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Watkins’s conjecture for quadratic twists of
Elliptic Curves with Prime Power Conductor

par JERSON CARO

Dedicated to the memory of my father

RESUME. La conjecture de Watkins affirme que le rang d’une courbe elliptique
est borné par la valuation 2-adique de son degré modulaire. Nous montrons
que cette conjecture est vraie lorsque F est une tordue quadratique d’une
courbe elliptique avec un point rationnel d’ordre 2 et de conducteur une puis-
sance de nombre premier, en particulier pour les courbes elliptiques associées
aux nombres congruents. De plus, nous donnons une borne inférieure pour le
congruence number des courbes elliptiques de la forme y? = 23 — dz, ol d est
un entier sans facteur biquadratique.

ABSTRACT. Watkins’s conjecture asserts that the rank of an elliptic curve is
upper bounded by the 2-adic valuation of its modular degree. We show that
this conjecture is satisfied when F is any quadratic twist of an elliptic curve
with a rational point of order 2 and prime power conductor, in particular, for
the congruent number elliptic curves. Furthermore, we give a lower bound for
the congruence number for elliptic curves of the form y? = 2% — dx, with d a
fourth power free integer.

1. Introduction

Let E be an elliptic curve defined over Q. The modularity theorem [4,
27, 29| ensures the existence of a non-constant morphism ¢ : Xo(N) — E
defined over Q. Denote by ¢g the morphism, up to sign, which has minimal
degree and which sends the cusp 700 to the neutral point of E. The modular
degree mg of FE is the degree of ¢p. There are many relevant conjectures
in number theory about this invariant. One of them, equivalent to ABC
conjecture [12], is to give polynomial bounds of its size in terms of the
conductor. The following conjecture is the main topic of this paper.

Conjecture 1.1 (Watkins [28]). For every elliptic curve E over Q we have
r < vo(mp), where v, denotes the p-adic valuation and r := rankz(E(Q)).
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One particular case of this conjecture is to prove that when mpg is odd,
then rankz(E(Q)) = 0. In this direction, there is great progress. For ex-
ample, Kazalicki and Kohen [14, 15] proved that if the congruence num-
ber g of E (which is a multiple of the modular degree mpg) is odd, then
rankz(E(Q)) = 0. From this, it may be deduced (see Proposition 4.3) that
Watkins’s conjecture holds for elliptic curves with conductor a prime power
and nontrivial rational 2-torsion, (cf. Section 4).

When the elliptic curves has a rational point of order 2, using Selmer
groups an upper bound for r can be given in terms of w(N). Here, N is
the conductor of E, and w(N) is the number of distinct prime factors of N
(cf. Section 2.3). This upper bound allowed Esparza-Lozano & Pasten [11]
to prove that Watkins’s conjecture holds for a quadratic twist E®) by D
with w(D) large enough, whenever E has a rational point of order 2.

A natural question emerges: When do all the quadratic twists of an
elliptic curve E satisfy Watkins’s conjecture? In this paper we prove that
this conjecture holds for any quadratic twist of an elliptic curve with a
rational point of order 2 and prime power conductor.

Theorem 1.2. Let E be an elliptic curve with a rational point of order 2.
Assume that E is a quadratic twist of an elliptic curve with prime power
conductor. Then E satisfies Watkins’s conjecture.

To prove that if rankz(E(Q)) > 0 then 2 | mpg, because of Theorem 1
in [5], the only missing case is when E has conductor N divisible by at
most two odd primes, additive reduction at 2 and a rational point of order
2. Thus, the previous Theorem covers many of those cases.

Another application of this theorem is the following: An integer D is
a congruent number if there exists a right triangle such that its sides are
rational and its area equals D. An important problem in number theory is to
know when an integer number D is a congruent number, which is equivalent
to know if the elliptic curve y? = 23— D%z has positive Mordell-Weil rank r,
see [16]. A crucial observation is that for an integer D, E(P) : 42 = 23— D%z
is the quadratic twist by D of the elliptic curve E : y?> = 3 — 2, which
has conductor 32. Applying [11, Theorem 1.2], we have that for a positive
squarefree integer D, with w(D) > 12, Watkins’s conjecture holds for E(P).
Thanks to Theorem 1.2, we show this conjecture unconditionally. More
precisely:

Corollary 1.3. Watkins’s conjecture holds for all congruent curves EP)
y2 =23 — D2z,

Since the elliptic curve y> = 23 — 2 has complex multiplication by Z][i]

we may consider its quartic twists. However, the process we use to prove
Theorem 1.2 seems not useful for quartic twists, since we need to find a
lower bound of the 2-adic valuation of an infinite product. Although we
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cannot give an applicable lower bound for v»(mpg), we found an alternative
process that provides us a lower bound of v5(dg).

