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The local lifting problem for (Z/27)3

par GUILLAUME PAGOT

RESUME. Soit k un corps algébriquement clos de caractéristique 2. Dans cet
article nous donnons une description des actions de groupe (Z/27)? sur k[[2]]
pour lesquelles il existe un anneau de valuation discréte R, extension finie de
Panneau des vecteurs de Witt W (k), tel que cette action se reléve en un groupe
de R-automorphismes de R[[Z]]. La condition nécessaire et suffisante pour
que ce relevement soit possible ne fait intervenir que le type de conducteur de
I’extension.

ABSTRACT. Let k be an algebraically closed field of characteristic 2. In this
paper we describe the (Z/27Z)3-actions on k[[z]] for which there is a discrete
valuation ring R, a finite extension of the ring of Witt vectors W (k), such
that they can be lifted as a group of R-automorphisms of R[[Z]]. In fact the
necessary and sufficient condition for such an action to lift involves only the
conductor type of the corresponding extension.

1. Introduction

Let k& be an algebraically closed field of charasteristic p > 0 and let R
be a complete discrete valuation ring, finite extension of the ring of Witt
vectors W (k). Let 7 denote a uniformizing parameter of R and K = Fr(R).

Let n be a positive integer. Let G be the group (Z/pZ)™ and assume G is
a group of k-automorphisms of the ring k[[z]] (in other words, we have an
injection G — Auty k[[2]]). We then write k[[t]] = k[[2]]¢, so that k[[2]] is a
Galois extension of k[[t]] with Galois group G. Artin—Schreier theory tells
us that this extension is the compositum of n p-cyclic extensions of k[[t]],
given by equations of the form y? —y; = f; ( %) for i € [1,n], where the f; are
polynomials of degree m; prime to p and the f; are I}, linearly independent
for 1 < i < n. Reordering the equations, we can assume that m; < mo <

- < m,, and that the n-tuple (mi,...,my) is chosen minimally (for a
more precise definition, we refer to Definition 3.1 borrowed from Yang). The
elements mi +1,...,m,+ 1 are called the conductors of these intermediate
extensions.

We are interested here in the problem of lifting G as a subgroup of
Autr(R[[Z]))-
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Such a lifting is not always possible and obstructions are already known.
In [7], which deals with the case n = 2, it is proved that if such lifting
exists then necessarily p divides m + 1. For any n, this necessary condition
generalizes and we must have the following divisibilities: for any j € [[1,n—
1], p"~7lm; + 1 (sce [1).

These obstructions are not the only ones: even if the divisibility condi-
tions are met, there are obstructions of metric and differential nature as
soon as p > 2 and we hope that divisibility conditions are then the only
possible obstructions when p = 2. For further details on these obstructions,
we refer to [19, Chapter 3.

This paper is a contribution to the study of a possible lifting in the case
p = 2. This has already been proved in the case n = 2 (see [12, 19]) and
we give a slightly modified proof. The new result concerns the case n = 3,
and we prove in this case that under the only condition 4|m; + 1, lifting is
possible. More precisely, we prove the following theorem

Theorem 1.1. Let k an algebraically closed field of characteristic 2. Let
n € N* (the set of positive integers). Let G be a group of k-automorphisms
of the ring k[[z]] and G ~ (Z/2Z)"™. We then have the following two results:

(a) If n = 2, there exists a discrete valuation ring R, which is a finite
extension of the ring of Witt vectors W (k), such that G lifts to a
group of R-automorphisms of R[[Z]].

(b) If n = 3, we always denote (my + 1,mg + 1,m3 + 1) the “minimal
triplet of conductors” for the G-action as group of k-automorphisms
of k[[z]] (if we use the terminology of Definition 3.1 below, this
means that k[[2]]/k[[2]]C is a cover of type (my + 1,ma + 1,m3 +
1)). Then there exists a discrete valuation ring R, which is a finite
extension of the ring of Witt vectors W (k), such that G lifts to a
group of R-automorphisms of R[[Z]] if and only if 4 divides my+1.

The present manuscript builds on notes written in 2003-2004 after my
thesis, which among other things dealt with the case of the Klein four-group.
The present manuscript also draws on recent work of Jianing Yang (see
Theorem 3.2 below). On the sound advice of David Harbater and Michel
Matignon, I have decided to write up these results and make them available
to the mathematical community. I would like to take this opportunity to
warmly thank Michel for his advice and proof-reading, and David for his
encouragement and interest in this work.

2. The (local) lifting problem for curves

Let k£ be an algebraically closed field of charasteristic p > 0 and let R
be a complete discrete valuation ring, finite extension of the ring of Witt
vectors W (k). Let 7 denote a uniformizing parameter of R and K = Fr(R).
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Let C be a smooth, projective curve over k and G be a finite subgroup
of Autg(C), so that C — D = C/G is a branched G-cover of smooth,
projective curves over k. We are interested in the following question: is
there a ring R (as described above) and a branched G-cover C — D of
smooth relative R-curves which lifts the cover C' — D? This question is
known as “the lifting problem for covers of curves”.

The answer to this question is already known in a few specific cases.

e If |G| is not divisible by p, the answer is yes, by Grothendieck ([9]).

e If G is cyclic the answer is yes. This result, formerly known as the
Oort conjecture, was jointly demonstrated by Obus—Wewers and
Pop ([18, 20]).

o If |G| > 84(¢(C) — 1) with ¢g(C) > 2, the answer is no. Indeed, in
characteristic 0 the order of the automorphism group of a curve of
genus g > 2 cannot exceed 84(¢g — 1), whereas in characteristic p,
there are curves with an automorphism group greater than 84(g—1)

([21)).

In fact, a local-global principle (see for example [2, 6, 10, 17]) leads us
to consider the following question.

Suppose G is a finite group, and assume G is a group of k-automorphisms
of the ring k[[z]] (in other words, we have an inclusion G — Auty k[[2]]).
We can then write k[[t]] = k[[2]]¢, so that k[[2]] is a Galois extension of
E[[t]] with Galois group G. Does there exist a discrete valuation ring R of
charasteristic 0 with residue field k and a G-Galois extension R[[Z]]/R[[T]]
such that the G-action on R[[Z]] gives the G-action on k[[z]] in reduction?

We'll refer to this last question as “the local lifting problem”. A group G
for which every local G-extension lifts to characteristic zero is called a local
Oort group for k. If there exists a local G-extension lifting to characteristic
zero, GG is called a weak local Oort group.

Significant progress has been made in recent years concerning local Oort
groups. We already know that the only possible local Oort groups are cyclic,
dihedral of the form Dpn, and A4 (if char(k) = 2) (this a consequence of
Theorem 1.2 in [4]). More precisely, we know that the cyclic groups and Ay
for p = 2 ([15]) are local Oort groups. For dihedral groups, we know that
D, is a local Oort-group (see [3] for p > 2), as are Dy ([22]), Dy ([16]), D25
and Da7 ([5]). Note that Kontogeorgis and Terezakis have announced that
some Dqo5 action does not lift ([11]).

If a group G is a weak Oort group and not an Oort group, we can look
more closely and ask which G-covers lift. This is the question we propose
to study for the groups G = (Z/2Z)? and G = (Z/2Z)3. In fact little is
known for the actions of G = (Z/pZ)"™ with n > 2 and p > 2 which can be
lifted: as mentioned earlier, when p > 2, differential constraints seriously
complicate the situation.
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3. Tools for the proof

We return to the notations used in Sections 1 and 2. Let’s give Defini-
tion 3.6 of [23] again.

