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The genus of division algebras over discrete
valued fields

par Srinivasan SRIMATHY

Résumé. Étant donné un corps muni d’un ensemble de valuations discrètes
V , nous montrons comment le genre d’une algèbre à division sur ce corps est
lié aux genres des algèbres résiduelles par rapport à V et à des propriétés
de ramification. Nous démontrons la trivialité du genre pour les algèbres de
quaternions sur une large classe de corps, y compris les corps locaux multidi-
mensionnels et les corps de fonctions des courbes définies sur un corps local
multidimensionnel ou sur un corps réel clos. En outre, nous considérons le
cas du corps de fonctions d’une courbe ayant un point rationnel sur un corps
global et établissons un lien entre le problème de genre sur ce corps et la 2-
torsion du groupe de Tate–Shafarevich de sa jacobienne. En particulier, nous
montrons que sur les corps de fonctions des courbes elliptiques, les méthodes
développées donnent de meilleurs bornes pour le genre et expliquons com-
ment elles peuvent être calculées directement en utilisant des informations
arithmétiques, en donnant des exemples.

Abstract. Given a field with a set of discrete valuations V , we show how
the genus of a division algebra over the field is related to the genus of the
residue algebras at various valuations in V and the ramification data. When
the division algebra is a quaternion, we show the triviality of genus over many
fields which include higher local fields, function fields of curves over higher
local fields and function fields of curves over real closed fields. We also consider
function fields of curves over global fields with a rational point and show how
the genus problem is related to the 2-torsion of the Tate–Shafarevich group
of its Jacobian. As a special case, we show how the methods developed yield
better bounds on the size of the genus over function fields of elliptic curves
and demonstrate how they can be computed directly using arithmetic data of
the elliptic curve with a number of examples.
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1. Introduction

Given a finite dimensional division algebra D over K, one can ask how
much of information is carried by the collection of maximal subfields that
D contains. Let [D] denote the class of D in Br(K). Then the genus of [D],
denoted gen([D]) is the collection of all classes in Br(K) whose underlying
division algebras share the same maximal subfields as D. One can ask if
this collection is finite and if so what is its size. This has been the studied
extensively over the past few years (see [6], [7], [8], [18], [34]) and plays an
important role in the analysis of weak commensurability of Zariski-dense
subgroups of the corresponding algebraic group ([32, Remark 5.4], [33, §6]).

Note that if [D] is of exponent n ≥ 3 in Br(K), for every i coprime
to n, the underlying division algebra of D⊗i has the same collection of
maximal subfields as D. In particular, the gen([D]) contains classes other
than [D] unless [D] is of exponent 2. In the case of finitely generated fields of
characteristic coprime to the exponent of [D], it shown in [34] that gen([D])
is always finite and explicit upper bounds on the size of the genus are given
for many cases in [8]. When D is a quaternion algebra or in general an
exponent 2 division algebra, a natural question is to know if gen([D]) is
always trivial i.e. is a singleton set. In other words, we may ask if quaternion
algebras are completely determined by the collection of maximal subfields
contained in them. Although the answer is no in general, the non-triviality
of the genus for quaternions is known to happen over very large fields of
infinite transcendence degree ([13, §2]). So one may wonder if it is trivial
for reasonably nice fields. The answer to this question is unknown although
this is known to be true for some fields. Examples include global fields
([6, §3.6]) and more generally for transparent fields ([13, §6]). Several other
examples can be found in [18]. Moreover it is shown in [6, Theorem 3.5]
that when char K ̸= 2, the property of genus being trivial for exponent 2
algebras is stable under purely transcendental extensions.

An important tool used in the literature so far for genus computations is
the unramified Brauer group of K with respect to a set of discrete valuations
V , denoted by Br(K)V . For example, it is shown in [6, Theorem 2.2] that
if V satisfies certain conditions and if the n-torsion component nBr(K)V

is finite then for any division algebra D of exponent and degree n, its
genus is upper bounded by |nBr(K)V | · ϕ(n)r where ϕ is the Euler’s To-
tient function and r is the number of ramification places of D. While this
bound is extremely useful in showing finiteness of genus and in bounding its
size, it does not give any explicit description of the elements in the genus.
Moreover, often times the bound given by nBr(K)V is loose and sometimes
nBr(K)V is not finite for some fields that arise naturally in arithmetic ge-
ometry. For example, take K = Q((t)) with V being the t-adic valuation.
Then by [36, Chapter XXII, Theorem 2]) we have Br(Q) ≃ Br(Q((t)))V and
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hence nBr(K)V is not finite. Another example is when K = k((t))(C) and V
is the set of discrete valuations arising from codimension one points of some
regular proper model of C over k[[t]]. Then Br(k) ⊆ Br(K)V and therefore
nBr(K)V is not finite if nBr(k) is not finite (this happens for example when
k = Q).

In this paper, we define the separable genus of [D], denoted gens([D]) to
be collection of all classes of division algebras in Br(K) whose underlying
division algebras share the same separable maximal subfields as D. For
simplicity, instead of using the term “separable genus”, we simply refer to
it as the “genus”. We include separability assumption in our definition of
genus to be consistent with the definition of genus of the corresponding
algebraic group SL1,D (see [6, Remark 5.1]) and also to be consistent with
the notion defined in [18]. Note that when char K is zero or is coprime to
the degree n of D (which is assumed for the fields considered in [6]), every
maximal subfield of D is separable over K and the two notions coincide i.e.,
gens([D]) = gen([D]). We study the genus of tame division algebras over
discrete valued fields that are not necessarily finitely generated. We also
do not assume that nBr(K)V is finite. We show how the genus over these
fields is related to the genus of residue algebras and the ramification data.
In many cases, we give explicit description of the elements in the genus and
show that we get better bounds on its size than known before. Roughly
speaking, the idea behind our arguments is to describe the genus of the
division algebra locally in terms of the genus of its “unramified component”
and the “ramified component”. The genus of the unramified component is
directly related to the genus of the associated residue algebra which can be
computed either directly or through an induction process. Once we have
local information on the genus, we use some kind of local-global information
to compute the genus globally.

We use the above techniques to give a short proof of the Stability theorem
([6, Theorem 3.5]) for purely transcendental extensions in Section 5. We also
give an explicit description for the elements in the genus of division algebras
over k(x) where k is a number field and show that the bounds on the size of
the genus thus obtained are tighter than known before. Next in Section 6,
we analyze the genus problem for tame algebras over complete discrete
valued fields and show how it is related to the genus of residue algebras. In
this section, we also consider a different notion of genus which we call as the
splitting genus, denoted by gens

spl. By definition gens
spl([D]) is the collection

of classes of division algebras sharing the same separable finite dimensional
splitting fields with D1. Based on a decomposition lemma, we describe
elements in gens

spl([D]) in terms of the genus of its ramified and unramified
components. Finally, in Section 7, we apply the above techniques for the

1A similar notion without separability assumption is considered in [19]
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special case of quaternion algebras over a field K with a set of discrete
valuations V . For v ∈ V , let Kv and Kv denote respectively the completion
and residue field of K with respect to v. Assume for every v ∈ V , that Kv

satisfies the property that the genus of any quaternion algebra over Kv is
trivial. Then we show that for a quaternion Q over K that is tame with
respect to V , any element in gens([Q]) is Brauer equivalent to Q ⊗K Q′ for
some [Q′] ∈ 2XBr(K, V ). Here

2XBr(K, V ) := ker
(

2Br(K) −→
∏
v∈V

2Br(Kv)
)

is the 2-torsion component of the kernel of the local-global map on the
Brauer group with respect to V . Hence we get that |gens([Q])| ≤
|2XBr(K, V )|. Comparing with the bound |gens([Q])| ≤ |2Br(K)V | given
in [6, Theorem 2.2], we see that we get a better upper bound on the genus
since the residue maps factor through the local-global maps and there-
fore 2XBr(K, V ) ⊆ 2Br(K)V (see (4.3)). Continuing with our examples
before, for K = Q((t)) with V being the obvious t-adic valuation, we get
2XBr(K, V ) = 0 trivially and for K = Q((t))(C) with V the set of dis-
crete valuations arising from codimension one points of some regular proper
model of C over k[[t]], 2XBr(K, V ) is also trivial by [10, Theorem 4.2 and
Theorem 4.3(ii)]. Hence gens([Q]) is trivial for any quaternion over K for
the above fields although 2Br(K)V is not even finite as shown before. We
give a number of examples of fields over which the genus of any quaternion
is trivial using the above techniques. These include higher local fields, func-
tion fields of curves over higher local fields (these are semi-global fields and
have been extensively studied in over the recent years) and function fields
of curves over real closed fields.

In the special case when K is the function field of a curve C over a
global field with a rational point, we show that the size of genus of any
quaternion algebra over K is bounded by size of the 2-torsion subgroup of
the Tate–Shafarevich group of the Jacobian, 2X(JC). In particular, when
C = E is an elliptic curve we have |gens([Q])| ≤ |2X(E)| and therefore is
trivial whenever 2X(E) is trivial. In the cases where 2X(E) is not trivial,
we demonstrate how the bounds on the genus can be improved by directly
using the arithmetic properties of E.

2. Notation

Although the term genus was originally coined for division algebras in [6],
in this paper, we denote by gens(α) (resp. gens

spl(α)) for α ∈ Br(K), the
Brauer classes whose underlying division algebras have the same separable
maximal subfields (resp. same finite dimensional separable splitting fields)
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as the underlying division algebra of α. This is a well defined notion and
makes it convenient to talk about the genus of a Brauer class.