Theorem 1.4. Let d be an odd squarefree integer and D any divisor of d.
For the elliptic curve E : y*> = 23 — dD?x we have that

2 V(d)QHJ +1 < va(m).

This theorem allows us to prove that for some elliptic curves
rankz(E(Q)) < v2(dg). This result goes into the direction of Watkins’s
conjecture since mg | 0 as we mentioned before.

Corollary 1.5. Let p be an odd prime. Then for E an elliptic curve y*> =
23 —px or y? = 23 — pPx, we have that rankz(E(Q)) < 1o(dg).

2. Preliminaries

2.1. 2-adic valuation of the modular degree. [11, Lemma 3.1] gives
an equation that relates the modular degree of an elliptic curve E with that
of its quadratic twist E(®) by D, where D is any fundamental discriminant.
We denote by N and N(P) the conductors of E and E(P), respectively. Be-
fore showing this equation, we have to define some invariants which appear
on it.

2.1.1. Petersson Norm. Let S3(I'o(N)) be the space of weight 2 cuspi-
dal holomorphic modular forms; over this space, we have an inner product
that allows us to define the following norm.

Definition 2.1. The Petersson norm of f € S2(I'g(N)) is defined by

1/2
||f||N:</ \f(z)|2d3:/\dy> , z=x+ 11y and y > 0.
To(N)\b

Observation 2.2. Although this definition depends on the level N, we
know that if N | M and f € So(To(N)), then f € So(To(M)) and ||f||3, =
[Co(N) : To(M)]|| 1l

2.1.2. Manin Constant. Let E be an elliptic curve defined over QQ of
conductor N and let wg be its Néron differential. We have that ¢Lwg is a
regular differential on X(N), which implies the following formula:

¢pwp = 2micp fp(z)dz

where cg is a rational number and fg denotes the Hecke newform attached
to E. Due to [10, Proposition 2], ¢g, which we call the Manin constant, is
an integer uniquely defined up to sign.
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The mentioned equation given by [11, Lemma 3.1] is the following:

1/6

Y

Mgmo _ ME ”fE(D)H?V(D) AE(D)
CQE(D) CQE HfEH?V Ap

where Ap denotes the global minimal discriminant of E. Equation (2.1)
implies the following lemma;:

(2.1)

Lemma 2.3. Let E be an elliptic curve and EP) its quadratic twist by D.
Then

22 walmpe) = v [ 7 4 vy (M@ 0 L (Bp2)
4G ek ) 67\ A

2.2. Elliptic curves with a rational point of order 2 and prime
power conductor. In this section, we classify all the elliptic curves defined
over Q with nontrivial rational 2-torsion and conductor a power of a prime.

Remark 2.4. Suppose that E is an elliptic curve with conductor a power
of a prime p®. Then we have that a < 2 for p > 3, « < 5 for p = 3 and
a < 8 for p =2 (see [25, IV.10]).

We shall write [a1, a2, as, as, ag] for the elliptic curve
y2 + a2y + azy = z3 + a2m2 + a4 + ag.

We begin with the elliptic curves with prime conductor. Setzer [23] proved
that for p # 17 there exists an elliptic curve with prime conductor p and a
rational point of 2 if and only if p = u?+ 64 for some integer u, in which case
there are two nonisomorphic elliptic curves with conductor p. The minimal
models of these elliptic curves are:

TABLE 2.1. Elliptic curves with prime conductor p > 17
and nontrivial rational 2-torsion

LMFDB label | Weierstrass coefficients | A | 2-Torsion
p.al [1,(u—1)/4,0,—-1,0] D 727
p.a2 (1, (u—1)/4,0,4,u] | —p?| Z/27

A 2-isogeny connects these two elliptic curves. Moreover, the work of
Mestre & Oesterlé [19] implies that the curve p.a2 is the Xo(p)-optimal,
where an elliptic curve E is called Xo(V)-optimal if it has the minimal
modular degree mpg in its isogeny class. Additionally, every other modular
parametrization of a curve in the isogeny class factors through the minimal-
degree modular parametrization of the optimal curve.

