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Stability of Rankin—Selberg local ~-factors for
split classical groups: The symplectic case

par TATWANG DENG et DoONGMING SHE

RESUME. Nous établissons la stabilité des facteurs v locaux de Rankin—Selberg
attachés aux représentations génériques des groupes symplectiques et des
groupes généraux linéaires sur les corps p-adiques. Notre approche utilise la
méthode de Langlands—Shahidi et fournit une nouvelle preuve qui ne repose
pas sur les résultats de stabilité précédemment connus. Les innovations clés
incluent la maitrise de la géométrie des espaces d’orbites avec des stabilisa-
teurs non triviaux et le développement de nouvelles techniques pour analyser
les intégrales de Bessel partielles dans ce cadre. Ces résultats ont des impli-
cations importantes pour le programme de Langlands, en particulier pour les
théoremes de réciprocité locaux et la conjecture de fonctorialité.

ABSTRACT. We establish the stability of Rankin—Selberg local ~-factors at-
tached to generic representations of symplectic groups and general linear
groups over p-adic fields. Our approach uses the Langlands—Shahidi method
and provides a new proof that does not rely on previously known stability
results. The key innovations involve handling the geometry of orbit spaces
with non-trivial stabilizers and developing new techniques for analyzing par-
tial Bessel integrals in this setting. The results have important implications
for the Langlands program, particularly for local converse theorems and the
functoriality conjecture.

1. Introduction

Let M be a connected reductive group defined over a p-adic field F, 7w an
irreducible admissible representation of M (F'). Fix a non-trivial additive
character 9 of F. In the study of Langlands functoriality, or more precisely
the L-function theory, one needs to consider local v-factors (s, m,r, 1) for
any ﬁnij:g dimensional complex representation r of the Langlands L-group
LM = M x T'r, where I'r = Gal(F/F), or W, the local Weil group of F.
The general definition of (s, 7, r, 1) is unknown so far, but in special cases
there are many methods of constructing them. A very important method
is the Langlands—Shahidi method [10], [12]. It defines the local ~-factors
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(s, 7,7, 1)) when 7 is 1-generic, namely, 7 admits a non-zero Whittaker
model, M appears as a Levi subgroup of a larger reductive group G, and
r an irreducible constituent of the adjoint action of “M on the Lie algebra
of “N, the L-group of N where N is the unipotent radical of a parabolic
P=MN.

The local y-factors (s, m,r, 1), once defined, are related to the local e-
and L-factors in the following way:

L(1—s,m,7)

7(57 ™7, 1/}) = 6(87 ™, T, ¢)W7

where 7 is the contragredient representation of 7.
Suppose 7 corresponds to p under the local Langlands correspondence,
then it is expected that

Y(s,m0p, ) = (s, T, 7,0).

We call (s, 7 0 p,¥) and (s, 7, r, 1) the arithmetic and analytic y-factors
respectively.

The local arithmetic and analytic v-factors are expected to satisfy some
stable equality under highly ramified twists, called the arithmetic and an-
alytic stability respectively. The arithmetic stability is fully proved by P.
Deligne [7], but the analytic stability is only known for certain cases. Let
us first explain the precise meaning of analytic stability, which is the main
concern of the present paper, then we give a list of references to known
cases.

Given irreducible admissible representations m; and g of M (F') with the
same central character, then for a highly ramified character y of F* i.e.,
a continuous character of F'* with sufficiently large conductor, regarded as
a character of M (F) via m — x(det Ady(m)), where Ad : M — GL(n) is
the adjoint representation and n := Lie(N), we expect to have

’7(5771-1 ® Xﬂ“ﬂﬁ) = ’7(577T2 ® X?ra¢)'

The analytic stability serves as an important intermediate step to prove
many crucial results in the Langlands program such as the local converse
theorems, the functoriality conjecture, and the local Langlands correspon-
dence. Many results are known in these areas.

The analytic stability of local y-factors is known in the following cases:

e For the Rankin—Selberg v-factors of GL,, and GL,,, by Jacquet &
Shalika [8];

e For the standard ~-factors of M = SOg,41, i.e. r is the natural
embedding M ~ Sp,, (C) < GLayn(C), by Cogdell & Piatetski-
Shapiro [3];
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e For the standard ~y-factors of an F-split classical group M, either
of symplectic or orthogonal type, by Rallis & Soudry [9] via the
doubling method,;

e For the standard ~-factors of GSpin groups, by Wagh [17], based
on [9];

e For the symmetric and exterior square y-factors of GL,,, by Cogdell,
Shahidi & Tsai [6];

e For the twisted symmetric and exterior square y-factors of GL,,, by
She [15];

e For Asai v-factors, by Shankman [13];

e For the symmetric cube -factors of GLg, by Shankman & She [14];

e For Rankin—Selberg v-factors given by the GL;-twists of Sp,,,, S?)Qn,
and U(n,n), by Zhang [18];

e For ~-factors attached to a general quasi-split reductive group M,
by Cogdell, Piatetski-Shapiro & Shahidi [5], but under the assump-
tions that dim(Up/\N) = 2 and rank{Z5\T\,} = 2, where Uy is a
chosen unipotent radical in a Borel subgroup of M, Z¢ is the center
of G and T, is the subtorus defined in (3.6) of [5].

In this paper, we establish the stability for the Rankin—Selberg local
~v-factor attached to generic representations of a symplectic group and a
general linear group. The construction of such ~-factors by Langlands—
Shahidi method will be explained in Section 2 of this paper. Our main
result is the following:

Theorem 1.1. Let M = GL, x Spy,,, be split over a p-adic field F. Sup-
pose r > 1, o is an irreducible V-generic representation of GL,.(F) and
7i, (i = 1,2) are irreducible -generic representations of Spsy,,(F'). Let
m = o X7 = 1,2), then m; is a representation of M(F). Take a con-
tinuous character x : F* — C*, regarded as a character of M(F) wvia
(m1,m2) — x(det(my)) for my € GL.(F) and ma € Spy,,(F). Assume x
is highly ramified, i.e., the conductor of x is sufficiently large, then we have

Y(s, (0 x 1) @ X, %) = (s, (0 X T2) @ X, %))

We first remark that the joint work of Cai, Friedberg, and Kaplan [2]
also constructed the Rankin—Selberg local v-factors attached to classical
groups and general linear groups using the generalized doubling method,
and showed that they are equal to the ones constructed by Langlands—
Shahidi method [2, Corollary 4.5] when the representations are generic while
their ~-factors apply to all representations. They also proved a stability
result [2, Lemma 7.3] which relies on the previous known results of stability.

We will give another proof of Theorem 1.1 in this paper without assuming
any known results on stability. The strategy is to use Langlands—Shahidi
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method to define the local y-factors, and reduce the stability to the stabil-
ity of the corresponding local coefficient. Similar to [6], the local coefficient
admits an integral representation as the Mellin transform of certain par-
tial Bessel functions, whose asymptotic expansion via relevant Bruhat cells
breaks into a sum of two parts: the first part depends only on the central
character, the second part is a uniform smooth function on certain subtorus.
Hence when twisted by a highly ramified character, the second part becomes
zero. This gives the stability of the local coefficient. We believe that our
method which generalizes the method of Cogdell-Shahidi-Tsai may lead to
a uniform proof of the stability for all Langlands—Shahidi y-factors.

We point out two main differences in our cases compared to the known
cases using this method. Firstly, the action of Up; on N has non-trivial sta-
bilizers, and consequently the geometry of the orbit space Ups\ N becomes
more subtle. Secondly, the orbit space Up/\N, over which the integral of
the partial Bessel function is taken, is no longer isomorphic to a torus in
our cases. Therefore a similar argument to [6] cannot be directly applied.
Instead, we separate the toric part out of the orbit space Ups\ N, and show
that only the toric part accounts for the proof of stability. We also observe
that the map n +— m via the Bruhat decomposition 1y 'n = mn'z is finite
étale onto its image with covering group isomorphic to finitely many copies
of Z/27. This is a new phenomenon with sufficient generality and we believe
it may show us one possible direction towards a uniform proof of stability
of Langlands—Shahidi vy-factors in our future work. We also generalize the
asymptotic analysis for partial Bessel integrals in [6] and [15]. Lastly, we
remark that the cases where we replace the symplectic groups by odd or-
thogonal groups are very similar. A slight modification of our arguments
would also give a proof of the same result for odd orthogonal cases.

Finally, our constructions and computations of the orbit space represen-
tatives of Upr\N and invariant measures in Section 4, as well as the part of
Section 6 concerning the Bruhat decompositions are inspired by the com-
putations for low rank cases with the help of SageMath, Mathematica and
GP/PARI.

2. Construction of the Rankin—Selberg local ~-factors

Consider the split reductive group G = G(n) = Spy,, defined over a
p-adic field F' which is a finite extension Q,. We realize G as

Spoy, = {h € GLay, : 'hJ'h = J'}
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where

J/ = Jén = |:—tJ Jn:| a,nd Jn —

(-1t

It is a semi-simple group of type C,. Fix a Borel subgroup B = TU con-
sisting of the upper triangular matrices in Sps,,, then

T = {t =diag(ti, ..., tn,t, ..., t7") 1 t; € Gy}

Following Bourbaki’s labeling [1] of the root systems, the set of positive
roots is given by

A1y ..., On,
Zak (1<i<j<n),
i<k<j

ot = . .
Z o; + 2 Z ap+a, (1<i<j<n),
1<k<j Ji<k<n
QZak—Hyn (1<i<n)
i<k<n

with the set of simple roots
A={aq,...,an}.

Note that all the standard maximal parabolic subgroups of Sp,,, are self-
associate. Indeed, let A, = A —{a,}, Pn, = Ma,Na,, and wy = wGwﬁA
where wg and wyy, = are the long Weyl group element of G and M, re-
spectively, then wp(A,) = A,, and wy(a,) < 0. For simplicity, we write
P = MN from now on. The Levi components of the maximal parabolic
subgroups of G(n) are of the form GL, X Spy,,, with  + m = n, obtained
by removing the simple root o, (1 < r < n) from the set of simple roots.
(When r = n, the corresponding maximal Levi is isomorphic to GL,, and
we regard Spg as the trivial group 1.) We realize M ~ GL, X Sp,,,, via

m1

mo — (my, mg)

Jtmyt gt

where m; € GL,, ma € Spy,,,. Let Mat,«,, be the space of r x m matrices
with coefficients in F. For X € Mat,x9,,Y € Mat,«,, we have a unique
Z € Matg,,«r such that

I, X Y
n(X,Y) := Ioy, Z| € Spy,,
I
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then we have
N ={n=n(X,Y): X € Mat,xom,Y € Mat,«,}.

We apply the local theory of Langlands—Shahidi method to construct
the local Rankin—Selberg ~-factors in our cases. Fix a non-trivial additive
character ¢ of F. Let Uyy = U N M, then Uy acts on N by conjugation.
We obtain from 1 a generic character x for U(F): we fix an F-splitting
for G, i.e., a collection of root vectors {z, : a@ € A} which induces a
homomorphism

¢:U — []Ga
where the product is taken over A. For u € U(F'), we set
x(u) == ((u)).

Via restriction we obtain a character for Uy (F') which we still denote by
X Suppose o and 7 are irreducible representations of GL, (F') and Sps,,, (F)
respectively. Set m ~ o X 7, then its central character w,; ~ w, X w,. We
assume that 7 is 1¥-generic, in the sense that the Whittaker functional space
Homy,, (g (7, x) is non-zero.

Let A € Homy,, (g (7, x) be a non-zero element. Then

A(m(u)v) = x(u)A(v)

for any v € m and u € Ups(F'). Suppose that wy € G(F') is a representative
of wy = wg - wﬁ, such that wy = wGw;j is compatible with ), in the
sense that w(wouig ') = ¥(u) for all u € Uy (F). For v € apc, where
ap = X*(M)r ®R, and ap¢ = ap Qr C, let

I(v,m) = Ind]\Gé,(Q)N(F) TR qfﬁ*”P’H”('” ® 1n(F)

be the normalized parabolic induction, where pp is the half sum of positives
roots in N, and Hp : M(F) — ap = Hom(X*(M)r,R) is the Harish-
Chandra map defined by qg(’HM(m» = |x(m)| for all x € X*(M)p, the
lattice of F-rational characters of M. Then the functional

(v, ) I(v,m) — C

Ap(v, ) f > A(f (g ') x () dn’
Ni(F)

where N7 = woNig !l and ¥ denotes the complex conjugate of y. The linear
functional Ay (v, m) defines a non-zero Whittaker functional on I(v, 7). Here

N is the opposite of N, i.e., the unipotent subgroup of G generated by
the root subgroups x_(F)(a € ®4) such that z,(F') is contained in N.
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Suppose that w € W(G,T), such that © = w(©) C A with w € G(F) is
chosen to be compatible with v, then

Alv,m,w) : I(v,71) — I(w(v), w(r))

Alv,m,w)f —> (g — / f(wlng)dn>

w(F)
where N = U NwNw ™!, defines an intertwining operator between the in-
duced representations. Consequently, Ay (w(v), w(r)) o A(v, 7, w) is another
non-zero Whittaker functional on I(v, 7). By uniqueness of local Whittaker
functionals, there exists a non-zero constant Cy (v, o, w), called the Shahidi
local coefficient, such that

Ayp(v,m) = Cy(v, m, W) Ay (W(v), w(m)) o A(v, 7, ).

In our cases, P = MN = Pa, = Ma,_Nj, is self-associate for all 1 <
r <n. Let v = s&, where s € C and & = (p,a)"'p, where p is half sum of
the positive roots in N. Fix

_ 7,
UJG = (_1)T‘]ém ’
[~ T,
[ J, Jr
wy = (=1)"Jom, = (=1)"Jom,
i R Jr
since t.J-! = J,.. Then we pick the representative iy to be

Wy = WGy, =

I
Iom
(_1)TIT
A straightforward computation shows that (wouig ') = 1 (u) for all u €

Uy, i.e., our choice of wyg is compatible with the generic character 1. Denote
by A(s, ) := A(sa, m, ) and I(s,7) := I(sa, ) then

A(s,m) : I(s, ) — I(—s, (7))

and the local coefficient Cy (s, 7) := Cy(sa, m,1p) is a product of two ~-
factors, namely,

Cd)(sa ﬂ') = 7(87 o X 7,:7 1/}71) : 7(37 a-v /\27 wil)
where & is the contragredient of o and (s, 7, A2, 1~ 1) is the exterior square
local factor of GL, attached to o, which is defined in [6, (4.4)] also by
Langlands—Shahidi method. Therefore we have defined the Rankin—Selberg

local factor (s, o x 7,1) for the reductive groups GL, and Sp,,,,. Moreover,
since the analytic stability of (s, o, A%,v) is established in [6], it reduces
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the stability of v(s,0 x 7,1) to the stability of the corresponding local
coefficient Cy (s, 7).

3. A Bruhat decomposition

From the construction of the local Whittaker functlonals on the space
of mduced representations, we would like to write wg 'n € PN where N =
woNu wo is the opposite of N. This decomposition does not hold for all
n € N, but holds for a Zariski open dense subset N’ of N. The existence of
such an open dense subset is simply due to the fact that PwyNNN is a non-
empty open subset of N. However, we will need the explicit decomposition
for several purposes: first, it will be used in Section 4 to construct orbit
space representatives and invariant measure on the space of Uy -orbits of
N’, where Up; = UNM, by which we obtain an explicit formula of the local
coeflicient at the end of Section 5; second, it will be discussed in Section 6 to
understand the geometry of the map n — m passed to Ups-orbits induced
from the decornposition wo— n=mn'n withm & M,n' € N,and 7 € N.

