p°||r
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If p® does not divide t* — dydy, then Nzy..(p*) = 0.

Proof. Formula (3.11) follows at once from Lemmas 3.1, 3.2 and 3.3, taking
into account that the contribution of » and —r is the same for any divisor
r of t> — dydo. We also use that Ny y,-(p™) remains the same replacing z by
—z in (3.10). So (3.11) is proved.

From (%£,%) € Cg, 4,+(Q) and from the congruemces in (3.9) we easily

27z

get for p € P that
dy (d2m2 +diy? — 2txy) = di12? = %22 = d%y2 — 2tzyd;, + 22 mod (p%),

hence (t? — dids)z? = 0 (p®). Completely similarly, from the congruemces
in (3.10) we easily get (t> —dids)y? = 0 (p®) for p € Py. The last statement
of the lemma follows, so the proof is complete. O

4. Local computations

In this section we use the notations of Lemma 3.4. In the first two lemmas
we determine N, . (p®) under different assumptions on the parameters. In
Lemmas 4.3 and 4.4 we compute > ,>q Ny y,-(p®) under the conditions of
Lemmas 4.1 and 4.2, respectively.

Note that if z,y,2 € Z are given such that z # 0, (£,%) € Cy,.4,,+(Q),
then

(4.1) dox?® 4+ dyy? — 2txy = 2%

Lemma 4.1. Let a > 0, p € P. Assume that di and do are not squares in
Qp. Then we have the following statements.

(i) If @ > min(vp(dy), vp(da), vp(t)), then Ny, -(p*) = 0.
(i) If p # 2 and a < min(vy(di),vp(da), vp(t)), then Ny, .(p*) =

a—]'a/2'|
p
(ili) Let p=2and i =1 ori = 2. If vp(d;) < o+ 2 andvp(d‘) is odd,
then Ny, .(p®) = 0. Furthermore, if vp(d;) = o and & 56 =3 mod 4,

then Ny, .(p*) = 0.

(iv) If p=2, a = vp(t) < max(vp(di),vp(dz)), then Ny, Z( @) =0.

(V) If p=2, @ = v(t) = vp(dy) = vp(da), a is even and & 5& =1mod 4
fori=1 and 2, then Ny, .(p*) = 2%.

(vi) Let p = 2. Assume that vp(t) > o, max(vp(di),vp(d2)) > a, and
for i = 1,2 we have that vy(d;) > a. Assume also that if i =1 or
2 and yp(d-) < a+ 2 then vy(d;) is even, and if v,(d;) = o then
QQ = 1mod 4. Then N, .(p) = 2"‘4‘1/21.

(vii) If p =2, vp(t) > o = vp(d1) = vp(da), then Ny, .(p*) = 0.

Proof. Since the statements are symmetric in d; and ds, so we can assume
p € Pi.
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Using that d; is not a square in Q,, from the first congruence in (3.9)
we get that

(4.2) vyldh) = o,
and then
(4.3) vp(8) > /2.

We get from the second congruence in (3.9) that
2(Bz + diy — tz) = 0 mod (p*HrW+re))
and the left-hand side here equals
By? + 2yBz + diy? — 2yta + (di — B)y? = (By + 2)° — doa® + (1 — B%)y°,
so using also the first congruence in (3.9) we get
(4.4) (By + 2)? — doa® = 0 mod (p*HrW+re()),

Hence, using that dy is not a square in Q, and that (p,x) = 1, we get that
if Ny -(p®) # 0, then

(4.5) vp(dz) > a + vp(y).
Assume
(4.6) vp(2t) < a.

Then using (4.5) and (4.2) we get
vp(2tzy) < a+vp(y) < vp(da), vp(2try) < a+vy(y) < vp(diy®),
hence from (4.1) we get v,(2) = M By (4.6) and (4.2) we get
vp(te) < vp(2t) < o < vp(dy) < vp(dry),
and using (4.6) and (4.3) we get

VP(2t) ;_ Vp(y) S Vp(ﬁZ).

Therefore, the second congruence in (3.9) cannot hold.
So we see that if N, .(p®) # 0, then

vp(te) < vp(2t) < %+

(4.7) vp(2t) > a.
From (4.7), (4.2), (4.5) and (4.1) we get that if N, .(p®) # 0, then
(4.8) vp(z) > 2.

Let p # 2. For this case we get statement (i) from (4.2), (4.5) and (4.7).
Under the assumption of (ii) we have (4.8) from (4.1), so (3.9) holds if and
only if (4.3) is true. Hence we get (ii).
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So let p = 2 from now on. If v,,(2t) = «, then 1,(t) = a—1, so from (4.2),
(4.3) and (4.8) we see vy(tx) < vp(d1y), vp(tz) < vp(Sz), hence the second
congruence in (3.9) cannot be true.

So if Ny .(p*) # 0, then

(4.9) vp(t) > a.

Hence (i) is proved also for p = 2. From the first congruence in (3.9) and
from (4.4) we obtain also (iii). It remains to show parts (iv), (v), (vi)
and (vii).