For p = 17 Setzer [23] shows that there are four nonisomorphic ellip-
tic curves. From now on, (%) indicates which elliptic curve is the Xo(V)-
optimal.
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TABLE 2.2. Elliptic curves with conductor 17

LMFDB label | Weierstrass coefficients | mg | cg A 2-Torsion
17.al [1,-1,1,-91, —310] 4 2 17 Z7]27
17.a2 [1,-1,1,—6, —4] 2 | 2| 17* | (Z)2Z)?

17.a3(*) [1,-1,1, -1, —14] 1|1 | =17 zZ/2Z
17.a4 1,-1,1,—-1,0] 4 4 17 Z7]27

On the other hand, Mulholland [20] proved that for p > 3 the elliptic
curves with a rational point of order 2 and conductor p? are the quadratic
twist by p of the elliptic curves in Tables 2.1 and 2.2 by p, together with
the ones with conductor 49 listed below:

TABLE 2.3. Elliptic curves with conductor 49

LMFDB label | Weierstrass coefficients | mg | cg | A | 2-Torsion
49.al 1,-1,0,—-1822,30393] | 14 | 1 |77 | Z/2Z
49.a2 [1,-1,0,—-107, 552] 701 |7| Z/)2Z
49.a3 [1,—1,0,—37, —78] 2 | 1|7 Z/)2Z

49.a4(x) [1,-1,0,-2, —1] 1| 1|7 Z/)2Z

By Remark 2.4 we have classified the elliptic curves whose conductor
is a power of a prime for p > 3 and nontrivial rational 2-torsion. Using
the database [17], we can classify the elliptic curves with a rational point of
order 2 and conductor a power of 2 or 3. We noticed that there are no elliptic
curves with a rational point of order 2 of conductor 3™ for any integer m.
Thus, by Remark 2.4 we only need to list the ones with conductor 2" with
m € {5,6,7,8}.

The following table shows the elliptic curves with conductor 2°:

TaBLE 2.4. Elliptic curves with conductor 32

LMFDB label | Weierstrass coefficients | mg | cg | A | 2-Torsion
32.al [0,0,0,—11, —14] 4 [ 2] 29 727
32.a2 [0,0,0,—11, 14] 4 | 2] 29 7.)27
32.a3 [0,0,0,—1,0] 2 [ 2| 25 | (z/27)*

32.a4(x) 0,0,0,4,0] 1|1 | =22 z/27Z

Let us mention that 32.a3 is called the congruent number curve. Mean-
while, the elliptic curves of conductor 26 are the quadratic twists of the
previous ones by 2. Finally, the elliptic curves with conductor 27 are listed
in the following table and again the elliptic curves of conductor 28 are the
quadratic twists of the previous ones by 2.



652 Jerson CARO

TAaBLE 2.5. Elliptic curves with conductor 128

LMFDB label | Weierstrass coefficients | mg | cg | A | 2-Torsion
128.al [0,1,0,-9,7] 8 [ 1] 28 727
128.a2(x) [0,1,0, 1 1] 4 [ 1| -28| 7Z/)22
128.b1 [0,1,0,—2, 2] 16 | 2| 27 7./27
128.62(x) [0, 1,0, 3, 5] 8 | 1 |-2%| 7Z/2Z
128.c1 [0,—1,0,-9,-7] 8 | 1| 213 7)27
128.¢2(x) [0,—1,0,1,—1] 4 [ 1| =28| Z/)2Z
128.d1 [0, 1 0, —2,2] 16 | 2] 27 7./27.
128.d2(x) [0,—-1,0,3,5] 8 | 1|24 Z/2Z

2.3. The Mordell-Weil Rank. [26, Section X.4] gives a bound for a 2-
isogeny Selmer rank. This work allows Caro & Pasten [6] to find an upper
bound for the Mordell-Weil rank of an elliptic curve with nontrivial rational
2-torsion

(2.3) rankz(E(Q)) < 2w(N) — 1.

Furthermore, [3, Proposition 1.1] shows that if the elliptic curve has mini-
mal Weierstrass equation y? = 23 4+ Ax? 4+ Bz, we obtain that

(2.4) rankz(E(Q)) < w(A? —4B) +w(B) — 1.
We define the function d2(D) on the set of integers as follows:
1 if2|D
d2(D) = | .
0 otherwise.