Suppose Wy n = mnn with m € M, n' € N, and n € N. A typical
element in N = wON wo is of the form

I,
n= ﬁ(Xl, Yl) = (*1)J§mtX1JT Iy,
v (—X) g
for some X7 € Mat,xom, Y1 € Mat, ... Let

mi
m = (my,mg) = ma €M,
Jtmi b,
and
I, X' Y’
= n(X',Y') = Loy (=1)"J5,'X'J,| € N.
Iy

One computes that

, mi I, X' Y’ I,
mn'n = m2 . Iog (=1)7J5, tX'Jp | | (P15, X0 dr Iom
Jt my JT

I -1y (-1)" X1 Ir
m1+(—1)’"m1X J2m XlJr-‘r(—l)r’rnlY/Yl le,—‘r(—l)Tle/Xl m1Y’
— (71)TTTL2JémtX1Jr+m2JémtX/erl m2+m2.]émtX/JrX1 (71)’“m2J§mtX’JT
(=D JtmT I (D) Ltm I Xy Letm bt
On the other hand, let n = n(X,Y) € N, we have
1 (~1)1,
- It
Wy n= Ly, (—1)7J5,,' X J,
I, X Y

Compare both sides we obtain the following equalities:
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1) mi+(=1)"m X' J} tXlJr—F )" Y'Y] = m X'+ (=1)mY' X =
2m
(—1)7"m2JémtX1Jr + mQJ%mtX,erl =0,
) mY' = (=1)"I, = Jtmy I 7Y,
) mo + mQJémtX/Jer = Iopm,
) madh X', = J X,
5 (1) Jtm X = X

6) Jim It =Y.

T

(
(
(
(
(

The outer automorphism 6,.(g) := J.tg~1J 1 g € GL, defines a involu-
tion of GL,. Assume det(Y') # 0, then

(6) <= my = JLY LI =0.(Y),
(5) <= X1 = (=1)"0,(m1) ' X = (-1)"Y X,
2) =YV =(-D)'Y LY =(-10,.(Y)
The second equality of (1) is equivalent to
X' = (-1 1e,(v Hylx.
Plug this in (3), we have
ma(Iom + T X' T X1) = ma(Iop — J5,, XY 10,('Y "1 I, Y 71 X),
= ma(Iym — b, XY T, X)
= ma(lop + (=1)" 10, (Y IX)X) = Doy,
where
Orm = Mat,x2m — Maton,xr,
X I X T8 ) =T PX T, = (1) b, X .

If we further assume that Iy, — J4, X tY_leX € GLo,,, which is a Zariski
open dense condition on N, then

my = (Iom — Ty, ' XY T X) 0 = (T + (—1)" Oy (Y1 X) X)L

2m
One easily checks that other equalities in (1) are automatically satisfied
for our solutions of my, mo, X', Y’ X;,Y7. To check that (4) holds, since
My € SPoy, 1-€., tmaJb, me = Jj . (4) is equivalent to X'my ' = X. So we
need to check that
(1)1, (v Y1 X (I, — 1, XY LX) = X,
hence it suffices to check that
() rty gyt () ty gy i x gL Xty T =

Multiplying Y.J,'Y ~1J~! on the left and J 'Y on the right, one simplifies
to get that J,'Y — Y'J, + (—1)" X J},,tX = 0, which holds automatically
by the structure of Sp,,,.
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4. The orbit space and its invariant measure

The Bruhat decomposition g 'n = mn'f discussed in Section 3 induces
an M-equivariant map n — m, where the action on N is by conjugation and
the action on M is the Int(wy ')-twisted conjugation. This can be observed
from that for any « € M, we have

g tane T = g tewema ™ (zn'x ) (ema ).

In particular, it is Ups-equivariant. When the parabolic subgroup P is self-
associate, under some mild assumptions, Theorem 6.2 of [11] represents the
local coefficient as the Mellin transform of certain partial Bessel functions
over the orbit space Up/\N'. We will show later in Section 5 that these
assumptions are valid in our cases, so that Theorem 6.2 of [11] can be
applied to obtain an integral representation of the local coefficient in our
cases. The geometry of the orbit space Up/\N’ is not fully understood
in general, and its importance is emphasized in [5] towards the proof of
stability for general quasi-split groups. The main goal of this section is to
establish the orbit space representatives of Uy \ N’ and its invariant measure
in our cases, which will be needed in Section 6 to understand the geometry
of Up/\N’, the map n — m, and the analysis in Sections 6 and 7.

We will use the same notations as in Section 3. A simple calculation
shows that Ups acts on N by

UM XN —N
(u,n(X,Y)) — n(ui Xuy 'y ur Y T ur I = n(un Xug b un YO, (up b))

where we identify u = diag(uy, uo, Jtuy ' J 1) € Ups with (ug,u2) € Ugr, X
Usp,, ., where UgL, and Usp, —are the maximal unipotent subgroups of GL,
and Sps,,, respectively.

Since n(X,Y)€N, X and Y are related by J,'Y =Y J.+(—1)" X J} X =

0. Set Z = J,ty + CVELu’X g
LY YU+ (-1)'XJ, X =0 Z="Z.

Then the action (X,Y) + (u1Xuy ', u1Y0,(u7t)) is equivalent to X
up Xuy 1 Z — w1 Z'u,. The advantage of this change of variable is that now
X and Z are independent. Denote the space of k X k symmetric matrices
with coefficients in F' as Sym*. We have the following description on the
orbit space representatives and measures for Uy \NV:

Proposition 4.1. There exists a Zariski open dense subset N' C N, such
that the Bruhat decomposition u')aln = mn'n holds, and the orbit space
Un\N' admits a set of representatives of the form

R=Rx x Ry
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where Rx consists of matrices of the form
Tr_piek (0<k<r—1), )
{a:m- 2m—r+1<j—i,j7<2m)/’ ifr<m,
i+j=r+1(<m+1),
zijorr—m—1<i<r—m+l, . ifm<r<2m,
j=m+Il+11<I<r—-m-1)
itj=r+1(j<m+1)
xivj;orr—m—lgigr—m—f—l,
j=m+Il+1(1<I<m-1)

if r > 2m,

)

where the entries which are not indicated are understood to be 0, and
Ry — {Symr, | if r < 2m,
{(zij) € Sym" |z;; =0 ifi,j <r —2m and i # j} if r > 2m.
Set dx = dim Rx, and dz = dim Ryz. Then

), ifr<m,

dx = 2rm—@—m2, if m<r<2m,
m(m + 1), if r > 2m,

iy — LT;D if r < 2m,
2m+1)(r—m) if r > 2m.

Note that when r < m, the action has a non-trivial but base point free
stabilizer isomorphic to Usz(m_r) and when r > m the stabilizer is always
trivial. Moreover, the corresponding invariant measure du on R is given by
dp = dux Aduz, where

r+2m—2 7”+2m 5, .r+2m— 8 2m—2r+1 o .
|71 Tp_12 Tr_23 ---Ti, | [Tdzsj, if r <m,
r4+2m—2_r+2m—5_r+4+2m—=8 r—m+1 r—m—1
’HJ Lp_1 ,2 Lr_2 3 T 'rrfm+1,m r—m,m+1 .
if m<r<2m,
d — r—m—2 ‘ H da:s
HX Lr—m— Im+2- - L2,r—1 Lijs
r4+2m—2_r+2m—->5_r4+2m—8 r—m+1 r—m—1
|:I"7",1 Lr_1 ,2 Ly_2 ,3 cee Ty m+1, mTr— m,m+1 .
if v > 2m.
r—m—2 r72 | H Az
xr—m—l,m—i—Q Ly 2m—+1,2m xl]’
and
d [L;; dzi; if r < 2m,
Kz = r’ 2m—1 r—2m—2 .
Zr—2m,r—2m*r—2m—1,r—2m—1 """ ’2272| I1 dzij if T > 2m,

where the product runs over all (i,7)’s such that x;j and z; j are non-zero
in each case. In addition, if we use (X,Y") instead of (X, Z) to parameterize
the orbit space, the corresponding invariant measures are related by

dux ANdpy =dpx A (dpz - Jr).
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Proof. Based on the arguments before the statement of the proposition,

it suffices to study the action X +— ulXugl,Z — u1Z'uy, by induction

of the size of X and Z. If r = 1, then u; = 1, the action degenerates as

(X, Z) — (Xuy', Z). Assume x11 # 0, then it is easy to see that the orbit

space representative can be given as ((x11,0,...,0),7) € A*™ x Sym".
Suppose r > 1. We study the action on X first. Write

t t /
| (51 . 1 (52 . [0 Xl
C R B A S
with o, 1 € Ar_l, 8,09 € A2m—1, v1 € UgL
Mat(r_l)X(Qm_l). Then

vh € Ugl,,_,, and X €

r—1)

r t t /! /I\—1
— (%] 51 a X 1 —52(’0 )
wmXuy ! = 1] [ 2
S B ] [%1 B (vg)~!
_ [ota+ 0z, 0 X] + télﬁ} [1 —&(vé)‘l}
Lr,1 B (Ué)_l
o _Ultoz-i-t(slxrg —v1t0t52(’Ué)il—$T,1t5152(vé)71+7)1x{(Ué)71+t615(vl2)71
- Tyt —zy182(vh) T HB(vh) ! )
Assume .1 # 0, choose d; and dy such that vi‘a+t812,1 = —z,102(vh) 1+
Bwh)~t=0,ie. 0 = —%, 09 = x%, then

— vt @by (vh) T — @y 116102 (vh) T+ 1 X1 (vh) T + 151 B(vh) !

-1 vi'aB(vh) !

= 01X (vy) -
/r.7

Let X! = X! — 228 then

x'r,l’
1 vifap(vh) !

v1.X] (vy) -~
”"7

= v X7 () 7.

We have X{' € Mat(_1)x(@2m-1), v1 € UcL, and vy € UgL,,_,- Now
if m = 1 then v}, = 1, and the action degenerates as X{ — v X} with
X7 € Mat(,_1)x1- So it is clear that if we assume that the (7 —1,2)-th entry
of X7 is non-zero, we obtain an orbit space representative of the action on

0 0
X given by Rx = 0 x;? . Therefore, we assume that m > 1 from
zr1 0O 7
now on.
Write
1 T
_ |1 02 _ 72 tal
Uz = v V2. 2
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where 02 = (7y2,2) and vy = [”2 ?5}, with 42,74 € A?™~2. Moreover, by

the structure of Sp,,,, a simple calculation shows that 74 = —yovy *J3 o,
Vol Jom_o' s = 0, x is free, and "vpJy,, _ova = Jy,, o, hence vy € Usp, .
Note that since 2 is determined by the above process, so is 2. We also
write X{' = [X1 4] with X1 € Mat(,_1)x(2m—2) and v € A"~1. Therefore
we can write

o T S
le{(vlz)_l =y [Xl t’y] va U21 72]

= [U1X1U2_1 v1 Xqvy Hh + UltV}
= [ X103" 0 Xgwy (<1 otvy ) + 11t
= _U1X1U51 -1 X1 (tvgjém_sz)_lt’)/Q + ’Ult’}/}

= _01X1v2_1 ’U1X1J£m72t’}/2 + vlt’y}

- :le1U2—l (U1X1U2_1)U2Jém_2t’}/2 + vlt’y}.

From this observation we see that it suffices to study the action

(UcL,_, X Usp,, ,) X (Mat(,_1)x@2m—2) X A""") — Mat(,_1)x (2m—2) X A"
((01,02), (X1,7)) — (01 X105, 01%).

Set Xg:= X, =r—1and m' = m — 1, replace X by X1, u; by v,
us by vo, 7 by r’, and m by m’. Continue with the above process, we can
construct X;’s (i > 0) inductively. Since the relative size of r and 2m will
affect the inductive process, we will have to discuss three cases separately:

Case (1): ¥ < m. Then ' < m/ for all ¥ and m’ in the inductive process.
Note that in this case all the entries of vy, hence of w1, are chosen in the
inductive process. Consequently we do not have free variables in v; when
considering the action v + v1%y. We further assume that all the entries
of v1'y are non-zero. We eventually obtain that X, 1 = (Z1,,*,...,%)
is a vector in A2(m="+2 and we are left to consider the right-action of
Usp2(m7r)+2. Write the action as X,_; — X,_ju~! with

1 v a

1 6 My
u = |: v/:| = v 1)/ € USp2(m7'r)+2’

where § = (v,a) € A2+~ 4/ ¢ A2m=7) "and v is a unipotent matrix
of size 2(m — r). Then a similar calculation as above shows that v =
—’yv_lJé( a is free, and v € USPz(m_r)' Write X,y = (Z,1,¢/) with

r—m)’

o € A2m=n)+1 By assuming Z1, # 0, we choose § = (7,a) such that
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Tr10 + &'v = 0, then X,_jut = (Zr1,0,...,0). So we obtain our orbit
space Rx in this case as the space consisting of matrices

0 0 cen 0 T1,r 0...0 xl,r+2(m7'r)+2 x1’r+2(m,7a>+3 e T1,2m

0 0 cen T2,r—1 0 0...0 0 .’E277.+2(m_7‘>+3 e T2 2m

: : B ©0...0 : : E S

0 xr_12 . 0 0 0...0 0 0 s Tr—12m
Tr,1 0 - 0 0 0...0 0 0 - 0

where there are 2(m —1)+1 zero columns in the middle. From the last step
above, we also see that in this case the action X + u3 Xu; ' has stablizer
USPQ(m—r) given by v, provided that m > r. Moreover, one computes easily

that dim Rx = r + T(Ti;l) = r(Ti;l)

Case (2): v > 2m. Then r' > 2m/ for all 7/ and m’ in the inductive process.
Perform the inductive process to the m-th step, we obtain that

* *
Xy =
* Tr—m,m+1
LTr—m+1.m *

Now v; = [”/1 t‘il} € UaL, ,,, and v = [1#]. Choose ¢; and z accord-

0 *
ingly we can make X,, to be of the form o e | From the
Tr—m+1,m 0

(m + 1)-th step on the action degenerates as the left action of Ugr,. .,
on (X,%y). By determining the last column of v; each time to make the
first column but the last entry of X zero, we eventually obtain a vector
of the form !(*,..., % Ty_omi1.2m) € A""2™T1 During this process, all the
entries of uy together with all the last 2m —1 columns of u; are determined,
and we are left to consider the left-action of Ugr,, ,,,,, on A*™~ 7+l As
sume Tpy_2m+12m 7 0, we pick the orbit representative in the last step as
80,...,0,Zr—2m+12m). As a result, we obtain our orbit space Rx as the
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space consisting of matrices

[0 0 ... 0 0 0 0 0 0 ]

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 Tr—2m+1,2m

0 0 0 0 0 0 Tr—2m+2,2m—1 *

0 0 0

0 0 0 0 Tr—m—-1m+2 --- * *

0 0 0 LTr—m,m+1 Ty —m,m+2 cee * *

0 0 LTr—m+1,m 0 Tr—m+1m+2 - -- * *

0 0o ... 0 0 0 0 Zr_2om *

0 xp_12 ... 0 0 0 0 0 Tr_12m
za 0 L 0 0 0 0 0 0, |

where there are r — 2m zero rows on the top. Observe that in this case
the action X + u;Xuy' has a stablizer Ugy,_,,, given by the upper-
left unipotent submatrix of w; of size r — 2m, if r > 2m. We also have

dimRX:m—l—(m—i—w-Z):m(m—f—l).

