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Comparisons of Lie algebra cohomologies of
(φ, Γ)-modules

par Rustam STEINGART

Résumé. Nous généralisons un résultat de Fourquaux et Xie, en déterminant
ainsi complètement la relation entre la cohomologie de l’algèbre de Lie Qp-
analytique et la cohomologie de l’algèbre de Lie L-analytique des (φL, ΓL)-
modules analytiques. Nous utilisons ces résultats pour conclure que, pour
L ̸= Qp, il existe des exemples de (φL, ΓL)-modules étales sur les anneaux de
Robba dont la cohomologie Qp-analytique ne provient pas d’un changement
de base de la cohomologie galoisienne.

Abstract. We generalise a result of Fourquaux and Xie thereby completely
determining the relationship between Qp-analytic and L-analytic Lie alge-
bra cohomology of analytic (φL, ΓL)-modules. We use the results to conclude
that for L ̸= Qp, there exist examples of étale (φL, ΓL)-modules over Robba
rings whose Qp-analytic cohomology does not arise as a base change of Galois
cohomology.

1. Introduction
Let L/Qp be a finite extension of degree d and φL ∈ oL[[T ]] a Frobenius

power series for a uniformiser πL of L. We denote by L∞ the Lubin–Tate
extension attached to φL and let ΓL := Gal(L∞/L). Contrary to the case
L = Qp there exist Galois representations, which are not overconvergent
and hence the categories of étale (φL, ΓL)-modules over the Robba ring RL

with coefficients in L and the category of continuous L-linear representa-
tions are not equivalent. By a theorem of Berger there is an equivalence
between L-analytic representations which are representations V with the
property that Cp⊗L,σ V is the trivial Cp-semilinear representation for every
σ ̸= id and L-analytic étale (φL, ΓL)-modules, i.e., étale (φL, ΓL)-modules
M over RL such that the derived action Lie(ΓL) ×M → M is L-bilinear
(cf. [1]). The Lie algebra of ΓL is one dimensional over L but d-dimensional
over Qp. The L-bilinearity condition leads to a system of differential equa-
tions on M which can be reinterpreted as M being a torsion module over
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the universal enveloping algebra UQp(g0) of the restriction of scalars g0 of
the Lie algebra g of ΓL

1. This torsion relation will be used to relate Lie
cohomology over L and Qp, respectively. By definition the L-Lie algebra
cohomology of M is RHomU(g)(L, M) and is related to analytic cohomol-
ogy via a spectral sequence (cf. [7]). In the context of (φL, ΓL)-modules one
usually studies cohomology theories of the form

Cf,?(M) := cone
(

C•
? (ΓL, M) f−id−−−→ C•

? (ΓL, M)
)

[−1],

where f is an operator, which commutes with ΓL (usually f = φL or the
left-inverse Ψ) and C•

? is a complex computing “some” ΓL-cohomology with
values in M (e.g. ? ∈ {cts,Qp-an, L-an,Qp-Lie, L-Lie}). We will show the
following theorem:

Theorem 1.1. Let K be a field containing a Galois closure of L, let M
be an L-analytic (φL, ΓL)-module over RK , and let f ∈ EndL(M) be an
operator that commutes with the action of g0 on M. Then

C•
f,Qp-Lie(M) ≃

d−1⊕
n=0

C•
f,L-Lie(M)[−n](

d−1
n ).

Corollary 1.2. We have an isomorphism of L-vector spaces

H i
cts(M) ∼= H0

an(M)(
d−1

i ) ⊕H1
an(M)(

d−1
i−1) ⊕H2

an(M)(
d−1
i−2),

for every i ≥ 0. In particular:

H1
cts(M) ∼= H1

an(M)⊕H0
an(M)d−1 and Hd+1

cts (M) ∼= H2
an(M).

This completely determines the relationship between analytic and contin-
uous cohomology of analytic (φL, ΓL)-modules and generalises the results
of Fourquaux–Xie, who determined the relationship of H0 and H1 in [6].
Our result follows from a combinatorial argument and hence greatly simpli-
fies their original proof. Furthermore, the above theorem can be generalised
to (φL, ΓL)-modules which have trivial “Sen operator” ∇σ for a prescribed
set of embeddings σ : L → Cp. In some cases the cohomology groups of
RHomL[ΓL](L, Cf,g(M)) are known to be finite-dimensional over the base
field K. In these cases we can relate the Euler-characterstics of the g and g0
variant to conclude that the Euler characteristic of the g0-variant is zero if
d > 1. This result is slightly surprising considering the relationship between
cohomology of (φL, ΓL)-modules and Galois cohomology. On the one hand,
in the classical case L = Qp, the Galois cohomology of a representation
is isomorphic to the continuous cohomology of its (φ, Γ)-module over the

1For technical reasons we require a base change to a Galois closure E of L but we gloss over
this in the introduction.
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Robba ring (cf. [10]) and on the other hand, working with a different co-
efficient ring, the Galois cohomology of an L-linear representation and the
continuous cohomology of its Lubin–Tate (φL, ΓL)-module are isomorphic
(cf. [8]). Using an abstract formalism for Herr complexes allows us to de-
fine cup products in terms of Yoneda pairings. If one considers an analytic
(φL, ΓL)-module which is generic, in the sense that H0

an(M) = H2
an(M) = 0,

our results assert that H2
cts(M) ∼= (H1

an(M))d−1. This is no coincidence
and a source of non-trivial classes in H2

cts(M) is obtained by forming cup-
products with non-analytic classes in H1

cts(L). If H1
an(M) is of rank one we

even show that this is the only source of such classes.

Theorem 1.3. Let M be an L-analytic (φL, ΓL)-module with the property
H0

an(M) = H2
an(M) = 0.

(i) The cup product defines a non-degenerate bilinear map

H1
an(M)×H1

cts(L)/H1
an(L) −→ H2

cts(M).

(ii) If in addition H1
an(M) is one-dimensional over L, then the cup

product induces an isomorphism

H1
an(M)⊗L H1

cts(L)/H1
an(L) ∼= H2

cts(M).

In the last section we take a different perspective on the problem of com-
paring analytic and continuous cohomology. Instead of trying to compare
the analytic cohomology of an L-analytic (φL, ΓL)-module M with the con-
tinuous cohomology of M itself, we will compare the analytic cohomology
to a suitable cohomology of a bigger object. For technical reasons we will
be working with (φL, ΓL)-modules over the analytic vectors B := (B̃I

L)la

of certain period rings. Given a (φL, ΓL)-module N over B we can find its
L-analytic vectors M := Sol(N) as solutions to an analogue of the Cauchy–
Riemann differential equations (note that M is a (φL, ΓL)-module over the
L-analytic vectors of B rather than the ringRL considered before). Inspired
by the Frölicher spectral sequence from complex analysis we prove an ana-
logue in this case. To this end we define a complex C•

ΩΣ0 (N), analogous to
the Dolbeaut complex, whose 0-th cohomology is M and another complex
C•

ΩΣ(N), which is obtained from the preceding by taking the ∇id-cone. If
N is attached to an L-analytic Galois representation we have the following
result.

Theorem 1.4. Let V ∈ RepL(GL) be L-analytic, let I = [r, s] ⊂ (0, 1] be
a closed subinterval with r large enough. Set

N I := (D̃I(V ))la := ((B̃I ⊗ V )HL)la
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and M I := Sol(N I). Then the natural map M I [0]→ C•
ΩΣ0 (N I) is an equiv-

alence and

H i
ΩΣ(N I) ∼= H i

∇1(M I)
H i

φL,ΩΣ(N I) ∼= H i
φL,∇1(M I).

