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Prime Power Residues and Blocking Sets

par BEHAWESH MISHRA et PAoL.O SANTONASTASO

RESUME. Soit ¢ un nombre premier impair et soit B une partie finie de 1’en-
semble des entiers qui ne contient aucune puissance g-ieme parfaite. Nous
prouvons que B contient une puissance g-ieme modulo presque tout nombre
premier si et seulement si B correspond & un ensemble bloquant (par rapport
aux hyperplans) dans PG(IF’;). Ici k désigne le nombre de diviseurs premiers
des parties g-libres des éléments de B. Par conséquent, la propriété de conte-
nir une puissance g-ieme modulo presque tout nombre premier est invariante
sous la g-équivalence géométrique définie par un élément du groupe projectif
linéaire PGL(]FZ ). En utilisant ce lien entre la géométrie de Galois et la théorie
des nombres, deux branches différentes des mathématiques, nous classifions
les ensembles minimaux vérifiant cette propriété et donnons des majorations
de leur taille.

ABSTRACT. Let ¢ be a fixed odd prime. We show that a finite subset B of
integers, not containing any perfect ¢ power, contains a ¢*"* power mod-
ulo almost every prime if and only if B corresponds to a blocking set (with
respect to hyperplanes) in PG(FF). Here, k is the number of distinct prime
divisors of g-free parts of elements of B. As a consequence, the property of a
subset B to contain ¢*" power modulo almost every prime p is invariant under
geometric g-equivalence defined by an element of the projective general linear
group PGL(IF’; ). Employing this connection between two disparate branches
of mathematics, Galois geometry and number theory, we classify, and provide
bounds on the sizes of, minimal such sets B.

1. Introduction

In this article, we are primarily concerned with finite subsets B of integers
that contain a ¢** power modulo almost every prime p. Here, the phrase
almost every prime will denote all but finitely many primes and perfect ¢
power will mean ¢** power of an integer. Any B that already contains a
perfect ¢** power is trivially such a set. The more interesting case is when
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B does not contain any perfect ¢ power but still contains a ¢* power
modulo almost every prime. We will call such sets locally ¢"* power sets.

Our starting point is the following classical result on locally 2™ power
sets, which was first obtained by Fried in [8], and later rediscovered by
Filaseta and Richman in [7].

Proposition 1.1. Let ay,aq, ..., a; be finitely many nonzero integers. Then
the following three conditions are equivalent:

(1) The set{a1,az,...,a;} contains a square modulo almost every prime.
2) For every odd prime pt[\_, a;, the set {ai,as,...,a} contains a
j=1%7
square modulo p.
(3) There exists T C {1,2,...,1} of odd cardinality such that [];cr a;
is a perfect square.

The analogous result for general powers was obtained by A. Schinzel and
M. Skalba in [13] and is combinatorially quite complex in nature. The main
result in [13] deals with a more general problem and considers subsets of
rings of integers. We refer the readers to [13, Theorems 1, 2] for the results
obtained by Schinzel and Skalba. For prime powers, M. Skaltba further
simplified the result to obtain the following [14].

Proposition 1.2. Let ¢ be a prime and B = {b1,be,...,b;} be a set of
finitely many distinct non-zero integers. Then the following conditions are
equivalent:
(1) The set B contains a ¢ power modulo almost every prime.
(2) For every prime p # q and p { Hé‘:l bj, the set B contains a g'"
power modulo p.
(3) For each sequence of integers {Cj}é‘:p there exists a sequence of

integers {fj}é_l such that

l
(1.1) Zf] # 0 (mod q) and H bl = qa for some integer d.
: ] 1

This article focuses on extremal sizes and multiplicative structure of
locally ¢*" power sets. We bridge number theory and finite geometry by
providing a geometric characterization of locally ¢ power sets. Specifically,
we show that locally ¢** power sets B correspond to blocking sets (with
respect to hyperplanes) in projective space PG(IF];). Here, k is equal to
the number of distinct primes dividing the g-free parts of elements of B
(see Section 3). This geometric characterization allows us to introduce the
notion of geometric q-equivalence, which, we will establish, is an equivalence
relation between locally ¢* power sets. This allows us to construct and
recognize locally ¢*" power sets from existing ones (see Section 4). Moreover,
our methods enable us to study subtler details of locally ¢** power sets such
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as their dimensions and lower and upper bounds on their cardinalities. In
some cases, classifications of minimum size locally ¢*" power sets are also
provided (see Sections 5, 6 and 7).

Acknowledgments. The authors are very grateful to the reviewer for
their invaluable comments and suggestions, which have significantly im-
proved the exposition of this article.

2. Preliminaries

Given a prime p, an integer v > 1 and a € Z, we write p” || a, if p” is the
highest power of p dividing a. In this article, ¢ will always denote a fixed
odd prime.

2.1. Reduction to the positive g-free equivalence class. Let B =
{b1,ba,...,bs} be a finite subset of integers. For any prime p, an integer b
is a ¢! power modulo p if and only if || is a ¢*" power modulo p. This is
because —1 is always a perfect ¢*" power. Therefore, we can replace the set
B by the set {]bj|}§:1.