Using inequality (2.4) we have the following lemma:

Lemma 2.5. Let E be an elliptic curve with a rational point of order 2
and prime power conductor N = p®, and let EP) its quadratic twist by D,
with D a fundamental discriminant. Then we have

rankz(EP)(Q)) < 2w(D) + 1 — 2u,(D).
Even sharper, if E is 32.a3 we have

rankz(EP)(Q)) < 2w(D) — d5(D).

Proof. We know that E(P)[2] = E[2] as Galois modules because one is the
other multiplied by the character xp and xp takes values congruent to 1
(mod 2). Then E(P) also has nontrivial rational 2-torsion, so applying the
inequality (2.3) we have
rankz(EP)/(Q)) < 20(NP)) — 1 < 2(w(D) + (1 — 1,(D))) — 1
=2w(D) +1—2u,(D).
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The second inequality is derived from the observation that the primes di-
viding NP) are exactly those primes that divide D and p. If E is 32.a3
its quadratic twist E®) is y2 = 23 — D2z, in particular, we can apply
inequality (2.4), so we obtain
rankz(F(Q)) < w(4D?) + w(-D?) — 1
=w(D)+ (1 —-062(D))+w(D)—1
— 2u(D) — dy(D),

O

which ends the proof.

Remark 2.6. Note that we can also apply the inequality (2.4) to y?
23 — dx, for any integer d, and again, we obtain that rankz(F(Q))
2w(d) — 02(d).

IA

3. Lower bounds for some 2-adic valuations

This section aims to give lower bounds for the 2-adic valuation of the
invariants in Lemma 2.3.

3.1. Minimal discriminants. We start by finding a lower bound for

AE(D))1/6 1 (AE(D)>
(31) %] <( AE == 61/2 AE .

Definition 3.1. Let p be a prime. The p-adic signature of an elliptic curve
E is the triple (vp(ca(E)), vp(ce(E)), vp(A(E))), where ¢4, ce are the usual
Weierstrass invariants of a minimal model of £ and A(E) denotes the
minimal discriminant of E.

Pal [21] classifies the valuation (3.1) in terms of the 2-adic signature of
E. To begin with, we compute the 2-adic signature of an elliptic curve with
odd discriminant and a rational point of order 2.

Lemma 3.2. Let E be an elliptic curve with a rational point of order 2
and odd discriminant. Then the 2-adic signature of E is (0,0,0).

Proof. Assume that the minimal model of E is of the form
y2 + a2y + azy = z3 + a2m2 + a4 + ag.

Since E has good reduction at 2, then either a; or as must be odd. Fur-
thermore, because E(Q)[2] # {0}, there exists z9p € Q such that

(3.2) l’g + bQLL‘(Q) + 8byxg + 16bg = 0,

where by, by and bg are the usual Weierstrass invariants. We first suppose
for a contradiction that a; is even. Then vo(by) = vo(a?+4az) > 2, va(by) =
vo(arag + 2a4) > 1, and az must be odd, hence bg = a3 + 4ag is odd too.
Consequently, the Newton polygon (as it is noticed in Section 2 of [23])
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attached to (3.2) is a line with slope —4/3, so, by Dumas’s irreducibility
criterion (cf. the corollary in p. 55 of [22]) this polynomial has no rational
solutions, which is a contradiction. Hence by is odd, and therefore ¢4 =
b% — 24by and cg = —b% + 36bsby — 216bg are odd too. [l

Corollary 3.3. Let E be an elliptic curve with a rational point of order 2
and odd discriminant. Then we have

11/ <AE(D)> S 0 if D=1 (mod 4)
6 °\ Az )~ \2 if2|D.

Proof. By [21, Proposition 2.4.2.(a)] if D = 1 (mod 4), 12(AEg) = v2(Agw)).
On the other hand, if 2 | D the associated squarefree integer D* to D is
congruent to —1 or 2 modulo 4. Lemma 3.2 implies that the 2-adic signatue
of E is (0,0,0). By [21, Proposition 2.4.2.(b).i] when D* = —1 (mod 4),
vo(AE) = va(Agwp)) = 12. Finally, by [21, Proposition 2.4.2.(c).i] when
D* = (mod 4), VQ(AE) = VQ(AE(D)) = 18. O

Finally, we list the 2-adic signature of the elliptic curves with conductor
25 and 27. Analogously to the proof of Corollary 3.3, Table 3.1 and [21,

