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Lattice angles of lattice polygons

par JAMES DOLAN et OLEG KARPENKOV

RESUME. Cet article est consacré a ’analogue, en théorie des réseaux, de la
formule classique de la somme des angles intérieurs d’un polygone. Bien que,
en 2008, la premieére formule donnant des conditions sur les fractions continues
géométriques pour les angles réseaux des triangles a été obtenue, le cas des
n-gones pour n > 3 demeurait non résolu. Dans cet article, nous proposons
une solution compléte pour tout entier n. Les principaux résultats reposent
sur les avancées récentes en géométrie des fractions continues.

ABSTRACT. This paper is dedicated to a lattice analog to the classical “sum
of interior angles of a polygon theorem”. In 2008, the first formula expressing
conditions on the geometric continued fractions for lattice angles of triangles
was derived, while the cases of n-gons for n > 3 remained unresolved. In this
paper, we provide the complete solution for all integer n. The main results
are based on recent advances in geometry of continued fractions.

1. Introduction

The sum of interior angles of a polygon theorem in Euclidean geometry
states that the sum of all interior angles of an n-gon equals (n — 2)m; for
any sequence of n non-zero angles smaller than 7, altogether summing to
(n — 2)m, there exists a convex n-gon with these angles. In this paper,
we study the lattice analog of this theorem. The integer analog for the
Euclidean measure of angles are the LLS-sequences (see Subsection 2.4 for
necessary definitions). We provide a solution to the following problem.

Problem 1 (IKEA problem). Classify all n-tuples of LLS-sequences for
the angles that form integer n-gons.

(This problem is equivalent to the classification problem of the admis-
sible collections of toric singularities for a toric surface with a fixed Euler
characteristics, for further details see e.g. in [18, Chapter 17]).

We develop criteria for given lattice angles to be the angles of some con-
vex lattice polygons (Theorem 3.3 and Theorem 3.8). Without loss of gen-
erality, we restrict ourselves to the case of the integer lattice whose group of
symmetries is the group of affine integer lattice preserving transformations

Manuscrit recu le 21 juin 2024, révisé le 28 novembre 2024, accepté le 12 janvier 2025.

2020 Mathematics Subject Classification. 11A55, 11H06, 52C05.

Mots-clefs. lattice geometry, integer trigonometry, continued fractions, lattice polygons,
IKEA problem.



874 James DOLAN, Oleg KARPENKOV

Aff(2,7Z). This group is a semidirect product of the group of multiplication
by GL(2,Z) matrices and the group of translations on vectors with integer
coordinates. As a by-product, we obtain a new integer generalisation of the
angle-side-angle rule for triangle congruence (Proposition 2.23).

The case of triangles was answered in 2008 in [14]. The proof was given in
terms of values of long continued fractions geometrically defined by rational
angles (for further details on integer geometry we refer to [2, 16, 18]). These
fractions are closely related to the theory of integer trigonometric functions
developed in [14, 15]. In this paper, we cover all of the remaining cases of
n-gons (i.e. n > 3), which completes the solution of Problem 1.

There are numerous publications related to various classifications of con-
vex lattice polygons and their frequencies. In particular, the statistics of
integral convex polygons were studied in [1] by V. Arnold and in [3] by
I. Bardny and A.M. Vershik. In [6, 30] (and later developed in [9]) the au-
thors study the notion of lattice sizes of lattice polygons. H. Lenstra used
lattice width of lattice polytopes in order to solve the feasibility question
of integer linear programming [25] (for the two-dimensional case see [7, 8]).
Recently in [10] M. Henk, S. Kuhlmann and R Weismantel studied lattice
width of lattice-free polyhedra. In [29] R. Morrison and A.K. Tewari clas-
sified convex lattice polygons with all lattice point visible. Gauss—Kuzmin
statistics of such polygons were studied by M. Kontsevich [24] and further
related to hyperbolic geometry by the second author in [13].

The relation on the angles in convex polyhedra defines the global rela-
tions to cusp singularities in toric varieties [14, 32] and their interplay with
rigidity theory [28]. Collection of angles in the polygons impact the values
of coefficients in Earhart polynomials, see e.g. in [4].

This paper is organised as follows. In Section 2, we give all necessary
definitions on continued fractions, sails of angles, and chord curvatures of
broken lines. We also adapt the generalised angle-side-angle rule for lattice
geometry. We formulate the main results on the relations between the angles
of lattice n-gons in Section 3. Further in Section 4, we introduce additional
notions and definitions that are required for the proofs and prove some
auxiliary statements. Finally in Section 5, we complete the proofs of main
results. We conclude this paper in Section 6 with a short discussion on the
IKEA problem in the multidimensional case, which is still open.

2. Preliminary definitions and formulation of the main
statements

In this section we give basic definitions of lattice geometry, continuants
and continued fractions. We discuss locally convex broken lines and intro-
duce the angle-curvatures sequences classifying them. Finally we present a
new integer angle-side-curvature-angle rule.
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2.1. The monoid of finite integer sequences under concatenation.
Denote the set of all integer sequences by

o¢]
zr=\Jz",
n=0

where Z° = {€} represents the empty sequence ¢ = (). There is the following
natural operation of concatenation acting on Z*. Consider
X=(r1,...,2,) €Z" and Y = (y1,...,ym) € Z".
Then the concatenation X oY is the sequence
XoY = (21, ..., Tn, Y1y -y Ym)-
We have that (Z*, o) is a monoid.