If vp(dy1) > «, then the first congruence in (3.9) implies v,(8) > /2,
hence by (4.8) we get v,(8z) > «. Since vp(d1y) > «, hence the second
congruence in (3.9) holds if and only if v,(t) > a.

If vp(y) > 0, then by (4.2), (4.5), (4.9) and (4.1) we get vp(z) > /2,
hence by (4.3) we get v,(8z) > a. We see from (4.2) and v,(y) > 0 that
vp(diy) > a. So if v,(y) > 0, then the second congruence in (3.9) holds if
and only if v,(t) > a.

Now let v,(y) = 0 and v,(d1) = vp(d2) = , then (4.9) and (4.1) imply
vp(2) > /2, hence by (4.3) we get v,(8z) > «. Since v,(d1y) = «, hence
the second congruence in (3.9) holds if and only if v,(t) = «.

Assume v,(y) = 0, vp(di) = a and v,(da) > «. Then by the first con-
gruence in (3.9) we get v,(8) = a/2, and from (4.9) and (4.1) we get
vp(2) = /2. So vp(Bz) = vp(d1y) = «, hence the second congruence in (3.9)
holds if and only if v,(t) > a.

We see from the last four paragraphs that if v,(t) = a and the first
congruence in (3.9) holds, then the second congruence in (3.9) holds if and
only if v,(y) = 0 and vp(d1) = v,(d2) = «. Therefore part (iv) is proved.
We also see from the last four paragraphs that if v,(t) > « and the first
congruence in (3.9) holds, then the second congruence in (3.9) holds if and
only if at least one of the following three conditions hold: v,(d1) > a,
vp(y) > 0 or vp(dz) > a. So (vi) follows at once.

For the proof of (v) it is enough to show that from the conditions of (v)
it follows that v,(y) = 0. Assume for a contradiction that a = v,(t) =
vp(di) = vp(dz), o is even and v,(y) > 0. Then v,(diy? — 2tay) > a + 3,
which can be seen separately for v,(y) > 1 and 1v,(y) = 1. But then (4.1)
cannot hold, since dj is not a square in Q. Therefore (v) is true.

If the conditions of (vii) are satisfied, then we get v,(y) = 0 from (4.5).
So taking into account (iii) it is enough to show that if v, (t) > a = vp(d1) =
vp(da), o is even and g—g; = 1 mod 4 for i = 1, 2, then v, (y) = 0 is impossible.
Indeed, under these conditions we clearly have

(4.10) vp(2tzy) > a+ 2, vp(dox® + diy®) = a + 1.
Then (4.1) cannot hold. O
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Lemma 4.2. Let o > 0, p € P. Assume that dy = 6% with some &1 € Q,.
Assume that there is a p-adic unit n such that vy(x) > v, (t? —dids) +1(2),
vp(ny — 1) > v, (2 — dida) + v,(2) and
up(nz — (51) > I/p(t2 — d1d2) + l/p(2).
Then we have the following statements.
(i) If a+1vp(4) < vp(da), o+ 1p(2) < vp(t) and o < vy(dy), then
N:c,y,z(pa) — pa—]'oz/ﬂ )
(ii) If a + vp(4) < vp(da), o+ 1p(2) < vp(t) and o > vp(dy), then
Nx,y,z <pa) = pUp(dl)/Q-
(iii) Assume that one of the following conditions is true:
(a) We have vp(da) < o and da is not a square in Q.
(b) We have o < vp(d2) < oo+ vp(4) and that up(dg) is odd.
(c) We have p =2, vp(ds) = a, v iis even and 2 = 3 mod 4.
Then Ny .(p*) = 0.

(iv) Assume vp(t) > a+1p(2), vp(d2) < o+ vp(4) and that none of the
conditions (a), (b), (¢) above is true.

If M < a+vp(2), then Ny - (p*) = 0.

If M > o+ vy(2), then Nyy.(p®) = 2p*(92)/2 in the
case vy(de) < a, and Ny, . (p®) = p®~1%/21 in the case a < vy(da) <
a+vp(4).

(v) Ifvp(t) < @ —|— vp(2) and vp(t) < %, then Ny, .(p*) = 0.
(vi) Assume y”( ) < yp( ) <a+1p(2), at+ry(4) < I/p(dg)
If 5§+ I/p(2) (2 > vp(t), then Ny, . (p*) =
If § +vp(2) + 28 < (1), then Nyy.(p™) = p»(@)/2,
(vii) Assume vpy(t) < o + yp(Z), vp(da) < a+1p(4). If

vp(di) + vp(da)

Vp(t) 7£ 2 )

then Ny, .(p*) = 0.

(viii) Assume % < yp(t) < a4+ 1,(2), vp(d2) < o+ 1,(4) and that
none of the conditions (a), (b), (c) above is true. Assume v,(t) =
vp(d1)+vp(da)

5 :
If vp(dy) < vp(da) and vp(t2 — dadr) < o + vp(4) + vp(dy), then
Nzy-(p*) = 0.
If vp(dy) < vp(da) and vp(t2 — dadr) > o + vp(4) + vp(dy), then

Noyo(p) = p )2
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If vp(dy) > vp(da), vp(t) < a, vp(t? — dady) < o+ vp(4) + vp(t),

then
Nyy,-(p") = 0.
If vp(di) > vp(da), 1p(t) < @, Vp( —dadi) > o+ vp(4) + vp(t),
then

Ny, (p%) = pr (@72,
If vy(dv) > vp(da), p =2, 1,(t) = a, then

Noy,-(p") = 2"/,

Proof. If a > l/p(tZ—dldg), then we know from Lemma 3.4 that N, , .(p®) =
0, and so every statement of the present lemma is easy to check.