Given a positive integer b with unique prime factorization Hle p?j
(a; > 1), its g-free part is denoted by rad,(b), and can be defined as

k
radq(b) = p?j (mod Q).
j=1
For a prime p # g and p 1 b, b is a ¢'" power modulo p if and only if rad,(b)
is a ¢*" power modulo p. Since there are only finitely many primes dividing

p that divide [J,cp b, we can see that a set B = {bj}gzl C Z contains a
¢'" power modulo almost every prime if and only if the set {rad(|b;|) 521

contains a ¢ power modulo almost every prime. Therefore, we introduce
an equivalence relation ~, on the set Z \ {0} defined as follows:

Let b1, b2 be two non-zero integers and pi,po,...,pr be all the primes
dividing biby. Let by = £I¥ 1 p% (i > 0) and by = =15, p (s > 0).
We will say that

by ~g by if and only if p; = v; (mod q) for every 1 <i < k.

~g is clearly an equivalence relation, where the equivalence class containing
an integer b will be denoted by [b],. Let Z be the set of equivalence classes
and

g L\ {0} = Z
be the canonical map that takes an integer b to its equivalence class [b]4.

Note that b ~, rady(|b|) for every integer b, and therefore we will often
identify [b], with rad,(|b]).
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Therefore, to study whether a given finite subset B = {bj}§:1 C Z\
{0} is a locally ¢'* power set, it suffices to investigate whether m,(B) =
{radq(|bj|)}§:1 C Z is a locally ¢ power set. Moreover, if B is a locally
q'" power set, then every set A, with A O B, is also a locally ¢ power set.
Keeping this in mind, we introduce the following definition:

Definition 2.1. An element b of a locally ¢"* power set B is said to be
essential if the set B\ {b} is no longer a locally ¢'" power set. We will say
that a locally ¢* power set B is minimal if every element of B is essential.

Clearly, if B has two distinct elements ¢ and d such that ¢ ~, d, then B
cannot be minimal. Therefore, we have the following immediate assertion.

Lemma 2.2. If a finite subset B of non-zero integers is a minimal locally
q'" power set, then |B| = |m,(B)|.

Following is an example of a minimal locally 3"¢ power set.

Example 2.3. Let ¢ = 3, p1,p2 be two distinct primes and consider the
set

B = {p1,p2, p1p2, P1P3}-
One can easily see that the set B is a locally 3" power set. If neither p;
nor po is cube modulo p then, two cases arise in G = IF; / IF;:S:

(1) Both p; and py are the same non-identity element in G. In this case,
p1p3 is a cube modulo p.
(2) If not, p; and po are distinct in G, in which case, p1ps is a cube
modulo p.
In either case, B is a locally 3"¢ power set since it contains a cube modulo p
for every prime p ¢ {3, p1, p2}. Since every locally 3" power set has at least
four elements (for instance, see [11, Corollary 1, pp. 10]), it also follows that
B is minimal locally 3¢ power set. In fact, we will establish in this article
that all minimal locally ¢** power sets are of the form

-1
C:: {plap27plp2)plp§7"‘7p1pg }

up to a suitable equivalence. The equivalence is needed since, for instance,
any element in C' could be modified by a perfect ¢** power multiple and
the resulting set would still remain a locally ¢ power set.

2.2. Blocking sets. Let K be a field and V' be a vector space over K. Let
PG(V,K) be the projective space defined over K by V. In this article, K
will always be the Galois field IF, of order g. Therefore, we will abbreviate

PG(V,F,) as PG(V).

Definition 2.4. Let k > 2. A blocking set S (with respect to hyperplanes)
of PG(F’;) is a collection of points that meets every hyperplane in at least
one point.
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Any line in PG(F’;) is a blocking set, and any blocking set that contains

a line will be called a trivial blocking set. Similar to the case of locally ¢**
power set, we define minimal blocking sets as follows.

Definition 2.5. A point P of a blocking set S of PG(FZ) is said to be
essential if S\ {P} is no longer a blocking set, i.e. there is a hyperplane of
PG(F’;) meeting S in P only. Hence a blocking set is minimal if and only
if every point is essential. Equivalently a blocking set is minimal if it does
not properly contain a blocking set.

Readers can also consult [3] for an excellent survey on the topic. We
will say that a blocking set S of PG(FI(;) is r-dimensional if the projective
subspace of PG(F ’;) generated by S has dimension r, In the case r = 2,
we say that S is planar, i.e., if the projective subspace generated by S is a
plane of PG(IF’;). We note that if W is a subspace of ]’F"qg , then any blocking
set of PG(W) is also a blocking set of PG(IE";).

3. Blocking Sets and Locally g**-Power Sets

Before we can characterize locally ¢** power sets in terms of blocking
sets, we will need a few notation.