2. Preliminaries on (φL, ΓL)-modules and cohomology
2.1. (φL, ΓL)-modules. Let L/Qp be a finite extension. We fix a uni-
formiser πL of oL and a Frobenius power series φL for πL. We denote by
ΓL := Gal(L∞/L) the Galois group of the corresponding Lubin–Tate exten-
sion. For a complete field extension K ⊂ Cp of L and a closed subinterval
I = [r, s] ⊂ [0, 1] with r, s ∈ |Cp|, we denote by RI

K the ring of Laurent
series (power series if r = 0) converging on the annulus r ≤ |T | ≤ s. We en-
dow these rings with their natural Banach topology which turns R[r,s)

K :=
lim←−r<s′<s

R[r,s′]
K into a Fréchet space. The ring RK := lim−→0<r<1R

[r,1)
K is

called the Robba ring with coefficients in K and we endow it with the
LF topology. The action of ΓL on oL[[T ]] extends to these rings and if
[r1/q, s1/q] does not contain any zeroes of φL, then we can extend the endo-
morphism φL of oL[[T ]] to a map φL : R[r,s]

K → R[r1/q ,s1/q ]
K . This is the case if

r > |πL|
q

q−1 . In particular φL extends to a K-linear endomorphism of RK .
A (φL, ΓL)-module over RK is a finite free RK-module M together with
a continuous semi linear action of ΓL and a φL-semi linear endomorphism
φM which commutes with the action of ΓL such that the linearised map

φlin
M : RK ⊗RK ,φL

M −→M

is an isomorphism. One can show that such an M arises as base change
of a module M0 defined over some half-open interval [r0, 1) and that the

matrix A of φM0 : M0 → R
[r1/q

0 ,1)
K ⊗R[r0,1)

K

M0 converges at the boundary
1 and the valuation vp(det(A)) (at T = 1) is called degree of M (cf. [2,
Section 3.3]). The above notion of degree together with the obvious notion
of rank provides us with a theory of Harder–Narasimhan slopes for (φL, ΓL)-
modules. A (φL, ΓL)-module is called étale if it is semi-stable of slope zero.
The action of ΓL on M induces an action of Lie(ΓL) on M. We say that M is
L-analytic if this action is L-bilinear. A continuous L-linear representation
V of the absolute Galois group GL of L is called analytic if the Cp-semilinear
representation Cp ⊗L,σ V is trivial for all id ̸= σ ∈ Σ := HomL(L,Cp). We
recall that oL[[T ]] can be (φL, ΓL)-equivariantly embedded into the ring of
ramified Witt vectors W (L̂♭

∞)L over the tilt L̂♭
∞ of L̂∞ and one can define an

analogue of the Robba ring on this level which we denote by R̃L (sometimes
denoted B̃†

rig,L in the literature).
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Theorem 2.1. We have the following equivalences of categories:
(i) The category of étale (φL, ΓL)-modules over R̃L is equivalent to the

category of continuous L-linear representations of GL.
(ii) The category of étale (φL, ΓL)-modules over RL is equivalent to the

category of over-convergent L-linear representations of GL.
(iii) The category of étale L-analytic (φL, ΓL)-modules over RL is equiv-

alent to the category of analytic L-linear representations of GL.

Proof. The first equivalence is [15, Proposition 6.3]. The second equivalence
follows by combining [6, Proposition 1.5 and Proposition 1.6]. The third
equivalence is [1, Theorem D]. □

2.2. Cohomology. Let V be a complete LF space over a complete field
K ⊂ Cp with a pro L-analytic action of a compact L-analytic group G which
contains an open normal subgroup U isomorphic to oL. By [16, Proof of
4.3.10] the action of U extends to a separately continous action of the alge-
bra DQp-an(U, K) of Qp-analytic distributions which factors over the algebra
DL-an(U, K) of L-analytic distributions. By Amice’ theorem DQp-an(U, K)
is isomorphic to the ring of convergent power series on a d-dimensional
polydisc. More explicitly, any DQp-an(U, K) can be expanded in a conver-
gent power series in the variables (δγ1 − 1, . . . , δγd

− 1) where γ1, . . . , γd is a
Zp-basis of U and δγ denotes the dirac distribution corresponding to γ ∈ U.
Then the trivial DQp-an(U, K)-module F admits a projective resolution P •

given by the Koszul complex for (δγ1−1, . . . , δγd
−1). Since V being a com-

plete locally convex space is complete and linearly topologised, the complex
HomDQp-an(U,K)(P •, V ) computes continuous group cohomology of U with
values in V by [9, V,1.2.6]. In particular

Exti
DQp-an(U,K)(K, V ) ∼= H i

cts(U, V ).

By variants of Shapiro’s Lemma on both sides we also have

Exti
DQp-an(G,K)(K, V ) ∼= H i

cts(G, V ).

For the purpose of this article we define L-analytic cohomology as

H i
an(G, V ) := Exti

DL-an(G,K)(K, V ).

We denote by g (resp. g0) the L-Lie algebra of G (resp. the Qp-Lie algebra
of the restriction of scalars of G to Qp). Recall that the cohomology of a Lie
algebra h over a field K with values in a h-module V is given by the groups
Exti

U(h)(K, V ). There are spectral sequences comparing L-Lie algebra co-
homology with L-analytic cohomology (resp. Qp-Lie algebra cohomology
with continuous cohomology). One has the following
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Theorem 2.2.
Hq

an(G, V ) ∼= Hq(g, V )G

and
Hq

cts(G, V ) ∼= Hq(g0, V )G.

Proof. Apply [7, Theorem 4.10]. Note that the theorem is applicable to
our (solvable) group G by [7, Theorem 6.5]. The assumption that K is
spherically complete is not required (cf. [11, Section 4] for an elaboration).

□

The situations above have a thing in common. In every case there is
an augmented K-algebra D such that the cohomology groups are given by
Exti

D(K, M) where one takes D = DQp-an(G, K), DL-an(G, K), UK(g) or
UK(g0).

Definition 2.3. Let M be a (φL, ΓL)-module over RK . We define the
continuous cohomology C•

cts(M) as

cone
(

RHomDQp-an(ΓL,K)(K, M) φL−1−−−→ RHomDQp-an(ΓL,K)(K, M)
)

[−1]

and the Lie-algebra cohomology C•
Lie(M) as

cone
(

RHomUK(Lie(ΓL))0)(K, M) φL−1−−−→ RHomUK((Lie(ΓL))0)(K, M)
)

[−1].

If M is L-analytic we define in addition analytic cohomology C•
an(M) as

cone
(

RHomDL-an(ΓL,K)(K, M) φL−1−−−→ RHomDL-an(ΓL,K)(K, M)
)

[−1]

and L-Lie algebra cohomology C•
L−Lie(M) as

cone
(

RHomUK(Lie(ΓL))(K, M) φL−1−−−→ RHomUK(Lie(ΓL))(K, M)
)

[−1].

3. Preliminary results on Koszul complexes
We will need some combinatorics.

Definition 3.1. Define a sequence of finite sequences (yi)i∈N0 by setting
y0 = 0 and yi+1 = ŷi ∗ yi for i > 0, where ∗ denotes concatenation of
sequences and ŷi is the sequence obtained by increasing each entry of yi

by 1. For k ∈ N0 denote by N(k, n) the number of occurrences of k in the
sequence yn.

The sequence above starts with:
(0), (1, 0), (2, 1, 1, 0), (3, 2, 2, 1, 2, 1, 1, 0), . . . .
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Remark 3.2. The following hold:
(i) N(0, i) = N(i, i) = 1 for every i ∈ N0.
(ii) N(1, i) = i for every i ∈ N0.
(iii) N(k, n + 1) = N(k − 1, n) + N(k, n) for k > 0 and every n ∈ N0.
(iv) N(k, n) =

(n
k

)
.