TABLE 3.1. 2-adic signature

LMFDB label | (ca(E),cs(E)) | 2-adic signature
32.a1 (528, 12096) (4,6,9)
32.a2 (528, —12096) (4,6,9)
32.a3 (48,0) (4, 00, 6)
32.a4 (—192,0) (6, 00,12)
128.al (448, —8704) (6,9,13)
128.a2 (—32, —640) (5,7,8)
128.b1 (112,1088) (4,6,7)
128.52 (—128, 5120) (7,10, 14)
128.c1 (448, 3392) (6,6,13)
128.¢2 (—32,1088) (5,6,8)
128.d1 (112, —2368) (4,6,7)
128.d42 | (—128,—3520) (7,6, 14)

Proposition 2.4.2] imply the following lemma:

Lemma 3.4. Let E be an elliptic curve with conductor 2° or 27. Then we

have
1 AE(D)
6V2< P > 52( )
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3.2. Petersson norms. Now we want to relate the 2-adic valuation of
the Petersson norms of frp) and fg.

Proposition 3.5. Let E be an elliptic curve with a rational point of order
2 and minimal conductor N among all its quadratic twists.

(i) Assume that N is a power of an odd prime, and if N = p?, we only
consider D such that pt D. Then, we have

”fE(D)Hif(D)
vo | == | > 3w(D).

I£13%

(ii) Furthermore, if E is 17.a4 in Table 2.2 we have
£ 3 p)
v | ——5— | > 4w(D).

17203

(iii) If N is 25 or 27 we have

1 f 2 130

(iv) Furthermore, if E is 32.a3 in Table 2.4 we have

. <”fE<D>”?v<D>> > 40(D) — 36,(D).
Ifell )~

Proof. The Rankin-Selberg method (cf. [24]) shows that

N

where L(Sym f,2) denotes the symmetric square L-function associated to
f (see |9, Equation 2] for its definition). Delaunay [9] compares the local
factors of L(Sym f,2) and L(Sym f(P), 2) gives an equation relating || fz |3
to || fzm) 5 m) (see [9, Theorem 1]). To state this equation, let us fix some
notation. For a prime number g we define V(¢q) = (¢—1)(¢g+1—aq)(¢g+1+ay),
and U(q) = (¢—1)(g¢+1), where a4 is the Fourier coefficient of fg. Finally,
we define Uz = 2(3—a2)(3+az). Assume that N is a power of an odd prime
p. Since p | D only if N = p, then according to the notation of Delaunay
in [9], D1 = p. Thus, taking 2-adic valuations [9, Theorem 1] implies that

2
" (WE(W> > vp(D)ra(U(p)) + va(D)ra(U2) + Y~ 12(V(q))-

1ol o

aF#2,p
In view of the fact that £(Q)[2] reduces injectively into E(F,) for ¢ ¢ {2, p},
we have ¢ + 1 = a4(F) (mod 2), in particular, v2(V(q)) > 3. Furthermore,
the database [17] tells us that 2 | 3 — a2,3 + ag for elliptic curves with
conductor 17 or 49, and an inspection of the reduction modulo 2 of p.al



656 Jerson CARO

and p.a2 for p > 17 shows that 2 | #E(F3), which shows that v2(Us) > 3
Finally, it is clear that v2(U(p)) > 3, then

2
m<”fE<D>”N<D>>23 vp(D) +82(D) + 3 1 )

7ol 2
972,p
which proves (i).

To prove (ii), we notice that #E(Q)[4] = 4 and due to the fact that
E(Q)[4] reduces injectively into E(F,) for ¢ ¢ {2, p}, we have ¢+1 = a4(E)
(mod 4), in particular, 2(V(g)) > 4. We also know by the database [17]
that ag = —1 then 12(Usz) = 4 and v»(U(17)) = 5. Putting all together we
obtain

2
,,2<HfE“’>”N<D>>Z4 (D) +02(D)+ > 1| =4w(D

2
17513 e
q#2,p

For (iii), we note that for N equal to 2° or 27 [9, Theorem 1] says that

2
va (”ﬁ};”g“”) = 5(D) + 3" m(V(q))

alD
q7#2

As we saw before v2(V(q)) > 3 for g # 2, then

2
vy (W) = va(D) +3(w(D) = 02(D)) = 3w(D) — 202(D).

