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The field of iterates of a rational function

par Francesco VENEZIANO et Solomon VISHKAUTSAN

Résumé. Nous étudions comment le corps de définition d’une fonction ration-
nelle évolue sous itération. Nous fournissons une classification complète des
polynômes ayant la propriété que le corps de définition de l’un de leurs itérés
diminue en degré (par rapport à un corps de base donné). Nous montrons, à
l’aide de familles d’exemples, que cette caractérisation ne s’applique pas aux
fonctions rationnelles. Enfin, nous classifions également les transformations
linéaires fractionnaires ayant cette propriété.

Abstract. We study how the field of definition of a rational function changes
under iteration. We provide a complete classification of polynomials with the
property that the field of definition of one of their iterates drops in degree (over
a given base field). We show with families of examples that this characteri-
zation does not hold for rational functions. Finally, we also classify fractional
linear transformations with this property.

1. Introduction
Let K be a number field, and K its algebraic closure. A rational function

f(x) defined over K is a quotient p(x)/q(x) of two polynomials p(x), q(x)
with q ̸= 0 in K[x]; the set of rational functions over K is denoted by
K(x). If f(x) = p(x)/q(x) is a non-zero rational function and p(x), q(x) are
coprime polynomials, the degree of f is defined as max(deg(p(x)), deg(q(x)).
A non-zero rational function can be represented in a unique way as a ratio
of coprime polynomials p(x)/q(x) with q(x) monic.

Let f(x) = p(x)
q(x) ∈ K(x)∗ and write p(x) =

∑n
i=0 aix

i, q(x) =
∑m

i=0 bix
i

with bm = 1 and p(x), q(x) coprime; we denote by K(f) the field ob-
tained by adjoining to K all the coefficients of p(x) and q(x), i.e. K(f) =
K(a0, . . . , an, b0, . . . , bm). This is the field of definition of f (over K); it can
also be characterized as the fixed field of the subgroup of all elements in
Gal(K/K) which act trivially on f .

We denote by f◦n the n-th iterate of f under composition; i.e., f◦1 = f
and f◦n = f◦(n−1)◦f for any integer n ≥ 2. When deg f ≥ 1 we can consider
f as a dynamical system on P1(K), which we identify with K ∪ {∞}, and

Manuscrit reçu le 17 avril 2024, révisé le 14 août 2024, accepté le 20 septembre 2024.
2020 Mathematics Subject Classification. 37P05, 11C08, 37P15.
Mots-clefs. field of definition, iterates of rational functions, arithmetic dynamics.



692 Francesco Veneziano, Solomon Vishkautsan

we can study the orbits of points P ∈ P1(K) under f , i.e., the sequence of
iterates

P, f(P ), . . . , f◦n(P ), . . . .

A point P ∈ P1(K) is called periodic for f if there exists an integer n ≥ 1
such that f◦n(P ) = P . The smallest such integer is called the period of P .
A periodic point of period 1 is, of course, a fixed point of f .

Two rational functions f and g in K(x) are called K-linearly conjugate
if there exists a fractional linear transformation ℓ(x) = (ax + b)/(cx + d) ∈
PGL2(K) such that g = ℓ−1◦f◦ℓ. We will use the notation f ℓ = ℓ−1◦f◦ℓ for
the action of conjugating f by ℓ. Two linearly conjugate rational functions
have essentially the same dynamical properties over K. For instance, a point
P ∈ P1(K) is periodic for f if and only if ℓ−1(P ) is periodic for f ℓ. We will
denote by [f ] the conjugacy class of f under elements of PGL2(K), and by
[f ]K the conjugacy class of f under elements of PGL2(K).

It may be the case that the field of definition of a function f changes
under conjugation; for example, the rational function f =

√
2x2 is conjugate

to g = 2x2 under ℓ =
√

2x. To capture the idea of a minimal field of
definition up to conjugation, Silverman in [17] defines the field of moduli of
f ∈ K(x) (over K) as the fixed field in K of the group

Gf = {σ ∈ Gal(K/K) : [fσ] = [f ]}.

Clearly, the field of moduli is contained in the field of definition of any
function in [f ]. Silverman proved that there exists a function in [f ] whose
field of definition is equal to the field of moduli of f if deg(f) is even, or
f is a polynomial map. More recently, the problem of comparing field of
moduli vs. field of definition has been studied in higher dimension by Doyle
and Silverman [6], Hutz and Manes [10] and Bresciani [3].

In this article we consider the fields of definition of the iterates of f ∈
K(x). It may be that the field of definition of some iterate f◦n is strictly
contained in the field of definition of f . For example, we can take f(x) =
3√2x2, and then f◦2(x) = 2x4. We thus ask what is the “minimal” field of
definition in the sequence of iterates of f . To be precise, we define the field
of iterates of f (over K) to be

⋂∞
i=1 K(f◦i). This intersection must stabilize

after a finite number of steps since K ⊆ K(f◦n) ⊆ K(f) for any integer
n ≥ 1 and K(f) is a finite extension of K.