Proof. The points (i) and (iii) follow from the definition and (ii) follows by
combining (i) and (iii). Point (iv) follows from (i), (ii), (iii) by recurrence
using the formula for binomial coefficients(

n

k − 1

)
+
(

n

k

)
=
(

n + 1
k

)
. □

Definition 3.3. Let R be a commutative ring, x0, . . . , xn ∈ R and let M be
an R module. We define the Koszul complex inductively as K•(x0, M) :=
cone(M x0−→M) and

K•(x0, . . . , xn, M) := cone
(
K•(x0, . . . , xn−1, M) xn−→ K•(x0, . . . , xn−1, M)

)
for 1 < n ≤ d. We define the cohomological Koszul complex as

K•(x0, . . . , xn, M) := Hom(K•(x0, . . . , xn, R), M).

Lemma 3.4. Let x1, . . . , xl ∈ R be a regular sequence. Then
(i) K•(x1, . . . , xl, R) is a projective resolution of R/(x1, . . . , xl) as an

R-module.
(ii) There is a canonical isomorphism

K•(x1, . . . , xl, M) ≃ K•(x1, . . . , xl, M)[−l]

for every R-module M .
(iii) There is a canonical isomorphism

RHomR(R/(x1, . . . , xl), C) ≃ R/(x1, . . . , xl)⊗L
R C[−l]

for every C ∈ D(R).

Proof. For (i) see [20, Corollary 4.5.5].
For (ii) one first checks that K•(x1, . . . , xl, M) ≃ K•(x1, . . . , xl, R)⊗R M.

The self-duality of the Koszul complex (cf. [4, Proposition 17.15]) tells us

K•(x1, . . . , xl, R) ≃ K•(x1, . . . , xl, R)[−l].

Since the complex K•(x1, . . . , xl, R) consists of finitely generated free mod-
ules, (ii) follows from the fact that for every free R-module N we have a
canonical isomorphism Hom(N, R)⊗R − ∼= Hom(N,−).
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The point (iii) follows formally from the above: By (i) we can take
K• = K•(x1, . . . , xl, R)[−l] as a bounded projective (hence K-flat2) res-
olution of R/(x1, . . . , xl) and take any K-injective resolution C• of C. Now
the canonical map

C ⊗L
R K• −→ RHomR(RHom(K•, R[0]), C) = RHomR(K•, C)

(cf. [17, Tag 0A60] for L• = R[0]) can be seen to induce an isomorphism of
the terms in

Tot(C• ⊗K•) −→ Hom•(K•, C•)
by again using that K• consists of finitely generated free modules in every
degree like in (ii). □

Lemma 3.5. Let R be a commutative ring and let M be a module over
R[x0, . . . , xd]. Fix k ∈ {1, . . . d} and suppose that M is killed by xj for
every j ≥ k. Set C• := K•(x0, . . . , xk−1, M) then

K•(x0, . . . , xd, M) ≃
d−k+1⊕

n=0
C•[−n](

d−k+1
n ).

Proof. Since xk acts as zero on M we have

K•(x0, . . . , xk, M) ≃ cone(C• 0−→ C•)[−1] ≃ C• ⊕ C•[−1].
Define a sequence of complexes Y •

0 := C• and Y •
i+1 = Y •

i [−1] ⊕ Y •
i . We

can proceed inductively to conclude K•(x0, . . . , xd, M) ≃ Y •
d−k+1. It is easy

to see that Y •
d−k+1 is a direct sum of shifts of C• given according to the

additive inverses of the terms in the sequence yd−k+1 from Definition 3.1.
Indeed Y •

1 = C•[−1]⊕C•[0], Y •
2 = C•[−2]⊕C•[−1]⊕C•[−1]⊕C•[0], etc.

The shift C•[−n] appears precisely N(n, d − k + 1) times in Y •
d−k+1. By

Remark 3.2 we have N(n, d− k + 1) =
(d−k+1

n

)
. □

4. Abstract Herr complexes for augmented algebras
In this section we introduce an abstract formalism to study Herr com-

plexes, which appear in the context of (φL, ΓL)-modules. As a consequence
of this formalism one obtains spectral sequences, which allow the compari-
son of different cohomology theories. The applicability of these spectral se-
quences relies on the cohomology theories being “representable” in the sense
that they are isomorphic to RHomA(∗,−) where A is some abelian category
with enough projectives containing the category of (φL, ΓL)-modules and ∗
is a suitable “trivial object”, which is the case for all cohomology theories
considered in this article. Note that these results are not limited to uni-
variate (φL, ΓL)-modules but are applicable in a wider generality (e.g. one

2Since we do not assume that C is bounded, we use K-flat resp. K-injective resolutions for
computing the derived functors. We refer to [17, Section 06Y7] resp. [17, Section 070G] for the
definitions.

https://stacks.math.columbia.edu/tag/0A60
https://stacks.math.columbia.edu/tag/06Y7
https://stacks.math.columbia.edu/tag/070G
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could consider multivariate (φ, Γ)-modules or more generally modules over
a commutative augmented R-algebra together with a choice of n commuting
D-linear operators). Recall that an augmented R-algebra is an R-algebra
D together with an R-algebra homomorphism ε : D → R.

Definition 4.1. Let D be a commutative augmented R-algebra and let
M be a D[T ] = D[T1, . . . , Tn]-module. We view D[T ] as an augmented
R-algebra by mapping each Ti to 1 and define the abstract Herr complex

CT ,D(M) := RHomD[T ](R, M).

Lemma 4.2. Let A be a commutative ring. Let I, J ⊂ A be two ideals. Let
M be a an A-module. We have canonical isomorphisms

RHomA(A/(I + J), M) ≃ RHomA/I(A/(I + J), RHomA(A/I, M))
≃ RHomA/J(A/(I + J), RHomA(A/J, M)).

Proof. The argument is symmetric in I and J, we thus prove that

RHomA(A/(I + J), M) ≃ RHomA/J(A/(I + J), RHomA(A/J, M)).

Consider the natural map A→ A/J. The functor HomA(A/I,−) takes in-
jective A-modules to injective A/I-modules. (Indeed, suppose L is an injec-
tive A-module then HomA/I(−, HomA(A/I, L)) = HomA(− ⊗A A/I, L) =
HomA(−, L) is exact on A/I-modules.) Furthermore by identifying

HomA(A/(I + J), M) ∼= {m ∈M | am = 0 for all a ∈ I + J}

we see that

HomA/J(A/(I + J), HomA(A/J, M)) = HomA(A/(I + J), M)

and the claim follows from [17, Lemma 015M]. □

Remark 4.3. Let D be a commutative augmented R-algebra. Let M be a
D[T ]-module then:

(i) We have canonical isomorphisms

RHomD[T ](R, M) ≃ RHomR[T ](R, RHomD[T ](R[T ], M))
≃ RHomD(R, RHomD[T ](D, M)).

(ii) There is a canonical isomorphism

RHomD[T ](R[T ], M) ≃ RHomD(R, M).

(iii) In particular (for n = 1)

CT,D(M) ≃ cone
(
RHomD(R, M) T −1−−−→ RHomD(R, M)

)
≃ RHomD

(
R, cone

(
M

T −1−−−→M
))

https://stacks.math.columbia.edu/tag/015M
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Proof. For (i), apply Lemma 4.2 to the ring A = D[T ] and the ideals
I = ker(ε : D[T ]→ R[T ]) and J = (T1, . . . , Tn).

For (ii), apply [17, Lemma 0E1W] to the ring map D → D[T ]. Since
D[T ] is flat over D one has R⊗L

D D[T ] ≃ R[T ].
To see (iii), one plugs the projective resolution R[T ] T −1−−−→ R[T ] (resp.