Definition 3.1. Let G = (Z/pZ)"™, and assume that G is a group of k-
automorphisms of k[[z]] as a k-algebra. Suppose that (mq,...,m,) is the
lexicographically smallest n-tuple of integers such that there exists sub-
groups G1,...,G, C G of index p that satisfy the following conditions

(1) The p-cyclic extensions k[[2]]“ /k[[2]]¢ have conductors m; + 1,
(2) k[[2]]", ..., E[[2]]% are linearly disjoint over k[[z]]¢.
Then we say that k[[2]]/k[[2]]€ is a cover of type (mi +1,...,m, +1), with
respect to (Gy,...,Gy). Recall that p does not divide any of the integers
m; and note that m; < mso <.+ <m,,.

We already know of a few examples where lifting is possible when G =
(Z/pZ)" (namely G is a weak Oort local group). In order to prove this
in [14], one gives examples of such liftings (with equidistant geometry) in
the case of extensions of type (p" (p—1),...,p" *(p—1)). In [19], we show
examples with non-equidistant geometry in the case of extensions of type
(gp™,...,qp") (for all ¢ € N*). More recently, Yang has given examples for
p = 2 and n = 3, in the case of extensions of type (4,4,2r) and r is an
integer greater than 1, which provides the first example where n > 3 and
the m; are not all equal (see [23]).

A few reminders about order p-automorphisms of the p-adic open disk
are necessary. Let o be an order p-automorphism of the p-adic open disk
Spec R[[Z]], which does not induce residually the identity. Let F' be the set
of fixed points of o which can be assumed to be rational on R (we may
enlarge R if necessary). Note that |F| > 1. Consider the minimal semi-
stable model of the marked open disk (Spec R[[Z]], F'). The special fiber is
a tree of projective lines linked to the original generic point (7) (which we
will represent in the following figures in the form of a zigzag) by double
crossing points. The fixed points specialize in the terminal components of
the tree. In particular, each terminal component has at least two fixed
points (this is an important consequence ([8, Prop. 1.2]) of the identity (x)
below.

Each of the double points on the special fiber has a corresponding open
annulus on the generic fiber (i.e. the points of the open annulus specialize
into the double point). This annulus has a thickness, and we will indicate
this thickness on the various figures to come with the letter “epsilon”.

Let us briefly recall the result of Proposition 1.1 of [8]. Write F' =
{Zy,Z1,...,Zy} and consider one of the fixed points Z;. Given p € RY9
with v(p) > 0, after enlarging R so that p € R, we let v, be the Gauss
valuation on Fr(R[[Z]]) relative to % and d(v(p)) be the degree of the
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different of the v,-valued extension Fr(R[[Z]])/ Fr(R[[Z]){"?). The graph of
d(v(p)) for v(p) € Q4 is piecewise linear with breaks in the set {v(Z; — Z;),
j # 1} = {v(p1),v(p2), ..., v(pe)}, where v(p1) < v(p2) < -+ < v(pg).
For k € [1,4;], let puy be the cardinality of the set of Z; € F such that
v(pr) < v(Zj — Z;) < oo and let gy, 41 = 0. We have then

£;
() S (05— pysa)olog) = = (v(p) — d(0))
=1 p

Moreover, since o does not induce residually the identity, it follows that
d(0) = 0.

These geometric properties are formalized in the Hurwitz tree concept.
Each projective line corresponds to a vertex, and each crossing point cor-
responds to an edge in the Hurwitz tree. Moreover, for each fixed point Z;,
we append a vertex and connect it via an edge to the vertex representing
the projective line containing the specialization of Z;. This Hurwitz tree is
a metric tree (each edge corresponding to a double point is associated with
the thickness of the corresponding annulus and the edges corresponding to
fixed points are associated with 0). The preceding equality is then a metric
condition that must be satisfied by any Hurwitz tree.

In the following, we will focus exclusively on the branch locus so we
will consider the Hurwitz tree associated to the minimal semi-stable model
of the marked open disk (Spec R[[T]], B) where R[[T]] = R[[Z]]*?) is the
quotient of (Spec R[[Z]], F'). This new tree is the same Hurwitz tree except
that the thicknesses are multiplied by p. When considering this quotient
tree, equality (%) becomes

1
p—1

£;
(%) > (= pir)o(pg) = ——po(p).
j=1

This equality will be crucial in Section 5.2. where we’ll have to choose
“good thicknesses”. For further details and explanations, we refer to [§]
and [10].

When it’s possible to lift this action, we can consider each of the n cov-
ers lifting the extensions k[[2]]%¢ /k[[2]]® and consider their branch points,
which will correspond to the fixed points of the order p automorphism
of the underlying p-adic open disk cover which lifts k[[t]]*:. We speak of
equidistant geometry when the mutual distance between the fixed points in
Spec R[[Z]]¢ is constant. Note that this is equivalent to the fact that these
branch points specialize on the same terminal component.

A few clarifications concerning Theorem 1.1. Assertion (a) has already
been proved for some twenty years (but not published in a journal and only
available online). We propose to overcome this missing by including the
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proof (which differs slightly in calculation but not in spirit from that given
in [12] and [19]) in the present article.

In order to prove this theorem, we will use a recent result by Yang
(see [23, Theorem 3.13]), generalizing an older result due to Green and
Matignon, which gives a necessary and sufficient condition for an action of
G = (Z/pZ)™ on k[[z]] to lift into an action on R[[Z]]. We give it here in its
entirety.

Theorem 3.2 (Yang). Let G = (Z/pZ)". Suppose k[|z]]/k[[t] is a G-
extension of conductor type (m1+1,...,my+1), with respect to G1, ..., G,.
Then there is a lift of G to a group of automorphisms of R[[Z]] if and only
if the following two conditions hold:

(1) m;=—1 modp"* for1 <i<n-—1,
(2) K[[2]]€ E[[2]]%, . . k[[2]]%" /k[[2]]¢ can be lifted with branch loci
By, ..., By, such that for any subset of r branch loci {B;,, ..., B},

|- ) D00

1<j<r

The second condition is clearly of a combinatorial nature on the branch
points and thus on Hurwitz trees of the n Artin—Schreier coverings that
induce the type.

So, for the proof of Theorem 1.1, we’ll consider the two or three Artin—
Schreier equations (for the cases n = 2, n = 3 respectively) giving the
extension k[[z]] /k[[z]]G . The idea is to find explicit equations of intermedi-
ate covers of the p-adic open disk, having simultaneously good reductions
relative to the same Gauss valuation (these reductions of course giving the
Artin—Schreier equations fixed beforehand). The tricky part is to ensure
that the branch points of the covers thus constructed have the “right com-
binatorics”, i.e. the one mentioned in the previous theorem. The proof is
necessarily technical, as it involves giving explicit equations of the liftings.

Finally, to verify the good reduction of the intermediate p-order covers
we'll be constructing, it will suffice (by virtue of Result 3.4 in [7]) to check
that the degrees of the generic and special differents are identical, which
here amounts to establishing (since p = 2) that the number of branch points
is equal to the conductor of the corresponding Artin—Schreier extensions.