2.2. Continuant and continued fractions. Let us recall the classic no-
tion of continued fractions.

Definition 2.1. Let a € RU{co} and ay, . .., ay, be real numbers satisfying
the following equation
a = ag B 1
a
1 N 1

a9 ' 1

o

QA

Then we say that the expression in the right-hand side of the equality is a
continued fraction expansion of «; we denoted this by [ag; a7 : ... : a,]. We
say that n + 1 is the length of the continued fraction and that ag,...,a,
are the elements of this continued fraction.

Remark 2.2. While evaluating these expressions on the right hand side,
we might get 0 intermediate values. Here are the following simple three
rules to deal with them

- = 00, (1+OO:OO7 — =0.
0 00

The following function is closely related to the notion of the continued
fraction.

Definition 2.3. The continuant function K : Z* — 7 is defined iteratively
as follows:

K(e) =1, K(z1) = z1,
K(zy,...,zp) = 2o K(21,...,2p-1) + K(x1,...,2p—2), forn>2.
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Remark 2.4. Continuants and continued fractions are linked by the fol-
lowing formula.

K(ag,a1,...,ay)
K(ai,...,ap)

For more information on theory of continued fractions see [18, 21].

[ap;ar : ... ay) =

2.3. Definitions of integer geometry. We say that a point/vector in
R? is integer if its coordinates are integer. A straight line is said to be
integer if it contains at least two distinct integer points. A ray is said to
be integer if its vertex is integer, and the straight line containing the ray
is integer. An angle (i.e. the union of two rays with the common vertex)
is said to be rational if the rays defining it are integer and if they do not
belong to the same line (here we use the term “rational” in order to indicate
that the slopes of the rays of such angle are rational numbers).
Let us collect the following invariants of lattice geometry.

Definition 2.5.

e The integer length of an integer segment AB is the number of con-
nected components in AB \ Z2. Denote it by 1{(AB).

o et AB and AC be two integer segments, then the value
det(AB, AC) is invariant under the action of Aff(2,Z). It is called
oriented integer area of the triangle ABAC'. Here the absolute value
of det(AB, AC) is called the integer area of ABAC, it is denoted

by 1ISABAC.
e Let AB and AC be two integer segments, then the value
) _ ISAABC
1Sll’l ZBAC = W

is the integer sine of the angle ZBAC.

e Let / be an integer line and A be some integer point outside ¢.
The integer distance between A and ¢ is the index of a sublattice
generated all integer vectors starting at A and ending at integer
points of ¢ in the lattice Z2.

e Let /1 and f3 be two distinct parallel integer lines. The integer
distance between then is the integer distance between any integer
point of /1 and the line /5.

Recall that two sets U and V are integer congruent if there is an integer
affine transformation (i.e., an affine integer lattice preserving transforma-
tion) that is a bijection between U and V. We write U = V.

2.4. Sails for angles and their LLS sequences, integer arctangents.
In this subsection we discuss the classical geometry of continued fractions.
We start with the following definition.
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FIGURE 2.1. The sail for an angle.

Definition 2.6. Consider the convex hull of all integer points inside a
rational angle « except for its vertex. Then the boundary of this convex
hull is a broken line. The sail of « is the union of all bounded edges of the
broken line.

Definition 2.7. For a rational integer angle a with sail Ag,..., Ap+1, we
define the LLS sequence of a as the sequence (ao, ..., a2,) where
agg = W(ApAgk+1);
agk—1 = lsin(lAkflAkAk+1).

We also write LLS(«) = (ao, . . ., a2,). We then define the integer arctangent
of a as the continued fraction expansion ltan(a) = [ag; a1, ..., a2y).

We show an example of the sail for the angle with vertices (1,0), (0,0),
and (5,7) on Figure 2.1.

Remark 2.8. Our approach is alternative to Hirzebruch—Jung continued
fractions developed in [11] and [12].

Remark 2.9. Here LLS is an abbreviation of “lattice length sine”. This
comes from the fact that the LLS sequence of a sail is precisely the alter-
nating sequence of integer lengths of its line segments and integer sines of
the angles between them.

Note that ltan takes all rational values greater than or equal to 1. In
fact, integer tangent is a complete invariant of integer rational angles ([18,
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Theorem 4.11]). There is a natural way to define the integer arctangent, it
is very similar to the Euclidean case.

Definition 2.10. Let m > n be two positive integers that are relatively
prime. The integer arctangent of m/n is the following integer angle

larctan - = LAOB,, /y,
n

where A = (1,0), O = (0,0), and B,,/, = (n,m). (See [18] for further
details.)

2.5. Locally convex broken lines and their chord curvature. A
convex polygon P is the intersection of a finite number of affine half-planes;
here we also assume that the affine span of the polygon coincides with R?
and that the intersection is bounded. A point of P is a vertex if it does not
belong to some open interval contained in the convex hull of P. By this
definition all the angles of convex polygons are greater than 0 and smaller
than 7.