Case (3): m <r < 2m. In this case it is possible that there exists some
k > 0 such that v = r —k > 2(m — k) = 2m/, ie, 2m —r < k < m.
If this happens, continue with our algorithm in case (2). Specifically, note
that when k = 2m —r > 0, ' = 2m/ = 2(r —m), we can conclude as in the
last step of case (2) that the action X — u;Xu; ' has trivial stablizer. If
for all " and m’ in the inductive process, we have r’ < 2m’, we perform a
similar inductive argument as in case (1). Since r’ < 2m/ for all ', m’ in the
inductive process, by a similar argument as in case (1), we have exhausted
all the possible choices of entries in u1. On the other hand, since ' > m/,
when r’ decreases to 1, so does m’, hence we also exhaust all the possible
choices of entries in up. Consequently, the action X — uj Xuy ! has trivial
stabilizer. Eventually one obtains the orbit space Rx in this case as the
space consisting of matrices

0 e 0 0 0 e 0 Tl 1,741 PN X1,2m

0 e 0 0 0 e T2 r—1 2,y T2,r+1 PN X2,2m

0o ... 0 0 Tr—m—1,m+2 Lo K * * ... *

0 ce 0 Lpr—m,m+1 Ly—m,m+2 ce. X * * ce *

0 cor Tr—m+lm 0 Tr—m+1,m+2 Sk * * cee *

0 ... 0 0 0 ... 0 To(r—m)—1,r * . *

0 0 0 0 0 0 Carmyrgl e ¥

0 0 0 0 0 0 0 *

0 ... 0 0 0 ... 0 0 0 Tyr_12m
EZR 0 0 0 ... 0 0 0 . 0 |




494 Taiwang DENG, Dongming SHE

3r—2m—1)(2m—r)

WehavedimRX:m+(r—m)2+( :2rm_@_m2'

Note that only in case (2) we also have to consider the action of Ugr, ,,,

on Z € Sym". Write Z = [tZﬁ th}, with Z; € Sym’ 2™, Z, € Sym?™,

!
h € Mat(,_om)x2m, and u; = {ul ZZ,} with v} € Ugr, uy € UgL,,, and

r—2m?
w € Mat(, o) x2m- A simple calculation gives
/ t,,! tnt,,/ !/ t !t 1 t,, I
w2y = ui Zituy + wthiud 4 (uhh + wZa)'w vkt + wZotul
uthtu) + v Zotw uf Zotul

Note that both w and u] are fixed during the inductive process of the
action X — w3 Xuy ', so it suffices to consider the action (u}, (Z,h)) —

~ /1 tsr
(uy Z1 ), uih). We further write v} = {“1 tol‘l }, and Z; = [?,11 il } Then

o 7t — a1Zitﬂ1 + taléitﬁl + (ﬁltéi + tozlz)al ﬂltéi + tozlz
141 5/1tﬂ1 + zaq z

Assume z # 0 we can choose «ay such that ﬂlté’l +tayz = 0, then the

- , tsrs! . tsr s/

matrix becomes {“1<Z1121)t“1 0]. Replace Z; by Z] — 6551
0 z

and continue with the above process, we exhaust all possible choices of

entries in u;. Hence there is no need to consider h — ujh. Assume that
after our choices of all entries in v, we have u}h # 0. We obtain a orbit
space Rz in this case as the space consisting of matrices

’ ~
, U by U

[ z11 Z1r—2m41 * * 21,0
Zr—2m,r—2m Zr—2m,r—2m+1
Z1,r—2m+1 Zr—2m,r—2m+1 Zr—2m+1,r—2m+1
* * *
* * oo Zr—1pr-1 *
L Zlﬂ” * Z’I“,?"_
: _ (2m+1)2m __
It follows that dim Rz = r—2m+(r—2m)2m+-"—5-— = (2m+1)(r—m).

Next, we study the invariant measure on our chosen orbit space rep-
resentatives. We will first work on Rx. Denote by Uy the stabilizer in
Unm =~ UgL, X Usp,, , which is independent of the base point as can be
observed from our previous discussion. The action is given by

(UgL, x Usp,)/Uo X Rx — Mat,xom

((ul, UQ), Xo) — u1X0u2_1
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Without loss of generality we assume m > 2. Write u; = {”1 t‘;l}, Uy =

1y i
1 t .

{ iZ] = { vg t’yé}, Xo = [mol )él} = [IOI )gl g] By the previous argu-

1 Ty T

1
ment, v5 = —y2vy  J4,,_5. Then

-1 -1
w Xouy ' = [t51$r,1 — 10109 (vy) " + v11X{ (vh)
Tr1 _$r,152(vé)_

—1 —1 i t ! t
| gth1zen —meativavy A1 Xuvy w1012, otve—m 1 tSim—v1 X1 g, o tyetuity
- -1 / t

ZTr1 —Tr, 1720, Tr1Y2 9 o V2 —Tr 1T

We write this map as

(01,v2, 2, 1,7, v1, V2, X1)
— (x’l”,l(s].u —mr,ﬂzl};l, l'r,erZJém—Qt/YQ — Tr 1T, Tr1,
T 1" 0172 5ot Y2 — Tp 1 P01 — v1 X1 Jh,_oty2 + 01,
— 2101003 + v X0y ).

The Jacobian matrix of this map is given by

.7},«,1]7«_1 0 0 (51 0 0 0 0
P —1
0 —zvy' 0 om0 0 Azndmav; ) 0
0 * —Tr1 * 0 0 0 0
0 0 0 1 0 0 0 0
* * * * ,:)(%’:7) * 0 *
. =1 - N -1 v =1 ) =1
» « 0 » 0 6(”1;21102 ) M-.l(;g;wvz ) + 6(11(;21202 ) 6(11852102 )

Multiplying the second row by —d; and adding it to the last row, one
computes that the determinant of the Jacobian matrix is equal to

|’r‘—2m—2 . a(vlt’Y) . ’det [8(U1X1v;1) 8(v1X1v;1) 8(1}1X1v;1):| ‘
0y Ovy v 0X1

From the form of Rx we observe that

o(viy)| 1, if r < m,

= Ly )
o0 |l'r—2m+1,2m’r m,oifr > 2m.

And the last term ‘det{a(vlgi}l”;l) a(vlgil”;l) a(vlggév;l)ﬂ gives the Ja-
1 2 1

cobian of the same type of action but with rank drop by 1. Proceed by

induction we obtain the invariant measure on Rx. When r < m < 2m,
t

%ﬂ = 1 until our induction procedure goes to the (2m — r + 1)-th step,

‘8(%’:7)’ = ‘33277«_1’. Then

the induction continues as case (2). Consequently, we obtain the invariant

where v = (22,71, %, ..., %), in which case we have
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measure dux on Rx as

r+2m—2 r+2m 5 r+2m— 8 2m 2r+1 .
|z 1 IR IR Y S | TT dij, if r <m,
r4+2m—2_r+4+2m—>5_r+2m—8 r—m+1 r—m—1
‘xr,l wr71,2 xr72,3 T wrferl,mxrfm,erl .
e if m<r<2m,
d,qu = '/Erfmfl,erZ s .’E277~_1‘ H dxz]’
r4+2m—2_r+4+2m—>5_r+2m—8 r—m+1 r—m—1
‘xr,l xr71,2 m7'72,3 o tr—m4l mxrfm,erl .
o r—2m if » > 2m.
mrfmfl,m+2 s Ty 2m—+1, Zm‘ H dxij’

where the product runs over all (i, j ) such that z; ; # 0.
Recall that when r» > 2m, we will also need to consider the action of
Uat, _,,, on Sym". The corresponding invariant measure on Rz can also be

/
proved inductively. Write u; = {ul ZZ,}, where v} € Ugr, ] € UgLy,, s

r—2m?
w € Mat(,_21)x2m, and Zy = [tZﬁ ZhQ] with

Zy = diag{zl,h S Zr—2m,r—2m}a
Zy € Sym?™, h e Mat (. _9m)x2m- As we see from the proof of Rz above,
it suffices to only consider the action (U], Z;) ~ u}Z;'u). Without loss
of generality, we assume 7 — 2m > 0. Then we can write v} = [ 9],
. ~ _ _ /
with u; € UcL, 5,1, @1 € Ar—2m 1, and Z; = [Zl R r—2m] where
7z = diag{z11,- -+, 2r—2m-1,r—2m—1}. Then the map (u},Z1) — u}Z1'u}
can be written as
~ /
(Zr—2m,7"—2m7 «q, U, Zl)
AT
— (Zr—Qm,r—2m7ZT—Qm,T—Qmalaul 1 ul + alzr—2m,r—2ma1)7

whose Jacobian matrix if of the form

1 0 0 0
0 zr—2mpr—2mlr—2m-1 0 0
N “ o1z} u1)  O(u1Zy'ar)
Oty 821
So the absolute value of its determinant is equal to
r—2m—1 a1 zitar) O(a1Z) ar)
|x'r—2m,'r—2m ’ ‘det{ 81211 8Z1£

where the second term is the absolute value of the Jacobian matrix of
the same type of action with rank drop by 1. Hence we can proceed by
induction. As a result, we obtain the invariant measure duz on Rz in this
case given by

|, r—2m—1 r—2m—2 .
dMZ - ’zr—2m,r—2mzr—2m—l,r—2m—l s ’2272| H dz@]

where the product runs over all (4, j) such that z; j # 0. For the other two
cases, duz = [[; j dz;; where the product runs over all (,7).
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(-1)"XJ, tX
2

Finally, since Z = J,'Y + 2m = and 'Z = Z, we see that

v t(Jrl (Z _ <1>T§J5mtX>>

-1 XJ, tXJ, X0pm(X

= tZJr +
Let Ry ={ZJ, + M :(X,Z) € Rx x Rz}. Since the map (X,Y) —
(X, Z) is bijective and Ups-equivariant, Ry X Ry gives a set of orbit space
representatives for the action (X,Y) — (u1 Xus ', u1Y0,(uyh)). If we de-
note the corresponding measure on Ry as duy, since 0, ,, is linear, we
have
dpx - Opm(X) + X - 0 (dpx)

2

d/'LY = d/~LZ I+
Therefore
dux ANdpy =dpx A (dpz - Jr).

This shows that we replace integrals over Rx x Ry by the ones over Rx X
Rz, without changing the corresponding invariant Haar measures. O

We will apply Theorem 6.2 of [11] which represents the local coefficient
as the Mellin transform of certain partial Bessel functions, the following
lemma is to show the validity of assumption 5.1 in [11]:

Lemma 4.2. There exists an injection o : F* — Zc\Zyp, s.t., a(aY (t)) =
t, forVt e F*, where a = .

Proof. Since Zp = (2, ker(a;) = {diag(t, ..., ¢, £1,..., +1,¢71, .t h)
—— —_———

T T
and Zg = iu; ker(ay) = {£1}, the quotient Zg\Zs can be identified as
{diag(t,...,t,1,...,1,t71 ... .t71) : t € G,,}. Define
——— —_———

s s

oV (t) = diag(t,...,t,1,...,1,t7L ... t71),
N—— N———
T T

then clearly we have a(aV(t)) =t for Vt € F*. O

Let Z% denote the image of V. Notice that Z](\)/[ is the identity com-
ponent of the center Zy; of M. As we will see later in Section 5, the test
functions in the local coefficient formula are compactly supported modulo
Zr, S0 it is necessary to consider the action of Z]?/I on Up/\N. As a result,
the local coefficient is an integral of certain partial Bessel function over
the space Z?JU Mm\N. The corresponding orbit space representatives and
invariant measures can be given by the following proposition:
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Proposition 4.3. The action of Z]?J on R = Rx X Rz = Uy \N admits
a set of orbit space representatives of the form Rx: X Ry = {(X',Z') €
Rx x Rz|z,, = 1} where we use the notation X' = (z; ;) in the definition.
The corresponding invariant measure is given by du’ = dux: Adpy:, where

r+2m—>5_r+2m—_8 /2m 2r+1 .
e A S | [Tdz;, if r <m,
r+2m—5 r4+2m—=_8 r—m—+1 r—m—1
’ r—1,2 T r—2,3 - X r—m—i—l,mx r—m,m+1 .
2 , ) ifm <r<2m,
dILLX/ = X rfmfl,m+2 P 2771_1‘ H dIIZZ],
mr+2m—>5 _r+2m—8 r—m-1 r—m—1
’ r—1,2 T r—2,3 cee X r—m—i—l,mx r—m,m+1 .
if r > 2m.
r—m—2 r—2m dz!
Tr—m—1m+2- T r72m+1,2m| [I L
and
/ .
[L;dzi ; if r < 2m,
d/LZI = r—2m—1 r—2m—2 / d / . 92
’Z r—2mr—2m~ r—2m—1,r—2m—1-++% 2,2| H Zij ZfT‘ > 2m.

Proof. For z = aV(t), we have 2n(X,Y)z"! = n(tX,t?Y) for (X,Y) €
Rx x Ry. This is equivalent to say that the action of Z% on UM\N' ~
Rx x Rz is given by

(t,(X,2)) — (tX,t*Z), (X,Z) € Rx X Ry.

From this we identify Z9,Uy/\N with Rx:x Rz where X' is given by setting
zr1 = 1in Rx, and Z " is of the same form with Z. We will construct the
invariant measure du’ on the orbit space R’ := Z%,Up\N' ~ F*\(Rx x
Rz) = Rx/ X Ry such that it is compatible with our invariant measure
dp = dpx Adpg, in the sense that

/ / f(tX’,tzZ’)q@“HM(”‘v(””dtdu’=/ f(X, Z)dpx Aduz
'(F) JFx |t] R(F)

for any integrable function f on R = Rx X Rz, where p is half sum of the
positive roots in N. Observe that dz; ; = |t|d} ., d2; j = |[t|*dz; ;, and

59
2p = Z (e; £ej) + Z (ei +¢ej)
1<i<r 7”+1<j<n 1<i<j<r
T
=(2m+2) Zel—i— Z ez—i—ej (2m—|—r+1)Zei
1<i<y<r %
Hence ¢(2-Har(e” (6) — |¢|72m+7+1) The above observation implies that the

measures on Ry and Rz must be of the form dux = [] |x;j|kiﬂ'dx§j, and
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dpg =TT |25t dz.,. Therefore

dt .,

/ f(tXl tQZ/) (20,Hps (¥ (1)) 24 du
o Jo 7

_ f(tX/,tZZ/)‘t’T(2m+r+1)i
FXxRI(F) ||

_/ X Z |$r1|r (2m+r+1)—

(dpx: Adpzr)

T el ™ g Fodai) A | T el 7% 2l A2y
(4,5)#(r,1) (s:t)

Compare this with the formulas for Rx and Ry we obtained, if forces that
all the powers of z/ i and z, i remain the same as those of z;; and z; ;
respectively, except x, 1, i.e. the invariant measure on Z]%UM\N can be

given as du/ = duxs A dug, where

r+2m—5_r+2m—=8 /2m 2r+1 i
2 5 e oy | [Tdzi;, ifr<m,
r+2m—=5 _r+2m—8 rr—m+1 ;r—m-—1
| r—12 L r-23 “TremAt1m® r—mm+1 3
T / ) if m <r < 2m,
duxr = xr—m—l,m+2'"mQ,T—l‘deij’
/r+2m—5_r4+2m—8 pr=m+l yr—m-—1
2T
if r > 2m.
r—m—2 m—=2m dx!
r—m—1,m+2 L r—2m+1,2m I1 Lij-

and
!/ .
djiy — [L;;dzi ; if r <2m,
Z mr—2m—1 r—2m—2 / H—[d / ifr>2
r—2m,r—2m~? r—2m—1,r—2m—1---% 2,2 Zij 1T m.