Finally, to prove (iv), we only need to notice that for the curve 32.a3
#E(Q)[2] =4, then v5(V (q)) > 4 for ¢ # 2, which ends the proof. O

Remark 3.6. Notice that if D is prime and D =1 (mod 4) and relatively
prime to N we can improve the bounds given in (i) and (ii), since v2(V (D))
is higher. In this case, we have va(|| fpp) HN(D /N fel%) > 4 if N is a power

of an odd prime, and va(|| f5w) |30y /I fEIR) = 5 if E is 17.a4.

3.3. Manin constant. Now, we compute cg of the elliptic curves F in
Table 2.1.

Proposition 3.7. Let E be an elliptic curve, Xo(N)-optimal with odd
squarefree conductor N, and let E' an elliptic curve connected with E by a
2 isogeny 0 : E — E'. Then we have that cg = 1 and cg € {1,2}.

Proof. By [18, Corollary 4.2], ¢cg must be a power of 2, and [1, Theorem A]
says that if p | cg then p | N, which implies that cg = 1. Now, let £ and &’
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be the Néron models of ' and E’, and w,w’ their respective Néron differ-
entials. Since # and 6" define morphisms 6* : H°(&’, Qé'/z) — HO(E, Qé/z)
and (6Y)* : HO(S,Qé/Z) — HO(S’,Qé,/Z), there are a,b € Z such that
0*w' = aw and (0V)*w = bw'. Due to the optimality of ¢r we have that
¢ = 0 o ¢p, which implies that

G = PR0*W = agpw = 2miafp(2)dz,
hence cgr = a. On the other hand, we have that a | 2 since
abw = 0* (0¥ )*w = [2]*w = 2w,
which ends the proof. O

Corollary 3.8. Let E be an elliptic curve with a rational point of order 2
and prime conductor p > 17. Then vo(mp/c%) > —1.

Proof. We denote E, 1 and E, > the curves p.al and p.a2 in Table 2.1, re-
spectively. As we discussed before, there is a 2-isogeny € between these two
curves, and the work of [19] shows that E, > is Xo(p)-optimal. Because of
Proposition 3.7 cg, , €{1,2} and cg, , =1, in particular, vy (mEpg/cQEp’Q) >0.
Since ¢, , = 0o¢g, ,, we have that mp, , = 2mg, , therefore vo(mg, ) > 1,
consequently
l/g(mEp’l/C%;p’l) > ve(mg,,) —2> -1,

which gives the desired result. O

4. The Main Result

Before proving Theorem 1.2, we need the following definition and propo-
sition:

Definition 4.1. Let E be an elliptic curve defined over Q and fr =
o 1 bng™ € S2(T'o(N)) be its Hecke newform. The congruence number
0 of E is the largest integer such that there is a modular form g =
o 1 bng™ € S2(Tg(N)) with b, € Z, such that g and fg are orthogo-
nal with respect to the Petersson inner product, and a,, = b, (mod dg) for
all n.

Remark 4.2. There are some relations between the modular degree and
the congruent number. The most relevant is mg | 0, whenever E is Xo(N)-
optimal [7].

The following proposition will play a key role in the proof of Theorem 1.2
when the prime p, dividing both the conductor and the fundamental dis-
criminant D, is considered.

Proposition 4.3. Watkins’s conjecture holds for every elliptic curve E of
prime power conductor and a rational point of order 2.
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Proof. Watkins’s conjecture is known for elliptic curves of conductor N <
10000. In particular, this includes all the elliptic curves with conductor a
power of 2. Then, we assume that the conductor is odd. By (2.3),
rankz(E(Q)) < 1. Thus, it is enough to prove that if mp is odd,
rankz(E(Q)) = 0. [2, Theorem 2.2] says that if a prime p divides the ratio
dg/mg, then p? | N, consequently, 6z is odd. Finally, [14, Theorem 1.1], as
corrected in [15], implies that rankz(E(Q)) = 0. O

Proof of Theorem 1.2. Note that the quadratic twists of E(P) are E itself,
or quadratic twists of E. Because of the classification of Section 2 it is
enough to prove the theorem for elliptic curves with conductor 2°, 26, 17,
49 and prime numbers of the form u? + 64 for some integer u.

Suppose that E has conductor N = 49, E(7 has conductor N(7) = 49
and a rational point of order 2. Notice that if 74 D/, E("P") = (E(M)(P) s,
we can assume that 71 D, and we can then use Proposition 3.5 (i), freely.