Remark 1.1. The field of iterates of f over K is always a field of definition
of an iterate f◦N for some integer N ≥ 1. This is a consequence of the
fact that K(f◦mn) is contained in the intersection K(f◦m) ∩ K(f◦n) and
therefore, if the intersection

⋂∞
i=1 K(f◦i) stabilizes at the index N we have

that
∞⋂

i=1
K(f◦i) ⊆ K(f◦N !) ⊆

N⋂
i=1

K(f◦i) =
∞⋂

i=1
K(f◦i).
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We now formulate the main problem we study in this article:
Assuming that for f ∈ K(x) \ K(x) and some integer n ≥ 2 we have

f◦n ∈ K(x), what can be said about f(x)? We have already seen above
that this problem is not vacuous, i.e., there exist f ∈ K(x) \ K(x) such
that f◦n ∈ K(x) for some n ≥ 2.

Notation 1.2. For any number field F and an integer n ≥ 1, we set
An(F ) := {f(x) ∈ K(x) | f◦n ∈ F (x)},

and
A(F ) :=

∞⋃
n=1

An(F ).

If F is a finite extension of K, then the set A(F ) is the set of all functions
in K(x) whose field of iterates over K is contained in F .

For ease of notation in the statement of our results, we will write

Sn(k) =
n−1∑
i=0

ki,

where k and n are positive integers. This quantity is of course equal to kn−1
k−1

when k ̸= 1.
We now state the characterization of polynomials that are in the set

A(K).

Theorem 1.3. Fix integers d, n ≥ 1, and let f(x) ∈ K[x] \ K[x] be a
polynomial of degree d. Then f ∈ An(K) if and only if f is K-linearly
conjugate (by an affine transformation ℓ(x) = αx + β) to a polynomial f̃
of the form
(1.1) f̃(x) = axkg(xt),
where g(x) ∈ K[x], k and t are positive integers such that t|Sn(k) and
at ∈ K. Moreover, the field of definition of f is equal to K(a) and it is
a simple radical extension of K of degree at most Sn(d); if f̃ is not a
monomial then [K(f) : K] ≤ d.

If we don’t specify which iterate is defined over the base field, the result
can be given a simpler form.

Theorem 1.4. A non-constant polynomial f ∈ K[x] \ K[X] is in A(K) if
and only if f is K-linearly conjugate to a polynomial f̃ of the form
(1.2) f̃(x) = axkg(xt),
where k and t are positive coprime integers, g ∈ K[x] and at ∈ K.

We will show that a similar characterization does not hold for general
rational functions.
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Notation 1.5. We denote by B(K) the set of rational functions f ∈ K(x)
such that f is K-linearly conjugate to a rational function f̃(x) = axkg(xt) ∈
K(x) with k, t coprime, g(x) ∈ K(x) and at ∈ K.

We will see that the following Proposition holds.

Proposition 1.6. Not all rational functions in A(K) are K-linearly con-
jugate to functions of the shape axkg(xt) as above, i.e.

B(K) ⊊ A(K).

That B(K) ⊆ A(K) follows from the relevant direction of the proof of
Theorem 1.4. To see that they are distinct we will consider the function

(1.3) f(x) = cx2 − 2x − c

x2 + 2cx − 1 ,

where c = 2 −
√

3. We will see in Section 3 that f ∈ A2(Q) but f ̸∈ B(Q).
Given a rational function f ∈ A(k), there are several ways in which we

can construct other rational functions in A(k) from f . We now provide a
list of (elementary) ways in which this can be done (we do not claim that
this list is exhaustive).

Proposition 1.7. Let f ∈ An(K).
(1) Then f◦k ∈ Am(K), where m = n

gcd(k,n) .

(2) Let ℓ ∈ PGL2(K) be a fractional linear transformation. Then f ℓ ∈
An(K).

(3) Let g ∈ Am(K) such that f ◦ g = g ◦ f . Then f ◦ g ∈ Alcm(n,m)(K).
In particular, if ℓ ∈ PGL2(K) is an automorphism of f of finite
order m, then ℓ ◦ f ∈ Alcm(n,m)(K).

(4) If ℓ ∈ PGL2(K) and ℓ ◦ f = f ◦ ℓ◦h for an integer h ≥ 1 and
ℓ ∈ ASn+1(h)−1(K) then ℓ ◦ f ∈ An(K).

(5) Suppose g ∈ K(x) and there exists ℓ ∈ PGL2(K) such that g =
ℓ−1 ◦ f◦n ◦ ℓ, i.e. g is a twist of f◦n. Then f ℓ ∈ An(K).

Property 1.7(2) is a special case of Property 1.7(5), and is false for a
general element in PGL2(K). The topic of commuting rational functions,
as in Property 1.7(3), has been studied extensively by Julia [11], Fatou [8]
and Ritt [16], and more recently by Erëmenko [7] and Pakovich [14]. To
summarize, two rational functions f, g ∈ K(x) of degree ≥ 2 commute, i.e.
f ◦ g = g ◦ f, if and only if f and g share a common iterate (i.e., f◦m = g◦n

for some positive integers m and n) or f and g are K-linearly conjugate to
power maps, Lattès maps or Chebyshev polynomials.

The study of the properties of iterates of a rational function is natural
in arithmetic dynamics. In this context, it is common in statements and
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proofs to replace a function with an iterate that has convenient properties.
A general overview can be found in the review article by Benedetto et al. [2].