So we may assume 0 < a < I/p(tz—dldg). Under our present conditions we
have that p € Po, and Ny .(p®) is the number of residues 5 mod petn(2)
satisfying the system of congruences

(4.11) 3% = dy mod (p*Tr (™),
(4.12) 361 =t mod (p> ).

Assume the conditions of (i). Then from (4.11) we have v,(3) > § +1,(2),

and since vp(d1) = V”(dl) > 5, 50 p(B61) > a + vp(2). Hence if (4.11) is
true, then (4.12) is satlsﬁed Part (i) follows.

Assume the conditions of (ii). Then (4.12) is true if and only if v,(5) >

a+vp(2)— Vp(zdl) and if this is true, then (4.11) also holds. Part (ii) follows.

Part (iii) follows at once from (4.11).

Part (v) is trivial, since under the conditions of (v), (4.12) cannot be
true.

Under the conditions of (vii) we get from (4.11) that v,(8) = = (2d2), and
then (4.12) cannot hold. So (vii) is proved.

Assume now that v,(dz) < @ and dy = 62 with some d € Q. Then (4.11)

can be written as

(4.13) o+ vp(4) < vp(B + 82) + vp(B — ).

Hence one of the terms on the right-hand side must be at least § 4 1,(2).
But v,(2d2) < § 4 1,(2), therefore exactly one of these terms is at least
S + 1p(2), the other one equals 1,(203). Hence if v,(d2) < o and dy = 03
with some &2 € Qp, then (4.11) is true if and only if

(4.14) vp(B + €02) = a + 1p(2) — 1p(02)
with e = 1 or e = —1. Any 3 can satisfy (4.14) with at most one ¢, since

(4.15) Vp(205) < o + 1p(2) — v (32).
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Now assume that a < vp(d2) < a+v,(4) and that none of the conditions (b),
(c) given in (iii) is true. Then p = 2, and (4.11) is true if and only if
vp(B) = %, which can be written as

(4.16) 8 = 2%(@)/2 poq (21+@).
Now assume the conditions of (iv). Then from (4.11) we have v,(8) = (2d2)‘
It @ > a + vp(2), then (4.12) is always true. If o + 1,(2) > Vp(2d1)’

then (4.12) holds if and only if M > o + 1/5(2). Assume this last
condition. If v,(d2) < a, then by the reasoning between (4.13) and (4.15) we
get that N, . (p®) = 2p"»(92)/2 If o < v,(da) < a +1vp(4), then v,(dz)/2 =
[a/2], and so by (4.16) we get N, .(p®) = p®~1%/2]. Hence (iv) is proved.

Assume the conditions of (vi). If § + v,(2) + @ > vp(t), then
Nizy,-(p®) = 0. Indeed, (4.11) implies that v,(3) > §+v,(2), but then (4.12)

cannot be true by our conditions. If § +1,,(2) + % < vp(t), then if (4.12)
is true, then v,(8) = vp(t) — %, and for any such g (4.11) is satisfied.
Hence in this case N, . (p®) = p*»(41)/2. So (vi) is proved.

From now on we assume the conditions of (viii). Formula (4.12) is true
if and only if

t
(4.17) up<5— 5) > o+ 1,(2) = 1,(51).

1
First let v,(ds) < « and dy = 03 with §2 € Q,. Recall that then (4.11)
is true if and only (4.14) holds with ¢ = 1 or ¢ = —1, and any [ can

satisfy (4.14) with at most one e.

If v,(d1) < vp(da), then (4.14) and (4.17) imply Vp(652+£) > a+vp(2)—
vp(d2). Using (4.15) we then have v,(—edy + %) = 1(202). So if (4.12)
and (4.11) hold, then (4.17) and
(4.18) vp(t? — dady) > o+ vp(4) + vp(dh)

are true. Conversely, assume that (4.17) and (4.18) are true. It is impossible
then that v,(ed2 + %) < 1p(202) for € =1 and also for e = —1, since then

vp(t? — dadr) < vp(dz) + vp(4) + vp(dh)
would follow, which contradicts (4.18). Hence there is an e for which
vp(eda + %) > 1,(202), which implies v,(—eda + %) = 1p(262), so we get
from (4.18) that
t
Vp (6(52 + 5) > a+ vp(2) — vp(02)
1

for this e. Then v,(d1) < v,(d2) and (4.17) imply (4.14), hence (4.12)
and (4.11) are true. Hence (4.12) and (4.11) hold if and only if (4.17)



Pairs of quadratic forms 915

and (4.18) are true. So if v,(d1) < vp(d2) and (4.18) is not true, then
Nyy-(p®) = 0, while if (4.18) is true, then N, .(p®) = p*»(4)/2. Hence
(viii) is proved for the case v,(d2) < a, vp(d1) < vp(da).