3.1. Point set associated to a finite subset of integers. Let B =
{bj}§:1 be a finite subset of non-zero integers not containing any perfect
¢™" power. Let p; < ps < ... < pi, be all the distinct primes that divide
any element of 7y(B). For every 1 < i < k and for every 1 < j < /, let
vi; > 0 be such that p,” || rad,(|b;]). For every 1 < j < ¢, let P; =
((v1j,v2), - vks)) € PG(FE). The set {P;}_; C PG(FF) will be called the
point set (in PG(F¥)) associated to B C Z \ {0}. Our first result is the
following;:

Theorem 3.1. Let B be a finite subset of non-zero integers not contain-
ing a perfect ¢ power and let k be the total number of primes dividing
[Tyen rady(|bj|). Then, the following two statements are equivalent:

(1) The set B is a locally ¢'* power set.
(2) The point set {P;} associated to B, forms a blocking set in

j=1
PG(FF).

In order to prove Theorem 3.1, we will use a characterization of locally
q'" power sets in terms of linear hyperplane coverings of vector spaces,
obtained by the first author in [11].

Let V be a vector space of dimension > 2 over a field K. A collec-
tion {W;};cr of proper K-subspaces is said to be a linear covering if V. =

Uz'el Wi.
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3.2. Hyperplanes Associated with a Finite Subset. Let B = {b; }521
be a finite subset of non-zero integers. Let py,po, ..., pr be all the primes
that divide any element of m,(B). For every 1 < i < k and for every
1 < j < ¢ let v;; > 0 be such that p;” || rad,(b;). For every 1 < j < ¢,
define the H; as,

k
Hj = {(l‘z)f_l S F’; : Z Vij i = 0} .

i=1

We will say that {#; }§:1 is the set of hyperplanes (in Ff) associated with
the set B. Proposition 1.2 was further simplified in terms of linear covering
in [11].

Proposition 3.2. Let q be an odd prime, B = {bj}§:1 be a finite subset
of non-zero integers that does not contain a perfect ¢t power. Then, the
following two statements are equivalent.
(1) B is a locally ¢*" power set.
(2) U§:1 PG(H;) = PG(F];) (07“ equivalently ngl Hj = F’;) , where
{Hj}le s the set of hyperplanes associated with B.

3.3. Proof of Theorem 3.1. From now on, we consider the projec-
tive space PG(]F];) together with a coordinatization (x1,...,z). We also
consider the following duality L on PG(F ’;) To any projective subspace
Q = PG(W), we associate O+ = PG(W+), where

k
Wt = {(ul,...,uk) GIF];: Zini = 0, for each (wy,...,wy) € W}

=1

In particular, to a hyperplane H of PG(F’;) defined by the equation v1 X1 +
-+ X}, = 0 corresponds the point H+ = ((vy, ... , Uk))F,, and conversely.
The duality L gives is a 1-to-1 correspondence between points and hyper-
planes of PG(FI(;) and preserves the incidence, i.e. if P is a point and H is
a hyperplane of PG(F%) then P € H if and only if H* € P*. The dual of a
linear covering, with hyperplanes, is a blocking set. We include a statement
and its proof for the sake of completeness.

Lemma 3.3. Let ¢ € N and for every 1 < j < {, let H; be the hyperplane
of PG(F’;) defined as

k
{(xz)fl : Z VijT; = 0} .
=1
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Then, the following two statements are equivalent:
(1) Ujo1 H; = PG(Fy).
(2) The set S = {H%}?Zl forms a blocking set in PG(F’;).

Proof. Let H be a hyperplane of PG(F’; ). We need to show that H intersects
the set S. Since P = H+ € PG(FF) = U§:1 H;, we have that P € H;, for
some 1 < jg < £. Since | preserves the incidences between points and
hyperplanes, P € H;, implies Hj;) e Pt =", ie., Hi, € (HNS).

For the proof of the other direction, let P be a point in PG(F';). We
want to show that P € H;, for some 1 < jo < £. Since S is a blocking set,
the hyperplane H = P~ in PG(F’;) must intersect S. In other words, there

exists 1 < jg < £ such that HJL0 € H = P+, which gives us P € Hjo- O

Since every locally ¢*" power set is associated to a linear covering of
PG(F’;), Theorem 3.1 is a consequence of Proposition 3.2 and Lemma 3.3.

Theorem 3.1 enables us to employ various tools and results from the field
of Galois geometry to extract number-theoretic information regarding lo-
cally ¢*" power sets. To wrap up this section, we will present few corollaries
of Theorem 3.1. The first corollary below demonstrates that the concept of
(4) minimal locally ¢*" power set and (ii) minimal blocking set, correspond
to one another as expected.

Corollary 3.4. Using the notations in Theorem 8.1, we have that B is a
minimal locally ¢ power set if and only if the set S of points in PG(IF’;)

forms a minimal blocking set of PG(FF) and |S| = |B.

Proof. Note that every element ’HjL of § is associated to an element of
B. This corollary is a straightforward consequence of Lemma 2.2 and the
fact that the following two statements are equivalent, as a consequence of
Theorem 3.1:

e The set S\ {HJLO} is a blocking set of PG(IF’;).

e The set B\ {bj,} is a locally ¢'" power set,

see Proposition 3.2. U

Another consequence of Theorem 3.1 is the following lower bound on
non-trivial locally ¢*" power sets.