The relationship between a function and its iterates is therefore of great
interest and many problems can be broadly described as follows: given a
self-map f of an algebraic variety X, we ask whether there is an iterate
f◦n satisfying some property P (where usually f itself does not satisfy P).
Examples of such problems include Ghioca, Bell, and Reichstein [1] where
X is a semiabelian variety and the property P is that f◦n is regular, and
Danielson and Fein [5] and Chamberlin et al. [4] where f is an irreducible
polynomial and the property P is that f◦n is reducible. The object of our
paper can be framed in the same way, where the property P is being defined
over a fixed number field K.

The paper is organized as follows: in Section 2 we give the proof of
Theorems 1.3 and 1.4. In Section 3 we give examples of rational functions
in A(K) \ B(K) i.e. not of the shape (1.1). We construct these examples,
which are related to Chebyshev polynomials and Lattés maps, using the
group law on the circle and on an elliptic curve. In Section 4 we focus
on rational functions of degree one, and show that all rational functions
of degree one in A(K) can be described in a simple way in terms of the
eingenvalues of the matrix of their coefficients.
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2. Proof of the main theorems
We begin with a few lemmas that will be used in the proof of Theo-

rem 1.3. The first originates with Ritt [15] as part of his polynomial de-
composition theorem. One can find a simplified proof in [19, Corollary 2.9]
or (for any field of characteristic 0) in [9, Lemma 2.3].

Lemma 2.1. Suppose a, b, c, d ∈ C[x] \ C, such that a ◦ b = c ◦ d, where
deg a = deg c. Then there exists a linear polynomial ℓ ∈ C[x] such that
a = c ◦ l and b = ℓ−1 ◦ d.

This immediately generalizes by induction to the following lemma.

Lemma 2.2. Let n be a positive integer, and let f1, . . . , fn, g1, . . . , gn ∈
C[x]\C. If f1◦· · ·◦fn = g1◦· · ·◦gn and deg(fi) = deg(gi) for 1 ≤ i ≤ n then
there exist linear polynomials ℓ0, . . . , ℓn ∈ C[x] such that gi = ℓi−1 ◦fi ◦ℓi

−1,
for 1 ≤ i ≤ n where ℓ0(x) = ℓn(x) = x.
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Lemma 2.3. Let f(x) =
∑d

i=0 aix
i (ad ̸= 0) be a polynomial in K[x] \

K[x] of degree d ≥ 1 such that f◦n ∈ K[x]. Then f is K-linearly conjugate
to a polynomial f1 =

∑d
i=0 bix

i with bd−1 = 0 and f◦n
1 ∈ K[x].

Proof. We begin with the case d = 1. We denote f(x) = αx + β. First we
note that α ̸= 1; indeed, if α = 1 then f◦n(x) = x + nβ, implying β ∈ K,
and thus f ∈ K[x], contradiction. Now,

f◦n(x) = αnx + (1 + α + α2 + . . . + αn−1)β

= αnx + αn − 1
α − 1 β.

From this we deduce that αn, β
α−1 ∈ K. Define ℓ(x) = x − β

α−1 ∈ K[x].
Then f ℓ(x) = αx, and (f ℓ)◦n = αnx ∈ K[x] as required.

Now assume d ≥ 2. We denote

f = α1xd + β1xd−1 + . . . ,

and the n-th iterate of f by

f◦n = αnxdn + βnxdn−1 + . . . .

It is now easy to see that we have the following two recursive conditions on
αn, βn for n ≥ 2: {

αn = α1(αn−1)d,

βn = α1dαd−1
n−1βn−1.

From the first condition we obtain αn = α
Sn(d)
1 , and from this we get:

βn = α1dα
(d−1)Sn−1(d)
1 βn−1

= dαdn−1
1 βn−1

= dn−1α
Sn(d)−1
1 β1.

So, now if αn, βn ∈ K then so is βn

αn
= dn−1 β1

α1
, which implies β1

α1
= ad−1

ad
∈

K. If we set ℓ(x) = x − ad−1
dad

and f1 = ℓ−1 ◦ f ◦ ℓ one can easily check that
f1 is missing the term in xd−1 and f◦n

1 ∈ K[x] by Proposition 1.7(2). □

Lemma 2.4. Let f =
∑d

i=0 aix
i (ad ̸= 0), g =

∑d
i=0 bix

i be polynomials
in K[x] with d ≥ 1, with ad−1 = bd−1 = 0. Suppose that g = f ◦ ℓ, where
ℓ(x) ∈ K[x] is linear, i.e., ℓ(x) = αx + β with α ̸= 0, then β = 0.

Proof. The proof is an elementary computation. □

Lemma 2.5. Let f =
∑d

i=0 aix
i, (ad ̸= 0), g =

∑d
i=0 bix

i be polynomials in
K[x] with d ≥ 1, with f◦n = g◦n. Suppose that g = ℓ ◦ f , where ℓ(x) = αx

with α ∈ K, then αSn(d) = 1 (so α is a Sn(d)-th root of unity).
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Proof. Suppose d ≥ 2. By the proof of Lemma 2.3, the leading coefficients
of f◦n and g◦n are a

Sn(d)
d and b

Sn(d)
d , respectively, so that by the assumption

f◦n = g◦n we have a
Sn(d)
d = b

Sn(d)
d . But by the assumption g = ℓ ◦ f , we

know that bd = αad, so that we get αSn(d) = 1. Thus α must be a Sn(d)-th
root of unity. □

Lemma 2.6. Let f(x) = axkg(xt) with g ∈ K[x] (resp. g ∈ K(x)), with
at ∈ K for some positive integers k and t. Let n ≥ 1, then

f◦n(x) = aSn(k)xkn
gn(xt),

with gn ∈ K[x] (resp. gn ∈ K(x)).