4. The case G = (Z/27)?

The problem is already solved in the case G = (Z/2Z)? (see the unpub-
lished manuscripts [12] and [19]). We give a slightly different proof, which
makes easier the reading of the proof in the case G = (Z/2Z)3.
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4.1. Geometry of the branch locus. We start from an extension
k:[[z]]/kHZHG of type (m1+1,ma+1), given by two Artin—Schreier equations

nei()
‘W‘f?(t)

where f1 and fo are polynomials of degrees mi; and ms respectively, with
the condition m; < ms.

The task is to find two covers of the p-adic open disk (denoted Rev; and
Revg) which lift the two covers given above and such that Rev; and Reva
have exactly m1+1 branch points in common (this is given by Theorem 3.2).
Since we want to deal with the general case (and therefore in particular the
case where m; < mg), we can’t be satisfied with an equidistant geometry
(i.e. a tree with a single projective line where the branch points would
specialize). We therefore propose the geometry shown in Figure 4.1.

xr1 x2

mo—m .
251 times

FIGURE 4.1. Branch locus when G = (Z/27)?

A few comments on this figure are necessary, as the notations differ from
what is written in [12].

This tree represents the branch locus of the two covers Rev; and Revs.
The indices used are there to indicate which cover(s) the “z;” points are
branch points of. In particular, the x12 points designate branch points com-
mon to Revy and Reva. The caps used on the xo points are just there to
distinguish them from each other.

This drawing is only valid for the most general case where m; < mg and
would be simpler to represent in the case where m; = mo. More precisely,
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when mq = mao, the second vertical component of the drawing disappears,
and the three points x1, x2, 12 are located on the same terminal component.

Figure 4.2 also shows the other two trees representing the branch locus
of each of the two covers Revy and Revs.

Z2
)
ml;'l times ﬂz;_ml times

FIGURE 4.2. Branch loci of Revy and Revy

4.2. Construction of covers with fixed geometry and reduction.

4.2.1. Aim. The idea is to fix mlT‘H points, almost arbitrarily, which will
be the common branch points of the two covers Revy and Revs. In a second
step, we build the two covers in such a way that the common branch points
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are exactly this set of mlT‘H points. The aim is then to state a proposition
(namely Proposition 4.3) that allows the construction of a cover with a fixed
reduction, a fixed geometry and a fixed part of the branch locus. Let’s look
at this in more detail.

Let r € N* and X7, ..., X, € R be nonzero such that v(X; — X;) = 0 for
all i # j. We consider a (Z/2Z)-extension of k[[t]] given by an equation of
the form

r—1 2

2 _ y
(E) w'tw=3" f2r—1—20
=0
where ag, ...,a,—1 € k, ag # 0. The conductor here is 2r.

We then want to construct a polynomial f € R[X] such that

(a) The cover of the 2-adic open-disk given by the equation Y2 = f(X)
has good reduction with respect to a certain Gauss valuation, this
reduction inducing equation (E).

(b) The tree describing the geometry of the branch locus has a single
internal component and 7 terminal components, each containing
two branch points (this corresponds to the drawing of the first tree
in Figure 4.2, where 24t ig replaced by r).

(¢) The points X7, ..., X, are part of the branch locus, i.e. X1,..., X,
are simple roots of f and there is exactly one of these points in each
terminal component.

Let’s give the guiding ideas to obtain this proposition. Consider the first
tree in Figure 4.2, where mlTH is replaced by r. This semi-stable curve is
equipped with an as-torsor on the internal component that induces differ-
ential datas: the double points on the horizontal component are the poles
of an exact differential form with only one zero at co. All these poles have
order 2 equal to the number of branch points in the corresponding terminal
component. So this exact differential form can be written as

dx
§:1(l‘ - xi)Q

and we calculate the underlying partial fraction expansion.
Let g = [Ti—;(x — x;). We have

w =

qul)

LT —

We square this equality, which gives
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The idea is now to construct covers given by equations of the form Y? =
Q?*(X)(1 + w'u) where Q is the polynomial [[/_;(X — X;), t is an integer
and v a rational fraction chosen so that, du = w, that is

1

ﬂ _ i q’Q(%’)

i=1 (z — ;)
(where @ is the reduction of v modulo 7).
4.2.2. Construction of the cover. Let’s start with a lemma.

Lemma 4.1. Let r € N* and X1,...,X,, € R be non-zero, such that
v(X; — X;) =0 foralli # j. Let Q = [[;—1(X — X;). Let £ € [0,r —1].
Then there exists v,y € R such that

r 2
XQZ — N2 X § it 2
where O(2) denotes a polynomial in 2R[X] of degree at most 2r — 1.

Proof. We write the partial fraction expansion of % There then exists
~ie € K := Frac(R) such that
ASHN o S T
Q(X) (X - Xi)

=1

4
The coefficients ;¢ are equal to %}Q) They are therefore within R (and

even non-zero), since v(X; — X;) = 0 for all 7 # j.
We square this equality and multiply by @2, which completes the
proof. O

Let’s fix some additional notations. Let p € R be such that v(2) < v(p) <

1
20(2). Let pp = (%) =1 Note that v(pg) > 0.
Let Ag,...,A,—1 € R with v(Ap) = 0. For all i € [1,r] we write:

r—1
Ri(X) =" pd APZ (X — X,),
=0

- r—1 1
Ri(X) =" phAemaeX? (X — X;),
=0

P(X) = (X = X;)? + pRi(X) + 207 Ry(X).
Finally let
F(X) = [ P(x).
=1

We then have the following lemma:
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Lemma 4.2. With the previous notations, we have the relation:
"L Ri(X) 1 Ri(X)
X)=Q*X)(1 E ———= 12 E —_ 4
f( ) Q( )( +pi:1(X_Xi)2+ p2i:1(X_Xi)2 +O()

where O(4) denotes a polynomial in AR[X] of degree at most 2r — 1.
Proof. We have

100 = @0 [T ¢
e (R e
= Q*(X) 1+p§m +2p%§%1 +0(4)
since v(p?) > 2v(2) and v(2p) > 2v(2). O

We are now in a position to prove the desired result.

Proposition 4.3. Let’s consider the same polynomial f as in Lemma 4.2,
and denote ag,...,ar_1 the reductions modulo © of Ag,...,A._1. In par-
ticular, ag # 0. Then the cover of ]P’}{ given by the equation Y? = f(X) has
good reduction for the Gauss valuation relative to T = pgX, the reduction
being:
) r—1 a%
w—w = EZO o

In addition, the geometry of the branch locus is given by the first tree in
Figure 4.2 (with r terminal components instead of ™5 ).

Proof. We start from the result of Lemma 4.2. Thus
f(X)

= Q*(X) 1+pzm+2f)ézm +0(4)
r r—1 2 LT 1 1
:QZ( )_14‘0;;(:)0(2)614@”+2P2;;)POAE(XX)X]
+O()

) (X X)

(=0 =1 (=0 =1
+O()

ol
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= Q*(X) + pXQ*(X Zp%ZAZZ( i

X — X;)2
r—1 r
— pQ*(X Zpﬁ%z A0 Y A
) /=0 1i=1 X X
+0(4)
2 r—1 r
— 2 1+ A 71@ +92 A
Q7 (X P(ZPO Zz: ,02;];00 E(X X)

T

r—1 2
+pxzz%p444@2< )%ng(i)ﬁw

since v(2p) > 2v(2). Now let’s use Lemma 4.1. We get:

- 2

r—1 ) 1
X)=QXX)|1+p2 S pba, S 1 __x7
f( ) Q( )[ +P2£§)P0 Z;(X_Xz) i
r—1
Fp Y RLARXPH L O
=0
r—1
= Q3(X) +p g AZX* T+ 0(4)
=0

assuming

r—1 T .
Q(X) = QU |1+ 74 XAy ESory

N|=

Let Y = 2V + Qo(X). The equation Y2 = f(X) then becomes
(VQ + QO _ pzp2€A2X2€+1 + O<4)

i.e.

