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Stability of Rankin–Selberg local γ-factors for
split classical groups: The symplectic case

par Taiwang DENG et Dongming SHE

Résumé. Nous établissons la stabilité des facteurs γ locaux de Rankin–Selberg
attachés aux représentations génériques des groupes symplectiques et des
groupes généraux linéaires sur les corps p-adiques. Notre approche utilise la
méthode de Langlands–Shahidi et fournit une nouvelle preuve qui ne repose
pas sur les résultats de stabilité précédemment connus. Les innovations clés
incluent la maîtrise de la géométrie des espaces d’orbites avec des stabilisa-
teurs non triviaux et le développement de nouvelles techniques pour analyser
les intégrales de Bessel partielles dans ce cadre. Ces résultats ont des impli-
cations importantes pour le programme de Langlands, en particulier pour les
théorèmes de réciprocité locaux et la conjecture de fonctorialité.

Abstract. We establish the stability of Rankin–Selberg local γ-factors at-
tached to generic representations of symplectic groups and general linear
groups over p-adic fields. Our approach uses the Langlands–Shahidi method
and provides a new proof that does not rely on previously known stability
results. The key innovations involve handling the geometry of orbit spaces
with non-trivial stabilizers and developing new techniques for analyzing par-
tial Bessel integrals in this setting. The results have important implications
for the Langlands program, particularly for local converse theorems and the
functoriality conjecture.

1. Introduction

Let M be a connected reductive group defined over a p-adic field F , π an
irreducible admissible representation of M(F ). Fix a non-trivial additive
character ψ of F . In the study of Langlands functoriality, or more precisely
the L-function theory, one needs to consider local γ-factors γ(s, π, r, ψ) for
any finite dimensional complex representation r of the Langlands L-group
LM = M̂ ⋊ ΓF , where ΓF = Gal(F/F ), or WF , the local Weil group of F .
The general definition of γ(s, π, r, ψ) is unknown so far, but in special cases
there are many methods of constructing them. A very important method
is the Langlands–Shahidi method [10], [12]. It defines the local γ-factors
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γsh(s, π, r, ψ) when π is ψ-generic, namely, π admits a non-zero Whittaker
model, M appears as a Levi subgroup of a larger reductive group G, and
r an irreducible constituent of the adjoint action of LM on the Lie algebra
of LN , the L-group of N where N is the unipotent radical of a parabolic
P = MN .

The local γ-factors γ(s, π, r, ψ), once defined, are related to the local ϵ-
and L-factors in the following way:

γ(s, π, r, ψ) = ϵ(s, π, r, ψ)L(1− s, π̃, r)
L(s, π, r) ,

where π̃ is the contragredient representation of π.
Suppose π corresponds to ρ under the local Langlands correspondence,

then it is expected that

γ(s, r ◦ ρ, ψ) = γ(s, π, r, ψ).

We call γ(s, r ◦ ρ, ψ) and γ(s, π, r, ψ) the arithmetic and analytic γ-factors
respectively.

The local arithmetic and analytic γ-factors are expected to satisfy some
stable equality under highly ramified twists, called the arithmetic and an-
alytic stability respectively. The arithmetic stability is fully proved by P.
Deligne [7], but the analytic stability is only known for certain cases. Let
us first explain the precise meaning of analytic stability, which is the main
concern of the present paper, then we give a list of references to known
cases.

Given irreducible admissible representations π1 and π2 of M(F ) with the
same central character, then for a highly ramified character χ of F×, i.e.,
a continuous character of F× with sufficiently large conductor, regarded as
a character of M(F ) via m 7→ χ(det Adn(m)), where Ad : M → GL(n) is
the adjoint representation and n := Lie(N), we expect to have

γ(s, π1 ⊗ χ, r, ψ) = γ(s, π2 ⊗ χ, r, ψ).

The analytic stability serves as an important intermediate step to prove
many crucial results in the Langlands program such as the local converse
theorems, the functoriality conjecture, and the local Langlands correspon-
dence. Many results are known in these areas.