Finally, to match the power of z,1 in the expression of dux, one simply
verifies that the following identities hold in each cases:
If r < m, then

r—1
r(r+2m+1)—1-> ((r+2m—2— 3k) Zk QZk
k=1
:r+2m—2;
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If m <r < 2m, then

m—1 r—m-—

r(r+2m+1)—1—2((7‘+2m 2-3k)+1)— Z r—m—kFk)+1)
k=1

_((T_m)Q_(T_m_l))_(3r—2m—1)(2m—7")

5 —2Zl<:

k=1
=7r+2m—2;
If r > 2m, then
m—1
rir+2m+1)—1-> ((r+2m—-2-3k)+1)
k=1
m r—2m
= ((r=m—k)+1)— —1—22 k—1)+2)
k=1
_2<T(r;—1)_(r—2m)(r2—2m—1)):r+2m_2' 0

5. Local coefficient as Mellin transforms of partial Bessel
functions

In this section we apply Theorem 6.2 of [11] to represent the local coeffi-
cient in our case as the Mellin transform of certain partial Bessel integrals.
Recall that given irreducible -generic representations o and 7 of GL,.(F)
and Sps,,(F) respectively, then m = o ® 7 is a i-generic representation
of M(F) ~ GL,(F) X Spg,,(F). The corresponding local coefficient is a
product of two y-factors:

Cy(s,m) = (5,0 x 7,9)y(s,0,A*, 1))
As the stability of v(s, o, A2, ) is proved in [6], the stability of (s, o x T,)
is equivalent to the stability of the local coefficient Cy (s, 7). Let n € N(F)

such that the Bruhat decomposition 'n = mn/m holds. Denote by

Ump={uecUy: unut = n},

Untn = {u e Uy : mum ™ € Upr and p(mum™1) = (u)}.
By [16], except for a set of measure zero on N(F'), we have U = Upy .-
Together with Lemma 4.2, this implies that the assumptions for Theo-

rem 6.2 in [11] are satisfied. Bessel functions are defined on Bruhat cells.
Suppose in the decomposition w, n = mn'n, m lies in some Bruhat cell

Cy(w) = BywByy, where By = B N M. We define the Bessel function
associated to m and w as

Jrw(m) = [ Wmu)p™ (w)du= | W(mu™)i(u)du
Um Um
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where W € W (m, ) is a Whittaker model defined by a Whittaker functional
Aon was W(m) = A(m(m)v) for certain v € m, normalized so that W (e) =
1, where e is the identity element of M (F'). Then it is immediate that

Jrw(uimug) = Y(u1ug)jrw(m)

for any ui,us € Up(F). It follows by the Bruhat decomposition that the
Bessel functions are essentially functions on w7, where 1" is the maximal
(split) torus of G. We refer the readers to [4] for partial Bessel funcitons
for quasi-split groups.

However, the local coefficient is represented by an integral of certain
partial Bessel function, not the Bessel function itself. To define that, we
need an exhaustive sequence of open compact subgroups No, C N(F)
such that oV (t)Ng oV (t)~! depends only on [t|. For a matrix X of size
I xk,let

1 |X;4] < q((k—i)+(l—j)+1)'€’
SOE(X) — ‘ »]| i
0 otherwise.

Set

Now = {A(X,Y) : pu(@ H9IX) - (@ 2 9Y) = 1}
where d=Cond (1) denotes the conductor of ¢ and g=Cond(w, ! (wo(wy)))-
As we have seen before that in our case o (1)n(X,Y)a" (t) ™! = n(tX, 1*Y),
it follows that our definition of Ng , makes o (t)Ng .a" (t)~! depends only
on [t|. Denote by ¢, the characteristic function of Ny . Then the partial

Bessel function is a function on M(F) x Z9,(F) defined as

TN (M, 2) ::/ W (mu)py (zuflﬁuzfl)wfl(u)du.
O™ Unmn \Um Oor

Given that wg 'n = mn'z, let
. . d R |
jﬁo,nﬂ,w(n) = JNO,K,JF,’UJ(m’ a\/(w +guar (wO”wo )))

Suppose o and 7 are irreducible 1)-generic representations of GL,(F') and
Spom (F) respectively, and L = [[{_; GL,, x Hé»:l GL¢; X Spy,,, with
>4 np = 7 and 22:1 nj +m’ = m. Then we can find 1)-generic su-
percuspidal representations oy, (1 < k < d), o7, (1 < j < 1), and 7'
of GLy, (F), GL,(F), and Spy,,, (F') respectively, so that 7 = o M7 <
IndLM(%F)%V(F) o' @ 1y(p), where o' = Qi 0, ® ®§-:1 o] ® 7. By the mul-
tiplicativity of Langlands—Shahidi local y-factors in our cases, see Theo-
rem 3.1 of [10] or Theorem 8.3.2 of [12], we obtain that

l

d d
v(s,0 x ) =TT TTv(s: 0k x of s 0)v(s, 08 x 75,0) [T (s, 0% x 7'54)

k=1j=1 k=1
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where &7 is the contragredient of o7. Consequently, it suffices to prove
stability for i-generic supercuspidal representations. Suppose o and 7 are
y-generic supercuspidal representations of GL,(F') and Sps,,(F') respec-
tively. Set m# = o KW 7, then its central character w, = w, X w,. In this
case, one can find a function f € C°(M(F);w,), the space of smooth
functions of compact support modulus the center on M(F'), such that
f(zm) = wr(m)f(z) for all z € Zp;(F), and m € M(F). Then W(m) =
We(m) == Ju,,p) f(zm)y~!(x)dz defines a non-zero Whittaker model. We
normalize it so that W;(1) = 1. For simplicity, we omit w and denote
Jrmf(n) = jﬁo,n,w,w(n) where we replace W by Wy. Let o = «, and
a = {(p,a)"!p, where p is half sum of the positive roots in N. Then by
Theorem 6.2 of [11], we have

Proposition 5.1. Let o and 7 be 1-generic supercuspidal representations
of GL,(F) and Sps,, (F') respectively, set m = o X T, then

Cy(s,m) 7" = 7(2(@, V)5, we (owy '), 97

. N —1y - (sa+p,Hpr(m)) 5.
Ik, (n)wnsl (owr, )(Ta)q dn
/zMF)UM(F)\N(F) d g

for sufficiently large k, where m is the image of n — m with n a represen-
tative of the orbit of n € Z3,(F)Un(F)\N(F) in N(F) via wg ‘i = mn'm,
which holds off a subset of measure zero on N(F'). Here dn is the invari-
ant measure on the orbit space Z9,(F)Upn(F)\N(F), s = 7 @ q'*&Hu (),
To = U, (Womtig ), and ¥(2(&,aV)s, wy(wowy '), 1) is the Abelian -
factor depending only on w;.

Let us simplify this formula in our cases. First, recall that we have 2p =
(r+2m+1)>7 e, a =ar =€, —€r41. S0

2p,0) _ ((r+2m+ )T eier—ert) 7+ 2mt1
(a7 Oé) (67” — €r41,6r — 67”+1) 2

<p7 a) =

and therefore @ = (p,a)"1p = 3I_; e;. It follows that

T T
(@,a’) = <Zei,Ze;‘> =r,
=1 =1

and if we write m = diag{mi, ma,0,(m1)}, then

q(sd,HM(m)> = |det(mq)|*, q<s&+p,H1v1(m)) _ ’det(ml)‘s+7»+2;"+1'
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Moreover,

wr(towz ) (@ (8)) = wr(a’ (t))wz ! (g ' (t)in)

T

= wo(diag(t,...,t,1,..., 1,71 ... 7))
N—— N———
T T
cw M (diag(tTh, .t L Lt )
N———’ N——
' T
= wi(a(t)).

2
s

wr, (thowr, ) (@ () = w2 (@ () = wr (o (1))t 7.

From our previous calculation of the Bruhat decomposition
with n = n(X,Y), we see that

Hence wy (tow; ') o ¥ = w2 o V. Similarly,

Ly = mn'n

L1 I I (—1)" Iy
U)Oﬁwo = 1) Iom JémtXtY_IJr Iom Iop,
-1)"I I

y-1 Y-1Xx I,
I, Y'X y-!1
= Iy (1) I8 XYY LT =n(YIX, YY),
I,

Hence u,, (ot ') is the lower-left entry of Y ~'X. When we take our
orbit space representative

RZRXny’:RXszﬁUM\N,

and n = n(X,Y) with (X,Y) € Rx x Ry, this is just yggfg}l, where y¥, is
the (r,7)-th entry of the adjoint matrix of Y = ZJ, + L"’(X), which is a
polynomial function of (X, Z), we denote it as P(X,Z). When passing to
the orbit of Z9,(F), we obtain that we, (woni(X’, Y )iy ') = P((iiig,z/ ),

From now on, we will also use n(X, Z)(resp. m(X, Z)) to denote n(X,Y)
(resp. m(X,Y)) if we emphasis that it is parameterized by (X, Z) instead of
(X,Y). With the discussion of the orbit space structure of Z%,Up/\N and
its invariant measure in Proposition 4.3, we obtain the following result:

Proposition 5.2. Let o and 7 be 1-generic supercuspidal representations
of GL,(F) and Sps,, (F') respectively, set m = o X T, then

Colssm) = a@rs ) [ (X 2)

RX’XRZ’

2 P(X', 7"

Wr X Oy (X)) X0 (X7
det (2" J, + X om0y [ et (21, + XornXD)

r4+2m-+1

|det(ma (X', Z)[*T 72 dpxs Adpg

—rs

P(X', 7"
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for sufficiently large k, where m(X',Z") is the image of n(X',Z")
m(X', Z') via the Bruhat decomposition wy'n = mn'n, which holds off
a subset of measure zero on N(F), m = diag{mi, ma,0,.(m1)} with m; €
GL,(F), ma € Spy,,(F), and y(2rs,w2,9~1) is the Abelian y-factor de-
pending only on wy.

To study the stability of local coefficient, we need to consider Cy (s, T® )
with y a highly ramified character of F'*, regarded as a character of M (F') ~
GL,(F) X Spg,, (F) via x(m1,ms) := x(det(m1)) in our case. Therefore it
is necessary to choose the open compact subgroups { N}, of N(F') to be
independent of x. As in the proof of Theorem 6.2 of [11], given an irreducible
1-generic representation m of M (F') with ramified central character w,, we
choose a section h € I(s,7) = Indggg (7 ® ¢lsate () g 1n(F), such that
h is compactly supported modulus P(F’), and use it to obtain the integral
representation of the local coefficient formula as above. So we choose a
sufficiently large open compact subgroup Ng of N (F) such that Supp(h) C
P(F)Ny. In our situation, we fix a character yo of F'* such that wrgy, =
wrXy is ramified, and choose a ko and hg € I(s,m) such that Supp(hg) C
P(F)Ng 4, Since N, C N, for all kK > ko, N is independent of xq if
Kk > Ko. Suppose X is any character of F'* such that wre, is ramified, choose
hy € I(s,m @ x) such that Supp(h,) C P(F)Ng, for some open compact
subgroup N, of N(F). If Ng, C Ng,, we are fine as we just discussed.
If not, we replace hy by a right shift R(a"(t))h, : g — hy(ga"(t)), then
R(aV(t)hy) is supported in o (t)Ng oV (t) "t mod P(F), as oV (t) € M(F).
Since oV (t)n(X,Y)a" (t)~! = n(tX,t?Y), we choose |t| to be small enough
so that oV (t)NoyaV(t)™' C No,,, then we are done. So we obtain the
following stronger version of the above proposition:

Proposition 5.3. Let o and 7 be 1-generic supercuspidal representations
of GL,(F) and Spy,,(F') respectively, such that wy is ramified where m =
o X T, then there exists a ko, such that for all Kk > ko and all characters x
of F* such that wrgy = wxX" is ramified, we have

C@@ﬂﬂ®xf*=:7@T&uﬁx”}w’5/m e, (X' Z')) (w2~

Ry xRy
P(x', Z")

det(Z"J, + Xm0y [ qet( 2, + X (X))

r4+2m-—+1

. |det(m1(X',Z’))|s+ 2 dux ANdug

—Trs

P(X', 7"

where m(X',Z') is the image of n(X',Z") — m(X',Z") via the Bruhat
decomposition U'Jo_lfz = mn'n, which holds off a subset of measure zero on
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N(F), m = diag{m1, ma, 6, (m1)} with mi € GL(F), ma € Spy,,(F), and
Y(2rs,w2x?" 1) is the Abelian y-factor depending only on wy and x.

6. Asymptotics of partial Bessel integrals

So far we obtained our local coefficient as the Mellin transform of cer-
tain partial Bessel functions. The partial Bessel functions appeared in our
discussions can be reformulated using partial Bessel integrals, which ad-
mit nice asymptotic expansion formulas, as well as some uniform smooth
properties. These properties are crucial for the proof of stability using our
method. In this section, we discuss some general properties of partial Bessel
integrals and obtain the asymptotic formula and uniform smoothness in our
case. In particular, different from the known results using this method, we
observe that the orbit space Z]%U M\ N is no longer isomorphic to a torus,
and we will separate its “toric”-part out, which plays the same role as
the torus over which the integral representing the local coefficient is taken
in the known cases. This is a new phenomenon and we believe it can be
generalized in our future work.

6.1. Some general properties of partial Bessel integrals. We begin
by introducing partial Bessel integrals and some of its important proper-
ties. The structure and results in this subsection is the same as Section 6
of [15] but are under a more general setting, so we will reprove some of
the important results. Let M be a connected reductive quasi-split group
defined over a local field F. Fix a Borel subgroup By; = AUy, where A is
the maximal (split) torus and Uy is the unipotent radical of Bjs. Suppose
7 is a 1-generic supercuspidal representation of M (F') with central char-
acter wy. Take a matrix coefficient f of 7, then f € C°(M(F);wy), the
space of smooth functions of compact support on M (F') modulo the center,
such that f(zm) = wx(2)f(m) for all z € Zy/(F), m € M(F). Then the
integral Wy(m) = fUM(F) f(zm)y~Y(z)dx converges since Zy(F)Up (F)m
is closed in M (F'), and hence defines a non-zero Whittaker model attached
to 7. We normalize it so that Wy (e) = 1, where e is the identity element of

From now on, we will not distinguish algebraic group and the group
of its F-points unless it is necessary in order to simplify the notations, we
hope this will not cause any troubles for the readers. Given an F-involution
On : M — M, we define the partial integral as

Bg(m, f) = /UGM w Wf(mu)go(@M(ufl)m/u)wfl(xu)du

= /@M (zmu)(© (v )m'u)y ™! (zu)dzdu
UM,m\UM Unm
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where U]a% = {m € Uy : Op(u=1)mu = m} is the twisted centralizer of
m in Uy, and ¢ is certain characteristic function of a subset of M (F'). And
m/ is obtained from m by stripping off the center, i.e. m = zm/ with z € Z),.
Similarly one can define partial Bessel integrals on any Levi subgroup L of
M by an involution ©p, of L.

Let Ajps denote the set of simple roots in M, W (M, A) the Weyl group,
and wyr € W(M, A) the long Weyl group element. The following objects
needed for our study of the asymptotic expansion of partial Bessel integrals.

B(M): Following [6], the subset of Weyl group elements that sup-
ports Bessel functions is given by B(M) = {w € W(M,A) : a €
Apr st wa > 0 = wa € Ay}, there is a bijection

B(M) «— {L : Levi of standard parabolic subgroups of M }

by w+— L = ZM(naeejm ker o), where HJJ\FMU ={a€ Ay : wa>0},

and conversely L — w = w szl.