4(V2 + Qo(X) ppor 1 Z ( 1 )27‘—1—22 N 0(4)

X2r = POX X2r '

But pp2r 1 — 4, then we get

(V24 Qo(X z‘: ( 1 >2T—1—2f+0<1)

X2r = poX X2r '’

o

X;

1
2

=

1\3
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Here O(1) denotes an element of R[X] of degree at most 2r — 1. Let’s
write T' = pgX and V = X"W. The equation becomes

1)27’12@ O(l)
T X2r

2 QO(X) = 2
W2+ WS :;Ae
=0

which gives in reduction

r—1 2

2 @y
wr—w= Z par—1-20°
=0

(Indeed, since Qg is a monic polynomial of degree r, we can write its coeffi-
cients Qo = X" +¢q—1 X" 4. -4+ ¢qy and we have % =144 44+ L
So % reduces to 1.)

The number of branch points of this cover is 2r and is also equal to
the conductor of the Artin—Schreier equation, so we can use the Green—
Matignon different criterion (see last paragraph of Section 3) to prove the
good reduction.

It’s easy to check that the geometry of the branch locus is as claimed.,
since X is one of the roots of P; and the other root (let’s call it X/) is such
that v(X; — X!) = v(p). O

4.3. End of the proof of Theorem 1.1(a). Consider a (Z/27)?-exten-
sion of k[[t]] given by the equations

m12—1 9
a
w% — w1 = Z tm1€25 (1)
(=0
mo—1
> =~ b
Wy — W2 = Z pma—20 (2)
{=0

where ay, by € k and ag, by € k*.
Let X1,...,Xmy+1 € R, non-zero, such that v(X; — X;) = 0 if ¢ # j.

2
We'll apply Proposition 4.3 twice, with judicious choices for r and p.
Let’s first apply Proposition 4.3 to the case where r = "“T‘H and p =

22_"75 and the Ay lifting the a,. For this, it’s easy to check that the condition
v(2) < v(p) < 2v(2) is satisfied. We then find a cover of equation Y? =
f1(X) which has good reduction for the T-Gauss valuation (where T =
poX). In this case, we have

1 1
4\ 2r—1 ™1\ my 1
po = <)2 ! = <2m;> ! :2m2
P

and the reduction gives the equation (1).
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Let’s apply Proposition 4.3 a second time in the case where r = szH
and p = 2 and the A, lifting the b,. For this, it’s easy to check that the
condition v(2) < v(p) < 2v(2) is satisfied. We then find a cover of equation

Y2 = f5(X) which has good reduction for the T-Gauss valuation (where
T = ppX). This time we have

1
4\ 2r— 1
po = <>2 ! :2"‘2
P

and the reduction gives the equation (2).
The two covers therefore have simultaneously good reduction and have
at least mlT‘H branch points in common (these are the Xi,..., Xm +1).
2

In the case my < meo, we can be sure that there can be no more points in
common, as the radii of the disks corresponding to the terminal components
of the branch tree of Rev; are not the same as those of Revs.

In the case where m; = ma, Kato’s result (see [7, assertion 3.4]) then
ensures that there can be no more branch points in common (the degree of
the generic different is always greater than that of the special different).

In any case we have exactly mlTH branch points in common, which using
Theorem 3.2 completes the proof.

5. The case (Z/27Z)3

5.1. Geometry of the branch locus. First, we want to generalize the
geometry of the branch locus as constructed in Section 4 to the case G =
(Z/27)3. We therefore start with an extension k[[z]]/kHZHG, of type (m1 +

1,m2 + 1,m3 + 1). Recall that the only condition on m; is that 4|m; + 1.
Moreover, according to Theorem 3.2, the combinatorics of the branch loci
of the three covers Revy, Revs, Revs must be such that:

e Revy, Revy, Revs have mlT‘H branch points in common.

mi+1
2

mi1+1
2

mo—+1
2

e Rev; and Revy have branch points in common.

e Revy and Revs have branch points in common.

e Revy and Revg have branch points in common.

The idea is to consider the geometry given in Figure 5.1.

The figure represents the most general case m; < mo < ms. Once again,
the indices of the points indicate which covers these points are the branch
points of. In this way, we can verify that the combinatorics of branch points
is respected. In red, we've also given a name to the thicknesses of the
different annuli corresponding to the double points. These thicknesses need
to be “well chosen” and this is the subject of the next section.

5.2. Choice of thicknesses. The thicknesses must be chosen according
to the constraints linked to the variation of the different. In other words,
for each branch point, equality (%) of Section 3 must be verified.
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1 /

% times % times ﬁ’# times

FIGURE 5.1. Branch locus when G = (Z/2Z)3

Starting from the point x123 and considering successively the three covers

Revy, Revsy, Revs, we must have:
e93 + 3(e12 + 1) + migg = 2v(2),
€93 + €12 + 31 + maeg = 2v(2),
e12 + 31 + maeg = 2v(2).

The four unknown thicknesses satisfy three equations, giving us one de-
gree of freedom. Let’s arbitrarily choose e; = %0(2). Solving the system
gives

1 mo — My
——

€0 = —v(2), €12 =
0 mv() 12 2m

m3 — mo
—V)

(2), eas= (2)

where m = 2ms + my — my.
We reason in the same way to find the thicknesses £; and £23.We find

~_ 3mz+2mg —2my

€1 = 0(2), 523 = £93.
m
Let

€1 l

o1 :=2v@) =22,
e1teio mg+mog—my

02 ‘= 2 v@) =2 m ,
e1teia2+ea3 2mg—my

Q3 = 2 v(2) = 2 m

It is then clear that v(g1) < v(02) < v(p3). These elements then appear
in Figure 5.2, where we’ve indicated the branch loci of each of the three
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covers Revy, Revy, Revsy. We have also indicated the radius values of the
various disks corresponding to the tree components.

Remark 5.1. Figures 5.1 and 5.2 are given for the case where m; < mg <
ms. If my = mg (resp. ma = ms) we have 19 = 0 (resp. 23 = 0) and
it’s easy to redraw the trees (which are then a little simpler). In the very
special case where m; = my = mg, the geometry of the branch locus is
given in Figure 5.3.

In the even more special case where mi +1=mo+1=mg+ 1 =4, we
find equidistant geometry (which is consistent with Proposition 5.6 in [23]).

5.3. Construction of covers with fixed geometry and reduction.

5.3.1. Aim. Once again the idea is to fix mlTH + 257 points, almost
arbitrarily. The first mlT‘H (these correspond to the points x193 on the Fig-
ure 5.1) will be the common branch points of the three covers Revy, Reva
and Revs while the others ™25 points (these correspond to the points
T93 on the Figure 5.1) will be common branch points of Reve and Revs but
not of Revy. As in the (Z/2Z)? case, the aim is then to state a proposition
(namely Proposition 5.5) that allows the construction of a cover with a
fixed reduction, a fixed geometry and a fixed part of the branch locus.