Still assume v,(d2) < a and dy = 63 with o € Q. If v,(d1) > vp(da),
then (4.14) with a given € and (4.17) hold if and only if (4.14) and

(4.19) Vp <652 + (;) > a+vp(2) — vp(d1)

are true with the same e.

Assume first that v,(t) < « (if p # 2, then this follows from the already
assumed v,(t) < a+1,(2)). Then v,(262) < a+vp(2) — (1) using vp(t) =
vp(91)+1vp(d2). Hence if (4.19) holds, then I/p(—652+£) = 1,(202). So (4.19)
implies

(4.20) vp(t? — dady) > o+ vp(4) + vy(1).

Conversely, assume that (4.20) is true. We then cannot have

t
Vp (652 + ) < 1p(202)
1
for e = 1 and also for ¢ = —1, since then
vp(t? — dady) < vp(da) + vp(4) + vp(dy) = vp(4) + 20, (1)

would follow, which contradicts (4.20).

Hence there is an e for which vp,(edy + %) > vp(262), which implies
vp(—€dy + %) = 1p(202), so we get from (4.20) that (4.19) is true for this
€. Hence we proved that (4.20) is true if and only if (4.19) holds for € =1
or for e = —1. Moreover, (4.19) cannot hold for ¢ = 1 and also for e = —1.

So if v, (dy) > vp(da), vp(t) < o and (4.20) is not true, then Ny, .(p®) =
0. If (4.20) is true, then let € € {—1,1} be the unique element for which
(4.19) holds. From the reasoning above we see that then (4.11) and (4.12)
hold if and only if (4.14) holds for this e. Hence if (4.20) is true, then
Nyyo(p®) = p*»(®2)/2_So (viii) is proved for the case vp(da) < a, vp(dy) >
vp(da), 1p(t) < .

Assume now that v,(d1) > vp(d2), vp(t) = a. This implies v,(d2) < «
and p = 2, since we are still in case (viii). Since o = v,(t) = v,(61) +vp(d2),
so (4.19) is true for ¢ = 1 and also for ¢ = —1. Hence (4.11) and (4.12)
hold if and only if (4.14) is true with ¢ = 1 or ¢ = —1, and any (3 can
satisfy (4.14) with at most one e. Hence in this case N, ,(p®) = 2p*»(42)/2,
So (viii) is fully proved for the case v,(d2) < .

Still assuming the conditions of (viii), let us consider finally the case
when p = 2 and a < yp(d2) < o+ 1,(4). Since v,(t) < «, so we have
vp(d1) < vp(ds). We also have v, (#2 — dady) > o+ v,(4) + vp(dy ). Indeed, if
vp(d2) = a4+ 1,(2), then it is trivial. If v,(d2) = «, then this follows using
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that 2Vp(ri
that Ny (p®) = prr(@)/2,

We have seen that (4.11) is true if and only if (4.16) holds, and (4.12) is
true if and only if (4.17) holds. It is clear that (4.17) implies (4.16), hence
we have indeed N, ,(p®) = p*»(4)/2, O

5 = 1 mod 4 for i = 1,2 by our conditions. So we have to prove

Before continuing, we introduce the following notations. For any p € P let

7% ZNCCZ/Z

a>0

Lemma 4.3.
(i) Let p > 2 and write m := min(v,(d1), vp(d2), vp(t)). Assume that
either s,(d1) = sp(da) =0, or sp(di) =1, sp(da) =0 and v,(da) =
m. In the latter case assume that x,y, z satisfy the conditions of
Lemma 4.2. Then

Sew-0)= Y P [a/2]
0<a<m
(ii) Let p =2 and assume sp(dy) = sp(d2) = 0 and c(d1) = c(d) =
Then Sz, (p) equals

Z pa—foz/Q]
0<a<vp(t),vp(di)+1,vp(d2)+1,max(vp(dy),vp(d2))
vp(t)
+ 00y () wp (0O (2 (027
(iii) Let p =2 and assume sp(di) = sp(d2) = 0 and max(c(d1),c(d2)) >
0. Then Sy4.(p) equals

3 pole/2],
0<a<vy(t)—1Lvp(d1)—c(d1)vp(d2)—c(dz)
Proof. Statements (ii), (iii) and the s,(d1) = s,(d2) = 0 part of (i) follow
from Lemma 4.1, examining a few cases. Consider now case (i) and assume
that s,(d1) = 1, sp(d2) = 0 and vp(dz) = m. Then the statement follows
from Lemma 4.2 (i) and (iii). O

Lemma 4.4. Assume that di = 67 with some §1 € Qp. Assume that z,y, z
satisfy the conditions of Lemma 4.2.

(a) Let p > 2, and write m := min(vp(dy), vp(dz), vp(t)). Assume that
if vp(da) = m, then sp(da) = 1. Then

(4.21) Sewz(p) = > p* 12 4 p 21, (12 — dody) — 2m).