By the definition, any convex polygon has finitely many vertices. A con-
vex n-gon P is therefore given by its vertices A ... A, ordered anticlockwise
starting from some arbitrary vertex A; and indexed via residues of n. In
particular, we write Ag = A, and A,+1 = A;.

We say that a rational angle ZABC' is positively/negatively oriented if
det(BA, BC) > 0 or respectively det(BA, BC) < 0. In case if A, B, and C

are in a line we say that the angle does not have a natural orientation.

Definition 2.11. We say that an integer broken line is locally convex if
all its angles are simultaneously either positively oriented or negatively
oriented.

Remark 2.12. The boundary broken line of any convex polygon is locally
convex.

Definition 2.13. Consider a locally convex broken line ABCD with no
three consecutive points being in a line. We say that the chord curvature
of ABCD is the following quantity

2(ABCD) = l{(BC) —sgn(BC, B'C") - U(B'C") — 2,

where

e the point B’ is the integer point of the angle ABC' at the unit integer
distance to the segment BC' which is the closest to the line AB;

e the point C’ is the integer point of the angle BC'D at the unit integer
distance to the segment BC' which is the closest to the line C'D;
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D

C

FIGURE 2.2. The broken line ABCD and its points B’ and C".

e the value sgn(BC, B'C") is defined as follows:

1, if BC and B’C’ has the same direction;
sgn(BC, B'C") = 0, if B'=C"
—1, if B’C’ has the opposite direction to BC.

Remark 2.14. In the formula defining the chord curvature we subtract
two in order to get the simplest expressions in Theorem 3.8. Currently we
do not know any other defining property for determining the constant that
is subtracted.

Example 2.15. Let us consider the broken line ABCD with points
A=(2,2), B = (8,4), C =(0,0), and D = (6,5)

(see Figure 2.2). Then B’ = (5,3) and " = (3,2). Thus l{/(BC) = 4 and
W(B'C") =1 The vector B'C’ has the same direction with the vector BC,
and hence sgn(BC, B'C') = 1. We have

®(ABCD)=4—-1-1-2=1.

Let us finally give the definition of chord curvature for broken lines on n
vertices.

Definition 2.16. Let A;... A, be a locally convex broken line. We say
that the chord curvature at an edge A;A;+1 (where 2 < ¢ < n — 2) is the
chord curvature of A;_1A;A;11A;40.

For an arbitrary integer broken line we set the cord curvature for each
triple of consecutive edges. Note that the chord curvature is an integer
affine invariant of an integer broken.
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2.6. Angle-curvature sequences for locally convex broken lines
and convex polygons. Let us now define a lattice invariant that will be
playing the leading role in our main statements.

Definition 2.17. Let AgA; ... A, Ani1 be alocally convex broken line. Set
a; = larctan(ZA;_1A; A1), fori=1,...,n;
o, = oe(Ai14;Aip1Aiv2), fori=1,...,n— 1.
We say that the sequence
S=(a,®1,...,0n-1,%n-1, )
is the angle-curvature sequence for the broken line.
Definition 2.18. Let Ay ... A, be a locally convex closed broken line. Set
a; = larctan(ZA;_1A; A1), fori=1,... n;
e, = ®(Aj—14;Ai11Ai+2), fori=1,...,n.
We say that the sequence
S = (a1,81,...,0p_1,8y_1,Qp, &)
is the angle-curvature sequence for the broken line.

Remark 2.19. In case if we do not fix a starting point of the closed broken
line, the corresponding angle-curvature sequence is considered to by cyclic.

Similar to triangles we give the following criterion of integer congruence
of integer broken lines.

Proposition 2.20. Let two locally convex broken lines (including the ones
bounding convex polygons) be integer congruent then their angle-curvature
sequences coincide. [l

Remark 2.21. We use the term “integer congruency” to underline that we
consider the integer affine transformations (and not the Euclidean ones).

2.7. Discussion on integer angle-side-curvature-angle rule. From
Euclidean geometry we know the classical ASA (angle-side-angle) rule: If
two pairs of angles of two triangles are equal, and the included sides are
equal, then these triangles are integer congruent.

It turns out that this rule is not sufficient for lattice geometry. Let us
illustrate this with the following example

Example 2.22. Let A = (0,0), B = (2,0), C = (1,1), ¢' = (0,2). Con-
sider triangles AABC and AABC’. Then

/BAC =~ /BAC' =2 /ABC = /ABC' = larctan 1
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and both triangles share the same segment ABC. However their lattice
areas are

IS(ABC) =2 andIS(ABC') =4,
and hence these triangles are not integer congruent to each other.

The notion of chord curvature providing us a new refined rule.

Proposition 2.23. Two triangles NABC and NA'B'C’ are integer con-
gruent (preserving the order of points) if and only if the following integer
angle-side-curvature-angle rule (or ASCA rule for short) holds:

/ABC = /A'B'C', /BAC = /B'AC,
W(AB) = W(A'B'), =(CABC) = =(C'A'B'C").