We give (r,s) € N* x N (N is the set of non negative integers) and
Xi,...,X,4s € R, non-zero, such that v(X; — X;) = 0 for all i # j. Write
n = 2r + s. Let a (Z/2Z)-extension of k[[t]] be given by an equation

n—1 aQ
! 2 _ 4
(E") w—w=)_ 2n—1-20
=0
where ag,...,an—1 € k, ag # 0. The conductor is then 2n.

Finally, we give the following tree (see Figure 5.4). We then want to find
a polynomial f € R[X] such that

(a) The cover of the 2-adic open disk given by the equation Y2 = f(X)
has good reduction relatively to a certain Gauss valuation, this
reduction giving the equation (E’).

(b) The geometry of the branch locus is shown in Figure 5.4.

(¢) The points Xi,...,X,+s are part of the branch locus, i.e.
X1q,...,X,4s are simple roots of f.

As in the (Z/27)? case, the idea is to work from the exact differential
form on the component I of the tree, which is of the form

dx
i (z — i) Hj:l(x —xj)?
and use its partial fraction expansion (see explanations at the end of Sec-

tion 4.2.1). Since this rational fraction is more complicated, the lemmas
needed to obtain Proposition 5.5 will necessarily be more technical.
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times % times

times % times w times

FI1GURE 5.2. Branch loci of the three covers
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m 1 ..
—{IL times

FIGURE 5.3. Branch locus when mq = mg = ms

Iy

TV
7 times s times

FIGURE 5.4.

5.3.2. Construction of the cover. Let’s begin with a lemma.

Lemma 5.2. Let (r,s) € N* x N and Xi,...,X,4+s € R, non-zero, such
that v(X; — X;) =0 foralli# j. Let n=2r+s. Let Q1 = [[;—;(X — X;)
and Qo = ;:iJrl(X—Xj) ifs>0and Qa=1ifs=0. Let £ € [0,n—1].
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Then there exist cp, Big, vje € R with ayp and vjp non-zero and such that

r 2 r4s
. ’y 7
— 04 XVO2(X i J
= r+1
+ 0(2)
where O(2) denotes a polynomial of 2R[X] of degree at most 2n — 1.

Proof. We write the partial fraction expansion of é(—z Then there exist

QlQQ
&g, Bie, vje € K = Frac(R) such that

Xz B r Qg 6 r+s
Q)@ (X) (Z<<X—Xi> o)t 2w X))

=1 —T+1

We need to check that the coefficients e, Bi¢, ;¢ are indeed in R, but
this is immediate since v(X; — X;) = 0.

We square this equality and multiply by Q{Q2%, which completes the
proof.

O

Let’s fix some additional notations. Let p1, p2 € R be such that %v(2) <
v(p1) < v(p2). Let p = p?ps and assume that v(p) < 2v(2). Let py =

T
(%) =1, Note that v(pg) > 0.
Let Ag,...,An—1 € R such that v(4g) = 0. For all ¢« € [1,7] and for

jer+1,...,r+s], write:

n—1
=3 3 AR (BA(X - X0 + adi(X - X)),
/=0

Sl

n—1
Ri(X) = ZPSAE(BM(X — X;)? + (X — X;) )X ;

=0
Z P(Q)ZANJK )
- n-1 1
Ri(X) =" poAm;e(X — X;)X2.

=0
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Let 41,...,6, € R and

Qi(X) = (X — Xi)* + pidi(X — Xy),

T r+s
Qx) =TIQux) I (x -Xy),
=1 j=r+1

P(X) = QX(X) + pRi(X) + 207 Ry(X),
Pi(X) = (X — X;)? + pR;(X) + 2p2 R;(X).

Finally let

T r+s
FX) =]TRE) JT PX).
=1 j=r+1

Remark 5.3. The d; may appear mysterious. In fact, they won’t be in-
volved in the calculations in Section 5.3. The idea is that we can choose
them “as we please” without any influence on the equation we obtain in
reduction. In the next part, we’ll have to ensure that certain polynomials
have roots in common, and we’ll then have to adjust these coefficients.

We then have the following lemma:

Lemma 5.4. With the previous notations, we have the relation:

r . r+s ]
F(X) = Q%(X) + pQ1(X)Q3(X) (Z of—(?r* + ) (XR_%)

=1 j=r+1

T ~. s R j
203 Q4 (X)Q(X) (Z (XR’_()Q)4 + (XRJ—()Q)Q) +0(4)
= 7 j=r+1

where O(4) denotes a polynomial in AR[X] of degree at most 2n — 1.

Proof. We have
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_ A2 A2 SORi(X) R Ri(X)
= Q*(X) + pQ*(X) (ZZI 02(X) +j;1 (X—XJ)Q)

1~ " Ri(X = Ej X
I 2p§Q2(X) (;:1 @?((X)) —+ j;l ()(—()(3)2) + 0(4)

since v(p?) > 2v(2) and v(2p) > 2v(2). Now

Q*(X) A2 o 2
— = Q7 (X X-X
Q(X) g (0 11 o=
r+s
= II [(x = x0?+pou(x = X)| [ (X - X;)?
1<e<r j=r+1
i£i
r+s
= I &x-x»" [T (X -X;)*+0(p1)
1%57" j=r+1
1X)Q3(X
o
In the same way, we show that
A2 4 2

(X -X;)? (X -X;)?
Given that v(pp1) > 2v(2), the equality of Lemma 5.4 is demonstrated. [

We can now prove the desired result.

Proposition 5.5. Let’s take the same polynomial f as for Lemma 5.4, and
denote ag, . . .,an—1 the reductions modulo w of Ao, ..., An_1. In particular,
ag # 0. Then the cover of P, given by the equation Y? = f(X) has good
reduction for the Gauss valuation relative to T = poX, the reduction being:
2 = a;
w—w=3 f2n—1-20"
=0

Furthermore, if v(p1) < v(p2) and v(d;) = 0, the geometry of the branch
locus is given by Figure 5.5 (first tree). In the case where v(p1) = v(p2),
the geometry of the branch locus is given by Figure 5.5 (second tree).

Remark 5.6. The case v(p1) < v(p2),v(d;) = 0 is the one that will appear
in the most general case where m; < my < ms. The case v(p1) = v(p2)
arises in the special case where two conductors are equal. For example,
in the case where m; = mg < mg3, Rev; and Revy will have a geometry
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r times s times

r times s times

FIGURE 5.5. Geometry in the case v(p1) < v(p2),v(d;) =0
and in the case v(p1) = v(p2)

corresponding to Figure 5.5 (first tree) and Revs to Figure 5.5 (second
tree).