Proof. By induction on n. The case n = 1 is trivial (define g1 = g).

f◦n+1(x) = f(f◦n)(x)

= f(aSn(k)xkn
gn(xt))

= aSn+1(k)xkn+1
gn(xt)kg(aSn(k)txtkn

gn(xt)t)

(in the last equality we used the identity Sn+1(k) = 1+kSn(k)). Now define

gn+1(x) = gn(x)kg(aSn(k)txkn
gn(x)t)

which is in K[x] (resp. K(x)) because at ∈ K and g, gn ∈ K[x] (resp.
g, gn ∈ K(x)) by the inductive hypothesis. □

Proof of Theorem 1.3. Let f(x) =
∑d

i=0 aix
i ∈ K[x]\K[x] be a polynomial

of degree d ≥ 1.
In one direction, suppose that for ℓ(x) = αx + β ∈ K[x] we have f ℓ =

f̃(x) = axkg(xt), where g(x) ∈ K[x], k and t are positive integers such
that t|Sn(k) and at ∈ K. By Lemma 2.6, we get (f̃)◦n ∈ K[x]. Now f◦n =
(f̃◦n)ℓ−1 ∈ K[x], so that f ∈ An(K).

In the opposite direction, assume f ∈ An(K). By Lemma 2.3 (up to
conjugation by an element of PGL2(K)) we can assume ad−1 = 0. Let
G = Gal(K/K). Since K(f) ̸= K (we assumed f /∈ K[x]) there exists
σ ∈ G such that fσ ̸= f . However, since f◦n ∈ K[x] we have

f ◦ · · · ◦ f = fσ ◦ · · · ◦ fσ.

By Lemma 2.2 there exist linear polynomials ℓ1(x) = α1x + β1 and ℓ2(x) =
α2x + β2 with α1, α2, β1, β2 ∈ K such that

f = fσ ◦ ℓ1,(2.1)
f = ℓ2 ◦ fσ.(2.2)

Applying Lemma 2.4 to (2.1) we obtain β1 = 0, which implies, by comparing
constant coefficients in (2.1), that aσ

0 = a0. This, together with (2.2) implies
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that β2 = 0. By Lemma 2.5, we get α1 is a root of unity; let s be the exact
order of α1.

By combining (2.1) and (2.2) we get

f = ℓ2 ◦ f ◦ ℓ−1
1 .

Comparing coefficients in degree 0 ≤ i ≤ d we get

ai = α2aiα
−i
1 .

This implies that α2 is an sth root of unity, and that the indices i such
that ai ̸= 0 belong to an arithmetic progression modulo s. If we change
the Galois embedding σ we will get a different value for s, therefore we can
write

f(x) = xkg(xt),
where t is the least common multiple of the values for s as σ ranges among
all Galois embeddings of K(f) into K, 0 ≤ k < t and g ∈ K(f)[x].

Now write g(x) =
∑m

j=0 bjxj , where b0, . . . , bm ∈ K(f), and bm ̸= 0.
By (2.2) we get

bj = α2σ(bj), j = 0, . . . , m.

When bj ̸= 0 this implies
bj

σ(bj) = α2, j = 0, . . . , m.

Therefore for any i, j ∈ 0, . . . , m with bibj ̸= 0 we have
σ(bj)

bj
= σ(bi)

bi
,

or

(2.3) bi

bj
= σ(bi)

σ(bj) = σ

(
bi

bj

)
.

This holds for every σ and shows that for any i, j ∈ 0, . . . , m with bibj ̸= 0
we have bi

bj
∈ K. Therefore,

g(x) = bmg̃(x),

where g̃(x) ∈ K[x], and so

f(x) = bmxkg̃(xt),

and K(f) = K(bm).
For a fixed σ, we have σ(bs

1) = (α−1
2 bm)s = bs

m, therefore bt
m ∈ K so

that K(f) is a simple radical extension of K. According to Lemma 2.6, the
leading coefficient of the nth iterate of f is b

Sn(k)
m ; for it to be in K implies

that t divides Sn(k).
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As for the extension degree [K(f) : K], of course if f̃ is not monomial
we have [K(f) : K] = [K(b1) : K] ≤ t ≤ d. Otherwise, in the worst case we
have [K(b1) : K] ≤ Sn(k) ≤ Sn(d). □

Proof of Theorem 1.4. First, we show that t and k are coprime if and only
if there exists a positive integer n such that t|Sn(k). If t|Sn(k) for some
positive integer n then

Sn(k) = 1 + . . . + kn−1 ≡ 0 (mod t)
It is clear that n > 1 since otherwise we get S1(k) = 1 ≡ 0 (mod t),
contradiction. Isolating 1, we get

1 ≡ k(−1 − . . . − kn−2) (mod t).
This implies that k is invertible mod t, so that k and t are coprime. In
the other direction, suppose k and t are coprime. If k ≡ 1 (mod t) then
clearly St(k) ≡ 0 (mod t) so that t|St(k). If k ̸≡ 1 (mod t) then t divides
kn−1
k−1 = Sn(k) for n equal to the multiplicative order of k modulo t(k − 1).