D[T ] T −1−−−→ D[T ]) of R (resp. D) into the first (resp. second) quasi isomor-
phism in (i) and uses (ii). □

Remark 4.4. Let D → D′ be a morphism of commutative augmented
R-algebras and let M be a D′[T ]-module. Then we have

(i)

CT,D(M) ≃ RHomD′[T ](R⊗L
D[T ] D′[T ], M)(4.1)

≃ RHomD′[T ](R⊗L
D D′, M)(4.2)

≃ RHomD[T ](D′[T ], CT,D′(M))(4.3)
≃ RHomD(D′, CT,D′(M)).(4.4)

(ii) If one assumes that D′ is the quotient of D by a regular sequence
of length l then CT,D(M) is quasi-isomorphic to

D′ ⊗L
D CT,D′(M)[−l]

(iii) There is a base change map

CT,D(M)⊗L
D[T ] D′[T ] −→ RHomD′[T ]

(
R⊗L

D[T ] D′[T ], M ⊗L
D[T ] D′[T ]

)
which is an isomorphism if R is perfect as a D[T ]-module or D′[T ]
is perfect as a D[T ]-module.

Proof. See [17, Tag 0E1V] for (i) (4.1) and (iii). Equation (4.4) follows
from [17, Lemma 0E1W]. Equations (4.3) and (4.2) now follow by derived
adjunctions from (4.1) and (4.4) respectively. The statement (ii) follows
from 3.4(iii). □

From the usual hyper-cohomology spectral sequence we obtain the fol-
lowing.

Corollary 4.5. Let M be a D′[T ]-module and D → D′ a morphism of
commutative augmented R-algebras. Then:

(i) There is a spectral sequence

Ep,q
2 = Extp

D(D′, Hq
T,D′(M)) =⇒ Hp+q

T,D (M).

(ii) If D′ is the quotient of D by a regular sequence of length l then
there is a spectral sequence

Ep,q
2 = TorD

l−p(D′, Hq
T,D′(M)) =⇒ Hp+q

T,D (M)

https://stacks.math.columbia.edu/tag/0E1W
https://stacks.math.columbia.edu/tag/0E1V
https://stacks.math.columbia.edu/tag/0E1W
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Remark 4.6. We can use the second spectral sequence from Corollary 4.5
to provide an alternative proof of 3.5 (for R = K a field).

Proof. We consider the algebras

D = K[x1, . . . , xd] −→ D′ = D/(xk, . . . , xd) ∼= K[x1, . . . , xk−1]

and let T act on M as multiplication by x0. Let P • be the Koszul complex
resolving D′ as a D-module and let C• := CT,D′(M). Then the spectral
sequence from 4.5 is obtained from the double complex P • ⊗D C• by first
taking cohomology along the C• axis leaving us with P • ⊗D H i(C). Since
each H i(C) is a D/(x0, . . . , xd)-module the differentials along the P • axis
are all zero (as they are linear combinations of multiplication by xi-maps)
and hence the spectral sequence collapses at the E1 page. As K-vector
spaces we have Hn

T,D(M) ∼=
⊕

i+j=n P i ⊗D Hj(C). Since each P q is free of
rank

(l
q

)
the result follows by computing the length l of the regular sequence

cutting out D′ which in our case is d + 1− k. □

5. Applications
Let K be a complete field extension of a finite extension L of Qp of degree

d = [L : Qp]. Let Σ = {σ1, . . . , σd} be the set of embeddings L → Cp. We
identify L with a subfield of Cp via σ1. Let E ⊂ Cp be a Galois closure
of L. Denote by Res(ΓL) the restriction of scalars of ΓL to Qp. In [1, after
Lemma 2.6] Berger defines an E-basis (∇σ)σ∈Σ of E ⊗Qp Lie(Res ΓL) with
the property that a (φL, ΓL)-module over RE is L-analytic if and only if ∇σ

acts as zero on M for every σ ̸= id . We henceforth abbreviate ∇i := ∇σi .

Let g := Lie(ΓL) ∼= L∇1 and g0 := E ⊗Qp Lie(Res(ΓL)) ∼=
⊕d

i=1 E∇i.

5.1. Cohomology.

Definition 5.1. Let F ⊂ Cp be a complete extension of L which contains
a Galois closure E of L. and let M be a (φL, ΓL)-module over RF Let
f ∈ EndF (M) be an operator that commutes with the action of g0 on M.
We view M as a module over F [x0, . . . , xd] by letting x0 act as f − 1 and
xi act as ∇i for i = 1, . . . , d. We define

C•
f,g(M) := K•(x0, x1, M)

and

C•
f,g0(M) := K•(x0, . . . , xd, M).

The above complexes are quasi-isomorphic to a shift of the cone of
f − 1 on the respective Lie algebra cohomology with values in M. As a
consequence of 2.2 and the preceding discussions the groups H i

cts(M) :=
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H0(ΓL, H i
φ,g0(M) (resp. H i

an(M) := H0(ΓL, H i
φ,g(M))) are isomorphic to

the cohomology of

cone
(

RHomDQp-an(ΓL,K)(K, M) φL−1−−−→ RHomDQp-an(ΓL,K)(K, M)
)

[−1]

(resp. for the L-analytic variant). As a corollary of Lemma 3.5 we get the
following comparison between cohomologies of M.

Theorem 5.2. Let M be an L-analytic (φL, ΓL)-module over RF and let
f ∈ EndL(M) be an operator that commutes with the action of g0 on M .

C•
f,g0(M) ≃

d−1⊕
n=0

C•
f,g(M)[−n](

d−1
n ).

Proof. Apply Lemma 3.5 with k = 2. □

Remark 5.3. By applying Lemma 3.5 for larger k one can obtain a similar
result for (not nescessarily analytic) (φL, ΓL)-modules on which a finite
subset of {∇σ, σ ∈ Σ} acts trivially.

We get a generalisation of [6, Theorem 0.2] as a corollary.
Corollary 5.4. Let M be an L-analytic (φL, ΓL)-module over RK where
L ⊂ K is a complete field extension (not necessarily containing a normal
closure of L). Then we have an isomorphism of K-vector spaces

(5.1) H i
cts(M) ∼= H0

an(M)(
d−1

i ) ⊕H1
an(M)(

d−1
i−1) ⊕H2

an(M)(
d−1
i−2),

for every i ≥ 0. In particular:
H1

cts(M) ∼= H1
an(M)⊕H0

an(M)d−1 and Hd+1
cts (M) ∼= H2

an(M).
Proof. First assume that K contains a normal closure of L. The first part
follows from Theorem 5.2 for f = φL by taking cohomology and ΓL-
invariants. For the second part one uses N(1, d−1) = d−1, N(d+1, d−1) =
N(d, d− 1) = 0 and N(0, d− 1) = N(d− 1, d− 1) = 1. For the general case
let E be a normal closure of L inside Cp and let F = KE. Let us consider
the base change map from Remark 4.4(iii) where D′ = F ⊗K D and D is
an augmented K-algebra (to be chosen below). The base change map is an
isomorphism since D′ is finite free over D. Since D′ is furthermore flat we
have that all derived tensor products are represented by the usual tensor
product. In particular F ∼= K ⊗L

D D′. Let M be a D[T ]-module and let
N = D′ ⊗D M. Then

RHomD[T ](K, N) ≃ RHomD′[T ](F, N) ≃ D′ ⊗D RHomD[T ](K, M).
The cohomology groups on the left-hand side carry a natural action of
G(F/K) via N and G(F/K) acts on the right-hand side by acting on D′.
The induced map

H i
T,D′(N)

∼=−→ D′ ⊗D H i
T,D(M) ∼= F ⊗K H i

T,D(M)
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is equivariant with respect to these actions and taking G-invariants shows
H i