Proof. Let’s start with the result of Lemma 5.4 and look separately at the
1
p and 2pz terms. We have

r r+s
pQIX)Q3(X) (Z et > ;@%)
i=1 j=r+1

n—1 r 2 2 r+s 2
= pQUXIQE) 3 i 4] ( M TASe s TR ()/X))

n—1 T 22 XfXZ 22 X*XZ r+s 2(X—X)
= pQ‘f(X)Q%(X) ZPSZA? (Z a(§§ — Xi)4) + B(§§ _ Xi)2) + Z ry(Jé(,in);

i=1 Jj=r+1
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r+s
= pQI(X Zpﬁ‘ﬂh(ZX Sethleen X +Z X%é(m)

=r+1
o2 X X K2 X
4 2 20 42 <N zz Jl
—pQ1<X>Q2(X>Zpo A2 Z(X_Xi) 5 + 21
=0 i=1 j=r+
X2 B X: = X2 ’
2¢ Qg Ay [ VieA
—le ZPO A} AX_)(_)QJF()(_)(.)+ Z m
% i Pt J
n—1
+p Y P AT 1 0(4)
=0

taking into account Lemma 5.2 and the fact that v(2p) > 2v(2).
On the other hand, we have

r+s 53
2P2Q1(X)Q2(X)(Z(X X,)° + > (X X )

Jj=r+1

n—1 r 2 3 r+s
1 al—ng Bie X{ Ve
=2p2Q‘1‘(X)Q§(X)ZpSAe(Z FoxpE oyt 2w
£=0 i=1 ¢

M\H

a T+5s j X2
_2p2Q2(X)Q2(X)Q X)Zp AZ(Z (Xzé); (51@X Z (X’YZ X))
j=r+1

+0(4)

since Q(X) = Q3(X)Q2(X) + O(p1) and v(2p7 p1) > 20(2).
Thus (using the result of Lemma 5.4)

n—1

FX)=QX(X)+p > _pifAix* !
£=0
pe Buxt E gext
20 Qg 2 JLA 4
+pQ1(X ZPOAZ<Z X — X;)2 +(X—Xi)+,z;1(X—Xj)>
J=r

+207 Q3 (X)Q2(X)Q(X)

n

Zper<Z WX /3 "X o+ Z L >+0(4>
£=0

=1 Jj= r+1
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~ 1 OtuzXl /BMXZ%
QX) +p2QH(X Z;w( S TR e
r4s X 2 n—1
e )] 0> AL 10
Jj= 'r+1 £=0
n—1
=Q3X)+p Y P ATX*H 1+ 0(4)
=0
by setting
1
Qo(X) = Q(X) + p?QI(X Zper 2172
(X — X3)
1 n 1
5 2
" ﬁngf n Tzf ’YJZXJ
x-x) "t 2 x-x)

Let Y = 2V + Qo(X). The equation Y2 = f(X) then becomes

n—1
AVEHVQ(X)) =p > pg  AIX*H +0(4)

i.e.

A2+ VQ(X)) _ ) an- 12 ( )2"—1—% L0
X2n = poX X2n '’

Now ppa"~! = 4, so we get

(V2+VQu(X)) & of 1\ 0()
X2n - Z AE (/00)(> + X2n’

=0

Here O(1) denotes an element of R[X]| of degree at most 2n — 1. Let’s
write T = ppX and V = X"W. The equation becomes

Z Ae( >2n12£ N ?((212’

W2

which in reduction gives

n—1 CL2
2 _ . i
w'—w=3 f2n—1-20"
=0

Let’s take a look at the geometry of the branch locus (in the case v(p1) <
v(p2) and v(d;) = 0). First of all, it’s clear that for any i € [1,7 + s], the
roots of P; are simple (a little discriminant calculation shows this easily).
Moreover, the roots of P; belong to the open disk of center X; and zero
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valuation. Since we have v(X; — X;) = 0 as soon as i # j, it follows that a
root of P; and a root of P; are distant by 1 as soon as 7 # j.

Let’s fix a i € [1,7]. To see that the geometry of the four roots of P; is
as announced, simply note that X; is a root of P;. We then calculate, for
any other root Y; of P;, the valuation v(X; — Y;) using Newton’s polygon
of XP i—. More precisely, we have

-X;
5 3 2, 252
- % = (X — X3)° +2p10;(X — X3)* + p70; (X — X;)
3

R;
X -X;
Let v3, v2,v1,vp be the valuations of the terms in (X — X;)3, (X — X;)?,
(X - X)), (X —X;)° We have then vg = 0, va = v(2p1) > v(p?), v1 = v(p?})
and vyg = v(p). So we can draw the Newton polygon (see Figure 5.6).

7

X -X;

+p +2p%

v(p) 1

FIGURE 5.6.

This means that we have a root Y; such that v(Y; — X;) = v(p2) and Y;
is in the same terminal component as X;. The two others root (Y; and Y;”)
are such that v(Y/ — X;) = v(Y/ — X;) = v(p1) and Y/, Y"i are not in the
same terminal component as X;. We have thus the announced geometry of
the branch locus. U

Remark 5.7. We preserve the good reduction (and the same equation in
reduction) if we replace f(X) by f(X) + O(4), where O(4) € 4R[X] is a
polynomial of degree at most 2n — 1.
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5.4. A slightly simplified version of Proposition 5.5. We’ll state a
similar result by slightly modifying the polynomials P;. This is the subject
of Proposition 5.8, and it’s this proposition that will be useful to us in what
follows.

We can write

Pi(X) = [(X = X0+ 010X = X0)] "+ plBi(X — X0 + au(X — X))
+20% (X — X;)°

setting
¢
Z P% Aeaze
n—1 1
Bi =Y potAIBL+ PéAzﬂwa
=0 p2

n—1 1
M = Z péAZaMXiQ .
=0

Similarly, we write Pj(X) = (X — X;)? + pv;(X — X;) where

1
Z pgeAéf)/]f + 1 p0A57]£X2

The idea here is to eliminate the last term in (X — X;)%. We write

2

-

11 L
P= (X = X)2+ p16i(X — X;) + 22 pip? (X —X@-)]

(0B — 2 pd)(X — X0) + pai(X — X,)) + O(4)

where O(4) € 4R[X] is of degree 3 or less.
Thus setting

3 -3 1

B =i —22p7 2
1

6 =6 +25 7y
P1

and
Pi(X) = [(X = X0)? + pidl(X — X))+ pBUX — X0)* + pau(X — X))

so that P;(X) = P;(X) 4+ O(4). We have then the
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Proposition 5.8. Let f(X) = [[/_, Pi(X) H;EH P;(X). Then the cover

of PL. given by the equation Y? = f(X) has good reduction for the Gauss
valuation relative to T = po X, the reduction being:

n—1 2

2 _ ay
we—w = Z fon—1-2¢°
¢=0
Proof. We have f(X) = f(X) 4+ O(4) where O(4) € 4R[X] is of degree at
most 2n — 1. It is therefore sufficient to refer to Remark 5.7. O

Remark 5.9. Since the §; could be chosen as desired in Proposition 5.5,
it follows that the ¢, can be chosen as desired in Proposition 5.8.

5.5. Application of Proposition 5.8. Consider a (Z/2Z)3-extension of
k[[t]] given by the equations

mq—1

2 _ - af
wy —w = Z $m1—2¢ (1)
=0
gy o B
Wy — W2 = Z th_Qg (2)
/=0
2 = C%
w3 — w3z = Z Tma—20 (3)
(=0

where ay, by, ¢y € k et ag, by, cg € k*.

Recall that the triplet (mq,mg,m3) is minimal (in the sense of Defi-
nition 3.1) and that 4 divides mj; + 1. So, in the case where m; = mg
(for example), the elements a2 and b3 are Fa-independent (and therefore
ag + b3 #0).