Proposition 3.5 (see [3, Theorem 2.1] and [4]). Let k > 2. Any blocking
set B of PG(IF’;) has at least ¢ + 1 points. In case of equality the blocking
set is the point set of a line.

As a consequence, in unison with Theorem 3.1, we obtain the following
corollary that was also proved in [11].
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Corollary 3.6. A subset B of integers, with cardinality at most q, contains
a ¢'" power modulo almost every prime if and only if B contains a perfect
q"" power. In particular, any locally ¢"* power set has size at least ¢ + 1.

4. Geometric g-Equivalence

To start the discussion pertaining to this section, consider the following
proposition that shows that the property of a finite subset of integers to
be a locally ¢** power set is invariant under exponentiation by elements of
F, \ {0} in the following sense.

Proposition 4.1 (see [11, Corollary 2]). Let B = {bj}§:1 be a finite subset
of integers. Given ¢ = (cj)ﬁzl € (Fq \ {0})1, define B® = {b;j ?:1' Bisa
locally ¢*" power set if and only if B is a locally ¢ power set for every
celF,\ {0}

Element-wise exponentiation in Proposition 4.1 is a particular instance
of a much more general set of transformations, that we will call geometric
q-equivalence. In this section, we will explain geometric g-equivalence and
show that the property of being a locally ¢'* power set is invariant under

it. We will denote the projective general linear group of degree k over F,
by PGL(k, q).
Definition 4.2. Let B = {a;}72; and B’ = {b; }?zl be two finite subsets of
non-zero integers, not containing a perfect ¢t power. Let p1,po, ..., pr be
all the primes that divide any element of m,(B) U my(B’). Let rady(|a;|) =
[1F, p;" for every j € {1,2,...,m} and rad,(|bj|) = [IF_, p/"” for every
j€{1,2,...,0}, where v, ;5 > 0. Define

S= {((Vlj; Vg, ... ’I/k‘j)>]Fq c PG(FZ) 1] € {1, 2,... ,m}} and

S = {((.Uljalea s 7lLLk'j)>]Fq € PG(]FI(;) S {172a cee ’E}}

to be the point sets in PG(IF’;) associated to B and B’ respectively. We

will say that the sets B and B’ are geometrically q-equivalent if and only if
there exists an element ¥ € PGL(k, ¢) such that ¥(S) = §'.

Our next result shows that property whether a given finite B C Z \ {0},
is a locally ¢ power set is preserved by geometric g-equivalence.

Theorem 4.3. Let B = {b1,be,...,b;} C Z\ {0} be a set of integers not
containing a perfect ¢ power. Then B is a locally ¢** power set if and only
if every set B' that is geometrically q-equivalent to B is a locally ¢! power
set, as well.

Proof. We will show that if B is a locally ¢"* power set, then every set B’
that is geometrically g-equivalent to B is also a locally ¢*" power set. The
converse holds trivially.
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Let {p1,...,ps} be the set of all prime numbers dividing the elements of
mg(B) = {radg(b1),...,rady(bs)}

such that p:ij || radg(b;), for every 1 < i < s and every 1 < j < t. By
Lemma 3.3, the set of points S = {P1,..., P} C PG(F;), where

Pi = {(v15,- -, v))E,

for each 1 < j <'t, is a blocking set of PG(F;). First, assume that B’ is
a geometrically g-equivalent set to B and let m¢(B’) = {ai,...,a;}. Let
Ds+1, - - -, Pk, With & > s be some primes such that {p1,...,ps,Ps+1,.-- Dk}
is the set of all the primes that divides the elements of BUB’. Suppose that
laj| = [T5,p;, for j € {1,...,1} and |by| = [TF_, p}i*, for h € {1,...,t}
(Note that v;; =0, if i« > s + 1). Since, B’ is geometrically g-equivalent to
B then there exists an element ¥ € PGL(k, ¢), such that

U(S) =8,

where § = {<(wlj,...,wkj)>lﬁ‘q j S {1,...,[}} and &’ = {<(U1h>---avkh)>]Fq :
h € {1,...,t}}. Since the P;’s form a blocking set of PG(IF;), they define
also a blocking set in PG(F’;), because k > s, and hence S is a blocking
set in PG(IF’;). The property of being a blocking set is invariant under the
action of PGL(k, ¢) on PG(]F’;), and then we get that also &’ is a blocking

set. Again by Theorem 3.3, we have that B’ is a ¢"*-power set, and then
the assertion follows. O

One benefit of Theorem 4.3 is that one can systematically study locally
q'" power sets according to the number of distinct primes that divide them.
Assume that the point set of PG(F%) associated to the set B C Z\ {0} lie in
a proper subspace of PG(F’;). In this case, B is geometrically g-equivalent
to a set B’ that is divisible by fewer primes. We will demonstrate this first
using an illustrative example.