T,D(M) ∼= (H i
T,D′(N))G. Now let M be an L-analytic (φL, ΓL)-module

over RK and let N := F ⊗K M. We can apply (5.1) to N, reinterpret the
continuous (resp. analytic) cohomology in terms of abstract Herr complexes
for D = DQp-an(ΓL, F ) (resp. DL-an(ΓL, F )) and then use the preceding
considerations to get the same result for the cohomology of M. □

In [16, Question 5.2.12] Schneider and Venjakob ask, whether for an
étale (φL, ΓL)-module M, and an open subgroup U ⊂ ΓL the continuous
cohomology groups H i

cts(φN
L × U, M) vanish outside of degree [0, 2] and

whether they are finite dimensional. Theorem 5.2 shows that in general we
should not expect the Lie algebra cohomology to be concentrated in [0, 2].
If M is analytic, then H0(ΓL, H i

φ,g(M)) ̸= 0 for some i ∈ [0, 2] implies
H0(ΓL, Hd+i−1

φ,g0 (M)) ̸= 0 by looking at the three highest cohomology groups
in Theorem 5.2. A similar statement holds if one replaces φL by another op-
erator commuting with ΓL (for example the left-inverse Ψ-operator). More
explicitly, one can for d > 2 consider the rank one module attached to the
Lubin–Tate character χLT , which by [6, Theorem 5.19] has non-trivial H1

an

and thus has non-trivial Hd
cts.

5.2. Euler characteristics. Let M be an L-analytic (φL, ΓL)-module
over RK . In this subsection we assume that H i

an(M) is finite dimensional
and denote its dimension by hi

an.3 Then by Corollary 5.4 H i
cts(M) is fi-

nite dimensional as well and we denote its dimension by hi
cts(M). For

∗ ∈ {an, cts} we denote the corresponding Euler characteristic by χ∗ :=∑
i(−1)ihi

∗.

Remark 5.5. Let Nχ :=
∑d−1

k=0(−1)kN(k, d − 1). If d = 1, then Nχ = 1.
Otherwise Nχ = 0.

Proof. Let V be a one-dimensional K-vector space and let C0 := V [0]. We
define inductively Ci+1 := Ci ⊕ Ci[−1]. It is easy to see that Nχ is the
Euler-characteristic of the complex Cd−1. It is 1, if d = 1 and otherwise the
Euler-characteristics of Ci and Ci[−1] cancel out for all 0 ≤ i ≤ d− 2 and
by induction Cd−1 has Euler-characteristic 0. □

Remark 5.6. Assume χan is finite. Then
χcts = Nχχan.

Proof. Redo the proof of Remark 5.5 with C0 = Cf,g(M). □

Remark 5.7. Let M be an L-analytic (φL, ΓL)-module over RK , such that
χan(M) ̸= 0. Suppose L ̸= Qp then

(i) Can(M) and Ccts(M) are not quasi-isomorphic.
3The finiteness is known for large K due to [18].
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(ii) If M is the base change of an étale (φL, ΓL)-module over RL at-
tached to V ∈ RepL(GL), then Ccts(M) is not quasi-isomorphic to
a base-change of C•

cts(GL, V ) with respect to any L-algebra.

Proof. (i) and (ii) follow from the fact that both Can(M) and Ccts(GL, V )
have non-zero Euler characteristic but Nχ = 0 and since any L-algebra is
flat and the base change preserves the Euler–Poincaré-characteristic. □

Note that examples of modules with non-zero χan are provided by Colmez
in [3] in the rank one case provided that K is large enough (see also [19]).
The above result is surprising at first glance as one would expect
C•

cts(D†
rig(V )) to be isomorphic to Galois cohomology and hence concen-

trated in [0, 2] with Euler characteristic −[L : Qp] dimL(V ). From the classi-
cal case we know that the value of the Euler characterstic can be expressed
as − rankoL[[ΓL]][1/p](H1

Iw(V )), which gives us a different perspective on this
problem and heuristically explains, why the Euler characterstic of Ccts(M)
is zero: If M is analytic, then the analogue of the first Iwasawa cohomology,
i.e. MΨ=1, is a D(ΓL, L)-module, in particular torsion when viewed as a
module over the algebra of Qp-analytic distributions and hence of rank 0.

5.3. Cup products. Corollary 5.4 makes it interesting to investigate
where the non-trivial elements of H2

cts(M) for an analytic (φL, ΓL)-module
M come from, if, say, H2

an(M) is trivial. We show that cup products with
elements of H1

cts(RL)\H1
an(RL) are a source of such elements provided that

H0(M) = 0. (Since H0
an(M) = H0

cts(M) we write simply H0(M).) In this
subsection assume R = K ⊂ Cp is a closed subfield containing a normal
closure of L.

Definition 5.8. Let M be a D[T ]-module. We define the cup product

∪ : H i
T,D(M)×Hj

T,D(K) −→ H i+j
T,D(M)

via the Yoneda product in the category of D[T ]-modules.

Recall that for the continuous (resp. analytic) cohomology groups of a
(analytic) (φL, ΓL)-module we have

H1
cts(M) ∼= H i

T,D(M)

resp.

H1
an(M) ∼= H i

T,D′(M),

where D = DQp-an(ΓL, K) (resp. D′ = DL-an(ΓL, K)) and T acts as φL.
At the same time, the first continuous (resp. analytic) cohomology group
parametrises extensions 0→M → E → RK → 0 of (φL, ΓL)-modules over
RK (resp. analytic (φL, ΓL)-modules over RK .) (cf. [6, Theorem 0.1]).
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Remark 5.9. The natural map K → RK induces isomorphisms
H1

T,D(K) ∼= H1
T,D(RK)

and
H1

T,D′(K) ∼= H1
T,D′(RK).

Proof. Using Theorem 2.2 and Corollary 5.4 it suffices to show the state-
ment for the L-Lie-algebra variant. This is done in [6, Proposition 5.10(b)]
(cf. also [3, Remarque 5.17] for a similar statement over a large field). □

As a consequence of the above we can now describe the cup product of
a 1-extension of (φL, ΓL)-modules with a 1-extension of RK , by taking the
corresponding elements in Ext1

D[T ](K, M), Ext1
D[T ](K, K) (resp. for D′) and

composing them to get a 2-extension Ext2
D[T ](K, M) ∼= H2

cts(M). We are
not aware of an evident description of the elements of H2

cts(M) in terms of
2-extensions of (φL, ΓL)-modules over RK .

Remark 5.10. Let ? be either an or cts. For a (analytic if ? = an) (φL, ΓL)-
module M over RK consider the pairing

H1
? (M)×Hn

? (K) −→ Hn+1
? (M).

Let ξ ∈ H1
? (M) and let v ∈ Hn

? (K) then ξ ∪ v = δ(v) under the map
Hn

? (K) δ−→ Hn+1
? (M) induced by ξ.

Proof. See [12, Chapter VII, Section 5]. □

Lemma 5.11. Let M be an analytic (φL, ΓL)-module satisfying H0(M) =
H2

an(M) = 0. Let E ∈ H1
an(M) be a non-split extension. Then

Ker(H1
cts(RK) δ−→ H2

cts(M)) = H1
an(RK).

Proof. Suppose v ∈ H1
cts(RK) with δ(v) = 0. This means v is in the image of

H1
cts(E)→ H1

cts(RK) but from E being non-split we can deduce H0(E) = 0
(as any non-zero element e ∈ H0(E) would define a split of the sequence by
mapping 1 ∈ K to e). From Corollary 5.4 it follows that H1

cts(E) = H1
an(E)

and thus v ∈ H1
an(RK). If v ∈ H1

an(RK) then δ(v) = 0 since δ factors over
the natural map 0 = H2

an(M)→ H2
cts(M). □

Theorem 5.12. Suppose M is an analytic (φL, ΓL)-module satisfying
H0(M) = H2

an(M) = 0
and assume dimK(H1

an(M)) = 1.4 Then the map
∪ : H1

an(M)⊗H1
cts(RK) −→ H2

cts(M)
4Under the assumption of the analytic Euler–Poincaré formula (i.e.