Now assume that f ∈ A(K), and let n be the least positive integer such
that f ∈ An(K). By Theorem 1.3 f is K-linearly conjugate to axkg(xt)
with g(x) ∈ K[x], t|Sn(K) and at ∈ K; as shown, t and k are coprime, and
we are done.

For the converse, assume that f is conjugate to axkg(xt) with g(x) ∈
K[x], k and t coprime and at ∈ K. Then there is a positive integer n such
that t|Sn(k), and therefore by Theorem 1.3 f ∈ An(K) ⊆ A(K). □

3. Examples of rational functions
In this section we present a family of rational functions in An(Q) \ B(Q)

based on the group law on S1 (recall Notations 1.2 and 1.5 for An and B,
respectively, in the introduction).

We begin with a lemma which is useful to show that some functions are
not in B(Q).

Lemma 3.1. Let f(x) = axkg(xt) where k and t are positive coprime
integers, g ∈ K(x), a /∈ K and at ∈ K. Then f({0, ∞}) ⊆ {0, ∞}. Fur-
thermore, every function in B(K) has a K-rational fixed point or two K-
rational periodic points of period 2 which form a 2-cycle.

Proof. Write g(x) = p(x)/q(x) with p(x), q(x) ∈ K[x] coprime (in this case
the polynomials p(xt), q(xt) are coprime as well).

Observe that either f(∞) = 0, if t deg q > k + t deg p, or f(∞) = ∞, if
t deg q < k + t deg p; in particular t deg q ̸= k + t deg p because k and t are
coprime and t > 1 because a ̸∈ K.

Similarly, either f(0) = 0 if k is smaller than t times the multiplicity of
q at x = 0 or f(0) = ∞ otherwise.
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Therefore, if neither 0 nor ∞ is a fixed point of f , they are swapped by
f and they are two K-rational periodic points of order 2.

The last conclusion is straightforward since conjugation by an element in
PGL2(K) induces a bijection of K-rational fixed points and periodic points
of period 2. □

We can now prove the claim stated in the introduction.

Proposition 3.2. Let f(x) = cx2−2x−c
x2+2cx−1 , where c = 2 −

√
3. Then f(x) ∈

A2(Q), but f(x) /∈ B(Q).

Proof. The second iterate of f is

f◦2(x) = x4 − 4x3 − 6x2 + 4x + 1
x4 + 4x3 − 6x2 − 4x + 1 ,

which is defined over Q; this shows that f ∈ A2(Q).
We note that the fixed points of f are −c, ±i, none of which are defined

over Q, and the periodic points of period 2 are c and 1, so that only one of
them is Q-rational.

Assume by way of contradiction that f is in B(Q). Then by Lemma 3.1,
f has a Q-rational fixed point or two Q-rational periodic points of period
2, but this is not the case. We conclude that f /∈ B(Q) as required. □

This example can be better understood using the theory of twists of
rational functions. A twist of f ∈ K(x) is an equivalence class [g]K for
g ∈ K(x) such that [f ] = [g] (i.e., f and g are K-linearly conjugate, but
not necessarily K-linearly conjugate); for any f ∈ K(x), the class [f ]K is
called the trivial twist. We abuse this terminology by calling a function
g as in the definition a twist of f . An automorphism of f ∈ K(x) is an
element ℓ ∈ PGL2(K) such that f ℓ = f . Twists are intimately related to
automorphisms; in particular, if the automorphism group of a rational func-
tion f ∈ K(x) is trivial, then f has no non-trivial twists (see [17] and [18,
Sections 4.7 to 4.9] for more details). It turns out that for the function f
in (1.3), the second iterate f◦2 is a non-trivial twist under conjugation by
ℓ(x) = x+c

cx−1 of

g(x) = − 4
(
x3 − x

)
x4 − 6x2 + 1

where g itself is the second iterate of

h(x) = − 2x

x2 − 1
and f = hℓ. The last identity shows that the field of moduli of f is Q. It is
clear that the function h(x) is trivially in A2(Q) because it is defined over
Q, so the fact that f ∈ A2(Q) is a consequence of Proposition 1.7(5).
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3.1. A family of functions based on rotations. We now use the group
law on S1 to give an example of a family of non-polynomial rational func-
tions f ∈ Q(t) such that f ∈ An(Q) \ B(Q).

Let k ≥ 1 be an integer, and let φ ∈ R. Consider the self map of the unit
circle S1 defined by

Ψ : (cos θ, sin θ) 7−→ (cos(kθ + φ), sin(kθ + φ))
We can project this map down to a rational function on P1 in the fol-

lowing way: let (x, y) = (cos θ, sin θ), and let t be tan(θ/2). Then we get
(x, y) = (1−t2

1+t2 , 2t
1+t2 ), and t = 1−x

y . Thus the map Ψ descends to a map
f : P1 → P1

S1 Ψ−−−−→ S1y y
P1

f−−−−→ P1
We show that the map Ψ can be expressed as a rational function in x and
y, and thus f as a rational function in t.