Example 4.4. Choose ¢ = 7. Let
B = {2,15, 30, 60, 120, 240, 480, 960}
={2,3-5,2-3-5,22.3.5,23.3.5,24.3.5,2°.3.5,2°.3.5}

The set of all primes that divide an element of B is {2,3,5}. The set B
defines the points

P = {{(1,0,0))g,, (0,1, D)z, (1,1, 1)), (2,1, 1)),

<(3> L, 1)>Fq7 ((47 L, 1)>]Fq7 ((57 L 1)>1Fq7 <(67 L, 1)>]Fq}
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in PG(F2), which is the line of PG(FF2) through the points ((1,0,0))g, and

((0,1,1))r,. Consider ’
1 00
A=[0 1 0| ePCL,7).

016
The set P is mapped to the set

P’ = {{(1,0,0))g,. (0. 1,0))r,, {(1,1,0)}, (2, 1,0)),.

<(3> L, 0)>Fq7 ((47 L, O)>Fq7 <(57 L, O)>Fq7 <(67 L, O)>]Fq}

by the element of PGL(3, 7) induced by matrix A. Note that P’ is associated
to the set

B'=1{2,3,2-3,2%.3,2%.3,2".3,2°.3,20.3} = {2,3,6,12, 24, 48,96,192}.

that is divisible only by primes 2 and 3. To summarize, B is geometrically
T-equivalent to a set B’, which is only divisible by 2 primes. This is because
P spans a proper subspace of PG(F2).

Consider the following definition.

Definition 4.5. Let B C Z \ {0} be a finite set of integers and assume
that there are exactly k distinct primes dividing any element of m,(B). For
a positive integer d < k— 1, we will say that B is d-dimensional if the point
set in PG(F];) associated to B spans a d-dimensional subspace.

Since k£ counts the number of distinct primes dividing the elements
of my(B), one expects that if B is d-dimensional, B must ultimately be
made up of (d 4+ 1) primes. This is essentially the case, up to geometric
g-equivalence, which is the content of the next proposition.

Proposition 4.6. Consider B = {by,ba,...,b;} C Z \ {0} be a set of
integers not containing a perfect qth power and assume that B is (r — 1)-
dimensional. Then, for any choice of r different primes py,...,D,, there
exists a set B, that is geometrically q-equivalent to B, such that {py,...,D,}
is the set of all the primes numbers that divides at least one element of B'.

Proof. Let {pi1,...,pr} be the set of all prime numbers diving the ele-
ments of

mq(B) = {rady(b1),...,rad,(b;)}
such that p;” || rad,(b;), for every 1 < i < k and every 1 < j < t. And
consider the set of points S = {Py,...,P;} C PG(FF), where

Pj = <(Ulj, ey Ukj)>]an
for each 1 < j < t. Since B is (r — 1)-dimensional, the projective sub-
space (S), generated by S has dimension 7 — 1. Let U be the element of



Prime Power Residues and Blocking Sets 785

PGL(k, ¢) mapping (S) in the (r — 1)-dimensional subspace of PG(JFZ) hav-
ing equation X,41 = ... = X = 0. In other words, ¥(S) = &', where
§'={91,...,9} C PG(F’;), where

Qj = ((wij, .-+ Wkj))F,,

for each 1 < j <, with the properties that w;; = 0, if ¢ > r + 1. So the set

s T
e {fpe i)
i=1 i=1

is geometrically g-equivalent to B, having the desired property. O

In certain cases, Proposition 4.6 can be employed to show that a given
set is not a locally ¢"* power set. Consider the following example:

Example 4.7. Choose ¢ = 7. Let
B =1{2,3,4,5,6,10,15,25} = {2,3,22,5,2-3,2-5,3- 5,5},
which has 8 elements. The set of all primes that divide an element of B is

{2,3,5}. The point set

S = {((1,0,0))g,, ((0,1,0)},, {(2,0,0))z,, ((0,0, 1)),
<(1> L, 0)>Fq7 ((17 0, 1)>Fq7 <(07 L, 1)>Fq’ <(07 0, 2)>]Fq}

in PG(F2) is associated to B. However, as a point set in PG(F2)

8 = {((1,0,0)z,,{(0,1,0))s,, ((0,0, 1)),
((1,1,0))5,. (1,0, )z, (0,1, 1), }

and hence, B is geometrically g-equivalent to
B’ =1{2,3,5,2-3,2-5,3-5} = {2,3,5,6,10,15}.

Now the size of B’ is 6 < 7. Therefore, Proposition 3.6 implies that the set
B’ is not a locally 7" power set, and hence using Theorem 4.3, B is not a
locally 7*" power set.

5. Classification and bounds of locally ¢'* power set

In this section, we will classify the locally ¢*" power sets based on their
cardinality and the shape of their elements. For instance, we describe the
minimal locally ¢*" power sets of smallest cardinality ¢ + 1. Next, we will
describe the minimal locally ¢** power set of second smallest cardinality.
Here, our starting point is the following well-known result.
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Proposition 5.1 (see [2, 9]). For q an odd prime, let S be a non-trivial
blocking set ofPG(IE‘];), then |S| > w. In the case of equality the blocking
set is planar.

We also prove that the bound |B| > 3(¢q + 1/2) is sharp, for any ¢ odd
prime, completely classifying minimal locally ¢*-power set in the case of
the second smallest size |B| = 3(¢ + 1)/2 for ¢ = 3, 5.