The idea is to use Proposition 5.8 to build three covers which have simul-
taneously good reduction (the reductions being those given by the equations
above) and such that the number of common branch points of the three
covers is exactly mlTH.

Recall also the notations:

1 mgtmg—mg 2mz—mq

m=2m3+mg—mi, 01=22, Q2= mo, e3=2""m .
and v(o1) < v(02) < v(03).

Consider X1, ... ,XMJF

0 for ¢ # j. We'll apply 4Propos21tion 5.8 three times, with judicious choices
for (r,s), (p1,p2) and X1,..., X, ¢s.

Let’s first apply Proposition 5.8 to the case where r = mlTH, s =0,
(p1,p2) = (02,03) and A lifting ay. To do this, we easily check that the
conditions 1v(2) < v(p2) < v(e3) and v(0303) < 2v(2) are satisfied. This

mg—m; € R, non-zero and such that v(X; —X;) =
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mlT‘H and p = p303. We then find a cover of equation

mq+1

= f1(X) where f1(X) =[[,_1 P;1(X) and

gives n = 2r =

~ 2
Piy(X) = [(X = X)? + 00071 (X = X3)]
+ Q§Q3ﬁ§,1(X - Xi)? + 03030 1(X — X;).

In this case we have

1 1
4\ Tr—1 4 my 1
p 0303

and the reduction with respect to the Gauss valuation for T' = pp X gives
equation (1).

Let’s apply Proposition 5.8 a second time to the case where r =
ma— ml

m1+1

s= , (p1,p2) = (01, 03) and Ay lifting by. To do this, we easily check
that the condltlons 30(2) < v(o1) < v(o3) et v(ofos) < 21}(2) are satisfied.
This gives n = 2r +s = m12+1 + g = m22+1 and p = p?p3. We then find

a cover of equation Y2 = fy(X) where

r+s

II Pi2(X)

Jj=r+1

and
~ 9 , 2
Pin(X) = [(X = X,)? + 0187 5(X — X,)]

+ 07038 o(X — Xi)® + olos v 2 (X — Xy),
Pja(X) = (X — X;)* + o os7j2(X — X;).

(We refer to the notation introduced in Section V.4.) In this case we have

A== 4 \my 1
p 0103

and the reduction with respect to the Gauss valuation for T" = pg X gives
equation (2).

Finally, let’s apply Proposition 5.8 to the case where r = mlTH, § =
maSmL (p1, p2) = (01, 02) and Ay lifting ¢,. To do this, we easily check that
the condltlons 3v(2) < v(o1) < v(o2) and v(002) < 20(2) are satisfied.
Thus n = 2r + s = m12+1 + L = m32+1 and p = 0302. We then find a
cover of equation Y2 = f3(X) where

mq+1
4 r+s

H Pj3(X

i=1 Jj=r+1
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and
Pig(X) = [(X — Xi)? + 010 3(X — Xi)}2

+ 07028 3(X — X;)® + 0l o201 3(X — X5),
Pia(X) = (X = X;)* + ofo27;3(X — X;).

In this case we have

4 4T+%571 4 de 1
Po = () = (2 ) =2m.
p 0102

and the reduction with respect to the Gauss valuation for T' = ppX gives
equation (3).

Let’s take stock of what’s been proved.

The three covers thus constructed have simultaneously good reduction.
Moreover, Revy, Reve and Revs have the points X1,..., Xm;+1 as common

branch points (which is the expected number as stated in %Theorem 3.2).
But Theorem 3.2 imposes additional combinatorial conditions: the covers,
considered in pairs, must have the right number of common branch points.
The polynomials Pjs and Pj3 share a common root, so nothing needs
to be adjusted in order to satisfy the extra combinatorial condition about
common branch points of Reve and Revs. In contrast we need to change the
polynomials P; 1, Pm, P; 3. More precisely, the idea is therefore to modify
the polynomials 151',1, P; o, PZ .3 into new poynomials Pl 1, PZ 2, PZ .3 such that
(a) X; is always a root of Pm, Pw, Pi73 (to maintain the right number
of branch points between the three covers).

(b) ]37, , and P; 2 have two common roots (one of which is already X;).

The same applies to PZ 1 and PZ 3, as well as to PZ 2 and P, 3

(c¢) The polynomials PZ 1 and Pz 1 are “close enough”, Pz,l = Pz’l +
O(4) where O(4) € 4R[ ] is of degree at most 3. The same applies
to P;2 and P;2 as well as to P; 3 and P; 3.

If these conditions are met, the new polynomials (denoted fl, ]?2, fg)
will have the right number of roots in common and we’ll preserve the good
simultaneous reduction of the covers.

5.6. The key: Proposition 1 in [14]. Let’s start with an easy lemma
Lemma 5.10. Let ay,a2 € R. Then
X(X +a)(X +a3)(X + (a1 + a2)?)
= (X% + (a? + a3 + a1a2)X)? + a?dd(a1 + a2)*X.

Proof. Tt’s a special case of Proposition 1 of [14]. The result stated there
is true for all n and is an equality modulo 4. It turns out that in the case
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n = 2, the equality is exact. The case n = 2 is also already mentioned

in [13].
Having this result in reserve for all n bodes well for an eventual general-
ization to the (Z/27)™ case. O

Let’s now consider, for any i € [[1, mfl]], elements a;1,a;2,a;3 € R. Let

Pin(X) = (X — Xi)(X = X; +a72) (X — Xi+ a7 3)(X — X + (ai2 + ai3)?),
Pia(X) = (X — Xi)(X = X; +a71)(X — Xi+ a7 3)(X — X+ (ai1 + ai3)?),
Pis(X) = (X — Xi)(X = X; + a7 1) (X — Xi+al o) (X — X + (a1 + ai2)?).

Note that these three polynomials have the “right combinatorics” in
terms of their roots. To get the final result, we’d have to modify them
so that they coincide (modulo 4) with the polynomials ]51-71, ﬁi,g, ]513

In particular, Lemma 5.10 tells us that

Pin(X) = (X — Xi)? + (afs + af 3 + aiai3) (X — X;))?
+ az?,2az2,3<az’,2 +ai3)* (X — X;),

Pia(X) = (X — Xi)* + (af ) + a7 3 + ainai3)(X — X;))?
+ a7 107 5(ain + ai3)*(X — X),

3(X) = (X = X)* + (a7 + ai g + aipai2)(X — X;))?
+ a7 1ai5(ain + ai2)*(X — X;).

Pi

)

It would therefore be necessary to
(a) Choose a;1,a;2,a;3 € R such that
aioaig(aig + a;3)® = 030301 + O(4),
ai a?g(ai1 +a;3)® = ojosqiz + O(4),
aila?g(am + a2~72)2 = g%gzam +0(4).
(b) Make appear terms of the form g5030; ; (X —X;)* (vesp. 07 036} (X —

Xl')s, Q%Qg,@z/»’:;(X — Xl)s) in ’Pl"l(X) (resp. Pijg(X), Pl’g(X))
(c) Choose the §; 1,0; 5,0; 3 as required, but this will be easy.