Recall the definition of the Chebyshev polynomials: the k-th Cheby-
shev polynomial of the first kind is the polynomial Tk such that cos(kθ) =
Tk(cos θ), while the k-th Chebyshev polynomial of the second kind is the
polynomial Uk such that sin((k + 1)θ) = Uk(cos θ) sin θ.

Then we have:
cos(kθ + φ) = Tk(x) · cos φ − Uk−1(x) · y · sin φ,

and

sin(kθ + φ) = Uk−1(x) · y · cos φ + Tk(x) sin φ.

So that we get

(3.1) f(t) =
2tUk−1(1−t2

1+t2 ) · sin φ − (1 + t2)Tk(1−t2

1+t2 ) · cos φ + (1 + t2)
2tUk−1(1−t2

1+t2 ) · cos φ + (1 + t2)Tk(1−t2

1+t2 ) · sin φ
.

The rational function f acts on P1 (identified with R∪ {∞}) by sending
t = tan(θ/2) to f(t) = tan(kθ+φ

2 ).
We remark that the function (1.3) is of this shape for k = 2, φ = π/6.
We now consider only those φ such that cos φ, sin φ are algebraic num-

bers. Then the field of definition of f is Q(cos φ, sin φ).

Proposition 3.3. Fix n, k ≥ 2 and let φ = π
Sn(k) . Then the function f is

in An(Q) \ (Q(t) ∪ B(Q)).

Proof. The field of definition of f is Q(cos φ, sin φ).
For n, k ≥ 2 we have 0 < φ ≤ π/3, so that by Niven’s theorem [13,

Corollary 3.12] we get that Q(cos φ, sin φ) ̸= Q and f ̸∈ Q(t).



702 Francesco Veneziano, Solomon Vishkautsan

If we iterate the function n times we get f◦n(t) = tan
(knθ+Sn(k)φ

2
)
, which

is again of the shape (3.1) with kn, Sn(k)φ in place of k, φ. The field of
definition of f◦n is then Q(cos(Sn(k)φ), sin(Sn(k)φ)) = Q, so f ∈ An(Q).

We can use the same argument as in the proof of Proposition 3.2 to show
that f ̸∈ B(Q).

The fixed points of f◦2 (which consist of the fixed points and periodic
points of period 2 of f) are the values tan θ

2 such that tan θ
2 = tan k2θ+(k+1)φ

2 .
This happens if and only if

θ

2 ≡ k2θ + (k + 1)φ
2 (mod π)

which corresponds to

θ ≡ − φ

k − 1 ≡ − π

kn − 1

(
mod 2π

k2 − 1

)
.

By Niven’s theorem, in order for t = tan θ
2 to be Q-rational θ must be an

integral multiple of π/2.
In this case we would have integers m, h such that

− π

kn − 1 + 2π

k2 − 1m = π

2 h.

Dividing by π and multiplying by 2(k + 1)(kn − 1) we get
−2(k + 1) + 4Sn(k)m = (k2 − 1)Sn(k)h.

This is not possible if n > 2, because the equation implies that 2(k + 1)
is a nonzero multiple of Sn(k) but in this case 2(k + 1) < Sn(k). Thus
Lemma 3.1 shows that in this case f ̸∈ B(Q).

Assume now that n = 2; then the equation becomes

m = (k2 − 1)h + 2
4 .

This has no solution if k is odd, while it has solutions

m ≡ k2

2 (mod (k2 − 1))

if k is even.
This corresponds to the only value

θ ≡ − φ

k − 1 + k2

2
2π

k2 − 1 ≡ π (mod 2π)

and so to the only point t = ∞.
Therefore according to Lemma 3.1, if f ∈ B(Q) then ∞ must be a fixed

point of f . However one can check that

f(∞) = f

(
tan π

2

)
= tan

(
kπ + φ

2

)
= tan

(
φ

2

)
̸= ∞ if k is even.
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This shows that in this case too f ̸∈ B(Q). □

3.2. Elliptic curves. We can define a similar construction to the one
presented in the previous subsection but on an elliptic curve instead of S1.
However, as we shall see we will be much more limited when it comes to
projecting it to P1.

Let E be an elliptic curve defined over a number field K by a Weierstrass
equation. For a fixed integer d the multiplication by d map, denoted by
[d], is an endomorphism of E defined over K. As it commutes with the
involution [−1], it descends via the x coordinate to a rational function Φd

over P1 (defined over Q). These two maps satisfy the following commutative
diagram:

E
[d]−−−−→ E

x

y yx

P1
Φd−−−−→ P1

The rational function Φd is an example of a Lattès map (see [12] for back-
ground on Lattès maps).

Now fix positive integers n, d ≥ 2 and take Q ∈ E(K) an m-torsion
point on the elliptic curve, where m divides Sn(d). Let us consider the map
Ψ : P 7→ dP + Q, which is defined over K. It is clear that Ψ◦n(P ) =
dnP + Sn(d)Q = dnP (compare with f◦n(t) in Proposition 3.3), which is
defined over K. Note that Ψ commutes with [−1] if and only if Q is a
m-torsion point, so that Ψ descends to a rational function f over P1 only
for the case m = 2. The maps Ψ and f satisfy the following commutative
diagram:

E
Ψ−−−−→ E

x

y yx

P1
f−−−−→ P1

It is now clear from the above that f ∈ A2(K).