Theorem 5.2. Let B = {by,...,b} be a locally ¢ power set and S be
the point set in PG(IF’;) associated to B. Here, k is the number of distinct

primes dividing H§:1 7q(bj). Then, |B| > q+ 1 and the following holds:

(i) The cardinality of B is ¢+ 1 if and only if S is a line of PG(F’;)
and B is geometrically q-equivalent to the set

o 1
(51) {p17p27p1p27p1p%7'”7p1pg }7

for two distinct primes Dy, Dy. In this case, B is 1-dimensional and
minimal.

(ii) Minimal locally ¢'* power sets of cardinality strictly between q + 1
and w do not exist. In particular, ¢+ 1 < |B| < w if and
only if B contains a proper subset that is geometrically q-equivalent
to (5.1).

(iii) B is minimal and |B| = w if and only if B is 2-dimensional,

i.e., 8 is a blocking set of a plane PG(F2) of PG(FF).

Proof. Since B is a ¢ power set, Theorem 3.1 implies that S is a blocking
set of PG(IF’;). In this case, |B| > ¢ + 1 follows from Proposition 3.5.

If |B|] = q + 1, then Proposition 3.5 again implies that S is a line of
PG(F’;). So § = PG(1,q) and B is 1-dimensional.

When |B] lies strictly between ¢ + 1 and %, and when |B| = @
the result follows from Proposition 5.1. O

Now we present two examples that demonstrate how Theorem 5.2 can
be employed to obtain results about locally ¢"* power sets.

Example 5.3. Suppose we want to investigate whether the set B =
{2,3,4,6,21,41} is a locally ¢'* power set for ¢ = 5. Note that B =
{2,3,22,2-3,3-7,2-3 -7} has size 6. So by Theorem 5.2, we have that
B is a ¢'" power set if and only if the point set

8 = {((1,0,0))z,, ((0,1,0))x,, ((2,0,0)),,
((1,1,0)r,. (0,1, ), (1, 1, ), }
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defines a line of PG(F2). However, the subspace generated by S must con-
tain ((1,0,0))r,, ((0,1,0))r,, ((0,1,1))r,; so, S generates the whole space

PG (F3). In other words, S is not a line and B is not a locally 5" power set.

Example 5.4. Similarly, B = {6,7,42,252,1512,18114} = {2-3,7,2-3 -
7,2%.32.7,23.33.7,24.3%.7} has size 6. So by Theorem 5.2, B is a locally
5t power set, because the associated point set

<(17 L, O)>]Fq7 <(07 0, 1)>1Fq7 ((17 L 1)>Fq7 <(27 2, 1)>IFq7 <(37 3, 1)>]Fq7 <(47 4, 1)>IFq
defines the line of PG(F3) through the points ((1,1,0))g, and ((0,0,1))r,.

Note that Theorem 5.2 says that 1-dimensional locally ¢*"* power set
having size ¢ + 1 are associated to a line in the projective space. In the
same spirit, in the next we investigate minimal 2-dimensional locally ¢'"
power sets, which have cardinality w. We provide constructions of such
sets for every odd prime ¢q. We will then show that, unlike the case of
locally ¢ power sets of size ¢ + 1, here it is possible to give inequivalent
constructions. Therefore, this shows that the structure of such sets depends
on the value of ¢. Finally, we classify these sets for small values of q. We

will introduce some preliminary definitions and facts before doing so.

Definition 5.5. A projective triangle in PG(IF‘?), is a set S of 22l points

2
such that:

(1) there exist three non collinear points P, Pa, P3 such that on each

side of the triangle PiPP3 (i.e. S N P;P;, with i # j), there are

exactly q;—l + 2 points of S;

(2) the vertices Py, P2, P are in S,
(3) for {7,7,k} = {1,2,3}, the line connecting a point of SNP;P;, with
a point of & NP; Py, also contain a point of S NP;Py.

A projective triangle is a minimal blocking set of PG(IF%) having size
reaching the equality in Proposition 5.1.

Proposition 5.6 (see [10, Lemma 13.6(i)]). Any projective triangle is a

minimal non-trivial blocking set of PG(FZ) having size w.

A construction of such a point set is the following. Denote by @ the set
of non zero square elements of Fg, i.e.

Q= (F;)* ={d*: a €F}}.

. . 1
Recall that if ¢ is odd then |Q| = .
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Proposition 5.7 (see [10, Lemma 13.6 (i)]). Let ¢ be an odd prime. The
point set

S = {<(0’ L, _8)>Fq’ <(_S7 0, 1)>Fq’ <(1a -5, 0)>]Fq RS Q}
U {<(1> 0, O)>]Fq7 ((0> L, O)>]Fq7 ((07 0, 1)>Fq}

m PG(IF%) is a projective triangle. In particular, a projective triangle always
exists.

In the next proposition, we show that is always possible to construct a
minimal locally ¢*" power set for any ¢ as in iii) of Theorem 5.2.