For a division algebra D over K, [D] denotes its Brauer class in Br(K).
We write D ∼ E if [D] = [E] in Br(K). If D is a valued division algebra, its
residue algebra is denoted by D. If K has a discrete valuation v, Dv denotes
D ⊗K Kv and Dv denotes the residue algebra of the underlying division
algebra of Dv. If K contains a primitive n-th root of unity ω, the symbol
algebra generated by i, j over K with the relations in = a, jn = b, ij = ωji
is denoted by (a, b)ω.

The n-torsion part of a group G is denoted by nG. For g ∈ G, ord(g)
denotes the order of g. The symbol (m, n) denotes the greatest common
divisor of m and n. The separable closure of K is denoted by Ksep. All the
valuations considered in this paper are discrete.

3. Main Results

For a division algebra D over a field k, let D̃ := D ⊗k k(x).

Theorem 3.1 (Genus over purely transcendental extension of number
fields, Section 5). Let k be a number field containing a primitive n-th root
of unity ω. For any [D] ∈ nBr(k(x)), write [D] ≃ [C̃ ⊗ R1 ⊗ R2 ⊗ · · · ⊗ Rr]
where [C] ∈ nBr(k), each [Ri] is ramified at exactly one point in P1

0 − ∞
and nowhere else and [Ri] ∼ ⊗j(fij , gij)ω where for every j either fij or gij

is a non-constant monic polynomial in k[x](this is possible by Lemma 5.2).
Then

gens([D]) ⊆
{

[C̃ ′ ⊗ Ri1
1 ⊗ Ri2

2 ⊗ · · · ⊗ Rir
r ]
∣∣∣∣∣[C

′] ∈ gens([C]) and
(il, ord([Rl])) = 1 ∀ 1 ≤ l ≤ r

}
In particular,

|gens([D])| ≤ |gens([C])|ϕ(n)r

where ϕ is the Euler’s Totient function.

Now assume that k is a complete discrete valued field with residue k.
Let SBr(k) and IBr(k) denote respectively the subgroup of inertially split
(tame) and inertial (unramified) classes in Br(k)(Section 4.1).

Theorem 3.2 (Theorem 6.6). Let [D] ∈ SBr(k) be of prime index p. Then

gens([D])
{

⊆ {[C] ∈ IBr(k)|[C] ∈ gens([D)]} if [D] is unramified
= {[D⊗i]|1 ≤ i ≤ p − 1} otherwise

In particular,

|gens([D])|
{

≤ |gens(D)| if [D] is unramified
= p − 1 otherwise
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If k is perfect, then ⊆ and ≤ in the above expressions are equalities. More-
over, all the above statements also hold if gens([D]) is replaced with
gens

spl([D]).
As an easy consequence, we get

Corollary 3.3 (Corollary 6.7). Let k satisfy the property that the genus
(resp. splitting genus) is trivial for any quaternion algebra over k. Then
the genus (resp. splitting genus) of any tame quaternion algebra over k is
trivial.

For a division algebra D, let eD denote the ramification index of D.
Recall the definition of gens

spl from Section 1.
Theorem 3.4 (Genus decomposition for gens

spl, Theorem 6.12). Let I be
unramified and N be NSR (Section 4.1) division algebras over k. Then

gens
spl([I ⊗k N ]) ⊆ {[I ′ ⊗k N ′] | [I ′] ∈ gens([I]) and [N ′] ∈ gens([N ])}

Corollary 3.5 (Corollary 6.15). Let [D] ∈ SBr(k). Write D ∼ I ⊗k N
where I is inertial and N is NSR. Then any element in gens

spl([D]) is of
the form [I ′⊗k N⊗j ] for some (j, eD) = 1 where [I ′] ∈ gens([I]). The algebra
I ′ is the (unique) inertial lift of some division algebra whose class lies in
gens([I]). In particular

|gens
spl([D])| ≤ |gens([I])| · ϕ(eD)

where ϕ denotes the Euler’s Totient function. If moreover k is perfect, then
I ′ above is the (unique) inertial lift of some division algebra whose class
lies in gens

spl([I]) and

|gens
spl([D])| ≤ |gens

spl([I])| · ϕ(eD)
Now let K is an arbitrary field of char ̸= 2 with a set of discrete valuations

V . We denote the completion of K with respect to v and its residue field
respectively by Kv and Kv. Recall from Section 1 that 2XBr(K, V ) denotes
the 2-torsion of the kernel of the local-global map on the Brauer group with
respect to V .

For a division algebra D over K, we say that D (or its class in Br(K))
is tame with respect to V if Dv := D ⊗K Kv is tame for every v ∈ V . We
denote that set of tame elements of Br(K) with respect to V by SBr(K, V ).
Theorem 3.6. (Theorem 7.3) Let [Q] ∈ SBr(K, V ) be the class of a quater-
nion division algebra over K. Suppose for every v ∈ V , the genus of any
quaternion division algebra over Kv is trivial. Then

gens([Q]) ⊆ [Q] + 2XBr(K, V )
In particular,

|gens([Q])| ≤ |2XBr(K, V )|
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Corollary 3.7 (Corollary 7.5). If K is one of the following fields, the genus
of any quaternion division algebra over K is trivial

(1) Higher local fields where the final residue field has characteristic ̸= 2
(2) Iterated Laurent series k((t1))((t2)) . . . ((tn)) (resp. their finite exten-

sions) where char k ̸= 2 and every quaternion division algebra over
k (resp. every finite extension of k) has trivial genus

(3) Function fields of one variable over fields in (1)
(4) Function fields of one variable any real closed field
(5) Function fields of one variable over fields in (2) where for any curve

C over k (where k is as in (2)), every quaternion algebra over every
finite extension of k and over k(C) has trivial genus (for example,
k((t1))((t2)) . . . ((tn))(C) where one can take k to be any real closed
field by (4))

For an abelian variety A over a global field k, let X(A) denote the
Tate–Shafarevich group.

Theorem 3.8 (Section 7.1). Let C be a smooth projective geometrically
integral curve over a global field k with a rational point. Let Q be a quater-
nion algebra over k(C) that is tame with respect to every (dyadic) discrete
valuation arising from a codimension one point of a regular projective model
of C. Then

|gens([Q])| ≤ |2X(JC)|
where JC is the Jacobian of C. In particular, when C = E is an elliptic
curve, we have

|gens([Q])| ≤ |2X(E)|
In particular, we get gens([Q]) is trivial whenever 2X(E) is trivial.

4. Preliminaries

4.1. Division algebras over complete discrete valued fields. Let D
be a finite dimensional division algebra over a complete discrete valued
field k with residue field k. Since k is complete, the valuation on k extends
uniquely to a valuation v on D ([41, Corolary 2.2]). Associated to v, one
can define the residue algebra ([41, §2]

D = VD/MD

where
VD = {a ∈ D∗|v(a) ≥ 0} ∪ 0

MD = {a ∈ D∗|v(a) > 0} ∪ 0

One can easily see that D is a division algebra over its center Z(D) (which
may or may not be equal to the residue field k). Let ΓD and Γk denote
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respectively the value group of D and k. Note that, the valuation v is
discrete and we have Γk ⊆ ΓD ⊆ 1√

[D:k]
Γk ([41, (2.7)]). Therefore, ΓD/Γk

is cyclic and the number eD := |ΓD : Γk| is called the ramification index of
D. Moreover, we have the following fundamental equality ([41, (2.10)], [26,
p. 359])

[D : k] = [D : k][ΓD : Γk](4.1)

We say that D is unramified or inertial if Z(D) = k and [D : k] = [D : k].
An interesting fact similar to the case of fields is that, given any division
algebra D̃ over k, there is a unique unramified (also called inertial) division
algebra D over k with the property that D ≃ D̃. This is called the inertial
lift of D̃ over k ([17, Theorem 2.8(a)]). Note that if D is unramified, the
ramification index eD = 1 by the above equality. When eD is larger that
1, D is said to be ramified. One special case of ramified division algebras
is that of nicely semiramified (abbreviated as NSR) algebras. A division
algebra N over k is said to be NSR if it contains a maximal subfield that
is unramified as well as a maximal subfield that is totally ramified k ([17,
§4], [28, Theorem 2.4]). In this case, N is a field and

[N : k] = [ΓN : Γk] =
√

[N : k]

See [17, §4] for more details.
We say that D is inertially split if D is split by an unramified (inertial)

extension of k. By [17, Lemma 6.2] and [40, Remark 3.2(a)], this is equiva-
lent to D being tame as defined in [17, Definition §6]. When k is perfect or
if char k is coprime to the degree of D, every D over k is tame ([36, Theo-
rem 1, Exercise 3, Chapter XII]). Note that an unramified division algebra
D is automatically tame since it contains the inertial lift of a separable
maximal subfield of D ([17, Theorem 2.9]). Following [41] we define

IBr(k) = {[D]|D is a finite dimensional unramified division algebra over k}
SBr(k) = {[D]|D is a finite dimensional tame division algebra over k}

We observe the following:

Proposition 4.1. Let D be finite dimensional tame division algebra over
k such that D is a field. Then D is cyclic. In particular, any NSR division
algebra over k is cyclic.