Proof. Let all the ASCA rule condition hold. Consider the transformation
sending the angle Z/C’A’B’ to the angle Z/C AB. Here the images of B’ and
C’ are some points B” and C” Since I/(AB) = 1{(A'B’) = l{(AB"), we have
B" = B.

Since &(C”"AB"C") = &(C'A'B'C’) = &(CABC) the first edges of the
sails of ZABC" and ZABC have the same direction. Since ZBAC" =
/B'A'C" = /BAC, the segment AB is a common edge for the triangles
NAABC" and AABC”, and the sails for ZABC" and ZABC have the same
direction, we get that the sails for ZABC” and ZABC coincide. This im-
plies that the line BC coincides with the line BC”.

The lines AC' and AC” coincide by the construction and the lines BC
coincides with the line BC” from the above. Hence C' = C”. Therefore, the
triangles AABC and AA’B’C’ are integer congruent.

Conversely, if the triangles AABC and AA’B’C’ are integer congruent,
then all the listed identities in the ASCA rule hold, since the corresponding
quantities are lattice invariants. ]

3. Classification of the angles for convex lattice polygons

In this subsection, we formulate the main results of this paper. The proofs
are provided later in Section 5.

3.1. Solution to IKEA problem. We start with the following notation.
Definition 3.1. For an angle-curvature sequence
S =(a,e1,...,0n-1,8n_1, 0, &y)
we set Sf to be the subsequence (aj, ®jy .., U1, k1, ay). We then write
LLS(SF) = LLS(y) o (a;) o ... o LLS(aj—1) o (eep—_1) o LLS(a).

Definition 3.2. We say an integer sequence changes sign n times if after
removing all zero elements it contains exactly n pairs of consequent elements
with opposite signs.
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A

c D

A

F1GURE 3.1. The quadrangle ABCD.

We are ready to formulate the first main result of the paper.

Theorem 3.3. Consider the set of rational angles ay, ..., a, and the in-
tegers e1,...,%y,. Then there exists a conver n-gon with the prescribed
angle-curvature sequence,

S= (a1, ®1,...,00_18n_1,0n, &),

if and only if the following conditions hold:
e K(LLS(ST))=0

_ [ KOLS(S)o) ||
o wn = — | it J
o The sequence (K(LLS(S7)))}—; changes the sign n — 3 times.

Remark 3.4. Once the last condition is removed, we have a similar state-
ment for locally convex closed broken lines.

Remark 3.5. Practically, one may use continued fractions in order to
compute the values of continuants. Informally speaking, the continuant of
a sequence coincides with the numerator of the continued fraction for the
same sequence. An important rule here is to keep the denominators (without
cancelling their factors with the factors of the numerators). Let us illustrate
this with a sample computation of K(—1,2, —3). We have:

[—1;2: =3] = -1+

I
Hence K(—1,2,-3) = 2.
Let us supplement Theorem 3.3 with the following example.

Example 3.6. Consider a quadrangle with vertices A = (4,—1), B =
(0,0), C = (2,3), and D = (3,3) as on Figure 3.1. Direct computations
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show that the angle-curvature sequence for this quadrangle is as follows:
S= <1arctan([1;3 :1:1:1]),—1,larctan([3]), —2,
larctan([1; 2, 1]), —1, larctan([3; 1 : 3]), —1).
Let us check the first condition of Theorem 3.3. Indeed we have
K(LLS(S})) = K(1,3,1,1,1,-1,3,-2,1,2,1,-1,3,1,3) = 0.

The second condition is also true:

17
14
| K(3,-2,1,2,1,-1,3,1,3,1)
- _{ K(3,-2,1,2,1,—1,3,1,3) J

ey =-—-1=
_ | K(LLS(83) o (1))
= | TROSE) |

For the last condition the corresponding sequence of continuants is as fol-
lows:

K(LLS(S})) = K(1,3,1,1,1) = 14;

K(LLS(S8?)) = K(1,3,1,1,1,-1,3) = —1;

K(LLS(S})) = K(1,3,1,1,1,-1,3,-2,1,2,1) = —15;
K(LLS(S})) = K(1,3,1,1,1,-1,3,-2,1,2,1,-1,3,1,3) = 0.

We have a sequence that changes the sign once, exactly n —3=4-3=1
times, and thus the last condition also holds.

3.2. Explicit construction of the last entry in the angle-curvature
sequence. Let us fix some notation and definitions required for the next
theorem. Let S be some finite sequence. We write S? for the reversed se-
quence, and we write —S' for the sequence with negated terms.

Definition 3.7. Let (ag,...,a,) be an arbitrary sequence of integers. Set
Z(ag,...,an) = LAOB,
where A = (1,0), O = (0,0), and B = (K(a1,...,a2,), K(ag, a1, ..., a)).
Below is the second main result of the paper.

Theorem 3.8. Consider arbitrary rational angles a1, ..., a, and integers
®1,...,%,_1 wheren > 2. Assume that

LLS(OQ, Xy n—1, Oén) 7& 0.