Proposition 5.8. Let () be the set of non zero square elements of IFy. Let
p1, D2, p3 be three distinct primes. The set

B = {papd 7, p{ "p3,p1p 7 s € QY U{p1,p2,p3}

. .. . . 1
is a minimal ¢"* power set having size %.

Proof. The point set

S= {<(0’ L, _8)>Fq7 <(_87 0, 1)>Fq7 <(17 S, 0)>]Fq HERS Q}
U {((1,0,0))r,,((0,1,0))r,, ((0,0,1))r,} € PG(F3),

associated to B is a projective triangle (see Proposition 5.7). Now, the
assertion follows by Theorem 5.2 and Proposition 5.6. U

Example 5.9. For ¢ = 5, the set of non-zero squares is @@ = {1,4}. Hence,
the set

B = {p1,p2,p3, p2b3, P1P3, P13, P1D3, P12, P2p3 }
is a minimal locally 5! power set of cardinality 9, according to Proposi-
tion 5.8. Here, p1,p2 and ps are three distinct primes.

6. 2-dimensional Locally ¢'* Power Set

Theorem 5.2 states that a minimal 2-dimensional locally ¢*" power set
has cardinality at least w, and in the case of equality the associated
point set in PG(]FI(;) spans a planar blocking set. In this section, we will

classify minimal 2-dimensional locally q"" power set for g € {3,5,7}.
6.1. For q = 3.

Proposition 6.1 (see [10, Theorem 13.21]). A non-trivial minimal blocking
set of PG(F%) has size 6 and it is a projective triangle, that is unique up to
the action of PGL(3, 3).

As a consequence, we get that, up to the action of PGL(3,3), the only
minimal blocking set of PG(2, 3), is that described in Proposition 5.7.
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Proposition 6.2. Let ¢ = 3 and B be a minimal locally 3" power set and

S be the point set in PG(IF’“) associated to B. Then, |B| = qH) =6 if
and only if S is geometmcally q-equivalent to the set

{P1. D2, D3, P1D3, D103, DaP3 )
for three distinct primes Py, Dq, D3-

6.2. For g = 5. We classify all the ¢** power set having the second min-
imum size 3(¢+ 1)/2 = 9. We start by recalling the following classification
theorem for blocking sets of PG(F}).

Proposition 6.3 (see [10, Theorem 13.25] and [6, Section 3]). A non-trivial
minimal blocking set of PG(F2) of minimum size 9 is a projective triangle,
that is unique up to the action of PGL(3,5).

As a consequence, we get that, up to the action of PGL(3,5), the only
minimal blocking set of PG(F3), is that described in Proposition 5.7.

Proposition 6.4. Let B be a minimal locally 5" power set. Then, |B| =
3( q+1

if and only if B is geometrically 5-equivalent to the set
{P1. D2, D3: 1Dy P1D3, D23, D1Pa, D13, Pab3 }
for three distinct primes Py, Dy, P3-

6.3. For ¢ = 7. Unlike the case ¢ € {3,5}, when g = 7, it is possible to
find a non-trivial minimal blocking set S of PG(F2), that is not PGL(3,7)-
equivalent to the projective triangle. This construction is related to the
Hessian configuration of PG(F2), that is, the set C of nine points

(17_1a0)>Fq7 <(0717_1)>Fq7 <(_1)07 1)>Fq
C= { ((1,—w,0)r,, ((0,1,-w))r,, ((-w,0,1))m, },
<(1a_w270)>Fq7 <(O717_w2>>]Fq? <(_W27071)>Fq

where w is a cubic root of unity in Fr (for instance, one can take w = 2). We
can find a blocking set of cardinality 3(7+1)
the following way:
There are 12 trisecants {{1, {2, ..., f12} of C, i.e. lines of PG(F3) meeting
C in exactly three points. The set of points S = {{{,/5,..., ({5} forms
a non-trivial minimal blocking set of PG(2,7) having size 12 that is not
equivalent under the action of PGL(3,¢) to a projective triangle, see [6,
Theorem 4]. A representation of S is the following
(6.1)
(17070)>Fq7 <(071?0)>Fq7 <(0707 1)>]Fq7 <(171’1)>Fq
S = { (W w, D,y (W2 Lw)e,, ((w,w, 1), ((1,w,1), } :
<(wa171)>an <(w>1’w)>ﬂ‘7q> ((1vwvw)>qu L1w

= 12, related to the Hessian, in
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Proposition 6.5 (see [6, Theorem 4]). The point set S as in (6.1) is
minimal blocking set of PG(F2) of minimum size 12 that is not PGL(3,7)
equivalent to a projective triangle.

Consequently, we obtain a different behavior of minimal locally 7¢" power
set of the second smallest size |B| = 3(¢+1)/2, in contrast to the case when

q € {3,5} (cf. 6.2 and 6.4).

Theorem 6.6. Let p1, p2,p3 be three distinct primes and w be a cubic root
of the unity in F;. Then, the set

Bi = {p1, P2, D3, P13, P13, P2P3, P1P3; P1P3: P2P3, P1PS, P1PS, P25 )
and the set

2 2
By = {p1,p2, p3, p1p2p3, 05 0503, 0y p2p¥, DY D5 p3,

PIP3 D3, DY P2p3, DY D2Ds , P1P5 DS, p1paps |
are locally 7" power sets of minimum size 3(q + 1)/2 = 12, that are not

geometrically 7-equivalent.