∑
(−1)i dim Hi

an(M) =
− rank(M)) this is equivalent to M being of rank 1. This formula is known in the rank 1 case
for big K (cf. [19, Remark 6.3]).



680 Rustam Steingart

is surjective and induces an isomorphism
H1

an(M)⊗H1
cts(RK)/H1

an(RK) ∼= H2
cts(M).

Proof. From Lemma 5.11 we know that for every 0 ̸= ξ ∈ H1
an(M) the

induced map H1
cts(RK)/H1

an(RK) → H2
cts(M), v 7→ v ∪ ξ is injective. In

particular the image is a [L : Qp]−1-dimensional subspace of H2
cts(M). The

statement follows for dimension reasons since we know from Corollary 5.4
that H2

cts(M) is of dimension ([L : Qp]−1) dim(H1
an(M)) = [L : Qp]−1. Us-

ing that H1
an(RK) is 2-dimensional (cf. [6]) we deduce by similar arguments

that H1
cts(RK) is of dimension ([L : Qp]−1) dim(H0

an(K))+dim(H1
an(K)) =

[L : Qp]− 1 + 2 = [L : Qp] + 1. □

Theorem 5.13. Let M be analytic and with the property
H0

an(M) = H2
an(M) = 0.

The pairing
H1

an(M)⊗H1
cts(RK)/H1

an(RK) −→ H2
cts(M)

is non-degenerate.

Proof. First let E ∈ H1
an(M) ̸= 0. Then the proof of Lemma 5.11 shows

that the induced map H1
cts(RK)/H1

an(RK)→ H2
cts(M) is even injective (in

particular non-zero).
Let E′ ∈ H1

cts(RK) and let E ∈ H1
an(M) such that E∪E′ = 0. Write D :=

DQp-an(ΓL, K) and D′ := DL-an(ΓL, K). By [12, Lemma 4.1] E′ fits into an
exact sequence of D[T ]-modules 0 → M → F → E′ → 0 with some F ∈
ExtD[T ](K, E). If E is non-split we have ExtD[T ](K, E) = ExtD′[T ](K, E) by
Corollary 5.4. This expresses E′ as a quotient of a D′-module. In particular
E′ ∈ H1

an(K) as desired. □

The quotient H1
cts(RL)/H1

an(RL) can be interpreted in terms of Galois
cohomology. We denote by Eun ∈ H1

cts(GQp , L) ∼= Homcts(Gab
Qp

, L) the un-
ramified extension of L corresponding to the valuation Q×

p → L by local
class field theory and denote by EQp the extension 0 → L → E′ → L → 0
on which g ∈ GQp acts via (

1 log(χcyc(g))
0 1

)
.

Similary we can define an extension ELT ∈ H1
cts(GL, L)(

1 log(χLT (g))
0 1

)
.

These extensions are always non-split and not contained in the span of Eun

(resp. res(Eun)), as we will see shortly. By interpreting H1
cts(RL) in terms of

extensions of (φL, ΓL)-modules and observing that étale objects are stable
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under extensions we can view H1
cts(RL) as a subspace of the Galois coho-

mology group H1
cts(GL, L). By similar reasoning H1

an(RL) can be viewed
as a subspace of H1

cts(RL). It follows from the proof of Theorem 5.12 that
H1

cts(RL) is a [L : Qp] + 1-dimensional subspace of H1
cts(GL, L). A small

computation using Tate-Duality and the Euler–Poincaré formula for Ga-
lois cohomology shows that the latter is of the same dimension and hence
H1

cts(RL) ∼= H1
cts(GL, L).

Theorem 5.14. Let L ̸= Qp and assume L/Qp is Galois. Under the above
isomorphism H1

cts(RL) ∼= H1
cts(GL, L) the subspace H1

an(RL) is spanned by
ELT and the image of Eun under the restriction map. EQp is not L-analytic.

Proof. Since the (φL, ΓL)-action (resp. the Galois action) on L is trivial
H1

cts(L)∼= H1
cts(RL) can be identified with Homcts(L×, L)∼= Homcts(Gab

L , L)
by local class field theory. The injectivity of

H1
cts(Qp, L) −→ H1

cts(GL, L)

follows from the inflation-restriction exact sequence since L is a Q-vector
space. It is easy to see, that the valuation vp : Q×

p → L defines an unramified
non-split extension of L by itself, which is in particular Hodge–Tate at
every embedding and, since the weights add to 0 at every embedding the
representation res(vp) is analytic. One computes that EQp has Sen operator5(

0 1
0 0

)
and concludes that EQp is not Hodge–Tate using [5, Proposition 6.5] be-
cause the above operator is not semi-simple6. This remains true for the
restriction of EQp at every embedding of L, since the cyclotomic character
has Galois stable image. By a similar argument the extension ELT has Sen
operator (

0 1
0 0

)
at the identity embedding, but, since χLT has Hodge–Tate weight 0 at
the non-identity embeddings, we can conclude that the Sen operator at the
other embeddings vanishes. In particular ELT is L-analytic (but not Hodge–
Tate). The subset of H1

cts(L) consisting of Hodge–Tate extensions can be
identified with the kernel of the natural map H1(GL, L) → H1(GL, BHT )
and is hence a sub L-vector space. We conclude that Eu and ELT are lin-
early independent. By [6, Theorem 5.10] dimL(H1

an(L)) = 2 and hence

5Cf. [5, 3.2.3] for the definition of the operator.
6I found this example in unpublished notes [13] of Gal Porat, which used to be available on

his webpage.
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Eu and ELT form a basis of H1
an(L). Lastly res(EQp) can not be con-

tained in H1
an(L), as it would have to be Hodge–Tate at the non-identity

embeddings. □

6. A Dolbeaut complex for p-adic Galois representations
6.1. The complex analogy. Consider the following example from com-
plex geometry. Let X be the complex plane and N = C∞(X) the space of
smooth C-valued functions. Then inside of N we find M := O(X) cut out
by the Cauchy–Riemann differential equation ∂. Let us write Sol(N) :=
N∂=0(= M). In this for (i, j) ∈ {(1, 0), (0, 1), (1, 1)} the spaces Ω(i,j) of
(i, j)-forms are isomorphic to N and the Dolbeaut double complex

Ω(0,0)(X) Ω(0,1)(X)

Ω(1,0)(X) Ω(1,1)(X)

∂

∂ ∂

∂

is just:

N N

N N.

∂

∂ ∂

∂

The total complex

0 −→ E0(X) d−→ E1(X) −→ . . .

of this double complex computes de Rham cohomology Hn
dR(X). The double

complex spectral sequence produces the Dolbeaut to de Rham spectral
sequence

Ep,q
1 (X) = ker(∂ : Ωp,q → Ωp,q+1)

im(∂ : Ωp,q−1 → Ωp,q)
=⇒ Hp+q

dR (X).

In our case ∂ is surjective and hence

Ep,q
1 (X) =

{
Sol(N), if q = 0 and p = 0, 1
0, otherwise.

Moreover, the E1 page is just Sol(N) ∂→ Sol(N). Philosophically, the com-
parison results of the preceding section were not the right perspective, since
we were trying to compare (in our analogy) the cohomology of

M
∂−→M
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with the cohomology of the total complex

M M

M M.

∂

∂ ∂

∂

Instead we should be looking for some bigger object N such that M =
Sol(N) is the subset of L-analytic vectors of N and compare a cohomology
attached to N with the analytic cohomology of Sol(N) in a suitable sense.