To begin with, we assume that N is odd and FE is different to 17.a4.
By Corollary 3.8 and Section 2.2 we have that vo(mpg/c%) > —1. Applying
Corollary 3.3 and Proposition 3.5 (i) to Lemma 2.3, (2.2) turns into

vo(Mmpgmy) > —1+ 3w(D).

In the case of 17.a4, we have that va(mp/c%) = —2 and therefore applying
Proposition 3.5 (ii) and Corollary 3.3 to Lemma 2.3 we obtain

vo(mpmy) > —2 +4w(D).

Meanwhile, Lemma 2.5 implies that rankz(E(Q)) < 2w(D) + 1, hence in
both cases Watkins’s conjecture holds for w(D) > 2.

Now, assume D is the fundamental discriminant associated to a prime
number. Proposition 4.3 proves the case D | N. Given Lemma 2.5,
we only have to prove that vo(mpgmw)) > 3, then Remark 3.6 proves the
case D = 1 (mod 4). For D such that 2 | D, Corollary 3.3 implies
that (1/6)v2 (Apw)/AE) > 2, then for E different that 17.a4 we have
vo(Mmpgm)) > —143+2 = 4. Finally, when E is 17.a4 we obtain vo(mgmn)) >
—24+44+2=4.

Now, suppose that F has conductor 2° or 27, and different to 32.a3,
in which case vo(mp/c%) > 0. As a consequence, Proposition 3.5 (iii) and
Lemma 3.4 applied to Lemma 2.3 imply

l/g(me)) > 3UJ(D) - 362(D),

and Lemma 2.5 says that rankz(E(Q)) < 2w(D)+1—202(D), and therefore
Watkins’s conjecture holds for w(D) > 1+ (D). Thus, the only missing
case is D = 2, which is covered by Proposition 4.3.
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Finally, for E equal to 32.a3 we have 15 (mE/C%) = —1. In this situation,
Lemma 2.5 tells us that
rankz(E(Q)) < 2w(D) — d2(D).

On the other hand, Applying again Proposition 3.5 (iv) and Lemma 3.4 to
Lemma 2.3 we obtain

VQ(mE(D)) > -1+ 4w(D) — 4(52(D),

and we notice that the inequality 2w(D) — 19(D) < —1 + 4w(D) — 462(D)
is equivalent to

14 362(D
w(D) > +22()
Then, the only missing case is D = 2, which again is covered by Proposi-
tion 4.3. O
5. Congruence Number of y? = 23 — dx

[30, Theorem 2.8] shows that the elliptic curves of the form y? = 2% — Dx
have even congruence number, whenever w(D) > 1. The idea of this section
is to give a lower bound for v5(dg). First of all, let py,...,pn, be a list of
distinct odd primes with m > 1 and define d = py---p;, > 1. Let D be
a divisor of d. Now, consider the elliptic curves E : y?> = 2% — dx and
EWD) 42 = 2% — dD?z. Finally, denote by f and f(P) their associated
Hecke newforms. Since EP) is a quadratic twist by D of E, then we have
that
6.1) (1P = () aal )
for every prime number g. Before proving Theorem 1.4 we need the following
two lemmas.

Lemma 5.1. Let n be a positive integer relatively prime to d and g7 - - - ¢S+
its prime factorization. Then a,(fP)) = v, (D)an(f), where

o= (2)" ()

Proof. Since Ypm (D) = yn(D)ym(D), it is enough to show this assertion for
power of primes. We prove it by induction, taking into account a;(f) =1

and aq(f) = (g) q4(9), as follows

(52) g (FP) = ag(fP)ags (1) — pags(7P)
= (2)autn (2 o910 (2) a0 = (2) a0

q q q
which gives the desired result. O
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Lemma 5.2. Let m be an odd integer and q be a prime, such that q 1 d.
If (g) =1 then agn(f) = 0 (mod 2) and if (g) = —1 then agn(f) =
0 (mod 4).

Proof. We know that E is a quartic twist of Fy : 42 = 2% — x by d. There
is a Grossencharacter y of Q(i) (equally X), associated with the CM curve
E1/Q, in the sense that the Hecke eigenform attached to Ej is a theta
series for x, and L(E1/Q,s) = L(x/Q(i),s) (see [25, II. Theorem 10.5]).
The conductor of x is p, where p = (1+1i), and order 4. By [8, Section 3.2],
X, where ¢ = (), is likewise associated with Eq.