Proof. By [17, Lemma 5.1], D/k is a cyclic field extension and

[D : k] = [ΓD : Γk] =
√

[D : k]

by (4.1). Now D contains the inertial lift L of D by [17, Theorem 2.9]. Note
that L is a maximal subfield and is cyclic([36, Chapter III, §5, Theorem 3])).
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Therefore D is cyclic. The last statement follows from the previous state-
ment and fact that any NSR division algebras is tame (since it contains an
unramified maximal subfield) and the residue algebra is a field. □

Theorem 4.2 ([17, Lemma 5.14, Theorem 5.15]). Given any [D] ∈ SBr(k),
there is a (non-canonical) decomposition in Br(k) given by

D ∼ I ⊗k N

where I is unramified and N is NSR. Moreover Z(D) = N , D ≃ I ⊗k N ,
eD = eN

Since non-tame division algebras pose certain difficulties that we are not
able to handle at the moment, we will consider only tame algebras in this
paper.

4.2. The unramified Brauer group. Let K be a field equipped with a
discrete valuation v. Let Kv, Ov and Kv denote respectively the completion
of K at v, its valuation ring and the residue field. For every n such that
n is coprime to char Kv or when Kv is perfect, one can define the residue
homomorphism ([35, Chapter 10])

ρn
v : nBr(Kv) −→ H1(Kv,Z/nZ)

[D] −→ χD

We recall that the image of χD is ΓD/ΓKv ([17, Theorem 5.6(b)]) and the
fixed field of ker(χD) is the center of D ([41, Theorem 3.5]). The kernel of
ρn

v can be identified with nBr(Ov) and is the n-torsion component of the un-
ramified Brauer group of K at v. A non-trivial class [D] ∈ Br(Kv) is unrami-
fied at v if and only if D is unramified in the sense of Section 4.1 ([41, (3.9)]).
Therefore we have nIBr(Kv) = ker(ρv

n) and there is isomorphism([41, (3.7)])
IBr(Kv) ≃ Br(Kv)(4.2)

D 7−→ D

Now let K be equipped with a set of discrete valuations V . Assuming
char Kv is coprime to n or Kv is perfect for every v ∈ V , we have the residue
map relative to V given by

ρn
V : nBr(K) −→

∏
v∈V

nBr(Kv) −→
∏
v∈V

H1(Kv,Z/nZ)

where the first map is the local-global map on the Brauer group with respect
to V whose kernel is denoted by nXBr(K, V ). We say that the local-global
principle holds on nBr(K) with respect to V if nXBr(K, V ) is trivial. The
n-torsion of the unramified Brauer group of K with respect to V is defined
to be

nBr(K)V := Ker ρn
V
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We note that

nXBr(K, V ) ⊆ nBr(K)V(4.3)
Let X be a regular integral noetherian scheme with function field k(X)

and let V be the valuations corresponding to the codimension 1 points X(1)

of X. Let k(x) denote the residue field at x ∈ X(1). Then we have an exact
sequence ([31, Theorem 6.8.3])

0 −→ Br(X) −→ Br(k(X)) ρV−→
⊕

x∈X(1)

H1(k(x),Q/Z)

where we exclude the p-primary components in all of the above groups if
k(x) is imperfect of characteristic p for some x ([31, Theorem 6.8.3], [4,
Remark 6.4]).

4.3. Higher local fields. We will quickly state a few facts on higher
local fields that we use in this paper. We will use the notations from ([27,
Definition 2.1]).

Given a field F , the complete discrete valuation dimension of F , denoted
cdv. dim(F ) is defined to be

cdv. dim(F ) :=
{

0 if F is not compete discrete valued field
cdv. dim(F )+1 otherwise

where F is the residue field.
Set F (0) := F . For every i, if F (i) is a complete discrete valued field, one

can define F (i+1) to be the residue field of F (i). A field F is said to be an
n-dimensional local field for some n ≥ 0 if (F ) = n and the final residue
field F (n) is finite.

By [27, Proposition 2.15], every finite extension of an n-dimensional local
field is an n-dimensional local field. The classification of n-dimensional local
fields can be found in [43, §1.1], [27, §2.1] (although we will not be needing
it in this paper).

4.4. An important lemma. We will repeatedly use a lemma at many
places in genus computations. For a division algebra D over K equipped
with a discrete valuation v, let Dv denote D ⊗K Kv and Dv denote the
residue algebra of the underlying division algebra of Dv.

Lemma 4.3. Let D be a division algebra over a field K with discrete valu-
ation v. Assume that D is tame with respect to v. If [D′] ∈ gens([D]), then
[D′

v] ∈ gens([Dv]).

Proof. By [34, Corollary 2.4], the underlying division algebras of Dv and
D′

v have the same maximal separable subfields. We may assume that Dv

(and hence D′
v) are division algebras. Since Dv (and hence D′

v) is tame, the
center Z(Dv) is separable over Kv ([41, Theorem 3.4(iii)]). Moreover, by [6,
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Lemma 2.3 and Remark 2.6], Z(Dv) ≃ Z(D′
v) over Kv. Let L̃ ⊂ Dv be a

separable maximal subfield over Z(Dv) (hence separable over Kv) and let L

be the inertial lift of L̃ over Kv. Then by [17, Theorem 2.9], we conclude that
L ⊂ Dv is a separable subfield. By the fundamental equality (4.1) and [17,
Lemma 5.1(iii)], L is a separable maximal subfield of Dv. By hypothesis,
L is also a separable maximal subfield of D′

v. Hence, L̃ ⊂ D′
v is a separable

maximal subfield. Since the above argument is symmetric with respect to
Dv and D′

v, we conclude that [D′
v] ∈ gens([Dv]). □

5. Genus over purely transcendental extensions

Let k be a field with n invertible. Recall the Faddeev’s split exact se-
quence ([14, Corollary 6.9.3]):

0 −→ nBr(k) −→ nBr(k(x)) ρ:=⊕ρP−−−−−→
⊕

P ∈P1
0−∞

H1(k(P ),Z/nZ) −→ 0(5.1)

where the third arrow coincides with the residue map in Galois cohomology
with respect to the discrete valuation corresponding to the points P ∈
P1

0 − ∞. We say that an element in Br(k(x)) is ramified or unramified at
P , if it is so for the discrete valuation corresponding to P .

The exact sequence (5.1) splits. Let

θ :
⊕

P ∈P1
0−∞

H1(k(P ),Z/nZ) −→ nBr(k(x))

be a splitting. So any class [D] ∈ nBr(k) can be written as

[D] ∼ [C̃ ⊗k(x) R](5.2)

where [C̃] ∈ nBr(k(x)) is the restriction of a unique [C] ∈ nBr(k) and [R] is
an element in the image under θ. Write [R] = [R1 ⊗R2 ⊗· · ·⊗Rr] where r is
the size of the ramification locus of D i.e., number of points P ∈ P1

0 − ∞ at
which the residue map is non-zero and [Ri] are the image of the ramification
components under θ.

For any division algebra D over k(x) and P ∈ P1
0 −∞, let DP := D ⊗k(x)

k(x)P where k(x)P is the completion of k(x) with respect to the discrete
valuation corresponding to P and let DP denote the residue algebra of the
division algebra in the class [DP ]. Similar notations, αP and αP are used
for any α ∈ Br(k(x)).

The decomposition of D given in (5.2) into unramified and ramified com-
ponents easily yields a short proof of the Stability Theorem.

Theorem 5.1 (Stability Theorem, [6, Theorem 3.5]). Let k be a field of
characteristic ̸= 2 with the property that the genus of any element in 2Br(k)
is trivial. Then the same property holds for 2Br(k(x)).
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Proof. Let [D], [E] ∈ 2Br(k(x)) be such that [E] ∈ gens([D]). Write

[D] ∼ [C̃ ⊗ R1 ⊗ R2 ⊗ · · · ⊗ Rr]

where [C̃] ∈ 2Br(k(x)) is the restriction of a unique [C] ∈ 2Br(k) and each
[Ri] is ramified at exactly Pi ∈ P1

0−∞ and nowhere else. By [6, Lemma 2.5],
ρ([E]) = ρ([D]). Therefore,

[E] ∼ [C̃ ′ ⊗ R1 ⊗ R2 ⊗ · · · ⊗ Rr]

where [C̃ ′] ∈ 2Br(k(x)) is the restriction of a unique [C ′] ∈ nBr(k). We
need to show [C ′] ∼ [C]. Let P = P1

0(k) − ∞ be a k-rational point where
each [Ri] is unramified. Note that D and E are unramified at P and recall
that the map (4.2) is a homomorphism. Therefore residue algebras at P are
given by

[EP ] ∼ [C ′ ⊗ R1P ⊗ R1P ⊗ · · · ⊗ R1P ]
[DP ] ∼ [C ⊗ R1P ⊗ R1P ⊗ · · · ⊗ R1P ]

in 2Br(k). Here [C̃P ] = [C] because the composite

Br(k) −→ Br(k(x)) −→ Br(k(x)P ) −→ Br(k(x)P )

is identity.
Since [E] ∈ gens([D]), by Lemma 4.3, we get

[EP ] ∈ gens([DP ])

By hypothesis the genus of any element in 2Br(k) is trivial. Therefore,
[EP ] ∼ [DP ] and we conclude that [C ′] ∼ [C]. □

It is tempting to know if the above theorem can be generalized to com-
pute a formula for the genus of elements in nBr(k(x)) for n ≥ 3. We will
now derive a formula for genus of arbitrary elements in nBr(k(x)) for n ≥ 3
when k is a number field containing primitive n-th root of unity and show
that resulting the bound on the size of the genus is sharp. The idea is
to relate the genus of a given Brauer class to the genus of its unramified
component and the ramification data.