6.2. Dolbeaut resolutions of analytic vectors. In this section let us
assume that L/Qp is Galois and we denote by Σ = {id = σ1, . . . , σd} the
embeddings L → Cp. Set Σ0 := Σ \ {σ1}. To make the analogy described
above precise we will work over the ring B := (B̃†

rig,L)pa from [1]. In order to
keep the notation in this section consistent with the rest of the article we ad-
just all intervals to be given terms of absolute values rather than valuations
and write everything in a way which does not require fixing a normalisa-
tion of the norm on Cp. Implicitly we endow C♭

p with the norm satisfying
|x#| = |x|♭ for all x ∈ C♭

p (cf. [14, Section 1.4]). Let w be the Teichmüller
lift of a pseudouniformiser of oC♭

p
. Any element of f ∈W (oC♭

p
)L[1/πL, 1/w]

can be written uniquely as a convergent series
f =

∑
k≫−∞

πk
L[xk]

with xk a bounded sequence in C♭
p. For 0 < r < 1 define

|f |r := sup
k
|πL|k(|xk|♭)− logp(r)

and |f |I := supr∈I |f |r.7 For a closed interval I ⊆ (0, 1) we denote by B̃I

the completion of W (oC♭
p
)L[1/πL, 1/w] with respect to |−|I . The subspace

B̃I
L := (B̃I)HL is then a Banach space representation of ΓL and we denote

by BI := (B̃I
L)la the subspace consisting of locally analytic vectors which

is the set of elements v ∈ B̃I
L such that the orbit map ΓL → B̃I

L mapping
γ to γv is locally Qp-analytic.

For the Fréchet spaces B̃[r,s) = lim←−r<s′<s
B̃[r,s′] we denote by B[r,s) the

subspace (B̃[r,s)
L )pa of B̃[r,s)

L = (B̃[r,s))HL consisting of pro-analytic vec-
tors, i.e., elements v ∈ B̃[r,s)

L whose image in B̃[r,s′]
L is analytic for every

r < s′ < s. We give a short summary of results we need from [1]. Berger
studies F -linear representations of GK , and for technical reasons introduces
a base change to a normal closure E of F. To keep notation simpler we will

7The precise value |f |r depends on the chosen normalisation, but an expression of the form
|f |r = |x| for some x ∈ Cp is independent of the normalisation.
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assume L = E = F = K and we will be studying (analytic) L-linear
GL-representations. Berger attaches to an L-linear representation V of GL

a (φL, ΓL)-module over B[r,1) for large enough 0 < r < 1 (given by the
pro-analytic vectors in D̃†,r

rig,L(V ) := (B̃[r,1) ⊗L V )HL). He constructs dif-
ferential operators ∂σ : BI → BI which should be seen as analogues of the
Dolbeaut operator in complex geometry. To this end he defines elements yσ

for each σ ∈ Σ such that yid is the usual “variable” with φq(yid) = [πL](yid)
and γyid = [χLT (γ)](yid) and the action on the yσ is given by twisting
the coefficients with the embedding σ. For each σ ∈ Σ we have a corre-
sponding element tσ := logσ

LT (yσ), where the superscript σ denotes ap-
plying the embedding σ to the coefficients. We define ∂σ := gσ

tσ
∇σ, where

gσ ∈ BI is the formal derivative of tσ with respect to yσ. One can show that
∇σ : BI ⊂ tσBI . The L-analytic vectors (BI)L-an are given by the subspace
(BI)∂2,...,∂n=0, where ∂i := ∂σi .

We summarise the main technical results.
Theorem 6.1. The following hold:

(i) Let M be a free BI-module with a compatible ΓL-action such that
∇τ (M) ⊂ tτ M for every τ ∈ Σ0. Then

Sol(M) := {x ∈M | ∂τ (x) = 0 for all τ ∈ Σ0}
is a free (BI)L-an-module and

M = BI ⊗(BI)L-an Sol(M).

(ii) Let V ∈ RepL(GL), then (D̃†,r
rig,L(V ))pa is a free (B̃[r,1))pa-module

of rank dim(V ) stable under ΓL for 0 < r < 1 large enough.
(iii) If V ∈ RepL(GL) is Cp-admissible at τ ∈ Σ, then

∇τ (D̃†,r
rig,L(V ))pa ⊂ tτ (D̃†,r

rig,L(V ))pa.

Proof. The first point follows from the proof of [1, Theorem 6.1]. The second
part is essentially [1, Theorem A]. The third part is [1, Lemma 10.2]. □

We will prove an analogue of the Dolbeaut-Lemma for the operators
∂i, i ̸= 1. A technical inconvenience will be the fact that we do not assume
that M is stable under ∂1. However, M is always stable under ∇1. Another
inconvenience is the fact that ∂i does not commute with φL so we need to
adjust our Dolbeaut complexes to make them φL-equivariant. Before doing
so, we first study the resolution of B = (B̃I

L)la itself.
Lemma 6.2 (∂-Lemma). Let L ̸= Qp then:

(i) The operators ∂τ : B → B are surjective for every τ ∈ Σ.
(ii) If d = [L : Qp] > 2 and x ∈ B satisfies ∂τ x = 0 for all τ ∈ Ξ ⊂

Σ \ {id, σ}, where σ ̸= id, then we can find z satisfying ∂τ z = 0 for
all τ ∈ Ξ and ∂σz = x.
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Proof. Part (i) is [1, Corollary 5.5]. For part (ii) we recall that Berger
explicitly defines a series (using the notation from [1])

z =
∑

i∈NΣ0
0

xi
iσ + 1(y− yn)i+1σ

satisfying ∂σz = x, where xi is given by

xi := 1
i!
∑

k∈NΣ0
0

(−1)k (y− yn)k

k! ∂k+i(x).

Berger shows ∂τ xi = 0 for all τ ̸= id and further shows ∂τ ((y − yn)k) = 0
if kτ = 0, where kτ denotes the τ -component of k. The assumptions of (ii)
guarantee xi = 0 as soon as iτ ̸= 0 for the embeddings τ ∈ Ξ. If iτ = 0
for τ ∈ Ξ then, because σ /∈ Ξ, we also have (i + 1σ)τ = 0 and hence
∂τ ((y − yn)i+1σ ) = 0. Combining all of the above shows ∂τ z = 0 for all
τ ∈ Ξ. □

We remark that it is important to have at least two auxiliary embeddings
for Lemma 6.2 to work.

Lemma 6.3 (Dolbeaut Lemma). Let L ̸= Qp. Let B := (B̃I
L)la. Then the

natural map BL−an[0]→ K•(∂2, . . . , ∂d, B) is a quasi-isomorphism.

Proof. Because ∂2 is surjective we have a short exact sequence

E2 : 0 −→ B∂2=0 −→ B
∂2−→ B −→ 0.

For n ≥ 2 we proceed inductively. Since E2 is exact we have that E′
3 :=

Cone(∂3 : E2 → E2)[−1] is exact and of the form

0 −→ B∂2=0 ∂3,id−−−→ B∂2=0 ⊕B
id ⊕−∂3,∂2−−−−−−−→ B2 −→ B −→ 0.

Consider the subcomplex

E3 : 0 −→ B∂2,∂3=0 −−−−−−→ B −−−−−−−−→ B2 −→ B −→ 0.

A small computation shows H0(E3) = 0. Furthermore H i(E3) = 0 for i ≥ 2
as they are unaffected by the change from E′

3 to E3. Since the original
sequence E′

3 is exact, it remains to show that the image of f : B
−∂3,∂2−−−−→ B2

is the same as the image of g : B∂2=0 ⊕ B
id ⊕−∂3,∂2−−−−−−−→ B2. One inclusion is

obvious hence let us consider (a, b) in the image of g. Then there exist (x, y)
such that (x − ∂3y, ∂2y) = (a, b). Since x ∈ B∂2=0 we can find x′ ∈ B∂2=0

with ∂3x′ = x by Lemma 6.2. Define c = x′ + y ∈ B then

f(c) = (∂3(x′ + y), ∂2(x′ + y)) = (x + ∂3y, ∂2y) = (a, b).
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Inductively we obtain for k = 3, . . . , d− 1 in each step an exact sequence

0 −→ B∂2,...,∂k=0 −→ B

∏
∂i−−−→

k∏
i=2

B −→ . . . .