First of all, if ¢ =3 (mod 4) we have a4(E) = 0 since #E(F;) = ¢ +1
by [25, Exercise 2.33 (a)]. By induction on (5.2) we obtain that a,m(E) =0
for m any odd integer.

Finally, assume that ¢ = 1 (mod 4). Since E has a rational 2-torsion
point we have that for every prime ¢ such that (¢,2d) = 1, a4(f) =
0 (mod 2). Moreover, if (g) = —1 then (a4(f)/2)* + (aq(g)/2)* = p, so,
aq(f) =0 (mod 4). By induction on (5.2), we get the desired result. [

Proof of Theorem 1.4. We define n; = p'ljpl OB -pfé’m(n) and ny = n/ny.
Let us also define the cusp form

b — Z (—1)@(DI+L (D)

Dld
D#1

By [13, Table I] N = N(P) for every divisor D of d. Consequently, for every
divisor D of d, fP) and f are orthogonal with respect to the Petersson inner
product, since they are different newforms in the same level. Therefore, h
and f are also orthogonal. Hence, it is enough to prove that:

an(f) — an(h) = Z(—l)w(D)an(f(D)) =0 (mod 2™%°),
D|d

where € = 1 if m is even and € = 2 if m is odd. Assume that ng = ¢ - - - ¢5,
then by Lemma 5.1 we have ap,(fP)) = 7, (D)an, (f). We claim that

0 otherwise.

Z(_l)w(D)an(f(D)) _ {2 an(f) if ’Yn2(p) =—lforallp ‘ d
D|d
Before proving the claim, notice that if p | d, we have a,(f) = 0 and by (5.1)

ap(fP)) = 0. Therefore, by (5.2) an, (f) = an, (fP)) for every divisor D of
d, and consequently

Z(_l)W(D)an(f(D) = Qn, (f) Z(_l)w(D)anz (f(D))

Dl|d Did
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To begin with, assume that for some p | d, v, (p) = —1. Since v, (DD') =
Yn(D)yn(D'). we have

(53) Y (~1)*Pa, (1)

Dl|d

= an, (f) | 2D Pan, (FP) + 37 ()P, (£P/7))

D|d Dld
ptD p|D
= 2a,,(f) Y an (F7).
Di(d/p)
Without loss of generality, assume that ¢ is an integer such that 0 <t <m
and for ¢ < t we have 7,,(p;) = —1, and for i > t we have ~v,,(p;) = 1.

Denote by dy = pjy - - pt, then applying equation (5.3) recursively, if 0 <
t < m we have that

S (1) Pla, (FP) =2'an (f) 3 an(fP)

D|d D(d/d1)
=2'a,(f) Y (—1)*P) =0
Di(d/d1)
Meanwhile if t = m, we obtain that a, (3 p|4(—1)*P) fP)) = 2Ma,(f).
Finally, if v,,(p) = —1 for all p | d, we have that v, (p)* = —1 for

some 1 < ¢ < s, in particular, «; is odd, then in view of Lemma 5.2 we
obtain that a,(f) is even. Even better, if w(d) is odd, y,,(d) = —1, then
there exists 1 < ¢ < s, such that 7, (d)* = —1, therefore «; is odd and

(i) = 7, (d) = —1. Applying Lemma 5.2 we obtain that 4 | a,(f), so

4
z:(—l)“’(D)an (f(D)) =0 (mod 2",
Dld

which proves the desired result. [

Proof of Corollary 1.5. By Remark 2.6 rankz(E(Q)) < 2 when E is equal
to y? = 23 — px or y? = 2% — p3x for p a prime number. Each of these
elliptic curve is the quadratic twist by p of the other, whose conductor is
25p2 if p=1 (mod 4) or 2%p? if p= —1 (mod 4) (see [13, Table I]).
Furthermore, Theorem 1.4 says that 3 < v»(dg) in both cases, which
yields the desired result. O

Let us remark that the lower bound for the 2-adic valuation of the con-
gruence number by Theorem 1.4 exceeds half of the upper bound for the
Mordell-Weil rank 2w(d) — d2(d), as noted in Remark 2.6.
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Using data from the LMFDB [17] for d = 21 and n < 100, we have
Zmd(—l)“’(D)an(f(D)) = 16 (mod 32). On the other hand, Theorem 1.4
implies §(F) > 3 in this scenario. This observation suggests that the actual
congruence between f and h may not manifest at as high a power of 2 as
predicted by this theorem.
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