The analytic stability of local γ-factors is known in the following cases:
• For the Rankin–Selberg γ-factors of GLn and GLm, by Jacquet &

Shalika [8];
• For the standard γ-factors of M = SO2n+1, i.e. r is the natural

embedding M̂ ≃ Sp2n(C) ↪→ GL2n(C), by Cogdell & Piatetski-
Shapiro [3];
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• For the standard γ-factors of an F -split classical group M , either
of symplectic or orthogonal type, by Rallis & Soudry [9] via the
doubling method;
• For the standard γ-factors of GSpin groups, by Wagh [17], based

on [9];
• For the symmetric and exterior square γ-factors of GLn, by Cogdell,

Shahidi & Tsai [6];
• For the twisted symmetric and exterior square γ-factors of GLn, by

She [15];
• For Asai γ-factors, by Shankman [13];
• For the symmetric cube γ-factors of GL2, by Shankman & She [14];
• For Rankin–Selberg γ-factors given by the GL1-twists of Sp2n, S̃p2n,

and U(n, n), by Zhang [18];
• For γ-factors attached to a general quasi-split reductive group M ,

by Cogdell, Piatetski-Shapiro & Shahidi [5], but under the assump-
tions that dim(UM\N) = 2 and rank{ZG\Tw} = 2, where UM is a
chosen unipotent radical in a Borel subgroup of M , ZG is the center
of G and Tw is the subtorus defined in (3.6) of [5].

In this paper, we establish the stability for the Rankin–Selberg local
γ-factor attached to generic representations of a symplectic group and a
general linear group. The construction of such γ-factors by Langlands–
Shahidi method will be explained in Section 2 of this paper. Our main
result is the following:

Theorem 1.1. Let M = GLr ×Sp2m be split over a p-adic field F . Sup-
pose r ≥ 1, σ is an irreducible ψ-generic representation of GLr(F ) and
τi, (i = 1, 2) are irreducible ψ-generic representations of Sp2m(F ). Let
πi = σ ⊠ τi(i = 1, 2), then πi is a representation of M(F ). Take a con-
tinuous character χ : F× → C×, regarded as a character of M(F ) via
(m1,m2) 7→ χ(det(m1)) for m1 ∈ GLr(F ) and m2 ∈ Sp2m(F ). Assume χ
is highly ramified, i.e., the conductor of χ is sufficiently large, then we have

γ(s, (σ × τ1)⊗ χ, ψ) = γ(s, (σ × τ2)⊗ χ, ψ))

We first remark that the joint work of Cai, Friedberg, and Kaplan [2]
also constructed the Rankin–Selberg local γ-factors attached to classical
groups and general linear groups using the generalized doubling method,
and showed that they are equal to the ones constructed by Langlands–
Shahidi method [2, Corollary 4.5] when the representations are generic while
their γ-factors apply to all representations. They also proved a stability
result [2, Lemma 7.3] which relies on the previous known results of stability.

We will give another proof of Theorem 1.1 in this paper without assuming
any known results on stability. The strategy is to use Langlands–Shahidi
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method to define the local γ-factors, and reduce the stability to the stabil-
ity of the corresponding local coefficient. Similar to [6], the local coefficient
admits an integral representation as the Mellin transform of certain par-
tial Bessel functions, whose asymptotic expansion via relevant Bruhat cells
breaks into a sum of two parts: the first part depends only on the central
character, the second part is a uniform smooth function on certain subtorus.
Hence when twisted by a highly ramified character, the second part becomes
zero. This gives the stability of the local coefficient. We believe that our
method which generalizes the method of Cogdell–Shahidi–Tsai may lead to
a uniform proof of the stability for all Langlands–Shahidi γ-factors.