Take the ∂k+1-cone to get

0 −→ B∂2,...,∂k=0 −→ B∂2,...,∂k=0 ⊕B −→ B ⊕
k∏

i=2
B . . .

and apply Lemma 6.2(ii) to show that the subsequence

0 −→ B∂2,...,∂k+1=0 −→ B

∏
∂i−−−→

k+1∏
i=2

B −→ . . .

is exact. □

Lemma 6.4. Let γ ∈ ΓL and let a = χLT (γ). Then for every σ ∈ Σ we
have ∂σ ◦ γ = [a]′σ(yσ)γ ◦ ∂σ and ∂σ ◦ φL = [πL]′σ(yσ)φL ◦ ∂σ.

Proof. Recall that ∂σ = gσ

tσ
∇σ, where gσ is the formal derivative of tσ =

logσ
LT (yσ) with respect to the variable yσ. From γ(yσ) = [χLT (γ)]σ(yσ) and

φ(yσ) = [πL]σ(yσ) we conclude γtσ = σ(χLT (γ))tσ and φL(tσ) = σ(πL)tσ.
From the chain rule we obtain

σ(a)gσ = γ(gσ)[a]′σ(yσ)
and similary

σ(πL)gσ = φ(gσ)[πL]′σ(yσ).

Using that ∇σ commutes with the (φ, ΓL)-action and the above computa-
tions we obtain

γ(∂σ(x)) = γ

(
gσ

tσ

)
∇σγx = ([a]′σ(yσ))−1∂σ(γx)

and

φ(∂σ(x)) = φ

(
gσ

tσ

)
∇σφx = ([πL]′σ(yσ))−1∂σ(φx). □

As a consequence of Lemma 6.4 ∂σ does not commute with φL. Instead
we have that ∂σ defines a (φL, ΓL)-equivariant map

∂σ : BI −→ BIdσ; f 7−→ ∂σ(f)dσ,

where dσ is a formal symbol with (φ, Γ)-action given by a·dσ = [a]′σ(wσ)dσ.8

Since the Frobenius φL : B̃I → B̃I1/q is not an endomorphism of B̃I we
need to make the following rather technical definitions.

8Here we mean that (φn
L, γ) ∈ φN0

L × Γ acts as a = πn
LχLT (γ).
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Definition 6.5. Let I ∈ {[r, s], [r, s)} be a subinterval of (0, 1) and assume
s > r1/q. Let J := [r1/q, s]. Let

RI ∈
{

B̃I , (B̃I)HL , ((B̃I)HL)pa, ((B̃I)HL)L−pa
}

(similarly for RJ). A φL-module M I over RI is a finite free RI -module
together with an isomorphism

RJ ⊗RI ,φL
M I ∼= MJ := RJ ⊗RI M I .

Definition 6.6. Let M = M I be a φL-module over B = BI endowed with
a compatible and continuous action of ΓL such that ∇σ(M) ⊂ tσM for all
σ ∈ Σ0. We define the equivariant analytic resolution of M as

C•
ΩΣ0 (M) : M

∏
∂σi−−−−→

n⊕
i=2

M ⊗B Bdσi −→ · · ·∑
(−1)i∂σi−−−−−−−→M ⊗B Bdσ2 ∧ · · · ∧ dσn ,

which as a complex of vector spaces is given by
K•(∂σ2 , . . . , ∂σn , M)

endowed with an action of (φL, ΓL) induced by the action on M and the
symbols dσi . By construction each operator commutes with the action of
γ ∈ ΓL and φL and we may thus form

C•
ΩΣ(M) := cone

[
CΩΣ0 (M) ∇1−−→ CΩΣ0 (M)

]
[−1]

and

C•
ΩΣ,φL

(M) := cone
[
CΩΣ(M I) φL−1−−−→ CΩΣ(MJ)

]
[−1].

Formally we obtain the following analogues of the Frölicher spectral se-
quence in complex analysis:
Remark 6.7. We have canonical convergent spectral sequences

Ep,q
2 = Hp

∇1
(Hq

ΩΣ0 (M)) =⇒ Hp+q
ΩΣ (M)

and
Ep,q

2 = Hp
φL,∇1

(Hq
ΩΣ0 (M)) =⇒ Hp+q

φL,ΩΣ(M).
Proof. The first sequence is just the spectral sequence for the total complex
of a double complex. For the second spectral sequence an explicit compu-
tation shows that for C• := C•

ΩΣ0 (M) the Koszul complex9

K•(∇1, φ− 1, C•)(≃ C•
ΩΣ,φ(M))

9Formally, K•(φ − 1, C•) does not make sense, since φL is not an endomorphism of MI , we
mean, of course, the mapping fibre of φ − 1: C•

I → C•
J , where C•

I and C•
J denote the respective

resolutions for MI and MJ . To keep the notation light we will suppress the intervals I and J in
the notation. This poses no problem.
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is isomorphic to the total complex of the double complex

(6.1) C• φ−1,∇1−−−−−→ C• ⊕ C• ∇1⊕−(φ−1)−−−−−−−−→ C•.

Indeed both total complexes are of the form C• ⊕ C•[−1] ⊕ C•[−1] ⊕
C•[−2] hence it remains to see that the differentials agree. Let us denote
by D• the complex K•(∇1, C•) with differentials(

dC 0
∇1 −dC

)
.

Hence K•(∇1, φ− 1, C•) has differentials
dC 0 0 0
∇1 −dC 0 0

φL − 1 0 −dC 0
0 φL − 1 −∇1 dC

,

which agrees with the differential in the total complex of (6.1) (up to signs).
We obtain the second spectral sequence from the spectral sequence attached
to (6.1). □

Theorem 6.8. Let V ∈ RepL(GL) be L-analytic, let I = [r, s] ⊂ (0, 1] be
a closed subinterval with r large enough. Set

N I := (D̃I(V ))la := ((B̃I ⊗ V )HL)la

and M I := Sol(N I). Then the natural map M I [0]→ C•
ΩΣ0 (N I) is an equiv-

alence. In particular, the spectral sequences from Remark 6.7 collapse on
the E2-page and give

H i
ΩΣ(N I) ∼= H i

∇1(M I)
H i

φL,ΩΣ(N I) ∼= H i
φL,∇1(M I).

Proof. Since V is L-analytic we can conclude from Theorem 6.1, that
N = (B̃I)la ⊗(B̃I

L)L−la Sol(M I).

It follows from the Leibniz rule, that the operators ∂σ for σ ∈ Σ0 act as
∂σ ⊗ idN and hence the complex C•

ΩΣ0 (N I) is isomorphic to a power of the
resolution of the trivial module. The claim follows from Lemma 6.3. □

This theorem provides us with a comparison isomorphism between L-
Lie-algebra cohomology of M I and a twisted variant of Qp-Lie algebra
cohomology (using the operators ∂i instead of ∇i for i > 0) of N I . We warn
the reader that here M I is a module over the L-analytic vectors of B̃I

L rather
thanRI

L as considered in the preceding sections. By [1, Theorem 4.4(2)] the
former is explicitly given as (B̃I

L)la =
⋃

k φ−k
q BI1/qk

L , where B?
L denotes the

closure of (the image of) L[T, T −1] inside B̃?
L. The ring BI

L is isomorphic
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to RI′
L for a suitable interval I ′ (which can be precisely determined using

the discussions after [1, Lemma 3.4]).
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