U]\"};I,w,UA_/I,w: For each w € W(M,A), define U]\Z,u) ={u € Uy :
wuw~! € Uy} and Upt ={u€Un: wuw~t € Uy, }, where Uy is
the opposite of Uys. Then Uy = U]\—i/_[,wU]\_/[,w and U]\'Z’w normalizes
Uns.- In particular, if w € B(M) with & = wpiyt, then U]\+4,w =
U, =UynNL, UJ\_/I,w = Ny, the unipotent radical of the standard
parabolic subgroup of M with Levi component L. In the extreme
cases, if w = wy, then U]\J},ML =N, Uy, =UL. If w = wyy, then
U]+W7'UHV[ = {6}7UA7[,wM == UM.

Bessel distance: For w,w’ € B(M) with w > w’ define

dp(w,w') = max{m : Jw; € B(M) s.t. w = Wy, > wWy_1 > >wy=w'}.

Bruhat order: For w,w' € W(M, A), w < w' <= C(w) C C(w’).

The relevant torus A,,: For w € B(M), define A, ={a € A:a €
ﬂaeng kera}® C A. Note that it is also the connected center of
L, = ZM(HO‘GGEW ker av).

The relevant Bruhat cell C;(w): We call C,(w) = UnwAuUy,,
the relevant part of the Bruhat cell C'(w). Note that C,. () depends
on the choice of the representative w of w. We choose the represen-
tative w of w so that it is compatible with ¢ in the sense that
Y(uw™t) = (u) for all u € U]\}w, as in Proposition 5.1 of [6].

Transverse tori: For w,w' € B(M), let L = L, and L' = L, be
their associated Levi subgroups respectively. Suppose w’ < w. Then
L C L and Ay D Ay Let AY = A,NL,, = ZyNL,,. In

particular A;’j/ NA, = Agf = ZpNL,,, is finite and the subgroup
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A”“u'j/Aw/ C Ay is open and of finite index. So this decomposition is
essentially a “transfer principal” for relevant tori.

Let {a}aecn,, be a set of 1-parameter subgroups, i.e. o : G4 ~ Uy, Then
(Ba, A, {%a}aen,,) defines an F-splitting of M. We make the following
assumptions from now on:

(1)

O preserves the F-splitting and is compatible with Levi sub-
groups and . To be precise, if L C M is a Levi subgroup, we
require that 74 0 O], = ©Op, where M = Int((w})~!). And
O, also preserves the F-splitting {Br, := By N L, A, {2 }aea, }-

Here Int(w)(m) = wmw™!, and we denote W) := wpi;*. Con-

sequently ©,/(Upr) = Upr, ©1(Ur) = Ur. The representatives wﬁ/[
are chosen to be compatible with the generic character ¥ as in
Proposition 5.1 of [6], i.e., Y(TM (u)) = Y(wMu(})=1) = p(u)
for all w € UL(F). By ©); is compatible with ¢, we mean that
(O (u)) = ¢Y(u) for all u € Up(F). As a result, if u € Ur(F),
then Y(O1(u)) = ¥(rH 0 Onr(u)) = ¥(Onr(w)) = 1(u).

¢ is the characteristic function of some subset of M (F') so that it
is invariant under the O ,/-twisted conjugate action by some open
compact subgroup Uy of Uy/(F) ie. o(On(u=)mu) = p(m) if
u € Up.

These assumptions guarantees some nice behavior of partial Bessel func-
tions, and are satisfied in all the known cases. We will see later in the
beginning of Section 6.3 that they also hold in our cases.

We would like to first understand the structure of twisted centralizer in
the definition of partial Bessel integrals, in order to get a descent formula
for partial Bessel integrals to those defined over Levi subgropus of M. This
serves as an important step to prove the general asymptotic expansion
formula for partial Bessel integrals.

Lemma 6.1. For m = ujwaus € C(w%), then U]\(?[Aﬁl C u;lULUQ =

177+
Uy UM7w2/1U2.

Proof.

u

o -1 —1 -1
€ UMf‘fn = Op(u ) umwpwy ausu = uwpw; - aus

= wyuy Oy (u N ugwy = wi taugu uy ta .

Since ©3(Unr) = U, the left hand side of the last equality lies in Uj,.

Hence ausu™

uEuQ_IULuQ. O

1u§1a_1 eU,, =UL, therefore usu ™! 51 €a'Upa=Uyg, so
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Lemma 6.2. Let H C L C M be Levi subgroups of M, then for m =
upif aug € Cp (W), we have

Uy, = (i)~ U by M (ug) U fug

where up = ujul with uy € Upp 1 ond uf € UM7w_1, uy = ujuy
with uy € UAJZLw and uy € Uy, Uy = ™o Op o M ((up)™h), | =

wtufwikaul € L, where w = w} € B(M).

Proof. By Lemma 6.1 of [15], m = wyw} aus € Cr(w}) C Q= U1 X
wL x Uy, ,,, where Qy, := ||

Decompose u; = ujuj, uz = uju, as stated in the Lemma. Then we

can write m = uyw(w lufiwkaud )uy and it is easy to see that | =

w 1ufwwHau2 € L. Then

w<w C(w'), and the decomposition is unique.

U@M

— Oy (v Hmu=m
— Oy (u HuywOr (u ) wOr (u™) ™ Hilut (v tuy utu™)
= uj wlugy
where we decompose © = utu~™ with vt € U]\Jzyw =Up and u™ € Uy, =
Ni,. We claim that
Oy (u MuywOr(uMw™t € Upf a1

To see this, note that it is equivalent to w10y (v )uy wOL(u) € Uy,
But

WOy (uuy O (uh)
=0 ((u) (b O ((uh) ) ab) (b~ uy )0 (u').

Since (u~)~! € Ni, and by our assumption, 73 o ©)s preserves the F-
splitting when restricted to L, so ©3;(Nr) = Nr. In addition, since w =
WM, we have w1 Ny N UL = {1}. As a result, w10y ((u™) " € Uy,.
Th1s also 1mphes that 7 o GM‘NL C U,;- Moreover, w10, ((ut) ) =
™00 ((ut)™) = Or((ut)™1) € UL by our assumption on ©r. We also
have w—lUﬂzw,lw = Upr)” = Ng, so w™luyw € N . Since U, normal-
izes N;, (™ 1Op((u™) ™) (b~ uy w)OL(ut) € N C Uy, This proves
the claim. It follows from the claim and the uniqueness of the decomposition
Q= U]\j[/w,l X WL x Ul\},w that

(1) Oy (u Huy wOp(uh)w™t =u,

(2) OL((uh) it =1,

(3) (wh)tugutu™ =u;.

-1
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Note that
(1) = wil(uf)GM(ufl)ul_w = @L(Tﬁ)*l
<— Ty(uf)Ti\/‘[ o @M(U_I)T,{V[(uf) = GL(U+)_1.

Apply Ti\/f 0 ®,s on both sides, and use Ti\/[ 0O = Oy, then take inverse
on both sides, we obtain that iy u(u;)~' = u*, where u; = 7 0 Oy 0
M ((uy)™h). (2) is saying that u™ € Ugf. Therefore (1) and (2) imply that
Uﬁf‘fn C (ﬁf)_lUglLﬂl_. On the other hand, (3) < uyu(uy)™! = u™, then
(2) and (3) imply that U]\%]‘fn C (u;)_lUglLug. Hence

e ~ \—1770p ~— —\—1770L —
Uni'm C (uy) Upjuy N (ugy) ULJLu2 )

1 —1,,n

wuy = (uy) wuy with o/, u” € Ugf, then
u=utu" =o' (W Huy) " MWay) = o ((u")"Huy )" tu"ub). One can see
from the above argument that u; ,u; € Np. Since Uy, N Np, = {1}, and Uy,
normalizes Np,, this implies that vt = v/ = «”, this is equivalent to (2).
Replace v’ and u” by u™ we obtain that @y u(u; ) ™! = vt and uy u(uy )=t =
u™, which are equivalent to (1) and (3) respectively. Reverse the above
process we obtain that (1), (2), (3) hold simultaneously, hence the reversed
inclusion. 4

Conversely, if u = ()~

By Lemma 5.9 of [6], we have a surjective map C2°(Qy; wy) — C2°(L; wx)
given by f ~— hy where

hy(1) :/7 /7 flzmwlu™ ) Hz"u")de"du.

We have the following descent formula for partial Bessel integrals:

Proposition 6.3. Suppose H C L C M are Levi subgroups of M, and ¢ is
invariant under the © yr-twisted conjugate action of some open compact sub-
groups of Upy(F). Let w = w¥ € B(M). Then for any fived m € Cr(w}),
decompose m as m = uy wlu, , with u; € U];Lw_l, Uy € Uppoys l €L, we
have

B%(m, f) = w(ul_uQ_)Bé(ul_,uz_,l.hf)
where
Bé(uf, uy L hy) = / hy(2'lu) (O n ((nou’) " til'u’)
UL’lﬂnoULylnal\UL Ur,
N2 (W) du
in which ng = uy (uy)~t € Np, a4y = M 0 Opr o M ((uy)™Y), and | = 2U/
with z € Zyy.
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Proof. By Lemma 6.2, U%‘fn = (uy)™! gfﬁf N (u;)_lUglLug. Denote
ny = (u;) " Y,ne = (uy)7 L, and ng = Uy (uy )L, then ny,ng € Uptw =
Ny C Uy, so Uy = nl_lUMnl. Hence if we decompose x = z~ 2" with
T~ € UJ\_4,w—1’ xt € UJ\J;[,w—l’ make a change of variable u +— nlunl_l, and
then decompose v = uTu~ with ut € U]\ngw =Up,u” € U]\jLw = N, in the
integral

BY N = [lo,, ,, Smue@ula ity rudedu,

we obtain
- | .
nl(ULl ﬁnoUL 1 no ny \nlULnl U+ iy -
@™t uywluy niutu"ny )
©(Onr(n1(u™ )_1(u+)_1n1 1)ufwl'u5n1u+u_nf1)

Nt ) (npuTu e ) de T dude T du T
Since nl_l = a; = 7 00y o mM((uy)™h), we see that Op(ny') =
(O30 0 T ((ur) ) = () Let y = o stuy () ol =t
v™ = (uT)"luy n1u+u*n1_1, and v’ =u*t, theny~ e U,, 1,2 € UJ\JZ,w =

Ur, and v~ € Uy, = Np. By the compatibility of ¢ with « by [6, Propo-
sition 5.1], we have ¥(x’) = ¥ (z1). Therefore we can rewrite the above
integral as

By(m, f) = w(UIUQ)/LlﬁnoULan \y, /UL/ / fly~walu'v™)
(O n((nou'v™) " Hwl'v'v™ )~ l(v Y xu)dv dy~da'du/.

Since f € CF(Qu;wr), Qw = Uy o1 X WL X Untwr Unpao-

are closed in €2, so there exists compact subgroups U; of U M and Uz of
Uprap—1 Such that fy~wa'lu'v™) # 0 implies that y~ € Uy and v~ € Us.
On the other hand, by our assumption on ¢, ¢ is invariant under the © ;-
twisted conjugate action by some open compact subgroup Uy of Ups(F).
We shrink U, if necessary so that v~ lies in Up. It follows that

. and UM,w

©(Or(nou'v™) Ll'u'v™) = p(On(nou’) twl').
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So we obtain that

BY ) =07 ) floy o i b

f(y ww'luv W vy )dv dy~
(O ((nou) ™l )= (2'u')da'du’
= (o) |

ULk tnoUp Fng UL /UL
hy (2"l ) (O n ((nou’) ™l vy~ (a'u')da’ du
= W(uyug) By (ur s ug 1 hy).

To show the last integral is well-defined, note that if v" = nou’ng 1 with
u’ 0" e UL@JL, then
l/ — @L((/U//>7l)ll'l)”
_ @L((u”ilnou//nal)_1)@L((u//)_l)l,u/l(u”ilngu"nal)
=M @M((u”_lnou"no_l)_1)l'(u"_1nou"n51),
SO

1

—1 _ -1 _
" ngu”nol)l/:u” nou//n0 )

l"%ﬁ” 0 Op(u

Since ©p;(Upr) = Upr, Uy = UL Np, and T,{V[(NL) = Ny, the opposite of
Np. The left hand side of the above equality lies in N7, while the right
hand side lies 1n N, as Np N Np = {1} it forces that u”~ Lo ny =1,
ie. u'ng = nou”, and v = «”. It follows that

@M((nov"u') )wl/v// / @M((u"nou') )WG)L( )( L(u ")l’u")u'
= O ((no') ™ )Onr (W)™ wO (u")l'u
= O ((nou) 1wl
where we used w10y (u" ) = M 0 Op(u”) = Op (u"). O
Remark 6.4. If we impose a stronger condition on the cut-off function ¢,
i.e, we require that
p(Onr (a7 mix) = (m)
for x1,x9 € Uy, then we can show that
BY (m, f) = ¢(uy uz) VOWULF NnoUp fng \ULF)BE, (1, hy)

for all m € C,(w) where pu(-) = p(w-) is the left translation of ¢ by
w. But notice that in general the subset consists of the image n — m via
Wy 'n = mn'T is not invariant under the action m + ©yr(xy )may for
x1,x2 € Ups. In particular, one checks easily from our calculation of the
Bruhat decomposition in Section 3 that in our case the set of elements of
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the form m(X,Y’) is not invariant under this action. So we do not use this
formula, although it is of a nicer form.

Remark 6.5. We observe easily that in particular, if ng =1, i.e. u; = uy,
we have

B (m, f) = BL, (1, hy).

6.2. Asymptotic expansion and uniform smoothness. The main
idea to prove stability is that once we relate our local coefficient formula
with the Mellin transform of the partial Bessel integrals, there are two
parts in the asymptotic expansion formula of the partial Bessel integrals,
one depends only on the central character of 7, the other is certain uniform
smooth function. Therefore under highly ramified twists, the second part
vanishes.

To obtain the asymptotic expansion of partial Bessel integrals, we study
its boundary behavior on €,, with w € B(M), i.e. on Bruhat cells of small-
est possible dimension, and do induction on Bessel distance. This is a stan-
dard procedure as in [6] or [15]. We begin with the small cell C(e) = By,
of M. First note that L. = M, A, = Zy1, Uj;, = Unr, and Q. = M. Take
é = I, the identity matrix in M. Recall that 7 is -generic supercuspi-
dal and we pick an matrix coefficient f € C°(M;w;), normalized with
W (e) = 1. Then we have

Proposition 6.6. Fiz an auziliary function fo € C2°(M;wy) with Wy, (e) =
1. Then for each f € C°(M;wy) with Wy(e) = 1 and w' € B(M) with
dp(e,w’) = 1, there exists a function f, € C(Qy;wy) such that for any
w € B(M) and m € M, we have

Bg[(ma f) :ch(mafl)_‘_ Z By(ma fur)

w'€B(M),dp(w',e)=1

where fl(m) = Zm:mlcfo(ml)BM(écvf) = Zm:mlch(ml)wﬂ'(C)’ the

sum runs over all possible decompositions m = mic with my € Mg, and
c€ A= Zy.

Proof. Decompose M = Mgy, Ae = Mger Zpr, where My, is the derived
group of M. Write m = myc with m; € My, and ¢ € Zy;, then there are
only finitely many such decompositions which are indexed by elements in
the transverse torus A = My, N Zps. Define

> folm)BM(ée, f) = > folmi)wr(c)

m=mjic m=mjic
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Then fi1(m) € C°(M;wg). For a € A. = Zy, a' = e, therefore

BY (éa. fi) =wela) [ o, [ filan)e(©u(uuy ! )z

—wr@Wi(©) [ el u)du.