Suppose k is any field containing a primitive n-th root of unity ω. By
Merkurjev–Suslin theorem (originally due to S. Bloch for k(x)), the n-
torsion of the Brauer group of k(x) is generated by symbol algebras, so each
element in Br(k(x)) is Brauer equivalent to ⊗j(fj , gj)ω where fj , gj ∈ k(x).
By manipulation of symbol algebras ([1, Chapter VII]), we can assume that
fj , gj ∈ k[x] and that

(fj , gj)ω ∼ (⊗l(al, bl)ω) ⊗ (⊗m(fm, gm)ω)
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where al, bl ∈ k∗ and for each m, either fmor gm is a non-constant monic
polynomial. This observation together with the split exact sequence (5.1)
yields:

Lemma 5.2. For any [D] ∈ nBr(k(x)), we have D ∼ C̃ ⊗R1 ⊗R2 ⊗· · ·⊗Rr

where [C̃] ∈ nBr(k(x)) is the restriction of a unique [C] ∈ nBr(k) and
each [Ri] is ramified at exactly Pi ∈ P1

0 − ∞ and nowhere else. Moreover
[Ri] ∼ ⊗j(fij , gij)ω where for every j either fijor gij is a non-constant
monic polynomial in k[x].

For the rest of this section, let k denote a number field.

Theorem 5.3. Let n ≥ 3 and k be a number field containing a primitive
n-th root of unity. Let D ∼ C̃ ⊗ R1 ⊗ R2 ⊗ · · · ⊗ Rr as in Lemma 5.2. Then

gens([D]) ⊆
{

[C̃ ′ ⊗ Ri1
1 ⊗ Ri2

2 ⊗ · · · ⊗ Rir
r ]
∣∣∣∣∣[C

′] ∈ gens([C]) and
(il, ord([Rl])) = 1 ∀ 1 ≤ l ≤ r

}
In particular,

|gens([D])| ≤ |gens(C)|ϕ(n)r

where ϕ(n) is the Euler’s Totient function.

Remark 5.4. One can view C̃ and R1 ⊗ R2 ⊗ · · · ⊗ Rr in Lemma 5.2
respectively as unramified and ramified components of D (note that this
decomposition is not unique). Then Theorem 5.3 expresses the genus of D
in terms of the genus of its unramified component and the ramification data.
Note that the genus of the unramified component C̃ is expressed in terms of
genus of the residue algebra C with respect to the valuation corresponding
to any rational point.

In order to prove the theorem, we need another lemma. Note that for a
class [D] ∈ Br(k(x)) that is unramified at P ∈ P1

0(k) − ∞, the residue class
[DP ] is in Br(k). For a place v of k, let [DP ]v denote the completion of [DP ]
at the place v of k. Let PF (k) denote the set of finite places of k.

Lemma 5.5. In the notation of Theorem 5.3, given any v ∈ PF (k), there
exists a k-rational point Pv ∈ P1

0(k) − ∞ such that for every i, [Ri] is
unramified at Pv and [(Ri)Pv ]v is trivial in Br(kv).

Proof. By Lemma 5.2, [Ri] ∼ ⊗j(fij , gij)ω where for every j either fij or
gij is a non-constant monic polynomial. Without loss of generality assume
that gij is a non-constant monic polynomial for every i and j. Outside a
finite set S of points in P1

0(k) − ∞, the extensions k(x)( n
√

fij)/k(x) and
k(x)( n

√
gij)/k(x) are unramified for every i, j. Let πv ∈ k be a uniformizer

in Ov. Let m ∈ Z be smallest valuation (with respect to v) of the set of
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coefficients in gij for all i, j. Let N be a non-negative integer such that n|N
and N ≥ −m + 1. Set PN := 1

πN
v

∈ P1
0(k) − ∞ − S. Then note that

gij(PN ) = π− deg(gij)N · bij

where bij ∈ (1 + πN+m
v Ov). Therefore,

((fij , gij)ω)PN
∼ (aij , bij)ω

for some aij ∈ k∗. Since kv is a local field, there are only finitely many
extensions of degree at most n ([21, Chapter II, §5, Proposition 14]). Let
M be the supremum of the conductors of these extensions. So by choosing
N ≥ M − m together with the above conditions on N , we deduce that
bij ∈ Norm(kv( n

√
aij)/kv)) and hence (aij , bij)ω ⊗k kv are split for all i, j.

Setting Pv = PN proves the lemma. □

We are now ready to prove Theorem 5.3.

Proof of Theorem 5.3. Let [E] ∈ gens([D]). We now make the following
observation. By [6, Lemma 2.5], [E] is unramified at a valuation if and
only if [D] is. Moreover, for any point P , ρP ([E]) = ρP ([D⊗iP ]) for some
iP coprime to ord([D]). Recall that each [Ri] is ramified exactly at Pi and
nowhere else, so by Faddeev’s exact sequence (5.1),

ρ([E]) = ρ([Ri1
1 ⊗ Ri2

2 ⊗ · · · ⊗ Rir
r ])

Therefore we get
[E] ∼ [C̃ ′ ⊗ Ri1

1 ⊗ Ri2
2 ⊗ · · · ⊗ Rir

r ]
where (il, ord(ρ[Rl]) = 1) ∀ 1 ≤ l ≤ r and C ′ ∈ Br(k). So to prove the
theorem it remains show that [C ′] ∈ gens([C]).

Let v ∈ PF (k). By Lemma 5.5, there exists a k-rational point Pv ∈
P1

0(k)−∞ such that for every i, [Ri] is unramified at Pv and [RiPv ]v is split
over kv. Therefore in nBr(kv), we have

[DPv ]v ∼ [C̃Pv ]v = [C]v

[EPv ]v ∼ [C̃ ′
Pv ]v = [C ′]v

By hypothesis, [E] ∈ gens([D]). Therefore by Lemma 4.3 and [34, Corol-
lary 2.4], we conclude that [C ′]v ∈ gens([C]v) for every v ∈ PF (k). Since
nBr(kv) is cyclic and period equals index for Brauer classes over local fields,
we deduce that for every v ∈ PF (k), we have [C ′]v ∼ [C⊗jv ]v for some jv

such that (jv, n) = 1. Note that since k contains n-th root of unity, and
n ≥ 3, k has no real embeddings. Now by [30, §18.4, Corollary b], it is easy
to see that [C ′] ∈ gens([C]). □

Theorem 5.3 can be viewed as a generalization of “genus stability” for
higher dimensional division algebras which was queried in [34, p. 284].
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Remark 5.6. The behaviour of genus of division algebras of degree ≥ 3
is studied in [6, Theorem 3.3]. However, we note that their results do not
yield any finite upper bound for the genus over a number field k since the
size of gens(∆) ∩ nBr(k) is not bounded for [∆] ∈ Br(k). See ([7, §1]).

Yet another bound in [8, Corollary 8.4] is given by
gens([D]) ≤ ϕ(n)r · n|S|

where r is the number of ramification places of D in V (where V and S are
given in [8, §8.2]). One can easily check that our bound given in Theorem 5.3
is better than the bound above.
Remark 5.7. The bound given in Theorem 5.3 is also sharp. Let k := Q(ω)
where ω is a primitive n-th root of unity for n ≥ 3. Let f ∈ k[x] be a non-
constant monic polynomial and a ∈ k∗ such that D = (f, a)ω, is a division
algebra ramified at exactly one point in P1

0 − ∞. Then Theorem 5.3 yields:
gens([D]) ⊆ {[D⊗i]|(i, n) = 1}

But the above inclusion is equality since [D⊗i] and [D] generate the same
subgroup of the Brauer group whenever (i, n) = 1.

The proof of Theorem 5.3 makes use of results from number fields and
local fields. So it cannot be directly used to prove a similar statement for
purely transcendental extensions of arbitrary fields. There are no results
so far in the literature to compute the genus of division algebras over such
fields of degree ≥ 3 in terms of its ramified and unramified components. It
would be interesting to know if this is true in general.
Question 5.8. Does Theorem 5.3 hold if k is replaced by an arbitrary
field?

6. Genus over complete discrete valued fields

In this section, we first give a formula for the genus of division algebras
of prime degree over k. We then describe the splitting genus of division
algebras of arbitrary degree over a complete discrete valued field in terms
of the genus of its ramified and unramified components.

Throughout this section k denotes a complete discrete valued field with
residue field k. Recall from Section 4.1 that IBr(k) and SBr(k) denote the
subgroup of inertial and tame classes in Br(k). For a division algebra D
over k, let D denote the residue division algebra. If α ∈ Br(k) denotes the
class of D, we set eα := eD = |ΓD : Γk|.

6.1. The genus of division algebras of prime degree. First we study
the behaviour of Brauer classes under totally ramified extensions of k.
Lemma 6.1. Suppose D is an unramified division algebra over k that is
split by a totally ramified extension, then D ∼= k.
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Proof. This is basically [25, Theorem 1] together with the fact that discrete
valuations are defectless ([26, p. 359]). □

Lemma 6.2. Let N be a tame division algebra split by a totally ramified
extension2. Then ord([N ]) = e[N ].