Then there exists a unique locally conver (n+1)-gon whose angle-curvature
sequence is

S = (051,331, ceeyy, Qn—1 aen—laanaxvﬂay)a
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where the integers x and y and an the rational angle B are defined as follows:
b <l RS S AR b <o
where
U =LLS(S7) = LLS(ay) o (1) o ... o LLS(ay,—1) o (28,—1) o LLS(av,);
V = LLS(Sy™) = LLS(ag) o (se2) o ... o LLS(atn_1) o (82,_1) o LLS(xy,)
o (z) o LLS(p).
Remark 3.9. Note that

B {K(—U’fo(—l))J
Y K(-UY)

in the notation of the above theorem.

Example 3.10. Consider three angles oy, as and a3 with LLS sequences
(1,3,1,1,1), (3), and (1,2,1). Let also a1 = —1 and sy = —2. Then

U = LLS(a1) o (ae1) o LLS(a2) o (2e2) o LLS(ax3)
=(1,3,1,1,1)0o(=1)0(3) o (—2) 0 (1,2,1)
= (1,3,1,1,1,-1,3,-2,1,2,1)

and hence
B V{(Uou))J B V{(l,za,1,1,1,—1,3,—2,1,2,1,1)J
e K(U) B K(1737 )+ 7_1737_27 ) 71)
—26
=— | =] =1
=

Further we have
~U'=(-1,-2,-1,2,-3,1,—-1,-1,-1,-3,-1).

Now we compute the continued fraction corresponding to the last sequence:

15
[—1;—2:—1:2:—3:1:—1:—1:—1:—3:—1]21

(here we take care of the signs for continuants in the fraction). Then S is
integer congruent to the angle with vertices

(1,0), (0,0), and (—11,15).

In terms of arctangents we have

5ﬁlrtn<15)lrtn(15)
M T (mod 15) ) T MM\ 1 )

Since 15/4 = [3;1; 3], we get LLS(5) = (3, 1,3). Finally,
V = LLS(a2) o (se2) o LLS(axg) o (x) o LLS(B) = (3,-2,1,2,1,-1,3,1, 3),
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and hence

_ LK(VO(l))J _ {K(37 _27172717_17371737 1)J
v= KV) | | KB -21,2,1,-1,3,1,3)

(This example correspond to the quadrangle of Example 3.6, the quadrangle
is shown on Figure 3.1 above.)

4. Further tools needed for the proof

This subsection contains some extra definitions, notions, and statements
that are used in the proofs of the next section.

4.1. Sail diagrams for broken lines. Let us generalise the notion of the
sail for an integer angle to the case of broken lines with integer vertices.

Definition 4.1. The sail diagram of a broken line (closed or not closed)
with integer vertices is the broken line obtain by the sails of the consecutive
angles of the broken line shifted to the origin (in composition with the
central symmetry for all even ones).

The vertices of the sail diagram corresponding to the edges of the angles
are called edge vertices.

Remark 4.2. The sail diagram for a broken line coincides with the sail
diagram of the sum of its interior angles corresponding to integer parallel
transform of these angles to the origin and symmetries about the origin for
angles with even numbers.

Remark 4.3. In case of a convex polygon with even number of vertices
its sail diagram is a closed broken line. If the number of vertices is odd,
then the starting and the end points of the sail diagram are two points
symmetric with respect to the origin.

Example 4.4. Let us consider a pentagon (see on Figure 4.1, Left) with
vertices

(8,0), (0,0), (2,3), (3,4), and (5,3).
Then its angle-curvature sequence is
(larctan(3/2), —2,larctan(1), —4, larctan(3), —2,
larctan(1), —3, larctan(1), 0).

The corresponding sail diagram (see on Figure 4.1, Right) has vertices
(170)7 (171)> (273)7 (_17_1)7 (27_1)7 (_171)7 and (_130)-

All these vertices except (1,1) are edge vertices.
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€1

€3
FIGURE 4.1. A pentagon with marked (on the left) edges
and its sail diagram (on the right). We indicate one of the

angles and the corresponding angle of the diagram with
dark grey.

4.2. Vortex broken lines, their tangents and LLS sequences. Let
us give a formal definition of a broken line bending counterclockwise with
respect to some point.

Definition 4.5. We say that a broken line A; ... A, is a vortex broken line
about O if

det(OAi,OAi+1) >0 for ¢ = 1, RN 1.

It turns out that the notion of LLS sequences is naturally extended to
vortex broken lines (for further details see Chapter 15 of [18]).

Definition 4.6. For some integer vortex broken line Ag...A,, we define
the LLS sequence of the broken line as the sequence ay, ..., as, where
Ao = det(OAk, OAk+1) = M(AkAk_H) for k=0,1,...,n;
det(Aps1Ag, A1 A
Qo1 = (A1 Ak, Art14rt2) for k=1,2,...,n.
A2k—102k+1

We also write LLS(Ay ... Ap) = (ag, ..., a2n).

Let us finally recall the following important expression for the vertex
coordinates of vortex broken lines (in fact the original statement is for a
broader selection of broken lines).