UM,EI \Um

On the other hand, Wy, (e) = [;; fi(x)y~(z)dz, while x € Up C Mge, s0
filx) = fo(x), thus Wy (e) = Wy(e) = 1, hence we obtain that
B(]p\/[(éa, f1) = B%(éa, f) for all a € A.. Therefore B%(éa,f —fi) =0
for all a € A.. Apply [6, Lemma 5.13], there exists f; € C°(22,;wr),
such that BY (m, f — f1) = BY (m, f3) for all m € M, where Q% = Q. —
C(e) =M — By Let O = UwGB(M),w#e Qy = UwGB(M),dB(w,e)zl 2y, and
Qo =M — C(e) = Q2. By [6, Lemma 5.14], there exists fo € C2°(Q1;wy),
so that By(m,fg) = By(m, 1) = Bg(m, f — f1), for a sufficiently large
¢ depending only on fi. Then by a partition of unity argument, for each
w' € B(M), dp(w',e) = 1, we can find f,y € C°(Qy;wr), such that
fo= Zw’GB(M),dB(w/,e):l Jur- O

We would like to do the same type of analysis on each B‘y (m, fu) and

obtain an asymptotic expansion formula for Bgf (m, f) indexed by Weyl
group elements that supports Bessel functions, and for all m lying in the
relevant part of Bruhat cells. To be precise we will show that

Proposition 6.7. Fiz an auziliary function fo € C°(M;wy) with Wy, (e) =
1. Then for each f € C°(M;wy) with We(e) = 1 and w' € B(M) with
dp(e,w’") > 1, there exists a function fu € C2(Qy;wy) such that for any
m = upaus € Cp() with w = W) € B(M), we have

BY(m, f) = we(c)BY (wrivbus, fo) + > B (m, fur)

a=bc w'€B(M),dp(w’,e)>1

where a = bc runs over the possible decompositions of a € Ay, with b € AS,
and c € Ae = Zypy.

Proof. Note that in particular if m = wjwauy € Cp(w), by Lemma 6.1,
Uﬁf‘fn C uy 'UY; U2, we can write

_ =l pr— -1 _ 1yt —1y7—
Unm = ug UppoyUpp iy = U UM,wU2(U2 UM,wUZ)-



514 Taiwang DENG, Dongming SHE

a1, — /-1, + : + + - -
Let u = u'(uy uu2) where v’ = uy utug with u™ € Uy, u™ € Uy,
we have

M . ;-1 —
B, (m, f1) :/@M N /7 / f1(zurwaugu'uy “u" ug)
Uy \u2 U2 7 Ups o /Un
-1/, —\—1 =1 P =1 —
cp(@M(u2 (u™) Tugu urwa ugu'uy TuT ug)
7 (' uy u g dadu~ du
As ut = u2u’u§1 S U]\Z,w and a € A, we have xulwauglu’uglu_m =
xul(quu’uglw_l)wu_uz. Let 2/ = xul(quu’uglw_l) € U;Iw, T
u ug € Uy, = Uppoys and by compatibility of 1 with w, we obtain that

BY (m. 1) = ¥(uren) [

2 av
Uﬁ%\ug‘lw , U2 / Um fl )
@(On((v7)  ugu’™ 1)u1wa ugu'u; lv Y~z v™)da'dv du’

So by the construction of fi, we need to decompose z'wav~ = mic with
my1 € Mg, and ¢ € A, = Zyy, which is equivalent to

ac™t = w H(2") T tmy (vT) 7L
Since we pick w € My, and 2',v~ € Uy C My, this is saying that
b:=ac ! € My, N A, = AS. It follows that

fi(@vav™) = Z fo(xibv ™ )wr (),

a=bc
and consequently
BY(m, f1) = > wr(c)BY (uribbus, fo)
a=bc

where a = bc runs over the possible decompositions of a € A,, with b € AS
and c € A, = Z)y.

We continue to obtain expansions for Bgf (m, fur). Suppose w' = w¥ €
B(M). Let h = hy, , € C2°(L;wx) be the image of f,,» under C2°(Qyr; wr) —
C°(L;wy). Pick hg € C°(L; wy) normalized so that BL (€, ho) = m

and BM (b, hg) = 0 for b € AY, but b ¢ ZpNAY,. Similar to the construction
of fi from f, let hi(l) = Yy, ho(l1)BY(c, h), where the decomposition is
taken over all possible I =lic Where li € Lyer and c € Ay = Zr. By [6,
Proposition 5.4], B (a hi) = /(a, h), for all a € A,y = Z,. Choose f;
which maps to hy under cee (Qw , 7r) — C°(L;wz), apply Proposition 6.3
to case when H = L, and m = w'a, a € A,y = Z,, we get prw(w’a, fi) =
Bs%u-,/ (a,hy) = Béw, (a,h) = B¥(w'a, fu). So BY (w'a, fuw — f1) = 0, for all
a € Ay. Apply [6, Lemma 5.13, 5.14] again, together with a partition of
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unity argument, there exists fi/ v € Co°(Qy;wy) for w < w" e B(M)
such that dg(w’,w"”) =1, and

M M M
ng (mafw’) :B4p (m7f1)+ Z ng (mvf’w”)'
w”eB(M),w">w’ ,dpg(w" w')=1
Proceed by repeating this process and do induction on the Bessel distance,
and combine with the above argument on B% (m, f1), we obtain the as-
ymptotic expansion formula as desired. Il

A smooth function on a p-adic group is uniform smooth if it is uniformly
locally constant, i.e., there exists an open compact subgroup Ky such that
the function is constant on aKj for any a in the group. Note that the first
sum in Proposition 6.7 depends only on w; and a fixed auxiliary function
fo. The next important step is to show that each By (m, fu) satisfy some
uniform smooth property. Recall that for h € C°(Qu;wy) with w' =
w} € B(M), we constructed hi(l) = >, ho(l1)BY(c, h). Suppose m =
ujpw'luy and write | = 20’ with z € Zy, no = Uy (uy ) 7!, where u; =
Ti\/lo@MOTiV[((u;)_l)7 we have Bé(u;a Uy , L, hl) = wﬂ(z)Bg(u;a Uy , l,a hl)
Since

Bé(u;’u5>l/vh1) = /

U[(j)j‘ ﬂnoUSj’ ngl\UL Ur,
- p(Onr((now) ™)' 'u)y ™ (zu)dzdu,

we need to write xl'u = lic with I; € Lge,, ¢ € Zy,. Suppose | = viwavy €
C*(w) a Bruhat cell in L with @ € Lge,, then I’ = viwa’vy where a = za'.
As vi,v9,% € Lger, so to write zl'u = zviwa'vy = lic is equivalent to
write @’ = bc with b € AN Ly, and ¢ € Z;. Let b = b, ¢ = z.¢
with zp,2. € Zy, V€ A, ¢ € Z, then ' = zpzb'd = zpz. = 1, and
a = bd. Let l, = viwbvg, and similarly Iy = viwb've, then hy(zl'u) =
S wmer ho(@lyw) BE(d, h). Since Uph = {u € Up, : Op(u™)l'u = I'} =
{’LL e Uy : @L(ufl)lb/c’u = lb/c/} = {’LL e Uy : @L(u’l)lb/uc’ = lb/c/} = {u S
Up:0r(u Hiyu =1y} = UglLy’ we obtain that

Bé(ul_7u2_al/7h1>: Z BL(C/?h)/

or
a’'=b'c! ULJ’

hl (:cl’u)

ho(zlyu)

MnoUy hng "\U, JUL,
0O ((nou) ™ Hilyucd )™ (zu)drdu
- Z BL(C/7 h)Béc’ <u1_7 Uy , by, ho)
a'=bc

where ¢ () := ¢(-¢) is the right shift of ¢ by ¢.

Recall that A is the maximal split torus of M. We say a unipotent element
u € Uy is rationally parameterized by (a,d) € Ax A¥ if all the entries in the
1-parameter subgroups corresponding to u are rational functions of (a,d),
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here A* is the affine space of dimension k, i.e., if one has u = ], ua(24)
with z, € G, then each z, is a rational function of (a, d).

Proposition 6.8. Let H C L C M be Levi subgroups of M, suppose
m = uyw'luy; = m(a,d) = ui(a,d)waus(a,d) € Cr(w) is rationally pa-
rameterized by (a d) € AY Ay x AF C A x A* for some k > 0 with
w = wi w = wl € B(M). Assume that the rational functions that pa-
rameterize ui; and Uy have no singularities on A X A%, Then if one writes
a =bcwithbe AY, ¢ € Ay and ¢ = z¢ with z € Zy;, ¢ € Al ,, where
Ay = ZyAL,, we have that

Bgf(m, f1) = we(2)¥(uy (b2, d), uy (bc'z, d))
Z B¢, h)BiC/ (uy (bc'2),us (bc'2), Ly (b’ 2, d), ho)
a'=b¢!
is uniformly smooth as a function of ¢ € Al ,, where fi — hy via
C(Qyr;wr) = C(Lywr).
Proof. We have

B (m, f1) = ¥(uy  uy ) B (uy ,uy 1 )
= ¢(uy,uy) > B(c,h)BL.(uy (be, d), us (be, d), Uy, ho)

a=bc

by Proposition 6.3 and the above argument. By fixing a decomposition
a = bc with b € A%M, c € Ay, all such decompositions are of the form

a = (b€~ 1) (€c) with € € AY N Ay = A% = Z1 N Lger, a finite set, so
|¢] = 1. Therefore

Bl (uy,uy,lha) = Y B(6e,h) Blee (uy (be, d), uy (be,d), lye-1, ho)
geAv,

where lpe-1 = W' u+w wh Lpet u2 As ¢ depends only on the absolute
value, ¢ = ¢ On the other hand,

BE(¢e,h) = / h(zte) (@)dz = wr (€12) / h(€'d )y (z)de
Un (F) Un (F)
where we write £ = £& with & € Zyy and & = €71, As h € C(L;wy)
is smooth of compact support modulo Z,;, and the small Bruhat cell
Cl(er) = AUL = ZyA'Up of L is closed in L, and Z; A s closed,
there exists compact subsets K; C Z7 and U; C Up such that
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h(z€'d) £ 0= ¢ € Ky and z € U;. Writing ¢ = 2¢/, we see that

Bé(uf,ug,l,hl)

=wr(z) Y BY(&d h)BL(uy (b2, d), ug (bc'z,d), le-1, ho)
geAY,

does not vanish unless ¢ € K := Ue ¢~1K1, a compact subset. From this
we also see that the support of h in ¢’ is compact and independent of the
decomposition a = bc.

Moreover, since the support of h in ¢ is compact, and h is smooth,
there exists an open compact subgroup Cp C Z} such that h(zf'dcy) =
h(zg'd) for all x € Uy, ¢ € Z}, and ¢y € Cp. By our assumption the
entries in the 1-parameter subgroups corresponding to w;(a,d), and hence
u(a,d) = uE (bd'z,d) (i = 1,2) are rational functions in (b, ¢/, z, d) without
singularities, it follows that uljE and hence also ¢ (u] ,u; ) are smooth func-
tions of (b, z,d) with no singularities, and the quotient space Ugf N
noULeJLna UL is also smoothly parameterized by (b, ¢, z,d). Therefore
pr\/[(m(bc’z, d), f1) is zero when ¢’ ¢ K. So for each fixed z, b, d, we simulta-
neously choose Cy, depending on z, b, d, so that ugt(zbc’co, d) = ugt(zbc’, d)
for all ¢y € Cy,d € K. Finally, We shrink Cy so that Cy C Z}(Op) if
necessary, then o0 = ¢ for all ¢ € Cy and ¢ € A,y = Zy. Consequently,
there exists an open compact subgroup Cy C Z} such that

Bg(m(zbc'co,d), fi) = Bfo\/[(m(zbc’, d), f1)

for all @ = bc and ¢y € Cy C Z}, = Al ,, i.e. By(m, f1) is uniformly smooth
in Cl & A{w/ |:|

6.3. The final local coefficient formula and the separation of the
toric part. We will relate the partial Bessel functions defined in Section 5
with partial Bessel integrals introduced in Section 6, so that the local coef-
ficient formula in Proposition 5.2 can be restated in terms of Mellin trans-
forms of partial Bessel integrals. With nice asymptotic expansion formulas
in Proposition 6.7 and uniform smoothness in Proposition 6.8, we will be
able to show our desired analytic stability.

For our applications, we set the involution ©y; : m — wy muy, and it
is easily verified that it satisfies the assumption that it preserves the F-
splitting and is compatible with Levi subgroups and the generic character
1. Recall that for a matrix X of size k x [, we defined

1

11X < q((k—i)‘*‘(l—j)'f‘l)’f
©Or (X) — | 5] | i
0 otherwise,
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and
Now = {A(X,Y) : pp(w HIX) . (™ 2H9Y) = 1},

where d = Cond(v)) and g = Cond(w; ! (wo(wy))). We also denoted by O

the characteristic function of N .. Suppose n(X,Y) — m(X,Y) via the
Bruhat decomposition g 'n = mn'fi. Define

p(m(X,Y)) = (YT X)rn X)u((Y 1 X)11)?Y)

where (Y 71X), is the (r,1)-th entry of Y ~'X. We will show that ¢ sat-
isfies the assumption that it is invariant under the ©j;-twisted conjugate
action by some open compact subgroup Uy of Ups(F'). Consequently, the
assumptions on ©,s and ¢ in the beginning of Section 6 are both satisfied
and we have

Proposition 6.9. Let m(X', Z") be the image of n(X', Z") under the map
n > m via Wy 'n = mn'A. Then

TN (UX Z")) = BY (m(X',Z"), f)

where o and @ are defined as above and f € CZ°(M(F);wr) such that
W = Wy, normalized so that W(e) = 1.

Proof. Given the Bruhat decomposition wy'n = mn'@, for z = aV(t) €
ZR/[, if u > zu"tnuz~t, then

m— Oy(zu " Hmuz™t = O3 (u) 1O (2) 2 tmu = Oy (u™ )Y () mu,

as O (2),2 € Zyy.
In our cases, where n = n(X,Y), then

m =m(X,Y) = diag{m1(X,Y),ma(X,Y),0,(m1(X,Y))}.

So
Ot (m(X, V) = diag(6,(m1 (X, Y)), ma(X, ¥), mi (X, Y))

It shows that ©j induces 6,. Moreover, for z = aV(t) € ZY;, u =
diag{u1, ug, 0, (u1)} € Upr, we have

2 (X, Y )uz ™t = alul (X )ug, up L (#2Y) 0, (u1)) = ua(t X, 12Y )u.
Hence the action n(X,Y) — zu™'n(X,Y)uz"! is given by

X — ui U Xuy, Y — ul Y0, (uy).
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On the other hand,
On(zu Hmuz™t = Oy (u) TV (T Hm(X,Y)

0r(uyh) ) £7260,.(Y) u
= us _q tyty~—1 -1 u2
i o=l XY TR0 oy [ er(ul)}

Uy
0, (uy 1) 0, (2Y Yus
(Tom — b, (uT t X ug) (u] 12V 0, (ur)) I (ug 1 X ug)) ! .
uy 'Y 0, (uy)
This verifies that for z = oV (t), u = diag(u1, ug, 0,(u1)) € Ups, we have
On(zu™Hm(X, Y)uz™t = m(u] t Xug, uy 't2Y 0, (uy)).
Let U(),,.g = ULH X U27,€ with Ul,/-c C Uqy, (F) and Uy w C USsz (F) given by

Utr = {(u1,i5) € UgL,(p) : lusi] < q (G=iry,
U2,;@ = {(ulij) c USme(F) . |u2,ij| <yq (J— z)m}‘

Then Uy, are open compact subgroups of Uy (F). For u = (uy,u2) € Up,
one checks easily that ©y/(u~ )No kU C No Ky 1.6, NO « 1s invariant under
the twisted conjugate action by Ug .