Proof. Since e[N ]| ord([N ]) ([17, Corollary 6.10]), it suffices to show
that [N⊗e[N ] ] is trivial. Note that [N⊗e[N ] ] is unramified by ([17, Theo-
rem 5.6(b)]). By hypothesis, [N⊗e[N ] ] is split by a totally ramified extension
of k and therefore is trivial by Lemma 6.1. □

Proposition 6.3. Let N be a tame division algebra split by a totally ram-
ified extension. Then

gens
spl([N ]) = gens([N ]) = {[N⊗i]|(i, e[N ]) = 1}

Proof. By Lemma 6.2, if (i, e[N ]) = 1, [N⊗i] and [N ] have same splitting
fields (and hence same subfields) since they generate the same subgroup of
the Brauer group. Moreover, gens

spl([N ]) ⊆ gens([N ]). So it suffices to show
that if [M ] ∈ gens([N ]) then [M ] = [N⊗i] for some i such that (i, e[N ]) = 1.
Let M ∈ gens([N ]). Then by [6, Lemma 2.5], we have [M ⊗k N (⊗i)op] is
unramified for some i where (i, e[N ]) = 1. By [28, Theorem 2.4], N is a NSR
division algebra and therefore, N is contains a totally ramified separable
maximal subfield L by Appendix B. Since [M ] ∈ gens([N ]), [M ⊗k N (⊗i)op]
is split by L. Now we use Lemma 6.1 to conclude that [M ] = [N⊗i]. □

Lemma 6.4. Suppose D is a tame division algebra over k. If [D′] ∈
gens([D]) (resp.[D′] ∈ gens

spl([D])), then [D] ∈ gens([D′]) (resp. [D] ∈
gens

spl([D′])).

Proof. The fact that [D′] ∈ gens([D]) implies [D] ∈ gens([D]) follows from
Lemma 4.3. Now suppose [D′] ∈ gens

spl([D]). First note that Z(D) = Z(D′)
([6, Lemma 2.3 and Remark 2.6]). Let L ⊂ D be a separable finite dimen-
sional splitting field over Z(D) with inertial lift L. Then by [17, Corol-
lary 3.5], L splits D and hence also splits D′ by hypothesis. Therefore
again by [17, Corollary 3.5], L splits D′. Since the argument is symmetric
with respect ot D and D′ we conclude that [D] ∈ gens

spl([D′]). □

Proposition 6.5. Let I be an unramified division algebra over k. Then the
isomorphism in (4.2)

ϕ : IBr(k) −→ Br(k)
[D] 7−→ [D]

2This is equivalent to saying that N is NSR by [28, Theorem 2.4])
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induces an injective maps of sets
gens([I]) −→ gens([I])

gens
spl([I]) −→ gens

spl([I])

If moreover, k is perfect, then the above maps are bijective
Proof. The first claim follows from Lemma 6.4. Now assume that k is
perfect or char k is coprime to the degree of I. It remains to show that
if [J ] ∈ gens([I]) (resp. [J ] ∈ gens

spl([I])), then [J ] ∈ gens([I]) (resp.
[J ] ∈ gens

spl([I])) where J is the unique inertial lift of J (Section 4.1).
Let L ⊂ I be a separable subfield. Clearly, by the assumption on k,

L ⊆ I is a separable subfield and therefore is also a separable subfield of
J . By [17, Theorem 2.9], we conclude that L ⊂ J is a separable subfield.
Since the above arguments are symmetric with respect to I and J , we have
J ∈ gens([I]).

The proof of [J ] ∈ gens
spl([I]) follows by similar argument as above by

replacing the phrase “separable subfield” with “separable finite dimensional
splitting field” together with Lemma 6.13 and [17, Corollary 3.5]. We leave
the details to the reader. □

We will now describe the genus of division algebras of prime degree in
terms of its residue algebra and ramification.
Theorem 6.6. Let [D] ∈ SBr(k) be of prime index p. Then

gens([D])
{

⊆ {[C] ∈ IBr(k)|[C] ∈ gens([D)]} if [D] is unramified
= {[D⊗i]|1 ≤ i ≤ p − 1} otherwise

In particular,

|gens([D])|
{

≤ |gens(D)| if [D] is unramified
= p − 1 otherwise

If k is perfect, then ⊆ and ≤ in the above expressions are equalities. More-
over, all the above statements also hold if gens([D]) is replaced with
gens

spl([D]).
Proof. By the fundamental equality (4.1), we have that eD = [ΓD : Γk] is
either 1 or p since there are no tame and totally ramified division algebras
over complete discrete valued fields ([40, Remark 3.2(a)]). If e[D] = 1, [D]
is unramified. Therefore, gens([D]) ⊆ {C|C ∈ gens(D)} and gens

spl([D]) ⊆
{C|C ∈ gens

spl(D)}) (with ⊆ replaced with = if k is perfect) by Proposi-
tion 6.5. If e[D] = p, then D contains an element a such that whose valuation
generates ΓD/Γk implying that D contains a totally ramified maximal sub-
field. Therefore by Proposition 6.3, gens

spl([D]) = gens([D]) = {[D⊗i]|1 ≤
i ≤ p − 1}. □
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The case p = 2 yields:
Corollary 6.7. Let k satisfy the property that the genus (resp. splitting
genus) is trivial for any quaternion algebra over k. Then the genus (resp.
splitting genus) of any tame quaternion algebra over k is trivial.
Remark 6.8. Quaternion algebras sharing same separable maximal sub-
fields are said to be totally separably linked in [5]. It is shown in [5, Corollay
6.2, Corollary 6.9] that if k is perfect of characteristic 2, then the genus of
any quaternion algebra over k = k((t)) is trivial. This is a special case of
Corollary 6.7, since in this case 2Br(k) is trivial ([11, Chapter I, Theo-
rem 1.3.7]) and any quaternion algebra over k is tame ([36, Theorem 1,
Exercise 3, Chapter XII]).

One can recursively use Corollary 6.6 to compute genus of degree p di-
vision algebras over fields of the form k((t1))((t2)) . . . ((tn)).
Example 6.9. Let K = k((t1))(t2)) . . . ((tn)) where k is a field of charac-
teristic ̸= p. Let D be a tame division algebra over K be of index p. Set
D(0) := D and let D(k) denote the residue algebra of D(k−1), so that D(n)

is a division algebra over k. Then by recursive application of Corollary 6.6,
we get

|gens([D])| ≤
{

p − 1 if D(n) is a field
|gens([D](n))|otherwise

Example 6.10. In the above example, taking p = 2 and using the fact
that genus of any tame quaternion over global field is trivial ([6, §3.6]), we
see that the genus of any quaternion algebra over K = Q((t1))((t2)) . . . ((tn))
is trivial.
6.2. Genus decomposition for gens

spl. We will now derive a formula
for gens

spl([D]) for any [D] ∈ SBr(k). Recall from Section 4.1 that we have
decomposition

D ∼ I ⊗k N

in SBr(k) where I is inertial and N is NSR over k and eD = eN .
Lemma 6.11. In the above decomposition, if [D] ∈ nSBr(K), so are [I]
and [N ]
Proof. It suffices to show that [N⊗n] is trivial. Now eD|(ord[D]) ([17, Corol-
lary 6.10]) and therefore eD|n. By Lemma 6.2 eD = eN = ord([N ]) and the
result follows. □

Theorem 6.12. Let I be unramified and N be NSR division algebras over
k. Then

gens
spl([I ⊗k N ]) ⊆ {[I ′ ⊗k N ′] | [I ′] ∈ gens([I]) and [N ′] ∈ gens([N ])}
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Proof. Let D1 ∼ I1 ⊗k N1 and D2 ∼ I ′
2 ⊗k N2 where [D2] ∈ gens

spl([D1]).
Since I1 and I ′

2 are unramified, for i = 1, 2, we have χDi = χNi (see
Section 4.2). As D1 and D2 have same splitting fields (and hence same
subfields), by [6, Lemma 2.5], we have ker(χD1) = ker(χD2). Therefore
eD1 = eD2 and χN2 = χ

N⊗j
1

for some j where (j, eN1) = 1 (here we use
the fact that eNi = eDi). Hence N2 ∼ N⊗j

1 ⊗k C where [C] ∈ IBr(k). By
replacing I ′

2 with I2 := I ′
2 ⊗k C, we get D2 ∼ I2 ⊗k N⊗j

1 . Hence by Propo-
sition 6.3, we have D2 ∼ I2 ⊗ N2 where [N2] ∈ gens([N1]). It remains to
show that [I2] ∈ gens([I1]).

Since N1 is NSR, it contains a totally ramified maximal subfield. By
Appendix B, N1 contains a totally ramified separable maximal subfield L/k.
Therefore L is also a maximal subfield of N2. So we have Di ⊗k L ∼ Ii ⊗k L.
Now let F/k be a finite separable maximal subfield of I1. Note that since
I1 is unramified, [ΓF : Γk] = 1 (although F/k need not be separable). By
the proof of [12, Lemma 2.5.8], F and L are linearly disjoint (as subfields
of a fixed algebraic closure of k). Therefore FL ≃ F ⊗k L is separable and
splits D1. Therefore it also splits D2. Therefore

D2 ⊗k FL ∼ I2 ⊗k FL ∼ (I2 ⊗k F ) ⊗F FL

is split. But FL/F is totally ramified. So I2 ⊗k F is split by Lemma 6.1.
In particular, deg(I2) ≤ deg(I1). Reversing the role of I1 and I2 we get
deg(I1) ≤ deg(I2). Therefore deg(I1) = deg(I2) and F is a maximal subfield
of I2. Since the argument is symmetric with respect to I1 and I2, we get
I2 ∈ gens([I1]). □

Now assume that k is perfect. Then we get a better estimate of gens
spl

as we show below. For a finite separable extension F/k, denote by F̃ the
maximal unramified subfield of F/k. We start with a lemma.