Theorem 4.7 ([18, Theorem 15.10])). Consider a wvortex broken line
Ay... A, about the origin with LLS sequence

(ap,ai,...,am—2).
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Let also Ag = (1,0) and Ay = (1,ap). Then
Ai = (K(al, ceey agi_g),K(ao, at, ... ,agi_2>) fO?" 1= 1, RS 8

Remark 4.8. The LLS sequence is the complete invariant of integer con-
gruence types of integer winding broken lines. Namely, two integer wind-
ing broken lines are integer congruent if and only if they have the same
LLS sequence. In addition, an arbitrary sequence of odd length of integers
with positive odd elements is the LLS sequence for some integer winding
broken line.

Remark 4.9. In accordance with Definition 3.7, we have
l(ao, A1y ...y a2n,2) = AA()OAn
We conclude this section with the following general proposition.

Proposition 4.10. Any sail diagram is a vortex broken line about the
origin. In addition, all the edges of the sail diagram at the unit distance to
the origin.

Proof. Note that the sail for any integer angle is a vortex broken line with
edges at the unit distance to the origin. Since the sail diagram is the union
of several sails, it also satisfies the conditions of the proposition. O

4.3. Winding number of sail diagrams and its properties. Denote
by u(e) the Euclidean angular measure of the angle .

Definition 4.11. The winding number of a vortex broken line Ap... A,
about a point O is the following number

1 n
w(Ao .. .An, O) = % Z M(ZAz_lOAl)
=1

In general, the winding number is not an invariant of lattice geometry
except for the case when it is half an integer. (The last correspond to the
projectivisation of the Gauss map to the projective circle, and therefore it
is a topological invariant). That is precisely the case of the sail diagrams of
convex polygons.

Proposition 4.12. The winding number of the sail diagram of the convex
n-gon equals n/2 — 1.

Remark 4.13. In particular, the winding number of the sail diagram of a
convex polygon is its invariant in integer geometry.

Proof. 1t is clear that the sum of angles for the sail diagram equals the sum
of angles of the n-gon. Namely, it is equivalent to (n — 2)7 and hence the
winding number equals n/2 — 1. g
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Proposition 4.14. Let Ag... A, be a sail diagram for an n-gon with an
angle-curvature sequence

S = (Oél, X1y, 0p—1,L8n—-1,An, een)

n

Then, the number of sign changes for the sequence (LLS(S{))jzl equals

twice the winding number of Ay ... A, about the origin minus 1. (Here S{
are as in Definition 3.1.)

Proof. Let us first consider a sail diagram whose first two vertices are Ag =
(1,0) and A1 = (1,@0).

By Theorem 4.7, the sequence (LLS(S7))%_; coincides with the sequence
of y coordinates of the vertices of the broken line connecting all the edge
vertices of the sail diagram. Since the original polygon is convex, this broken
line makes precisely n — 2 half-twists around the origin. Again, due to
convexity of the original polygon, we always add angles that are less than
m and hence the sequence of y coordinates changes sign precisely n — 3
times. Now the proof is concluded by Proposition 4.12.

Let us now study the case of general sail diagrams. First of all, note that
such sail diagrams are integer congruent to some of the diagrams considered
above. Secondly, both the winding number and the LLS sequence (and
hence the number of sign changes) are invariants of integer geometry. This
concludes the proof in the general case. O

Remark 4.15 (Cusps of sail diagrams and polygons). We say that the sail
diagram has a cusp in edge vertex B; if the chord curvature a; < 0. Note
that any broken line with only positive numbers in the LLS sequence winds
less than 7 around the origin. Since any n-gon does n— 2 half twists around
the origin starting from any vertex (this means that we forget one of the
cusps), the sail diagram has at least n — 1 cusp. In case of the number
of cusps of the sail polyhedron is smaller than n — 1, the corresponding
broken line is still locally convex, however the sum of its angles is smaller
than m(n — 3), and therefore it has self-intersections.

4.4. A few words about special integer points on sail diagrams.
Let formulate the following variation of the general classic matrix identity
for continuants.

Proposition 4.16. Consider an arbitrary sequence of numbers (b, . . ., by)
and set b_1 = 0. Then the following identity holds:

k+1
K(b1,...,bk)\ _ 1 - 0 1
(K(bo, o ,bk)> = My <0> ) where My = H (1 bk—i) .
=0

Let us fix some notation. Denote by B;(p;, g;) the edge vertices of the sail
diagram. Denote also the next and the previous integer points with respect



Lattice angles of lattice polygons 889

Bit1

FIGURE 4.2. Definition of points B, B;r, and EZ

to B; on the sail diagram by Bj and by B, respectively. Let
LLS(81) = (bos - - -, bas(i))»

and let by,(;)11 be the next element of the LLS sequence for the sail diagram.
(Note that s(7) is the total number of edges in the sails of the first 7 integer
angles.)

From the expression for the LLS sequence of a broken lines we have (see
Theorem 15.10 and Remark 15.11 of [18]):

B; = (K(b17 SRR sz(i)fla b28(i))7 K(b07 SRR b2s(i)717 b28(l)))

Further for the next and previous integer points with respect B; we have
(see Section 15 and Subsection 9.3 of [18]):

B = (K(b1, .- bas(iy—1, basiy—1), K (bo, - - - bas(iy—1, basiy—1));
B = (K (b1, ..., bagi)—1, bas(iy: bas(iy+1, 1),
K(bo, - - -, bas(i)—1, bas(i)s Das(iy+1, 1))
Set also
Bi = (K(b1,- ., bas(i)—1, bas(iy, 0,1), K (bo, .. ., bai—1, bag(i), 0, 1)).
(See Figure 4.2.)