0<a<m
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(b) Let p =2 and vp(di) = vp(da). Then Sy y.-(p) equals

Z pa—[a/ﬂ_i_
0<a<vp(t)—1,vp(di)—1
5up(d1),yp(t)p"”(d1)/2(Vp(t2 —dady) — 2v,(dy) — 1).
(c) Let p=2. If vp(t) < vp(dy) < vp(da), then Sy .(p) equals
(4.22) S perles
0<a<pp(t)—1

(d) Let p=2. If vp(d1) < vp(t), vp(d2), then Sy, -(p) equals

vp(d1)

> pTIOP pr R (8 — dady) — 20 (dh) — 2).

a=0
(e) Letp=2. Let dy be a square in Q,. If vy(t) < vp(de) < vp(dy), then
Szy,2(D) equals (4.22).
(f) Let p = 2. Let dy be a square in Qp. If vp(d2) < vp(t), vp(di), then
Szy,2(D) equals
Z ple/? +p””(d2)/2(up(t2 — dady) — 2v,(d2) — 2).
0<a<vp(ds)
(g) Letp = 2. Assume that dy is not a square in Qp. If vp(di) > vp(da),
then Sy, -(p) equals

(4.23) 3 poe/?l

0<a<vp(t)—1,vp(d2)—c(d2)
Proof. Consider Lemma 4.2. If in Lemma 4.2 (vi) we have

Nﬁ,y,Z(pa) # 07
then we have
« vp(di)
2 2
hence v,(d;) < a. The condition a + vp(4) < vp(da) implies vp(di) <
a < vy(da) — vp(4), so (f) can give nonzero contribution only if v,(da) >
vp(di) + vp(4).
In case Lemma 4.2 (ii) we have
vp(da) — 1p(4) = o > vp(dy),

so in Lemma 4.2 (ii) we have vp(d2) > vp(di) + vp(4).
If in Lemma 4.2 (iv) we have N, .(p®) # 0, then we have
vp(di) + vp(da)

2
hence (d) can give nonzero contribution only if v, (d2) < v,(d1)+2vp(2) —2.

+vp(2) + <p(t) < a+pp(2),

> a+1p(2) > vp(d) — 1p(2) + 1,
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Assume that dy is not a square in Q,. If p # 2, then Lemma 4.2 (iv),
(viii) cannot give nonzero contribution. If p = 2, then Lemma 4.2 (iv), (viii)
can give nonzero contribution only in the case o + ¢(dz2) < vp(da) < a + 2.
This follows from Lemma 4.2 (iii).

First let p # 2. Then the contribution of Lemma 4.2 (i) is the first term
in (4.21).

Assume besides p # 2 that v,(d1) > vp(d2). We have seen that then
the contribution of Lemma 4.2 (i), (vi) is 0. If v,(t) < 1,(d2), then the
contribution of Lemma 4.2 (iv), (viii) is obviously 0, so (a) follows for this
case. Let v,(t) > vp(d2). Then v,(da) = m, so sp(d2) = 1 by assumption.
Then the contribution of Lemma 4.2 (iv) is

(21) o (o (e), 2O )

If vy(t) # M, then the contribution of Lemma 4.2 (viii) is 0,

hence (a) follows also for this case. Finally, if v,(t) = M, then

the contribution of Lemma 4.2 (viii) is
(4.25) pyp(dQ)/Q(Vp(tQ — dad1) — 2vp()),

so we get (a) from (4.24) and (4.25). Hence (a) is proved for v,(d1) > vp(d2).

Assume besides p # 2 that v,(di) < vp(dz). Then the contribution
of Lemma 4.2(iv) is 0. If v,(t) < vp(dy), then the contribution of Lem-
ma 4.2(ii), (vi) is 0, while the contribution of Lemma 4.2 (viii) is
pre @12y, (12 — dady ) —2u,(t)). Observe that this expression is nonzero only
if v,(t) = vp(di) = vp(da). So (a) follows for this case. If v,(t) > vp(dy),
then the contribution of Lemma 4.2 (ii), (vi) is

(4.26) P72 (min(2u, () — vp(da), vp(dz)) — vp(da))-

If v,(t) # M, then the contribution of Lemma 4.2 (viii) is 0,
hence (a) follows. If v,(t) = M, then the contribution of Lem-
ma 4.2 (viii) is

(4.27) PP (8 — dady) = vp(dr) = vp(da)).

Observe that this expression is 0 if s,(d2) = 0. So we get (a) from (4.26)
and (4.27). Hence (a) is completely proved.

We assume from now on that p = 2.

Assume that v,(d1) > vp(d2) and that dy is not a square in Q,. Then
the contribution of Lemma 4.2 (i), (iv) is (4.23). The contribution of Lem-
ma 4.2 (viii) is 0, since we would have
vp(di) + vp(da)

2
which is a contradiction. Hence (g) is proved.

a>y(t) = > vp(de) > a+ c(da),



Pairs of quadratic forms 919

Assume that dy is a square in Q, and v,(t) < v,p(d2) < v,(dy). Since
vp(t) = M cannot be true, so the contribution of Lemma 4.2 (viii)
is 0. We also see that v,(t) < vp(d2) can hold in Lemma 4.2(iv) only in
the case vp(t) = a + 1p(2) = vp(d2). We then see that the contribution of
Lemma 4.2 (i), (iv) is (4.22), so (e) is proved.