Lemma 6.13. Let [I] ∈ IBr(k) and let F/k be a finite separable extension.
Assume that k is perfect. Then F splits I if and only if F̃ splits I.

Proof. Suppose F splits I. Note that [I ⊗k F̃ ] ∈ IBr(F̃ ). Now
I ⊗k F ≃ (I ⊗k F̃ ) ⊗F̃ F

Since k is perfect, F = F̃ and therefore F/F̃ is totally ramified. By Lem-
ma 6.1, F̃ splits I. □

Theorem 6.14. Suppose k is perfect. Let I be unramified and N be NSR
division algebras over k. Then
gens

spl([I ⊗k N ]) ⊆ {[I ′ ⊗k N ′] | [I ′] ∈ gens
spl([I]) and [N ′] ∈ gens

spl([N ])}

Proof. The proof is similar to the proof of Theorem 6.12, where F is re-
placed with F̃ . We leave the details to the reader. □
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Now Theorem 6.12, Theorem 6.14 together with Proposition 6.5 and
Proposition 6.3 yields:

Corollary 6.15. Let [D] ∈ SBr(k). Write D ∼ I ⊗k N where I is inertial
and N is NSR. Then any element in gens

spl([D]) is of the form [I ′ ⊗k

N⊗j ] for some (j, eD) = 1 where [I ′] ∈ gens([I]). The algebra I ′ is the
(unique) inertial lift of some division algebra whose class lies in gens([I]).
In particular

|gens
spl([D])| ≤ |gens([I])| · ϕ(eD)

where ϕ denotes the Euler’s Totient function. If moreover k is perfect, then
I ′ above is the (unique) inertial lift of some division algebra whose class
lies in gens

spl([I]) and

|gens
spl([D])| ≤ |gens

spl([I])| · ϕ(eD)

As an easy corollary for the case of 2Br(k) we get:

Corollary 6.16. Let k satisfy the property that the genus is trivial for any
element in 2Br(k). Then gens

spl([D]) is trivial for any [D] ∈ 2SBr(k).

Proof. By [17, Corollary 6.10], for any [D] ∈ 2Br(k), eD| ord([D]). Hence
eD = 2 and the result follows from Corollary 6.15. □

Example 6.17. Since the genus of any element in 2Br(Q) (this element is
necessarily the class of some quaternion) is trivial ([6, §3.6]), by recursively
applying Corollary 6.16, we see that the gens

spl([D]) is trivial for any [D] ∈
2SBr(Q((t1))((t2)) . . . ((tn)))

Question 6.18. Does the statement of Corollary 6.15 hold if we replace
gens

spl with gen?

Remark 6.19. If the answer to the above question is positive, then the
stronger version of Corollary 6.16 where gens

spl([D]) is replaced with
gens([D]) holds for any [D] ∈ 2SBr(k).

7. The Genus of quaternion algebras

In this section K is an arbitrary field of char ̸= 2 with a set of discrete
valuations V . As before, we denote the completion of K with respect to v
and its residue field respectively by Kv and Kv.

Definition 7.1. For a division algebra D over K, we say that D (or its
class in Br(K)) is tame with respect to V if Dv := D ⊗K Kv is tame for
every v ∈ V . We denote that set of tame elements of Br(K) with respect
to V by SBr(K, V ).
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Remark 7.2. If the exponent of Dv is coprime to char Kv or when Kv

is perfect, Dv is tame ([36, Theorem 1, Exercise 3(b), Chapter XII]. In
particular, every [D] ∈ 2Br(K) is tame over V if char Kv ̸= 2 or if Kv is
perfect for every v ∈ V .

For a field K, let

2XBr(K, V ) := ker
(

2Br(K) −→
∏
v∈V

2Br(Kv)
)

Theorem 7.3. Let [Q] ∈ SBr(K, V ) be the class of a quaternion division
algebra over K. Suppose for every v ∈ V , the genus of any quaternion
division algebra over Kv is trivial. Then

gens([Q]) ⊆ [Q] + 2XBr(K, V )
In particular,

|gens([Q])| ≤ |2XBr(K, V )|
Proof. Let [P ] ∈ gens([Q]). By [34, Corollary 2.4], [Pv] ∈ gens([Qv]) for
every v ∈ V . Now by Corollary 6.7, [Pv] ∼ [Qv] for every v ∈ V . Therefore
[P ⊗K Q] ∈ 2XBr(K, V ) and the theorem follows. □

As an easy corollary of the theorem, we get:
Corollary 7.4. Assume that K satisfies local-global principle on the 2-
torsion part of the Brauer group with respect to V i.e., 2XBr(K, V ) is
trivial. Suppose for every v ∈ V , the genus of any class of quaternion divi-
sion algebra in Br(Kv) is trivial, then the genus of any class of quaternion
division algebra in SBr(K, V ) is trivial.
Corollary 7.5. If K is one of the following fields, the genus of any quater-
nion division algebra over K is trivial

(1) Higher local fields where the final residue field has characteristic ̸= 2
(2) Iterated Laurent series k((t1))((t2)) . . . ((tn)) (resp. their finite exten-

sions) where char k ̸= 2 and every quaternion division algebra over
k (resp. every finite extension of k) has trivial genus

(3) Function fields of one variable over fields in (1)
(4) Function fields of one variable any real closed field
(5) Function fields of one variable over fields in (2) where for any curve

C over k (where k is as in (2)), every quaternion algebra over every
finite extension of k and over k(C) has trivial genus (for example,
k((t1))((t2)) . . . ((tn))(C) where one can take k to be any real closed
field by (4))

Proof. For each K as above, the proof below considers the discrete valu-
ations V where residue fields are of characteristic ̸= 2, so all the division
algebras over these fields are tame by Remark 7.2.
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For (1) set V = v to be the canonical discrete valuation on K. Then by
induction on cdv. dim(K) and observing that the final residue field is finite,
the result follows from Corollary 7.4. The proof of (2) is similar by using
induction on n.

For (3), let K = F (C) where F is a field in (1). We will use induction
on d := cdv. dim(F ) of the higher local field F . When d = 0, F is a finite
field and K is a global field and hence the genus of any quaternion over
K is trivial ([6, §3.6]). Now assume that the property is satisfied by K for
every F with cdv. dim(F ) ≤ d. Let cdv. dim(F ) = d + 1 and let V be dis-
crete valuations corresponding to codimension 1 points in a regular proper
model of K over OF . Then by [10, Theorem 4.2 and Theorem 4.3(ii)],
2XBr(K, V ) is trivial. Moreover, in this case, the residue fields correspond-
ing to v ∈ V are either finite extensions of F which is again a higher local
field (Section 4.3) or of the form F ′(C ′) with cdv. dim(F ′) ≤ d. So by (1)
and induction hypothesis, the result now follows from Corollary 7.4.

For (4), let C be a smooth projective curve over a real closed field R
with function field K. Such a curve exists by [38, Theorem 53.2.6 and
Lemma 53.2.8]. By in [9, Theorem 2.3.1], the specialization map Br(C) →∏

P ∈C(R) Br(kP ) is injective where kP is the residue field at P . Taking V to
be the discrete valuations corresponding to the points in C(R), Lemma A.3
yields triviality of 2XBr(K, V ) and so the result follows from Corollary 7.4.

The proof of (5) is again using an induction argument similar to (3). □

7.1. Curves over global fields with rational point. Let C be a smooth
projective geometrically integral curve over a global field k with a k-rational
point. In this section, we discuss the relation between the genus of quater-
nion algebras over the function field of C and the 2-torsion subgroup of
the Tate–Shafarevich group of the Jacobian of C. We deduce that the size
of the genus is bounded above by the size of the 2-torsion component of
the Tate–Shafarevich group of the Jacobian. Then we specialize to the case
of elliptic curves and demonstrate that this bound is better than the one
known before.

Let C be a smooth projective geometrically integral curve over a global
field k with C(k) ̸= ∅ and let JC denote its Jacobian. Recall that the
Tate–Shafarevich group of JC , denoted by X(JC) is defined as

X(JC) = ker

H1(k, JC(ksep) −→
∏

v∈P (k)
H1(kv, JC(ksep

v )


where P (k) denotes the set of places of k. Let Cv := C ×Spec k Spec kv and
let XBr(C) be the kernel of the local global map on the Brauer group of
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C with respect to P (k), i.e.,

XBr(C) := ker

Br(C) −→
∏

v∈P (k)
Br(Cv)


By [29, §2(B)], we have the following isomorphism3:

XBr(C) ≃ X(JC)(7.1)
Let S := Spec Ok where Ok is the ring of integers of k when char k = 0
and a smooth complete curve over its field of constants with function field
k when char k ̸= 0. Suppose C → S is a regular proper model for C. Let
VC denote the valuations on k(C) corresponding to codimension one points
C(1) of C. We define (see Appendix A for details),

XBr(C/C) := XBr(k(C), VC) = ker

Br(k(C)) −→
∏

x∈C(1)

Br(k(C)x


where k(C)x denotes the completion of k(C) with respect to the valuation
corresponding to the codimension 1 point x ∈ C(1).

Then by the isomorphism in (7.1) together with Theorem A.1, we con-
clude

Theorem 7.6. With notations as above, we have
XBr(C/C) ≃ X(JC)

In particular, when C = E is an elliptic curve with a regular proper model E,
XBr(E/E) ≃ X(E)

Remark 7.7. Recall that index = period for any element in X(E) ([3,
Theorem 1.3]). Therefore the same holds for XBr(E/E). In particular, the
elements in 2XBr(E/E) correspond to quaternions.