Proposition 4.17. The following statements hold:
(i) bos(iy+1 = det(BiB; , BiB;");
(i) b2s(z +1 = &5
(ili) B; = B; + B; Bi;
(iv) bosiyr1 = det(B;B;", BiB;);
(v) The points B and B; are in a line parallel to the line OB; at the
unit integer dzstcmce to OB;;
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(vi) The second coordinate of B; is K(LLS(S!) o (1));

(vii) The second coordinate of B, | is in the interval between 0 and

K(LLS(S™1)). It can take zero extreme value but not the other
one.

Proof. (i). From general theory of continued fractions for broken lines (see
e.g. in [14]), the point B; is the last integer point of the last edge of the
sail for «;; and the point Bj is the last integer point of the last edge of the
sail for a;4+1 and hence, by the definition of the LLS sequence we have
) _ det(B;B; ,B;B}") _ det(B;B; ,B;B;")
2O T (BB, ) - WU(BiBf) 11
(ii). Both by;11 and e; are invariants of integer geometry and hence without
loss of generality we restrict ourselves to the case (by changing the lattice
coordinates):
Bz = (bQS(i)+1 + 1a *1)a Bz = (1)0)5 B:r = (0, 1)7
On the one hand, we have
det(B;B;, BiB;") = bog(i)11-
On the other hand, let us consider the edge A;A;+1 in the polygon for the
given sail diagram corresponding to the edge vertex B; (see Figure 4.3). The
edge A; A; 11 is parallel to the z-axes. Without loss of generality, we consider
A; = (0,0) and A;,_; = (a,0) where a = 1{(A4;_14;). Then, the points A}
and A]_, as in Definition 2.13 will be the last and the first integer points on
the sails for the angles ZA; 2A;_1A; and £LA;_1A;A;,1 respectively. Hence,
they are
i1 =Ai-1— OB =(a,0) + (=bagiiy41 — 1, 1) = (@ — bag(iy1 — 1, 1);
Al = A; + OB+ (1,0) + (0,1) = (1,1).
Then, by the definition of chord curvature we get
a; = W(A;i_1A;) —sgn({A;_14;, A] 1 A}) (A}, A}) —
=a — (@ — byg(i)+1 — 2) — 2 = bog(i)41
Therefore,

= det(B;B; , B;B;").

x; = det(BiB;, BzB:r) = b25(i)+1

0
M= (1 b2sz ) <1 b25(z) )

Then, by Proposition 4.16, we have

a=(l). n=( ) DE) 500 D)

(iii). Denote
2s(i)

Jj=1
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A

FIGURE 4.3. Two consecutive angles (Left) in the sail dia-
gram and the corresponding edge of the polygon (Right).

Since M € GL(2,7Z), the statement is equivalent to the statement for the
points

G GDEIO-0- 6600

(v). Since B;B;” = B; B;, the values of the determinants coincide, so we
have:

b25(i)+1 = det(BlB;,BlBj) = det(BlBj,Blgl)

(v). The points B; and B;  are at unit distance from the segment OB; since
they are the first and the last points of the corresponding sails. They are in
different half-planes with respect to the line containing OB;. By Item (iii),
the point EZ is at unit distance to OB; in the different hyperplane to the
point B; . Therefore, the points B;r and B; are in a line parallel to the line
OB; at the unit integer distance to it.

(vi). The second coordinate of B;" it is equivalent to

K (bo, - - - 5 bag(i)—15 bas(i)» bas(i)+15, 0 1) = K (o, - - -, bas(iy—1 bas(iys bas(i)+15 1)
= K(LLS(S}) o (1)).

(vii). Note that B;" is the first integer point of sail of the angle ZB;0By.
Therefore, the second coordinate of B;t has the same sign as B; (or B;"
can be zero), the absolute value of the second coordinate of B;" is smaller
than the absolute value of the second coordinate of B;. This concludes the
proof. O
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Corollary 4.18. The LLS sequence of the sail diagram of a convez integer
polygon P coincides with the LLS sequence for the angle-curvature sequence
of the boundary of P.

Proof. By construction of the sail diagram, all the elements of the sails of
angles coincide with the corresponding elements for the LLS sequences of
angles in the angle-curvature.

By Proposition 4.17 (i) and (ii), we have

&; = det(B;B; , B;B}").

The last expression is precisely the expression for the corresponding angle
in Definition 4.6 after rescaling the corresponding vectors.

Therefore, the LLS sequence of a the sail diagram coincides with the LLS
sequence for the angle-curvature sequence. O

Corollary 4.19. It holds

| K@LS(ST ™) o (1))
K(LLS(S7 7))

EXn-1 =

Proof. By Proposition 4.17(vi), the numerator of the expression on the
right hand side contains the second coordinate of Bn,l. By construction,
the denominator contains the second coordinate of B,_;. Finally, by
Proposition 4.17 (vii), the second coordinate of B} | is in the segment
[0, K(LLS(S7™1)) excluding the right end.