Assume that dp is a square in Q, and v,(d2) < 1,(t),p(d1). Then the
contribution of Lemma 4.2 (i) and of the part o < vp(d2) < a + v,(4) of
Lemma 4.2 (iv) is

(4.28) S pefenl
0<a<vp(dz)
The contribution of the part v,(d2) < o of Lemma 4.2 (iv) is

vp(dy) + vpy(ds
) ) )
If v,(t) # M, then the contribution of Lemma 4.2 (viii) is 0, and

so (f) follows for this case. So assume v(t) = M. Then the con-
tribution of Lemma 4.2(viii) is

(4.29) 2p"7(82)/2 (min (v, (t) — 1

(4.30) PP (0 (2 = dadr) — vp(4) — 20 (1)) +2).

By (4.28), (4.29) and (4.30) we then get (f) also for this case. Hence (f) is
proved.

So it is enough to prove statements (b), (c) and (d).

Assume first v,(di) = 1v,(d2). We have seen above that the contribu-
tion of Lemma 4.2 (ii), (vi) is 0. It is easy to see that the contribution of
Lemma 4.2 (iv) is nonzero only in the case o = vp(dg) — 1, vp(t) > vp(da).
Then the contribution of Lemma 4.2 (i), (iv) is

Z pa—[a/ﬂ.
0<a<vp(t)—1,vp(d1)—1

The contribution of Lemma 4.2 (viii) is 0 if d,,(4,),) = 0, hence (b) is
proved for this case. Assume vy (d1) = vp(da) = vp(t). Then the contribution
of Lemma 4.2 (viii) is

P2, (12 — dydy) — 2up(dy) — 1).

Indeed, this is clear if d is a square in QQ,,, but one can check it also for the
cases so(d2) =0, ¢(d2) = 0 or ¢(dz) = 1. Hence (b) follows.

We can assume from now on that v,(d;) < vp(d2). We have seen that then
the contribution of Lemma 4.2 (iv) is 0. The contribution of Lemma 4.2 (i) is

(4.31) > po o2l

0<a<vy(t)—1,vp(d1),vp(d2)—2
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If vp(t) < vp(d1) < vp(dz), then the contribution of Lemma 4.2 (i), (vi),
(viii) is 0, so (c) follows. Assume v,(d1) < min(vp(t),vp(d2)). Then the
contribution of Lemma 4.2 (ii), (vi) is

(4.32) P2 (min (2w, (t) — vy(d1) — 2, vp(da) — 2) — vp(dy))

in the case v,(d2) > 1v,(di) + 2, and the contribution is 0 for v,(d2) =
vp(di) + 1. We easily get (d) for this latter case using (4.31). So we can
assume vp(da) > vp(di) + 2, and we easily get (d) for v,(t) # M.

_ vp(di)+vp(da)
2

Assume v,(t) . Then the contribution of Lemma 4.2 (viii) is

(4.33) P2 (0, (82 — dady) — vp(dr) — vp(da)).

This is clear if dy is a square in @, but one can check it also for the cases
so(d2) = 0, ¢(d2) = 0 or ¢(d2) = 1. Using (4.31), (4.32) and (4.33) we
get (d) also for this case. O

5. Proof of Theorem 1.1

We first show that hy(d1,d2,t) is independent of the choice of dy,, in the
case vp(d1) = vp(d2), as was mentioned above Theorem 1.1. It is trivial
indeed for p = 2, and assuming p > 2 it is also trivial in the case vp(d1) =
vp(da) > my. If p > 2 and vp(d1) = vp(d2) = myp, then our statement is true

. dip—™ dop™™ dip~™ dop™™
if (<2 2y =( - D). If( = 2) A ( = ), then v, (t2—dydy) —2m,, = 0,
so the statement is also true for this case. Hence hy,(dy, da, t) is well-defined.

We also see that
(5.1) hp(di,da,t) = hy(da, dy,t).

This will follow if we show
(5.2) (dy,t* — didg)p = (da, t* — dyda),.

To see (5.2) it is enough to show (d1ds, t?—d;ds), = 1 by the multiplicativity
of the Hilbert symbol, see [4, first Remark on p. 20]. Now, if t = 0, then this
follows from [4, Proposition 2(ii) on p. 19]. If ¢ # 0, then it is enough to
show (dydat™2,1—d1dat™2), = 1, and it is also true by [4, Proposition 2 (ii)
on p. 19]. So (5.2) and (5.1) are proved.

Lemma 5.1. The following three conditions are equivalent.
(1) There are elements xo, Yo, 20 € Q such that zg # 0 and (£, L) €

20 20
Cd1,d2,t(@)‘
(2) The equation dex® + d1y? — 2tzy — 22 = 0 has a solution (z,z,y) #
(0,0,0) in Q3.