The residue fields of K := k(C) corresponding to VC are global fields and
therefore the genus of any class of quaternion division algebra in 2Br(Kv)
is trivial for every v ∈ V ([6, §3.6]). So by Theorem 7.3 and Theorem 7.6,
we conclude

Theorem 7.8. With notations as above, let [Q] ∈ 2SBr(K, V ) be the class
of a quaternion algebras where K = k(C) and V = VC. Then

|gens([Q])| ≤ |2X(JC)|
Therefore when C = E is an elliptic curve, we have

|gens([Q])| ≤ |2X(E)|(7.2)

3Although the isomorphism (7.1) is shown for number fields in [29], the same arguments show
that the isomorphism holds for global fields as well.
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In particular, we get |gens([Q])| is trivial whenever 2X(E) is trivial.

Remark 7.9. Comparing with [6, Theorem 4.1, Corollary 4.11], we see
that the bound in (7.2) gives a better estimate of the genus of any class
of quaternion algebra [Q] ∈ SBr(K, V ) since for a regular proper model E
of E, X(E) ≃ XBr(E/E) ⊆ Br(E)V0∪V1 where V0 and V1 are the sets of
valuations on K given in [6, §4]. See also Example 7.10.

One can extensively use the arithmetic properties of a given elliptic curve
E over a number field together with Theorem 7.8 to compute bounds on
the genus. We will demonstrate this below.

For the rest of the section, E denotes an elliptic curve over a number field
k and [Q] is an arbitrary class of quaternion division algebra in SBr(K, V )
where K = k(E), V = VE for a regular proper model E of E.

Example 7.10. Let E be given by y2 = x3 − x over Q. We have 2X(E) =
0 (one can verify using MAGMA) and therefore from Theorem 7.8, we
conclude that gens([Q]) is trivial. Compare with [6, Example 4.12].

Example 7.11. Let p be an odd prime and let E be given by y2 = x3 +px
over Q. By Theorem 7.8 and [37, Proposition X.6.2(c)], we get

|gens([Q])| ≤


1 if p ≡ 7, 11 (mod 16)
2 if p ≡ 3, 5, 13, 15 (mod 16)
4 if p ≡ 1, 9 (mod 16)

We will now explicitly show triviality of the genus of some quaternion
division algebras over Q(E) using arithmetic properties of E even when
2X(E) is not trivial. Given an isogeny ϕ : E → E′ over k with ϕ̂ denoting
the dual isogeny, let Sϕ(E) and Sϕ̂(E′) denote the respective Selmer groups.

We have an exact sequence of groups [37, Chapter X, Theorem 4.2]

0 −→ E′(k)/ϕ(E(k)) −→ Sϕ(E/k) −→ ϕX(E/k) −→ 0

where ϕX(E/k) denotes the ϕ-torsion subgroup of X(E/k). Let S ⊂ P (k)
denote the union of the set of infinite places, the set of finite primes at which
E has bad reduction, and the set of finite primes dividing 2. Recall [37,
Chapter X, Proposition 1.4 and Proposition 4.9] that if ϕ is of degree 2,
Sϕ(E/k) and Sϕ̂(E′/k) are subgroups of k(S, 2) where

k(S, 2) = {b ∈ k∗/(k∗)2 : ordv(b) ≡ 0 (mod 2) ∀ v /∈ S}

Example 7.12. Let E be given by y2 = x3 − 113x over k := Q. There is
2-isogeny ([37, X.6])

ϕ : E −→ E′
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where E′ is given by y2 = x3 +452x. Let E′(d) denote the quadratic twist of
E′ by d. We observe that E′(−1) ≃ E′. Let l := Q(

√
−1). One can verify that

E′
tors(l) = E′

tors(k) and rank(E′(k)) = 0 using Magma. Moreover by [37,
Chapter X, Exercise 10.16], rank(E′(l)) = rank(E′(k)) + rank(E′(−1)(k)) =
2 · rank(E′(k)) = 0. Therefore, E′(l) = E′(k).

Now let ϕ̂ denote the dual isogeny. From the computations given in [29,
Lemma 3.4], we get

Sϕ(E/k) = {1, 113, 2, 226} (mod (k∗)2)

Sϕ̂(E′/k) = {±1 ± 113} (mod (k∗)2)

We have |ϕX(E/k)| = |ϕ̂X(E′/k)| = 2 and 2X(E′/k) = ϕX(E/k) ⊕
ϕ̂X(E′/k). The non-trivial element in ϕX(E/k) and ϕ̂X(E′/k) are re-
spectively given by the principal homogeneous spaces corresponding to 2
and −1. Let D2 and D−1 denote the respective (non-split) quaternion alge-
bras under the isomorphism (7.1). Let us compute gens([D−1]). It is easy
to see that D−1 is split by l since the class of −1 is trivial in Sϕ̂(E′/l). We
also have the following commutative diagram where the vertical maps are
induced by restrictions

0 E′(k)/ϕ(E(k)) Sϕ(E/k) ϕX(E/k) 0

0 E′(l)/ϕ(E(l)) Sϕ(E/l) ϕX(E/l) 0

ik

θ

il

By Theorem 7.3,

gens([D−1] ⊆ {[D−1], [D2], [D−1 ⊗ D2]}

We will show that gens([D−1]) is trivial. So it suffices to show that D2 is not
split by l or equivalently that θ(2) is not in the image of il. Now suppose
θ(2) is in the image of il, say il(P ) = θ(2) for some P ∈ E′(l) = E′(k).
Then

θ(ik(P )) = θ(2)
=⇒ 2 · ik(P ) ∈ ker(θ) = Sϕ(E/k)∩{1, −1} (mod (k∗)2) = 1 (mod (k∗)2)

Therefore ik(P ) = 2 (mod (k∗)2). This contradicts the fact that 2 is non-
trivial in ϕX(E/k) and concludes that gens([D−1]) = {[D−1]}.

For a quadratic extension l/k, the techniques used in the above example
can be generalized to compute genus of classes in Br(l/k) whenever E(l) =
E(k). We demonstrate this below.

We will assume that E is split, i.e., E is given by a Weierstrass equation
y2 = f(x) where f(x) has three distinct roots over k. In this case E[2] ⊆
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E(k) and the 2-Selmer group S(2)(E/k) is a subgroup of k(S, 2) × k(S, 2).
Now let l = k(

√
a) be a quadratic extension. Denote by

θ : S(2)(E/k) −→ S(2)(E/l)

the natural map induced by restriction. Identifying S(2)(E/k) as a subgroup
of k(S, 2) × k(S, 2), we have

H := ker(θ) = S(2)(E/k) ∩ {(1, 1), (a, 1), (1, a), (a, a)} (mod (k∗)2)(7.3)

Given γ ∈ S(2)(E/k), let Dγ denote the image of γ under the composition

S(2)(E/k) −→ 2X(E/k) ≃−→ 2XBr(E/k)

where the last arrow comes from the isomorphism (7.1).

Lemma 7.13. Assume that E is split. Let l = k(
√

a) be a quadratic exten-
sion such that E(l) = E(k). If [Q] is split over l(E), then

gens([Q]) ⊆ {[Q ⊗ Dγ ]|γ ∈ H}

where H is given by (7.3). In particular,

|gens([Q])| ≤ 4

and gens([Q])is trivial if H is trivial.

Proof. We have the following commutative diagram of exact sequences
where the vertical arrows are induced by restrictions.

0 E(k)/2E(k) S(2)(E/k) 2X(E/k) 0

0 E(l)/2E(l) S(2)(E/l) 2X(E/l) 0

ik

θ

il

By Theorem 7.3 and the above diagram, any element in gens([Q]) is of the
form [Q⊗Dγ ] for some γ ∈ S(2)(E/k). So it suffices to show that γ ∈ ik(P )H
for some P ∈ E(k). Since [Q] is split over l(E), for any [Q⊗Dγ ] ∈ gens([Q]),
Dγ is split over l(E) which implies θ(γ) = il(P ) for some P ∈ E(l) = E(k).
Therefore by commutativity of the above diagram, we have

θ(ik(P )) = θ(γ) =⇒ γ ∈ ik(P )H

which finishes the proof. □

Remark 7.14. If the answer to Question 6.18 is positive, then by Re-
mark 6.19, all the results and examples of this section hold if quaternions
are replaced by division algebras of exponent two
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Appendix A. Curves over global fields

Throughout this section k denotes a global field. Let S denote the
Dedekind scheme given by Spec Ok where Ok is the ring of integers of
k when char k = 0 and a smooth complete curve over its field of constants
with function field k when char k ̸= 0. Let C denote a smooth geometrically
integral projective curve over k. By a theorem of Lipman ([22, §10.1.1 and
Corollary 8.3.51]) there exists a regular projective model for C over S i.e.,
there exists a regular fibered surface C over S such that the generic fiber is
isomorphic to C i.e., C ≃ C ×S Spec k. Since the map C → S is dominant,
k(C) ≃ k(C). Therefore, the codimension 1 points C(1) in C give rise to
discrete valuations on k(C). For x ∈ C(1), let k(C)x denote the completion
of k(C) with respect to this valuation. Let

XBr(C/C) := ker

Br(k(C)) −→
∏

x∈C(1)

Br(k(C)x


be the kernel of the local global map on the Brauer group with respect to
the valuations from the codimension 1 points on C. One also has the local
global map on Br(C) with respect to the places P (k) of k whose kernel will
be denoted by XBr(C).