Proposition 3.4. Let E be an elliptic curve over Q defined by the equation
y2 = p(x), with p an irreducible polynomial in Q[x]. Fix an odd integer d ≥ 3
and let Q be a 2-torsion point. Then the function f is in A2(Q) \ (Q(t) ∪
B(Q)).

Proof. Clearly 2 | S2(d) = d + 1, so as argued above with n = 2 we have
that f ∈ A2(Q). The function f is not in Q(t) because Q is not defined over
Q. To show that f ̸∈ B(Q) we use again Lemma 3.1. Let x0 ∈ Q be a fixed
point of the map f . Then x0 is the x-coordinate of a point P such that
dP + Q = ±P on E. This is impossible because Q = (d ± 1)P is defined on
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an extension of degree 3 of Q, while P on an extension of degree at most
2. Therefore the map f does not have any rational fixed points.

Now let x0, x1 ∈ Q be two 2-periodic points for f which form a 2-cycle.
As above, x0 is the x-coordinate of a point P and x1 the x-coordinate of one
of the points ±dP +Q. But this is again impossible, because P and ±dP +Q
are defined over extensions of degree at most 2, while Q = (dP + Q) − [d]P
has degree 3 over Q.

By Lemma 3.1 this shows that f ̸∈ B(Q). □

Remark 3.5. Notice that the function constructed in this way is not one
of the functions considered in Proposition 3.3. If it were we would have
n = 2, k = d2 in Proposition 3.3, and then the field of definition would be
Q(sin π

d2+1 , cos π
d2+1), which has degree over Q greater than 3 for d ≥ 3.

We show here an explicit example of this construction. For simplicity we
take a curve with one rational 2-torsion point, so that the example can be
defined over a field of degree 2 rather than 3.

Example 3.6. Let E be the elliptic curve defined by the Weierstrass equa-
tion

y2 = x3 − 2x,

and let Q0 = (
√

2, 0) ∈ E(Q)[2] be the chosen 2-torsion point. Then the
map Ψ(P ) = 3P + Q descends to a rational function f of the form

f(x) =
√

2x9+18x8+24
√

2x7−144x6+120
√

2x5+240x4−288
√

2x3+192x2+144
√

2x+32
x9−9

√
2x8+24x7+72

√
2x6+120x5−120

√
2x4−288x3−96

√
2x2+144x−16

√
2

.

Taking the second iterate, we get:

f◦2(x) = x81 + 2160x79 + 1104624x77 + . . . + 89060441849856x

81x80 − 37584x78 + 2048112 + . . . + 1099511627776 .

It is possible to compute that 0 and ∞ are the only two Q-rational periodic
points of period ≤ 2. They are part of two distinct cycles of length 2:
{0, −

√
2} and {∞,

√
2}. Therefore by Lemma 3.1 we conclude f /∈ B(Q).

4. Fractional linear transformations
In this section we study the automorphisms of P1 which are in A(K).

We will identify them with matrices in PGL2(K).
As in the previous sections, K will be a fixed number field. For an element

A ∈ GL2(K) we denote by [A] its equivalence class in PGL2(K).

Example 4.1. Fix a diagonalizable matrix B ∈ GL2(K), so that

B = MDM−1

for some matrices M, D ∈ GL2(K ′), with D diagonal and K ′ some extension
of K with [K ′ : K] ≤ 2.
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For any n > 1 we can find a diagonal matrix ∆ ∈ GL2(F ) such that
∆n = D, where F is an extension of K ′ of degree at most n2, obtained by
extracting n-th roots of the two elements on the diagonal of D.

We can now define A = M∆M−1 ∈ GL2(F ) and we have that An =
B ∈ GL2(K). This provides many examples of matrices with coefficients in
a number field such that a power is defined over a smaller number field.

We will show that these examples exhaust all instances of automorphisms
of P1 defined over a number field, having an iterate defined over a smaller
number field.

Remark 4.2. If a matrix A defined over F has a power defined over a proper
subfield then det(A) has a power in a proper subfield of F .

Proposition 4.3. Let A ∈ GL2(Q) be a matrix, not diagonalizable over
Q. Assume that [An] ∈ PGL2(K) for some positive integer n. Then [A] ∈
PGL2(K).

Proof. Let λ ̸= 0 be the only eigenvalue of A. Then there is a matrix
M ∈ GL2(Q) such that

A = M

(
λ 1
0 λ

)
M−1

Notice that
(

λ 1
0 λ

)
=
(

1/λ 0
0 1

)(
λ λ
0 λ

)( 1/λ 0
0 1

)−1
; writing

N = M

(
1/λ 0
0 1

)
then we have

[A] = [N ]
[
1 1
0 1

]
[N ]−1

with N =
(

a b
c d

)
∈ GL2(Q).

Noticing that [N ]−1 =
[

d −b
−c a

]
and that ( 1 1

0 1 )n = ( 1 n
0 1 ) for every integer

n, we have that

[An] =
[
ad − bc − acn a2n

−c2n ad − bc + acn

]
.