(3) The equation ¥ —de2? — (t? — d1d2)y? = 0 has a solution (z,x,y) #
(0,0,0) in Q3.
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Proof. From the identity
d2(d2x2 + diy? — 2tzy — 22) = (dox — ty)2 — (t2 — dldg)y2 — dy2?
we see that it is enough to show that if the equation
22 — do2? — (t2 — dldg)y2 =0

has a solution (2, z,y) # (0,0,0) in Q3, then it has also such a solution with
z # 0. Assume that 2% — (2 — d1ds)y? = 0 with (z,y) # (0,0), and z,y € Q.
Then t2—d;d> is a square, so it is enough to show that 22 —dyz? —y2 = 0 has
a solution in Q3 with z # 0. But this follows from the fact that the Pellian
equation 22 — da2? = 1 has a solution with positive integers  and z. O

We first prove Theorem 1.1 assuming that there are elements xg, yo, 20 €
Q such that z # 0 and (%2, 2) € C4, 4,+(Q). By Lemma 5.1 and (5.2) we
see that this implies
(5.3) (do,t* — dida)p = (d1,t* — didz), = 1

for every prime p.
Let 2,9,z € Z be given such that z # 0, (£,%) € Cq, 4,:(Q), (z,y) = 1.
We get from Lemma 3.4 that

(54) h(dla d27 t) =2 H Sm,y,z (p)7
plt2—dida

where Sy, »(p) is defined above Lemma 4.3.
We first need three lemmas.

Lemma 5.2. Assume that di and dy are not squares in Q,. Then

(5.5) Sx7y7z(p) = hp(dl, dQ, t)
forp>2, and
(5.6) 2524,2(2) = ha(dy,da, t).

Proof. Let us show (5.5). Recall the notations of Section 1. If €, = 0, let us
write m;, = 2k — 1. Then by (5.3) and by definition we have

(5.7) hp(dy,da,t) =2 Y p*.
0<a<k

By Lemma 4.3 (i) this equals S, , -(p).
If €, = 1, then let us write m, = 2k. If v,,(do ) > my, then by (5.3) and
by definition we have

(5.8) hp(dy,da,t) =2 Y p*+ph.
0<a<k
If vp(dop) = my, then we must have (%”) = —1 by the assumption that

dop is not a square in Q,. By (5.3) we have that (do,,t*> — dida), = 1.
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We can now apply the formula for the Hilbert symbol given by Serre,
see [4, Theorem 1 on p. 20]. By that theorem and since 1,(dp,) is even

do,p/p"?!%00) 2 .
and v, (=22-———) = —1, we get that 1,(t* — di1da) is even. Then we see

that (5.8) is valid also for the case v,(dp ) = mp. By Lemma 4.3 (i) we see
that the right-hand side of (5.8) equals S .(p). Hence (5.5) is proved.
Let us show (5.6). By (5.3) and by definition we have that

h2(d1,d2,t> =2 Z 204—[04/2]_
0<a<A
Then (5.6) follows from the definition of A in Section 1 and from Lem-
ma 4.3 (ii) and (iii). O

Lemma 5.3. Assume that di = 5% with some 61 € Qp. Assume that there
is a p-adic unit n such that v,(z) > vp(t? — dids) + vp(2), vp(ny — 1) >
vp(t2 — dids) + vp(2) and vp(nz — 61) > vp(t? — dida) + vp(2). Then (5.5)
and (5.6) are true.

Proof. Let us show (5.5). If ¢, = 0 and m, = 2k — 1, then by (5.3) and
by definition we have (5.7) also for this case. If vp(d2) = m,, then we
get by Lemma 4.3 (i) that the right-hand side of (5.7) equals Sy .(p). If
vp(d2) > my, then we apply Lemma 4.4 (a). We cannot have vy(d;) = my,
because m,, is odd. Therefore

(5.9) vp(t? — dady) = vy(1?) = 2my,
so we get again that the right-hand side of (5.7) equals S, 4 .(p).
Now let €, = 1 and m, = 2k. If v,(dyp) > mp, then by (5.3) and by
definition we have (5.8) also for this case, and we have also (5.9). Therefore
. 9y
Lemma 4.4 (a) gives (5.5). If v5(dop) = my and () =1, then by (5.3) and
by definition we have