7. 3-dimensional locally ¢'* power set

This last section is to provide insights into 3-dimensional locally ¢*"
power sets for ¢ = 3, 5.

Proposition 7.1. Let ¢ € {3,5} and S be a 3-dimensional minimal block-
ing set of PG(Fy). Then, |S| > 2q+ 1.

The above bound is sharp. Constructions of point sets having size meet-
ing the above bound were provided by Tallini in [16].

Definition 7.2. If 7 is a set of ¢ + 1 points, then a point P ¢ T is called

a nucleus of T if every line through P contains exactly one point of 7.

Proposition 7.3 (see [16, Example 1]). Let £ be a line in PG(F;), m be a

plane in PG(IE‘;‘) not containing ¢, and T be a set of (¢ + 1) non-collinear

points of m having the point w N £ as nucleus. Then, the point set
S=(t\m)UT C PG(Fy),

s a 3-dimensional minimal blocking set having size 2q + 1.

Using the above results, we can construct explicit examples of minimal
3-dimensional locally ¢*"-power set for ¢ € {3,5} of size 2¢ + 1. Choose
a coordinatization for PG(Fg) and let 7 be the plane of PG(Fg) having
equation X3 = 0. Consider the set

T ={{(1,t,t%,0))p,: t € Fg} U{(0,0,1)} C .

It is easy to see that the point set 7 has as nucleus the point Q =
((0,1,0,0))r, and consider £ be the line having equation X; = X3 = 0.
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We have that {Q} = ¢ N x. Then 7,¢ and 7 are as in Theorem 7.3. This
means that the point set

S = {((1,t,1% 0))r,: t € Fg} U{((0,1,0,0))r,, ((0,0,1,0))r, }
U{((0,1,0,2))r,: t € F}
is a 3-dimensional minimal blocking set having size 2q + 1. Considering the

set of integers associated to S, we have the following theorem.

Theorem 7.4. Let B be a minimal 3-dimensional locally ¢t power set.
Then |B| > 2q + 1. Moreover, the sets
B1 = {p1, P2, P3, P2D3, P1P3D3, P2p4, P2p3 }

and

By = {p1,p2, p3, 203, P1P3D3, P1PIDS, P1D3D3, P2P4, D2P5, P2P3, P2pi}

are minimal, 3-dimensional, locally 3" power set and minimal, 3-dim-
ensional, locally 5" power set, respectively.

7.1. Upper bound on minimal locally ¢** power set. In contrast to
the lower bounds on cardinality of minimal locally ¢*" power sets, one also
has upper bounds on the same cardinality.

Proposition 7.5. Let S be a minimal blocking set of PG(IF’;) and s denote
the fractional part of \/q. Then:

qﬁ+1—% for q #5
qv/q+1 for g =5.
(2) if k=4, then |S| < ¢* + 1.
(3) if k> 5, then |S| < /¢F + 1.
The result above for k£ = 3 and ¢ # 5 has been first shown in [15] and the
rest appears in [5, Theorem 1]. As a consequence we obtain the following.

(1) if k =3, then |S| < {

Corollary 7.6. Let B be a finite subset of integers not containing a perfect
g power that is a minimal locally ¢** power set. Let s denote the fractional

part of \/q. Then:

_ s(1-=s)q
(1) if k=3, then | B < {MH M forg 45

qv/q+1 for g =5.
(2) if k=4, then |B| < ¢* + 1.
(3) if k> 5, then |B] < V¢F + 1.

When k = 4, 3-dimensional minimal blocking sets of PG(JF;l) having size
¢ + 1 are classified and they correspond to an ovoid [5], which correspond
to an elliptic quadric of PG(IF;l) [1, 12]. These results are summarized in
the following proposition.
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Proposition 7.7. A 3-dimensional minimal blocking set of PG(Fg) having
mazimum size ¢> + 1, with q odd, is an elliptic quadric.

Note also that the elliptic quadric of PG(IF‘ql) are classified, see e.g. [10,
p. 123].

Proposition 7.8. An elliptic quadric in PG(Fg), up to PGL(4, q)-equivalence,
has equation

f(Xl,XQ) + X0 X3 =0,
where f(X1,X2) € Fq[X1, Xa] is an irreducible polynomial.

For instance, let f(X1, X2) = X? —a X3, with a ¢ Q. As a consequence,
we have the following:

Theorem 7.9. B be a minimal, 3-dimensional, locally ¢"" power set. Then,
|B| < ¢® + 1. Moreover, |B| = ¢> + 1 if and only if B is geometrically q-
equivalent to the set
P1 P2 P3Py 55Dt
2
where {{(vij,v2j,v35,v45))F, }3;{1 C PG(IF;‘) is the set of ¢* + 1 points on
an elliptic quadric.

V11, V21, V31, U4l U1,g241, Y2,¢241 _U3,g241 V44241
Py p3 Dy ’
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