One of a, c must be different from 0; assume c ̸= 0 (the other case being
analogous) and n ̸= 0. Then [An] is defined over K if and only if the
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following three conditions are satisfied

(4.1)



1
n

(
ad − bc

c2

)
− a

c
∈ K(

a

c

)2
∈ K

1
n

(
ad − bc

c2

)
+ a

c
∈ K.

Therefore by taking the difference of the first and the third conditions
we see that a/c ∈ K and thus also (ad − bc)/c2 ∈ K. This implies that
conditions (4.1) are also satisfied for n = 1, and thus [A] itself is defined
over K. □

Proposition 4.4. Let A ∈ GL2(Q) be a matrix diagonalizable in Q; let
λ1, λ2 be its eigenvalues. Let n be a positive integer such that [An] ∈
PGL2(K). Then for K ′ = K((λ1/λ2)n) we have [K ′ : K] ≤ 2.

Proof. Write α = λ1/λ2. From the hypothesis,

[A] = [M ]
[
α 0
0 1

]
[M ]−1

[An] = [M ]
[
αn 0
0 1

]
[M ]−1

for some matrix M =
(

a b
c d

)
∈ GL2(Q). We have [M ]−1 =

[
d −b

−c a

]
so that

[An] =
[

αnad − bc ab(1 − αn)
−cd(1 − αn) ad − αnbc

]
.

If αn = 1 the statement is true as K ′ = K, so we assume now that αn ̸= 1;
assume for the moment that cd ̸= 0. Then [An] is defined over K if and
only if the following three conditions are satisfied

(4.2)



a

c

αn

1 − αn
− b

d

1
1 − αn

= u1 ∈ K

ab

cd
= u2 ∈ K

− b

d

αn

1 − αn
+ a

c

1
1 − αn

= u3 ∈ K.

Taking the difference of the first and the third conditions, one gets that
a

c
+ b

d
= u3 − u1 ∈ K,

which, combined with the second one gives that a/c, b/d lie in an extension
K ′ of K of degree at most 2. Then, if a

c + b
d ̸= 0, one can solve the first and
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the third equations finding
αn

1 − αn
=
(

u1
a

c
+ u3

b

d

)
/

(
a2

c2 − b2

d2

)
1

1 − αn
=
(

u3
a

c
+ u1

b

d

)
/

(
a2

c2 − b2

d2

)
,

so that

αn =
u1

a
c + u3

b
d

u3
a
c + u1

b
d

∈ K ′,

which proves the statement. On the other hand, if a
c + b

d = 0 then solving
the first equation in (4.2) for αn gives us

αn =
c
au1 − 1
c
au1 + 1 ∈ K ′.

This completes the proof in the case that cd ̸= 0. If ab ̸= 0 the argument
is analogous. The only cases left are if a = d = 0 or b = c = 0, but in these
cases [An] is equal to

[
−bc 0

0 −bcαn

]
or
[

adαn 0
0 ad

]
respectively, and in either

case the statement follows immediately. □

Proposition 4.5. Let A ∈ GL2(Q) be a matrix and n ≥ 1 an integer
such that [An] ∈ PGL2(K) but [A] is not defined over K. Then there exist
extensions K ⊆ K ′ ⊆ F where [K ′ : K] ≤ 2 and [F : K ′] ≤ n, a diagonal
matrix D ∈ GL2(Q) and an invertible matrix M ∈ GL2(K ′) such that
A = MDM−1, [Dn] ∈ PGL2(K ′) and [D] ∈ PGL2(F ).

Proof. By Proposition 4.3 the matrix A is diagonalizable over Q. Let λ1, λ2
be the two eigenvalues of A; they must be distinct, otherwise [A] = [( 1 0

0 1 )]
would be defined over Q. Let D =

(
λ1 0
0 λ2

)
; there is a matrix N ∈ GL2(Q)

such that A = NDN−1.
Let K ′ = K((λ1/λ2)n) and F = K ′(λ1/λ2). Clearly [F : K ′] ≤ n, [Dn] ∈

PGL2(K ′), [D] ∈ PGL2(F ) and by Proposition 4.4 we know [K ′ : K] ≤ 2.
Therefore

[An] = [MDnM−1]
for a matrix M ∈ GL2(K ′). Then we have that{

An = NDnN−1,

An = sMDnM−1,

for a scalar s ̸= 0. The matrices Dn and sDn are similar, therefore they
have the same eigenvalues, so that s = ±1. If s = 1 then we see that
M−1N commutes with Dn, which is a diagonal matrix with distinct entries;
therefore N = MR for some diagonal matrix R, and A = NDN−1 =
MRDR−1M−1 = MDM−1 as R commutes with D.
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If s = −1 then we must have λn
1 = −λn

2 . Similarly to the case discussed
above, M−1NDn(M−1N)−1 = −Dn implies that N = MR for an anti-
diagonal matrix R. This gives

A = NDN−1 = MRDR−1M−1 = MD′M−1 = M

(
0 1
1 0

)
D

(
0 1
1 0

)
M−1,

where D′ =
(

λ2 0
0 λ1

)
. Thus we can take M( 0 1

1 0 ) for the M in the
statement. □
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