(5.10) hyp(di,dg,t) =2 Z P+ (1 + (82 — dida) — 2my).
0<a<k
If sp(d2) = 0 and vp(d2) = myp, then we cannot have dy ), = da, so v,(d1) =
vp(da) = my, and since s,(d1) # s,(d2), so we have v, (t? —dyds) — 2m,, = 0.
Then we see by Lemma 4.3 (i) that (5.10) equals Sy - (p). If s,(d2) = 0 and
vp(d2) = my, do not hold at the same time, then we get by Lemma 4.4 (a)
that (5.10) equals Sy, -(p). Finally, if v,(do,p) = m,, and (%) = —1, then we
must have dy, = da. By (5.3) and by [4, Theorem 1 on p. 20] we have that
vp(t2 — didz) is even. Hence (5.8) holds also in this case. By Lemma 4.3 (i)
we see that this equals S, , . (p). We examined every case, so (5.5) is proved.
Let us show (5.6). In case (1.3) we get (5.6) by (5.3) and Lemma 4.4 (b).
In case (1.4) we get (5.6) by (5.3) and Lemma 4.4 (d), (f). If (1.3) and (1.4)
are false, then in the case v2(di) = v2(d2) = v2(t) we must have sa(d2) = 0,
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s2(dy) = 1. Then it is easy to see that vo(t? —dady) —2v2(dy) = 2 —c(dz), so
Lemma 4.4 (b) gives (5.6). Finally, if (1.3), (1.4) and v2(d1) = va(da) = va(t)
are false, then we get (5.6) by Lemma 4.4(b)(c)(d)(e) and (g). Note that
in the case of Lemma 4.4(d) we can have only v,(dy) = vo(dy) + 1, and
then v (t2 — dady) — 2v5(dy) — 2 = —1. So (5.6) is also proved, the lemma
follows. O

Lemma 5.4. Assume that do = 5% with some 62 € Q,. Assume that there
is a p-adic unit n such that vy,(nx — 1) > (£ — did2) + v,(2), vp(y) >
vp(t? — dida) + vp(2) and vp(nz — 62) > vp(t? — dids) + vp(2). Then (5.5)
and (5.6) are true.

Proof. This follows at once from (5.1) and Lemma 5.3. We apply Lemma 5.3
by the changes = <> y, di < do. O

We return to the proof of Theorem 1.1 assuming that there are elements
o, Y0, 20 € Q such that zyp # 0 and (22, L) € Cy, 4,+(Q). Apply Lemma 2.5

20 20

such that pq,ps, ..., p, are the prime divisors of t* — dids. If 1 < i < r and
dy is a square in Qp,, di = 5%1 with some 6; 1 € Qp,, then let us take x; = 0,
yi =1, z; = 0;1. If 1 <4 < 7, dy is not a square in ), but dy = (522
with some d;2 € @Qp,, then let us take x; = 1, y; = 0, z; = ;2. Then by
Lemma 2.5 we see that we can assume for z,y, z the following properties:

If p divides t? — didy and d; = 5371 with some 6,1 € Qp, then there is
a p-adic unit 7, such that v,(z) > v,(t? — dids) + v,(2), vp(npy — 1) >
vp(t2 — dida) 4+ 1p(2) and vy(npz — 8p1) > vp(t? — dida) + v,(2). If p divides
t2 — dids, dy is not a square in Qp but dy = 272 with some 6,2 € Qp, then
there is a p-adic unit 7, such that v,(n,z — 1) > v,(t? — dids) + v,(2),
vp(y) > vp(t? — dida) + vp(2) and vp(pz — dp2) > vp(t2 — dida) + vp(2).

By Lemmas 5.2, 5.3 and 5.4 we see that if x,y, z satisfy these properties
and p divides t2 — dida, then we have (5.5) and (5.6). We see by (5.4) that
this proves Theorem 1.1 for the case when there are elements xq, yg, 20 € Q
such that zg # 0 and (22, 2) € Cy, 4,+(Q).

207 Z
Assume now that the?re eoxre no elements g, Yo, 20 € Q such that zy = 0
and (i—g, Zz/—g) € C4,.d,,+(Q). By Lemma 5.1 we then see that the equation
22 — dyx® — (12 — dyd2)y? = 0 has no solution (z,z,y) # (0,0,0) in Q3.
By the Hasse-Minkowski Theorem (see [4, p. 41]) it follows that there is a

prime p for which

(5.11) (d2,t* — dyda), = —1.

Assume that this p does not divide t? —d;ds, which implies also p > 2. Then
by [4, Theorem 1 on p. 20] we get that (dg,t? — dida), = (ﬂ%)"?(dﬂ.
By (5.11) we must have v,(d2) > 0, but then (ﬂ%) =1, and we get a
contradiction. Hence we see that (5.11) holds for a p dividing t* — dyd2. We
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show that then we have hy,(dy,d2,t) = 0. For p = 2 this is trivial, so let us
assume p > 2. We have to show that then we have

Vp (t2 —dy d2)72mp

(5.12) € /32;; <zg) =0.

To show this we may assume that €, = 1, so m,, is even. We cannot have
vp(dop) > myp, since in that case we would have that t? — d ds is a square in
Qp, which contradicts (5.11). By (5.11) and (5.2) we have (dgp, t*—d1dz), =
—1. Since I/p(d(),pg is even, so [4, Theorem 1 on p. 20] implies that (dg , t* —
dida), = (%)”P(t ~41d2) Hence we must have that v, (t? — didp) is odd and

(%”) = —1, s0 (5.12) is 0. Hence we proved that the right-hand side of (1.5)

is 0, so it is enough to prove that h(d;, ds2,t) = 0. But it follows from (2.3)
that if h(dy,da,t) > 0, then the equation dex? + diy? — 2ty — 22 = 0 has
a solution (z,z,y) # (0,0,0) in Q3, so condition (1) of Lemma 5.1 is also
true, contradicting our present assumption. Theorem 1.1 is proved. Il
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