Let o(m(X,Y)) = 0o (Y 1 X)) X)ou (Y 71X),1)%Y). So ¢ is defined
on the subset of M which lie in the image of n(X,Y") under the map n — m
via g 'n = mn'm, where (Y 1X),; is the (r,1)-th entry of Y~'X. We
will show that ¢ is invariant under the ©,/-twisted conjugate action Up .
Suppose u = (u1,u2) € Uy, then

e(Oum(uHm(X,Y)u) = p(m(uy Xuz, uy 'Y 6y (u1)))
= o ((0r (ug )Y ™ Xug)rn Juy " Xuz) @i (0, (up )Y ™ Xuz)1)*uy Y 0r (ur))
= @m((yilX)Tl)ul_lxu2)30n((YilX)rl)zul_lyer(ul))-
The last equality holds since (Y ~1X),; is clearly invariant under the left
or right translation by an upper triangular unipotent matrix. On the other
hand, since u; (Y "1 X), 1u1 = (Y 1X),1,
Cu(Y 1 X)uy ' Xug) = 1 <= (Y1 X)quy ' Xug € X (k)
= X cuy(Y ' X)muy Hun X (1)ug Y) = (Y1 X)), X (k)
= 0 (Y 1X)X) =1
where X (k) = {X = (%) € Matyxom : |z;;] < ¢(T79FCm=D+DRY which

can be checked by direct calculation that it is invariant under the left-action
by Ui and right-action by Us . Similarly we have

P (Y1 X)51) 0y 'Y 0 (u) = (Y71 X)00)°Y).
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It follows that
P(Oum(u™)m(X,Y)u) = p(m(X,Y))
for all u € Up.
Then for (X', Z') € Rx: x Ry, z = " (@™ u,, (won(X', Z g ') =
d+g_ Y7

Wg};))), where ¢/, is the adjoint matrix of the (r,r)-th entry of

Y’, we have

PN, K(zu_lﬁ(X', ZNuz"1)
2

—1 yrr / —1 y/:r /!
= X Y
= Px ( “ det(Y") “’2>‘p"<ul (detY’)) QT(“l))

= 0 (ur (X Y )1 X u) i (up (VX)) ?Y 0, (1))
= (O (™ Yym(X', Z')u).

Since the uniqueness of the Bruhat decomposition Yn = mn/n implies
that when n + u~'nu, then m +— ©y(u)"'mu. By our calculation, for
u = (up,uz) € Upr, n=n(X,Y) = m=m(X,Y), we have u"'n(X,Y)u =
n(uy  Xug, u7 'Y0(ur)), Onr(w)'m(X,Y)u = m(u]* Xug, uy 'Y (uz)). So
both the actions are given by X ~ u; ' Xug, Y ~ u; 'Y 0(u1) Therefore,

aY(w

O
Unton m(X,Y) — = Unmn(xy)
= {u = (u1,u2) € Ups : UleW = X,ul_lYO(ul) =Y}

This shows that the centralizer of n(X,Y) in Uys agrees with the ©y-
twisted centralizer of m(X,Y’) in Uys. Compare the definitions of

I8 (UX' Z")) and BY (m(X', Z'), f),
we obtain the desired equality. O
Finally, by Proposition 5.2 and Proposition 6.8, we can restate Proposi-
tion 5.2 as:

Proposition 6.10. Let o and 7 be Y-generic supercuspidal representations
of GL(F) and Spy,,(F') respectively, such that wy is ramified where m =
o X T, then there exists a ko, such that for all Kk > ko and all characters x
of F* such that wrgy = wxX" is ramified, we have

Cy(s,m@x) " =7(2rs,wix™, ¢~ )/RX/XRZ/ BY (m(X',Z'), f)(wyz2Xx"?")
P(X',Z) P(X', 7 o

' (det(Z’JT + W)) det(2".J, + X0 (XD)
|det(my (X7, Z) ) TE T duye A dpg
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where m(X', Z") is the image of n(X',Z") — m(X',Z’) via the Bruhat
decomposition w(;ln = mn/n, which holds off a subset of measure zero on
N(F), m = diag{mi, ma, 0,(m1)} with m; € GL,(F), ma € Spy,,(F), and
Y(2rs,w2x?" 1) is the Abelian y-factor depending only on wy and x.

One important observation in our case is that our orbit space R’ =
Rx/ X Ry is no longer isomorphic to a torus, and attempts to reparam-
eterize m(X, Z) by the maximal torus together with non-torus parts fail
since the map (X,Z) — (mj,ms2) is not surjective in general. So in or-
der to apply the asymptotic analysis of partial Bessel integrals, we will
need to study the toric action on the orbit space and separate its toric
part out from the integral. First we would like to understand the ac-
tion of the maximal torus A ~ A; x Ay on R = Rx x Ry = Uy\N,
where Ap is the maximal torus of GL, and Ay is the maximal torus of
Spo,,- Recall that through the Bruhat decomposition iy, n = mn'n, for
s € A, if n — sns™! then m — Op(s)ms~ L. In our case, for m =
(my,mg) with m; € GL, and mgy € Sp,,,, the action is given by m; —
s'm10,(s'"" 1), and mg — s"mgs”1, which is equivalent to X — /X" !
Y = §"Y0.(s")7L, or to X — §Xs"7', Z — §Zs, where s = (s, 5"
with s € A; and s” € As. Write s = diag(s1,s2,...,8.) € A1,s

~— o

. -1 -1
diag(Sp41s Sr42s -« s Srtms Srtm 5-- -5 Sr41 ) € Ag. Define the subspace
Tx z:
{('IT,l? Lyr—1,2+++ s Lr—m+1,m, 21,1y 727“,7‘)}’ if r > m,
{(xT717 xr—l,Z, st 7x1,T7 Zl,lu s 7ZT,T)}) lf T <<m.

in which the corresponding (X, Z) € Rx x Rz. Note that in the definition
of T,z we always use the notation X = (z;;) and Z = (z;;) and the
entries which are not indicated should understood to be zero.

Proposition 6.11. Let ® : Rx x Ry — M — A = Ay x Ay be the
map given by (X,Z) — m = m(X,Z) = (my,ma) — (t1,t2), where
m(X,Z) is the image of n(X,Z) under the map n — m via u’)aln =
mn'n, and my = ujwitius, Mo = vitntsvs are the Bruhat decomposi-
tion of m1 and my respectively. Then @ is compatible with the toric action,
ie., B(SXs" 1, 57Z8) = (my(§ X", 5'Z5),ma(s' X", 5'Z5")) for s =
(s',8") € A. The toric action on Rx X Ry is completely determined by its
restriction on Tx z, up to the square of each s; (1 < i < r + min{r,m}).
Moreover, the restriction ®|r , is a finite étale map onto its image in A.

Proof. The compatibility of ® with the toric action follows directly from
Ou(s)m(X,2)s ! = m(S'Xs"_l, s'7s).
Recall that we also write m = m(X,Z) = m(X,Y) where Y = ZJ, +

M. We claim that if we inductively write ¥ =Y, = |:Yi1 ytl/ér] and
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Yy =Y = [;:’; Y(;Jl) ], and assume that det(Y;)’s and det(Y 9))’s are all

non-zero, then the image m(X,Y’) of n(X,Y) lies in the big cell of M. If
we decompose my = ujtntiug, Mme = vitetove with iy = J,., g = Jb, .
the long Weyl group elements of GL, and Sp,,,, respectively, we will show
that

_ 4 r—1det(Yr_1) r—odet(Y;_2) 1
tl_dlag((_l) 1 det(yy) Y 2det(YT_1)"”’det(Y1)>

and to = diag(fe, 5271) with &5 the diagonal vector given by:

o if r <m,

= det(y(rfl)) ) Qdet(y(r72)) ) . 1 ,

t2 - <_(1et(sz’1’(_ ) mwr—1,27...7(—1) mzll,l,n.J. s
o if r >m,

P (_detr") pdet(Y2) m det(Y—m))

ty = (-det(y(r))lir,lv - mmrfl,% s (=1 mxrﬂrwl,m .

Let us first prove this for ¢; by induction on 7. If » = 1 then there
is nothing to show. Assume r > 1 and write ¥, = [Yil ytlg}. Take the
representative of the long Weyl group element in GL, as J,.. Then m; =
QT(Y) = uJptiug & u Yug = t;ljr, where u; = Hr(ui)_l(i = 1,2). Write

’ljl — |:1 z}li|7 and ag = |:U/2 ti2:|’ with U/; c UGLT_U 51 c AT‘fl. Then
a+ 01V, 1)uy  (a+61Yr-1)"02 + (y1, +01'5)
urYr—1u ul Y148y + i 8 -

Assume det(Y;_1) # 0, y1, # 0, choose 01 = —aYr__ll, thy = —Yr__llﬁ, write
0 yie—aY,}'8| _
u] Yy qul 0 -

wYug = [(

t1 = diag{al,...,ar} then w1 Yuy = tfljr = {

at
1
[(_l)r_lar :

oY, "1t = a7’ Note that

. By induction hypothesis, it suffices to show that y; , —

det(y,,):det[ @ yl:'}:(—n”det{y"l tﬁ].

Y;"fl tﬁ « Yi,r
On the other hand, [Yr:11 } {Y““a—l ' ] = {IT* Yr_—lltﬁ}. Taking determinant
1 Yi,r « Yi,r

on both sides, we obtain that

(—1)7"71 det(Y;)det(YT_l)—l — dot [Ir—1 Y;—lltﬁl

« Yi,r

I, y-Llip _
=det| " ol = —aY, LB,
[ 0 _aY;‘_lltB + yl,r y1,7" r—1 ﬁ
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ie., ay = (—1)7 1ML,

Next, we work on the formula for to. Let us first assume that » > m and
we prove the formula by induction on m. When m = 1, the result follows
from direct calculation. Assume m > 1 and suppose mo = v1J4,, tav2, then
my ' = Iop — J5 EXYY VX = —vy 't 1T, o7t which is equivalent to

1y b;
’UQ(IQm — JémtXtY_IJTX)Ul = *tgljém. Write v; = |: v 'yl*:| , (Z = 1,2),
1
X, t t (r—1) : .
X = [xgl o 6’}, Y=Y = {yffl YB’ } Assume that each Y9, (1<j<r)
tsr
is invertible, y,; # 0, and set }(Y ())~1 = [ il gﬂ Then one computes that
2
Top — Jo, XY LI X

1 0 Tr1 t(sl H t
_ _ _ g/ ’ 1 1 0 X1 Y
= Do |: 1 Jom—2 ] [tXl 0 :| [ z 65} [*Jr—l ] |:-T'r,1 0 0

_ v 0
1—~t6 @y YHJ.—1X1 YHJ, 1ty
= | I PXa 8wy Toma—dh Xy H I 1 Xy = X1 HJp 1ty
06,2“’116 —xr 10501 X1 1=z 185 Jr 1ty

By definition of *(Y ("))~ we have
o6 + ypaw =1, o' H + y.18% = 0,
ty(r—l)téi + tﬂ’x =0, ty(r—l)H + tﬁl(gé =1I_4.
Multiply by v9 on the left and v; on the right, and compare with

—1
1 3/ /—1 a?‘+l
— _ —1 77
_t2 JQm - _t2 J2m72 )

—Qr41
where we write
t _d —1 —1 _d t/ —1
o = diag{ary1,...,an,0a,,",...,a, 1} = diag{a, 1,15, a,, 1}

The middle entry of vo(loy, — J3,, ' XY 711, X)v; gives

V(T — T o' X0 (YD) T X )0
+ 0y T ot X (YN TR T X+ s (— a1 8y T 1 X1 )0
= _té_ljém—z-
Therefore we have to show that
(*) v ot X (YN TYBSL T Xy + i (— a1 0y T 1 X1 )0 = 0

in order to continue with our induction procedure. Since tY(T_l)téi +8x =
0, we have ‘§) + {(Y(=D)=1g'z = 0, thus *6]6) + {(Y =D)L 5/ha = 0.
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We also note that 75 = vhJ},,_o'y2 by the structure of Spy,, 5. So the left
hand side of (x) is equal to
Vg Sy o (=1 X1' 8105 — Ty24,105) Jr -1 X1 0]
On the other hand, one computes that the (2,1)-th entry of va(lom —
J, EXY 7L X)vp gives
Uy Sy o ("X 1011 + t72$g,195) =0,
hence ! X1'6]z,1 + t'72x72471:c = 0. As a result,
EX4 10 0w + twa:f’lééx =0.

Since z,1 # 0, this shows that the left hand side of (x) is equal to 0.

9 det(Y(r—1)
1 det(Y (M)
Note that the (3,1)-th entry of va(Iay, — Jb, ' XY =1, X)v; implies that
x%’lx = —ay4+1. One also checks by direct calculation that other identities

By induction hypothesis, it suffices to show that a,+1 = —x

in the comparison of entries in vo(Ioy, — J4,, ! XY ~1J. X)v; and —t;lJém
are automatically satisfied. On the other hand, o/*§] + y, 12 = 1 together
with t§; = —{(Y =)= 8% imply that z(y.1; — /H(YT=D)715) = 1. We
have

det(¥ ) vy
Wzd%(Y()[( ) 1])

B Y(r—l) te/ (Y(r—l))—l B Ir—l tOél
N det([ ﬁ/ yr,l] [ 1 = det ﬁ,(Y(T_l))_l Yr,1

to
= det llr_l a = Y1 — O/t(y(r—l))—ltﬁ/‘

0 _IB/(Y(rfl))flta/ + Y1

Hence by assuming that y,.1 —o/*(Y=D)713" £ 0, we obtain that a, 1 =
2 det(Y(r—D)
L7l " det (™)

When r < m, recall that the toric action has a stabilizer isomorphic to
the maximal torus of Spy,,_,), given by the entries (S2r41y -+« Srm)- SO
the above induction process terminates at the r-th step. As a result, the
formula directly follows from the same procedure.

Given the explicit formula for ¢; and 2 in the Bruhat decomposition,
when restricted to T'x 7z, the map ® is completely determined by Y
det(V;) (1 < i <r), Y = det(YD) (1 <i<r), X a2, ;1<
j < min(r,m)), which are clearly finite étale maps since we assumed that
det(Y?)’s, det(Y?)’s, and 2, ;41 ;s are all non-zero. The restriction of the
toric action X — §'Xs"', Z — §'Zs, or equivalently, X — §'Xs" !,
Y = s'Y0.(s)7!, on Tx z is given by @p_iy1,; — 87«_,;+1sr_jixr_i+1, Zjj
s?zj,jforlSigmifrzm,lSigrifr<m,and1§j§r.

as desired.



Stability 525

Moreover, when r < m, the action has a non-trivial stabilizer isomorphic

to the maximal torus of Spy(,,_,), given by the variables (so;+1,. .., Sr4m)-
A simple calculation shows that it takes det(Y;) to [Th—; s2_j, det(Y;),
det(Y?) to H2:1 57 det(Y(i)), and z,_p414 to Sg:::lxr,kﬂ. Together with
the compatibility of the toric action, it implies that

. ) _9 .
diag{s,1,..., 85, 1,..., 1, }th, ifr <m,

-2 ’
t1 — s’ t1,t9 —> _
2 "2, if r > m.