XBr(C) := ker

Br(C) −→
∏

v∈P (k)
Br(Cv)


Since C is a smooth integral curve, the natural map Br(C) → Br(k(C)) is
injective by Corollary 1.10 in [16]. So we consider Br(C) as a subgroup of
Br(k(C)). One may ask how are the groups XBr(C/C) and XBr(C) related
as subgroups of Br(k(C)). The main result of this section is the following
theorem:

Theorem A.1. With notations as above,

XBr(C/C) = XBr(C)

as subgroups of Br(k(C)).

In order to prove the theorem we need a few lemmas. Although the
following lemmas are well known, we could not find any explicit references
stating these results. Therefore, we include them here for completeness and
for the reader’s convenience.

Lemma A.2. Let x ∈ X be a closed point on a scheme X locally of finite
type over k with residue field k(x). For a place v ∈ P (k), let Pv(k(x))
denote the valuations on k(x) extending v. Then the set of completions
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{k(x)w|w ∈ Pv(k(x))} is equal to the residue fields of the points lying above
x under the base change map

ϕv : Xv := X ×k kv −→ X

Proof. The closed point x corresponds to Spec k(x) ↪→ X where k(x) is a
finite extension of k. The residue fields of points lying above x in Xv are
precisely {Li} where k(x) ⊗k kv ≃

∏
Li. When k(x)/k is separable, by [24,

Propositon 8.1 and 8.2], {Li} is the set of completions of k(x) with respect
to possible extensions of v to k(x) which proves the lemma. When k(x)/k is
purely inseparable, v extends uniquely to k(x) ([20, Theorem 4.1]) and the
lemma follows. The general case is derived using the above two cases. □

Let X be a regular integral scheme with function field k(X). For a codi-
mension 1 point x ∈ X(1), let k(x) denote the residue field of x and k(X)x

denote the completion of k(X) with respect to the discrete valuation associ-
ated to x. For α ∈ Br(X) and x ∈ X(1), let αx and α(x) denote respectively
the image of α under the restriction maps given by

rX,x : Br(X) −→ Br(k(X)) −→ Br(k(X)x)
α 7−→ αx

sX,x : Br(X) −→ Br(OX,x) −→ Br(k(x))
α 7−→ α(x)

Lemma A.3. With notations as above, for α ∈ Br(X), αx = 0 ⇐⇒
α(x) = 0
Proof. This follows from the commutativity of the following diagram where
ÔX,x denotes the completion of OX,x. The maps ı, ȷ are injective (Corol-
lary 1.10 in [16]) and q is an isomorphism ([2, Theorem 31]).

Br(k(X)) Br(k(X)x)

Br(ÔX,x)

Br(X)

Br(OX,x)

Br(k(x))

ı

ȷ

q

∼=

rX,x

sX,x

□
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We are now ready to prove the main theorem of this section.

Proof of Theorem A.1. First we will show the inclusion

XBr(C/C) ⊇ XBr(C)

Let α ∈ Br(C) be such that αv = 0 for every v ∈ P (k), where αv is the
image of α under Br(C) → Br(Cv). We need to show that ∀ x ∈ C(1), αx is
zero.

Suppose x corresponds to a vertical divisor in the fiber corresponding to
v ∈ P (k). Then, kv(C) ⊆ k(C)x which yields the required result.

On the other hand, if x corresponds to a horizontal divisor of C, then x is
a closed point in C. By Lemma A.3, we need to show that α(x) ∈ Br(k(x))
is trivial. Let w be a valuation on in k(x) that restricts to the valuation v
on k. Denote by xw ∈ Cv, the point corresponding to k(x)w (Lemma A.2).
Then α(x)w = αv(xw) = 0 since αv = 0 for every v ∈ P (k). Therefore α(x)
is in the kernel of the local-global map

Br(k(x)) −→
∏

v∈P (k(x))
Br(k(x)v)

which is trivial by the classical Albert–Brauer–Hasse–Noether Theorem for
the number field case and its generalization by Hasse for global fields ([14,
Corollary 6.5.4]).

We will now show

XBr(C/C) ⊆ XBr(C)

Suppose α ∈ XBr(C/C). Then note that α is unramified with respect to
every x ∈ C(1) and hence α ∈ Br(C). Let v ∈ P (k) be non-archimedean.
Now Cv := C ⊗Ok

Ov is a regular projective model for Cv over Ov ([38,
Tag 0BG4, Theorem 54.11.2]). Then α ⊗C Cv ≃ (α ⊗C Cv) ⊗Cv Cv = 0 since
Brauer group of a regular proper curve over a complete discrete valued ring
with finite residue field is trivial ([15, Theorem 3.1 and Remark 2.5(b)]).

Now let v be archimedean. If kv ≃ C, then since Br(Cv) = 0 by Tsen’s
theorem, α ⊗C Cv = 0. Suppose kv ≃ R. Let k̃v denote the real closure of
k with respect to v. It suffices to show that α̃v := α ⊗ Ck̃v

= 0. By [9,
Theorem 2.3.1], this is equivalent to showing that α̃v(y) = 0 for every real
closed point y ∈ Ck̃v

. Now let x be the image of y under the canonical
map Ck̃v

→ C. Note that x is a closed point of codimension 1. Since α ∈
XBr(C/C), αx = 0. Hence by Lemma A.3, α(x) = 0. Therefore α̃v(y) ≃
α(x) ⊗k(x) k(y) = 0. □

https://stacks.math.columbia.edu/tag/0BG4
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Appendix B. Totally ramified separable subfields in NSR
algebras

Let k be a complete discrete valued field with value group Z and residue
field k. Let v denote the valuation on k. Let N be a NSR division algebra
over k. The main goal of this section is to show that N contains a totally
ramified separable maximal subfield. If char k = 0 or is coprime to deg(N),
the every subfield of N is separable and the claim follows since N contains
a totally ramified maximal subfield by definition. So we may assume that
(char k, deg(N)) = p.

Recall from Proposition 4.1 that N is a cyclic algebra and hence contains
some cyclic maximal subfield. The next theorem sheds some light on the
ramification.

Theorem B.1. Let D be a NSR division algebra over k containing a totally
ramified purely inseparable maximal subfield. Then D contains a totally
ramified cyclic maximal subfield.

Proof. Since D contains a purely inseparable maximal subfield, deg(D) =
pn for some n where p = char k. Let F be a totally ramified purely in-
separable maximal subfield of D. Then there exists an element y ∈ F with
v(y) = 1

pnZ. Therefore y generates F over k i.e., F ≃ k(y) where ypn = a for
some a ∈ k∗ with (v(a), p) = 1. By ([1, Chapter VII, Theorem 26]), D is iso-
morphic to the symbol algebra [ω, a) where ω = (ω1, ω2, . . . , ωn) ∈ Wn(k),
the group of truncated Witt vectors of length n. By symbol manipulation
techniques ([23, Proposition 1], [39], [42, Satz 15, 16]), we may assume that
v(a) < min(0, v(ω1)) and

D ∼= [ω′, a) := [(ω + (a, 0, 0 . . . 0), a)]

where ω′ = (ω1 + a, ω′
2, . . . , ω′

n) ∈ W (k) for some ω′
2, . . . , ω′

n ∈ k. Con-
sider the Artin–Schreier–Witt extension L corresponding to ω′. Then L ≃
k(x1, x2, . . . , xn) where (xp

1, xp
2, . . . , xp

n)− (x1, x2, . . . , xn) = ω′ in W (L). We
claim that L is totally ramified which will yield the theorem. To see this, let
L denote the residue field of L. Suppose L/k is not totally ramified, then
L ⊆ D is a non-trivial extension of k. But D is NSR, so D is a field that is
a cyclic extension ([17, Lemma 5.1]) of k of degree pn. Let m ⊂ L ⊆ D be
the unique degree p extension over k and let M ⊂ L be the inertial lift of
m [36, Chapter III, §5, Corollary 2]). Therefore M is an unramified degree
p extension of k inside L. But L/k is cyclic and contains the unique degree
p extension k(x1) defined by

xp
1 − x1 = ω1 + a
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By the assumption on v(a), we have v(x1) = 1
pv(a). Since (v(a), p) = 1, the

extension k(x1) is ramified over k leading to contradiction. Therefore L/k
is totally ramified. □

Corollary B.2. Let N be a NSR division algebra over k. Then N contains
a totally ramified separable maximal subfield.

Proof. Let L ⊂ N be a totally ramified maximal subfield. Then there is
a tower of extensions k ⊆ F ⊆ L where F/k is separable and L/F is
purely inseparable ([38, Lemma 030K]). Note that both F/k and L/F are
totally ramified. Let D := CN (F ) be the centralizer of F in N . Then D
is a division algebra over F and D ≃ N ⊗k F ([30, §13.3, Lemma]). Let
K/k be an unramified splitting field of N . Then FK/F is unramified ([21,
Chapter II, §4, Proposition 8(ii)]) and splits D. Therefore D is tame. Now
D contains the totally ramified purely inseparable subfield L which is a
maximal subfield by the Double Centralizer Theorem ([30, §12.7 Theorem]).
Therefore by Theorem B.1, D contains a cyclic totally ramified maximal
subfield M/F . Since F/k is separable, M/k is a totally ramified separable
maximal subfield in N . □
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