By Proposition 4.17(v), the points Bl _; and B,_1 are in a line that is
parallel to OB;; and the integer distance between this line and the line OB;
equals 1. Therefore, computing the second coordinates we have

K(LLS(S7Y) o (1))

det(By—1B,y_y, Bn-1Bn1) = —
i ) = TR )

n—1»

It remains to note that, by Proposition 4.17(iv), it holds

det(Bn_lB+ Bn—lén—l) = ®n_1.

n—1»

This concludes the proof. O

5. Proofs of the main results

In this section we conclude the proofs of Theorem 3.3 and Theorem 3.8.



Lattice angles of lattice polygons 893

5.1. Proof of Theorem 3.3.

From a polygon to three conditions. Consider a convex n-gon with the
angle-curvature sequence S.

Without loss of generality, we may assume that the first two vertices of
the corresponding sail diagram are Ag = (1,0) and A; = (1, ap). First of all,
by Corollary 4.18 the LLS sequence of the sail diagram coincides with the
LLS sequence for the angle-curvature sequence. Then, by Theorem 4.7, the
sequence (LLS(S7))"_; coincides with the sequence of y coordinates of the
broken line connecting all the edge vertices of the sail diagram. Since the
last point of the sail diagram is ((—1)",0), the first condition is immediate.

The second condition follows directly from Corollary 4.19 (after shifting
all the indices by 1).

The last condition follows directly from Proposition 4.14.

From three conditions to a polygon. Let us now construct a polygon

with integer angles integer congruent to given ones: aj,...,a, and with
corresponding chord curvatures i, ..., &, satisfying all the conditions of
Theorem 3.3.

Let us write the angle-curvature sequence
S=(a1,1,...,0p_1,8n_1,0p)

and the corresponding LLS-sequence for it. Starting with vertices (1,0)
and (1, a), we construct the broken line with vertices whose coordinates are
defined from this LLS-sequence by the formulae of Theorem 4.7. By the
first and the third conditions, this broken line has the second endpoint at
the line y = 0 and its winding number is n/2 — 1.

So we have constructed a sail diagram for our prescribed collection of
angles and cord curvatures.

Let us find one of the integer polygons with a given sail diagram. First,
we find an n-gon whose angles are shifted by arbitrary real vectors (here we
take centrally symmetric for even angles); we omit the proof of this classical
statement on Euclidean geometry here. Since all vectors are proportional
to integer vectors, there exists a small parallel perturbation of this n-gon,
that has rational coordinates. Finally, we arrive to an integer n-gon by
scaling the rational polygon (multiplying by all denominators of rational
coordinates of all vertices).

By the above construction the angles of the obtained polygon are shifted
angles (we take centrally symmetric for even angles) of the original sail
diagram. Therefore, by the definition, the sail diagram of the obtained
polygon is precisely the original sail diagram.

It remains to note that the LLS-sequence of this sail diagram coincide
with the LLS-sequence for the angle-curvature of the boundary of the n-gon
by Proposition 4.14. This completes the proof. O
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Remark 5.1. The construction used in the proof suggests that there are
infinitely many distinct integer types of polytopes with a given angle-
curvature sequence. Note also that two n-gons whose boundaries have the
same angle-curvature sequence are parallel to each other (after an integer-
affine transformation of one of them), namely the sides of the first n-gon
are parallel to the corresponding sides of the second n-gone. The situation
here is similar to the Euclidean case.

5.2. Proof of Theorem 3.8. The expressions for x and y follow directly
from Corollary 4.19.

The expression for 3 is tautological. Indeed the sail diagram B defining
B has the LLS sequence LLS(S}). Then, let us show that 8 = Z( — UY)
where U = LLS(S7).

Consider the angle — (this is the angle symmetric to the angle § about
the x-axis with the first edge at the origin). Then we take the broken line
B’ symmetric about the z-axis to the broken line B. By Definition 4.6, the
LLS-sequence for B is precisely —U. Hence by Theorem 4.7

B2 /(B")=/(-B) = /(-U).
Finally, we have
B —p = (L(-U)) = £(-U")

as it is stated in the theorem. O

6. A few words on the multidimensional case

We conclude this paper with a small discussion of the open IKEA prob-
lem in the multidimensional case.

Problem 2 (IKEA problem in higher dimensions). Classify all angles in
lattice convex polyhedra in dimensions greater than 2.

How to generalize the statements of Theorems 3.3 and 3.87 In order to
approach this problem one might consider some multidimensional continued
fractions.

There are at least two competing theories of multidimensional contin-
ued fractions. The first is based on geometry of lattices. Here again we
have at least two different version of continued fractions that may be
used here: Klein polyhedra [1, 18, 22, 23] and Minkovski—Voronoi polyhe-
dra [20, 26, 27, 33]. The second approach is based on the algorithmic theory
of multidimensional continued fractions [19, 31]. (Some further problems on
geometric continued fractions are collected in [17].) The problem is open
in all the above settings. The progress in it will contribute to the study of
singularities of toric varieties, see, e.g. [32].

Finally, we would like to mention a recent progress in the study of lattice
trigonometry for cones in higher dimensions in [5].
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