Consequently, the toric action on Rx x Ry is completely determined by
its action on T'x z up to the square of each s; (1 < ¢ < r + min{r,m}).
It follows that the covering group is isomorphic to finitely many copies of
7)27. O

Finally, in order to apply our uniform smooth results for partial Bessel
integrals, we need to verify the non-singular condition in Proposition 6.8:

Proposition 6.12. In the Bruhat decompositions mi1 = ujwrtiue, and
my = v1Walave, the entries in the 1-parameter subgroups for ui,us, v1, Vs
are rational functions of the image of T'x z under ® without singularities.

Proof. Based on the calculation in Proposition 6.11, it suffices to show
that the denominator of entries in uy, ug, v1, v9 are polynomial functions of
det(Y(i)), det(Y;) and x,_;;+1; without singularities. In fact, we show that
they are monomials of these factors. We start with m; = ujwitius. Denote
ur = (uilj)vu2 = (u?j)’ Y = (yij)‘ Let

Yii=Y[r—j+lr—j+2. . . r—itl....rml...j—1]

the matrix of size (j —1) x (j —1) with elements from the indicated columns
and rows of Y. We will show by induction on r that

ul = detllig)
Y det(Yj-1)

When r = 1 there is nothing to show. Suppose r > 1, write uq = {“1 t‘il },

o Yi,r

ug = {1332}, t = diag{ai,...,a,} = diag{a;,t}}, and ¥ = {erl t5 }
Note that m; = 6,(Y) = wiJotiug & Y =Y, = Jtuy "I ouy LT, We
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compute that
o Y| _ 1] i —J, 4
Y,.1 B —Jr_1 —5tu'] gl
1 ; .
1 —tu’;1t52 tu’g_l —Jr-1

1 1 — 1 1
_ l 5115 1= ']r 1t/ 1t 12 Jr 1 ay _5115 / Jr 1t/1 1t / tég]

-1 1 § 3
Jr 1 ul JT 1tl 1t ,2 Jrfl - rfltull J,’,, 1tl 1t / t62
Hence Y,_1 = —J,_1 u’l_lJr L 1tu’21JT,1. Compare this with the ex-
pression for Y,, we replace Y = Y, by —Y,_1 and continue by induction.

Suppose we show that u}’,, = (iit((y}ffl)), (1 <i<r—1), then the induction

hypothesis would imply that
1t det((=Ye1)iro1)
7,r—1 7,r—1 det((—Yr 1)7" 2)
_( )r 2det( ir— 1) det( ir— 1)
(=12 det(Y—2)  det(Yr_3)

, (1<i<r—2),

since
Vo igr = Yol (= 1) —i+1,...r =131, 7 — 2]
:}/7«[2,...,7"7/1:1,... rl...,r—=2=Y, 1.
Therefore it suffices to show that u1 = diit((Y )) for 1 <i<r—1. From
the above calculation we also have o = —d1.J,. 1Yr LB =— 7‘—1‘]7"_—1 09.
So
81 = —a¥ oo = (ud ey,
6y = —pY, LY :(U%Z,u%;g,... u%r)

We will show the formula for u; first. By the construction of ¥; ;, we expand
the determinant of Y along the last column to get

det(Y;) = (—l)THyLT det(Y,—1) + (—1)r+2ygrdet( r—1r)
+ o (1) Yy, det (Y1)
Since 5 = (Y20, -+ Yr—1,r), if we set

r det( r 7‘) r det(YvT* 7T)
0= (( D ey YV

( 1)r+l+1det( r— ZT) (_1)2r det(Ylﬂ")>
R 7(16’6( 7),..., — ],
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then the above formula is equivalent to det(Y,) = (—1) "y, det(Y,—1) +
det(Y,_1)d8'8. On the other hand, we have

VoY {le tﬁ]: L1 Y4B
1 a Yi,r « yl,’r '

Taking determinant on both sides, we obtain that

(~1)" det(¥;) det(¥r—1)~" = det [f v ﬂ]
o Yi,r
Y48

= det = —aY g,

Hence det(Y;) = (—1)" "'y, det(Yr_1) + (—1)" det(Y;_1)a¥,"}*3. Conse-
quently, ((=1)"aY,"} — 6)!8 = 0. Note that our formula works for
any (3, therefore 6 = (— 1)7”aY_1 As 61 = —aYr__llJ,n_l, we have § =
(-1 1(51J_ 1 = 01Jp—1. It follows that

rrrr1det(Ye g p)

(_1) det(y}_l) :( 1)7‘ - 1u1

r—I,r

det(Y5 )

foreach 1 <[l <r-—1.ie., Uzl = det(v,-

the proof for the formula for u;.
Now we turn to the formula for us. Let

3 for 1 <i <r—1. This completes

/ : ) — .
Y =Y[(@+1),....,m;1,...,r—54+1,...,r—i+1]
which is of size (r — i) x (r — i). We will show that
2 )
Y det(Y}_Z)

Similar to the proof for uy, since Y{; = Y, 1, if we expand det(Y") along
the first row, we get

T

det(Y) = det(Y;) = > (=1)""yr;det(Y,_;41)

7=1
r—1
= (—1)r+1y1,r det(Y;—1) + Z Y1, det(Yll,r—j+1)'
j=1

det e r
Set 8/ = ((—1)7+1 ety hen A gy, ot

On the other hand, by the above argument we still have
(—1)" " det(¥;) det (Y1)~ = 1, — a1,
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So a((—=1)"" — Y,~}*B) = 0. Since this works for any «, we obtain that
(=1)t¢' = Y,“}B. Note that the formula 6o = —BY,"LJ7 is equiv-
alent to & = (=1)""92J,—1. As 82 = (u12,...,u1,), this means that

(—1)3“%:31) = (=1)uf, ;;, (1 <j<r—1)and therefore ui ; =
det(Y7 ;)

T (1 <j <r—1). Then a similar induction argument as the proof

det(Y/ ) .o
= 7det(yr’_31) for all (1, 7).
For entries of v; and wv9, recall that in the proof of Proposition 6.11, we

Ly bi ry(r—
wrote v; = [ v 7:]’(1—1,2)’)(_ |:;z:01 )(()1 tg}7Y:Y(T): {ta Y(/Bll):|.
1 "

of formulas for entries of u; implies that ufj

Yr,1
We assumed that det(Y@)) # 0, (1 < j < 7), y1 # 0, and wrote
ts/
Ly -1 = { il gﬂ It follows immediately from the computation of
2
vo(Iym — J5, ' XY~V J, X )uy = —t5 ' Jh, that
(6.1) 1- 7t5ixr71 + v, ot X1 ! 1Tr1 + 52553,195 =0,
(62) vyH J._1 X1 —|—’}/2(Igm,2 — Jém_QtXlerlel) — ngr’lééJr,1X1 =0.

Multiplying (6.1) by d5J,_1X1, (6.2) by z,12, and taking their sum, we get

’72(Jémf2tXl (t(%(;é - H$)<]7"—1X1‘73r,1 + mr,lxI?m—2)
+ 85 Jr 1 X1 — y("0)'8y — Ha)Jp 1 Xy21 = 0.

Since 'Y=V H 418, = I,_y, it follows that *6}8y — Hx = —(Y (" —D)~1g,
By induction hypothesis, Iz, — Jém_QtXltY(r_l)flJr,le = —thJ5 o,

-1
. 1y i1
where we write —t5 " J3,, = N, . Therefore
—Qr41

Yo = —137:111L‘_1(5§Jr71X1 =+ "}/t(Y(T_l))_1Jrlelz‘mr’l)U/ltéJmeQUé.

On the other hand, since z is the (r,1)-th entry of tY_l, and recall that

ty = [ytlaT th—l } By computing the inverse of a matrix using its adjoint

r+1det(Yr_1) g ty—1 _ [WIH
det(y ) - Since 'Y = | 5,

mon denominator of entries in 5 is still det(Y (")) for the same reason.

Similarly {(Y(—D)~1 = %, where (*Y"~1)* is the adjoint matrix

of 'Y (=1 In addition, by induction hypothesis and the computation in
Proposition 6.11, denominators of entries in v}, v}, and ¢}, are all mono-
mials of det(Y")),det(Y}),(j < r — 1), and @y_iy14, (2 < i < min{r,m}).
Moreover, since 745 = vhJ5 5y, and by (6.1), with the fact that the

matrix, we have x = (—1) ], the com-

common denominators of entries in &} is still det(Y (")), we conclude that
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the denominators of entries in 72,73, and by are monomials of det(Y;),
det(Y®W), (1 <i<vr),and #,_;114, (1 <4 < min{r,m}).

The same computation of vo(loy, — Jb, ' XY LI X)vy = —t51J5  also
implies that

(6.3) a:%lx'yl — 21051 X 0] = 0,

(6.4) w2 wby — 2105 J 1 X175 + 1 — 20185 T,1'y = 0.

From the previous argument on x, 6}, 85, and the fact that v§ = v]J,,_5'71,
the formula (6.3) and (6.4) imply the same conclusion for denominators of
entries in 71, 7{, and b;. O

7. Proof of Stability

In the final section, we prove Theorem 1.1 by proving the stability for
the corresponding local coefficient. By the structure theorems it suffices to
prove stability of local coefficient attached to i-generic supercuspidal rep-
resentations. Given a 1)-generic supercuspidal representation o of GL,(F)
and 1-generic supercuspidal representation 71, 72 of Sp,,,, (F'). Suppose x is
a continuous character of F*. Theorem 1.1 states that

v(s, (01 X 11) @ X, ¥) = (s, (0 X 2) ® X, )

when the conductor of x is sufficiently large.
Denote m; = o W 7, then w = wy = wg,. As stated in the end of
Section 2,

Cw(sa 7ri) = ’7(87 o X %Z’a 77/}_1) : 7(875a A2,¢_1)

Therefore it suffices to show that
Cy(s,m ® x) = Cy(s,m2 @ X)

when the conductor of x is sufficiently large.

Choose f1 and fo to be matrix coefficients of w1 and mo respectively,
normalized so that Wy, (e) = Wy,(e) = 1. We also choose « sufficiently
large so that Proposition 5.3 and Proposition 6.7 hold for both f;, fo and
our fixed auxiliary function fy in Proposition 6.7, where PNow and ¢ are
related via Proposition 6.9. By Proposition 6.10,

Cy(s,m @ x) " = Cyls,m2 @ x) " = 9(2rs, x>, 7" )Dy(s)



530 Taiwang DENG, Dongming SHE

where

D)= [ (B (XZ), 1) = B (m(X', 2. 1)

—Trs
. (W—QX—%‘) P(X/7 ?/) : P(le ?/> :
det(Z"J, + X0y [l et (2, + 2lrmX)

Jdet(ma (X7, Z')) T

duxr ANdpzr.

By Proposition 6.7, we can find f1 v, four € C(Qy;w), for each w' €
B(M) with dp(e,w’) > 1, such that

( (X,aZ,)vfl) (m(X/aZ/)>f2)
= (Bé‘”(m(X’,Z’),fl,wf) = B (m(X", Z"), o).

w'e€B(M),dp(w’,e)>1

Since the toric action is determined by its restriction to T'x 7z up to
squares of torus entries according to Proposition 6.11, we call Tx 7 the
toric part of the orbit space Rx 7 = Rx x Rz. Denote by Nx 7z the subset
of Rx z given by the variables not in Tx z, we call Nx 7 the non-toric part
of Rx z. Then by setting x,1 = 1 and pass to Rx’ X Rz, we can separate
our integral over Ry 77 = Rx X Rz as a double integral over Nx 7 and
T+ 7. We will write the inner integral over Txs 7/ and show that it is the
part that accounts for stability.

Proposition 6.12 implies that the assumption in Proposition 6.8 is sat-
isfied, since the denominators of rational functions in the 1-parameter
subgroups for wuy,uo,v1,v9 in the Bruhat decomposition m; = ujwitius,
ma = vietous with m = m(X', Z") = (my (X', Z"), mo(X’, Z’)) are mono-
mials of the image of ¢ on T/ 7. The integral over Ry/ x Rz breaks
up into a double integral over Nx 7» and Tx/ z/. By Proposition 6.11, the
restriction ®|r,, , is finite étale onto its image in A’, where A = ZyA',
so the integral over T 7z can be written as a finite sum of integrals over
®(Txr z7) C A'. In addition, since A}ijAiu, is open of finite index in A’

we can further write the integral over ®(T’x/ z/) as a double integral over
O(Txr 7)) N A%;n and ®(Tx z) N A, so we have

o= 5 [
X() NX’Z’ TX’Z’

ﬁmte 1<dB(e w’)
(BY (m(X", Z"), fruw) = BE (m(X', Z"), faur))

P A)(TX’,Z’)OA;U/

w]\
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—Trs

w - ( /7 /) (X/7 Z/)

r++

. |det(m1(X' ))|$+ dIU,X/ /\d,U,Z/

onto its

where the first finite sum comes from the finite étale map ®|r,, ,

image in A'.

By the proof of Proposition 6.8, the functions By(m(X’, Z"), fiw), (i =
1,2), are compactly supported in the subtorus A/, = Z} where v’ = wﬁ/f €
B(M). By the compatibility of the toric action as in Proposition 6.11,
there exists an open compact subgroup Z’L70 of Zj (F), such that given

m =m(X', Z"), for s = (s',5") € Z7 , we have

BY(©u(s)m(X", Z')s ™, fiw)
= ng(m(lelsuila S/Z/5/)7 fi,w/) = Bi\;/[(m(X/a Z/), fi,w’)

for all k where ¢ is related to ¢ via Proposition 6.9. In our cases, L ~

¥ GL,, x H GLm X SPoyy With 2% 7 = r and Z _1mj+m/ =m.
So we can pick s=(s',s") € Z] 5 with

/ .
s =diag{s1,..., 81,82, -+, 82, Sky-- Sk}
—_—— ——— —
T1 T2 Tk
" :
= diag{Ska1y .-y Skals-vesSktlye -y Skily Lyvny 1,
—— —_—
mi my 2m’
—1 —1 —1 —1
Sjdlsr Shals 3 Shals s Skl
—_— —_—
my mi
P(X',Z") - *

Yorr % i
Recall that the term den gy X T is just Gy where y',,. is the

(r,7)-th entry of the adjoint matrix of Y’'. Here Y/ = Z'J, +

One computes that the toric action takes det/(* ¥y to

X0, m(X')

1% 2 ’
= deyt&,) and takes
det(m1 (X', Z2")) to [T, s? det(my (X', Z')), since ml(X’7 7"y =0,(Y'"). The
action of Z, o preserves QJ(TX/ z/) N A, therefore if we change variables

w’
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under the toric action, the inner integral is equal to

k

(x") ()il [ fsif2rer2mss | (BY (n(X', 2'), fr,0)
i=1 O(Txr z1)NA

P(X', 2 )

= BY (X', Z), fou)) (w2X ) : )
7 ’ det (2" J, + Xm0y

—Trs

P X', Z rt2m
- WLZ) | Idetlm (X', 2+ =52
det(Z"J, + ===g-=)
So
k
Dy(s) = (@x")(silssl™ [T lsi 2™ D s).
=1

Choose x highly ramified so that (wx”)(s})|sg|™ [T5, [si 2t F2m+ £ 1,
therefore D, (s) = 0. We finally conclude that

Cy(s,m @ x) = Cy(s,m2 @ x).
Consequently,

7(57 (0-1 S Tl) ® X, ¢) = 7(87 (0-2 X TQ) @ X, Qp)
for highly ramified y.
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