5.7. End of the proof of Theorem 1.1(b). The most complicated point
is point a. This is the subject of the following proposition:

Proposition 5.11. With the previous notations, we can find a; 1, a;2,a;3 €
R such that

aioals(aig + a;3)® = 030301 + O(4),
(S) a? a?g(ai1 + a;3)® = olosaiz + O(4),
a? aly(aig + aig)® = oioaciz + O(4).
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N

More precisely, if we write up = (9293(111)% us = (0303vi2)1 et uz =

1
(9%92061‘,3)4, just take

B ugu3(ug + ug)
a;1 = 1
(uruguz(ur + ug)(u1 + ug)(u2 + uz)(u1 + uz + ug))3
o = uruz(ur + u3)
1,2 = )
(U1UQU3(U1 + UQ)(U1 + U3)(ug + U3)(U1 + uo + U3))3
ais = uyup(uy + up)
1,3 — T-
(ulugm(ul -+ Ug)(ul + U3)(UQ + U3)(U1 + ug + U3))3

Furthermore, v(a; ;) = 3v(0;) for alli € [1,7] and j € [1,3].

Remark 5.12. We can use the notations from [14, page 96]. We would
then write

_ mo(u2, u3) _ ma(u1,u3) _ ma(u1,u)
aj = ——"—"7, Gag=—— 7, Q3= — 7T

1
mg(u1, u2, u3)3 m3(u1, uz, u3)3 m3(u1, uz, u3)

ol

Proof. The proof is divided into three parts:
(i) Justify that v(u; + u;) = min(v(u;),v(u;)) as soon as ¢ # j (and
also that v(u; + ug + uz) = min(v(uy),v(uz), v(us)).
(ii) Verify that the a;; defined by our formulas satisfy the relation
v(a?’j) = v(p;) for j € [1,3].
(iii) Check that the a;; thus defined satisfy the equations of the sys-
tem (S).

(i). First, let’s note that the elements «; 1, @; 2, ;3 have valuation zero (we
refer to the definition of o; at the beginning of Section 5.3).

In the case where m; < ma < ms, we have v(p1) < v(p2) < v(p3) so that
u1, uo and ug have different valuations. The result is immediate.

In the case where m; = mg < mg, we have v(01) = v(02) < v(p3), so
that u1 and us have the same valuation. We must then justify that uq + us
has the same valuation as u; and ug. But

1 1
i 1
(ai,l + O‘i,2>
1

1 1
so we need to check that (a}'; + ;) is not zero in reduction modulo 7, i.e.
that (a1 + @;2) is not zero in reduction modulo 7.
We have a;1 = >, p%fAeozZ where Ay lift ay and oz[ are the coef-

ficients of the partial fraction expansion of Wﬂ—xz)‘l

for a; 0 = 22“01 pnge aj, where this time A, lift b, and the age are always

W=

uy + ug = (0703)

. The same goes

the coefficients of the partial fraction expansion of X2 (it’s the
[, (x—X)*
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same fraction since m; = mg and then s = 0). The reduction modulo 7 of
a1+ ;2 is therefore (a% + b%)oT)g and this element is non-zero.

The cases m1 < mo = mg and my = mg = mg are treated in the same
way.

(7). Considering what has just been shown, we know the valuations of all
the terms involved in the expression of a; ;. Let’s do the calculation for a; 1
for example. We have

011) = 20(us) + vl0) = 3 (4u(us) + 20(uz) + v(n)

= %(2v(u3) +v(u2) —v(u1))

= 5 (0(n) + o(e2) + o(en) + J0(e) — 0(e2) — J0(ew)
= %U(Ql)-

The calculation is similar for a;2 and a; 3.

(7). Let’s check the last equation in the system (the other two are similar).
We have:

uugui(ur + uz)(ug + uz)(ud + u3 + us(uy + ug))
U1U2U3(U1 + UQ)(Ul + U3)(UQ + U3)(u1 + ug + ’LL3)
_ ui(uf 4 ud 4 ug(u + uz))
(u1 + u2)(u1 + ug + ug)
~ 2 (u1 + ug)(uy 4 uz + u3) — 2uguy
(u1 + u2)(u1 + u2 + u3)
2u1uQu§
(u1 + uz)(ug + uz + u3)
= u% — 2N

a;1ai2(ain + a;2) =

uj —

2
.. . U UUG
by writing N = (1 T2 (w1 Fuz us)

therefore that N € R.
Therefore

. It’s easy to see that v(N) > 0 and

a?’1a22(ai71 + aw)Q = ué + 4AN? — 4NU§ = Q%QQO@’:«} + 0(4) O
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Let’s make this choice for the elements a; 1, i2 andAaLg imd modify the
polynomials P; 1, P; 2, P; 3 into new polynomials P; 1, P; 2, P; 3 defined by
Pii(X) = (X = X)) (X = X + a7,) (X — X; + a7 )

X (X = X; + (ai2 + ai3)” + 03035 1)),
Pia(X) = (X — X;)(X — X; +a?1)(X — X; +aly)
X (X = X; + (ai1 + ai3)” + 01035 4)),
Pis(X) = (X — X;)(X — X; + a?)(X — X; + a?y)
X (X — Xi + (a1 +ai2)? + 019251',3))

Recall that the elements (] were defined in Section 5.4 to state Proposi-
tion 5.8. Let’s look at the first of these polynomials. We have

Pi1(X) = Pir(X) + 030381 (X — Xi)(X — X; + ay)(X — X; + a?s)
= Pi1(X) + 650351 (X — Xi)° + O(4)
= (X = Xi)? + (675 + af3 + ai2ai3) (X — X;))?
+ 050301 (X — X3) + 050381 1 (X — X,)® + O(4).

It remains to choose 029; ; equal to (a%’z + a?73 +a;2ai3), to be sure that

131-71(X ) verifies the hypothesis of Proposition 5.8. This is possible since we
can be sure that the valuations of each of the terms a%Q, a%g and a; 2a; 3 are

greater than or equal to that of go. The operation is the same with ﬁi,g(X )
and ]3 ,3 (X )

It remains to check that the polynomials ]37;,1, ]31-,2, ]32-,3, don’t have too
many roots in common, i.e. that the seven elements

2 2 2 2, 2

0, ajy, a9 @i (ai2+ai3)” + 030351,
2, 2 2, o

(aig +ai3)” + 010362, (ain +ai2)”+ 0i02fi3

are indeed distinct in pairs. If this is not the case, we can modify one or
more of these seven elements by adding an element of 4R, to make them
distinct.

Remark 5.13. Probably these seven elements are automatically distinct,
but it’s a bit long to check, as one would have to separate cases, depending
on whether the conductors are equal or not. The previous argument avoids
the need for painful justifications.

So the three covers given by the equations Y? = ]31-71(X ) have simulta-
neously good reduction and the right number of branch points in common,
which completes the proof of Theorem 1.1(b), and thus of the theorem as
a whole.
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6. The case (Z/2Z)"

We can hope to generalize this result to (Z/2Z)" with n > 4, with
conductors m; +1 < --- < m, + 1 (this n-tuple always being assumed
minimal) verifying the only divisibility condition: 2"~%m; + 1 for i €
[1,n — 1] and 2|m,, + 1.

Finding the “good” geometry of the branch locus with the right thick-
nesses is not a problem. It also seems that the construction of the covers
with imposed geometry and reduction (as in Section 5) can be done in the
same way. The remaining difficulty is the combinatorics of the branch locus.
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