We point out two main differences in our cases compared to the known
cases using this method. Firstly, the action of UM on N has non-trivial sta-
bilizers, and consequently the geometry of the orbit space UM\N becomes
more subtle. Secondly, the orbit space UM\N , over which the integral of
the partial Bessel function is taken, is no longer isomorphic to a torus in
our cases. Therefore a similar argument to [6] cannot be directly applied.
Instead, we separate the toric part out of the orbit space UM\N , and show
that only the toric part accounts for the proof of stability. We also observe
that the map n 7→ m via the Bruhat decomposition ẇ−1

0 n = mn′n is finite
étale onto its image with covering group isomorphic to finitely many copies
of Z/2Z. This is a new phenomenon with sufficient generality and we believe
it may show us one possible direction towards a uniform proof of stability
of Langlands–Shahidi γ-factors in our future work. We also generalize the
asymptotic analysis for partial Bessel integrals in [6] and [15]. Lastly, we
remark that the cases where we replace the symplectic groups by odd or-
thogonal groups are very similar. A slight modification of our arguments
would also give a proof of the same result for odd orthogonal cases.

Finally, our constructions and computations of the orbit space represen-
tatives of UM\N and invariant measures in Section 4, as well as the part of
Section 6 concerning the Bruhat decompositions are inspired by the com-
putations for low rank cases with the help of SageMath, Mathematica and
GP/PARI.

2. Construction of the Rankin–Selberg local γ-factors

Consider the split reductive group G = G(n) = Sp2n defined over a
p-adic field F which is a finite extension Qp. We realize G as

Sp2n = {h ∈ GL2n : thJ ′h = J ′}
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where

J ′ = J ′
2n :=

[
Jn

−tJn

]
and Jn =


1

−1

. .
.

(−1)n−1

.
It is a semi-simple group of type Cn. Fix a Borel subgroup B = TU con-
sisting of the upper triangular matrices in Sp2n, then

T = {t = diag(t1, . . . , tn, t−1
n , . . . , t−1

1 ) : ti ∈ Gm}.
Following Bourbaki’s labeling [1] of the root systems, the set of positive
roots is given by

Φ+ =



α1, . . . , αn,∑
i≤k<j

αk (1 ≤ i < j ≤ n),

∑
i≤k<j

αi + 2
∑

j≤k<n
αk + αn (1 ≤ i < j ≤ n),

2
∑

i≤k<n
αk + αn (1 ≤ i ≤ n)


with the set of simple roots

∆ = {α1, . . . , αn}.
Note that all the standard maximal parabolic subgroups of Sp2n are self-
associate. Indeed, let ∆r = ∆− {αr}, P∆r = M∆rN∆r , and w0 = wGw

−1
M∆r

where wG and wM∆r
are the long Weyl group element of G and M∆r re-

spectively, then w0(∆r) = ∆r, and w0(αr) < 0. For simplicity, we write
P = MN from now on. The Levi components of the maximal parabolic
subgroups of G(n) are of the form GLr × Sp2m, with r + m = n, obtained
by removing the simple root αr (1 ≤ r ≤ n) from the set of simple roots.
(When r = n, the corresponding maximal Levi is isomorphic to GLn and
we regard Sp0 as the trivial group 1.) We realize M ≃ GLr ×Sp2m via

m =

m1
m2

Jr
tm−1

1 J−1
r

 7−→ (m1,m2)

where m1 ∈ GLr, m2 ∈ Sp2m. Let Matr×m be the space of r ×m matrices
with coefficients in F . For X ∈ Matr×2m, Y ∈ Matr×r, we have a unique
Z ∈ Mat2m×r such that

n(X,Y ) :=

Ir X Y
I2m Z

Ir

 ∈ Sp2n,
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then we have

N = {n = n(X,Y ) : X ∈ Matr×2m, Y ∈ Matr×r}.

We apply the local theory of Langlands–Shahidi method to construct
the local Rankin–Selberg γ-factors in our cases. Fix a non-trivial additive
character ψ of F . Let UM = U ∩M , then UM acts on N by conjugation.
We obtain from ψ a generic character χ for U(F ): we fix an F -splitting
for G, i.e., a collection of root vectors {xα : α ∈ ∆} which induces a
homomorphism

ϕ : U −→
∏

Ga

where the product is taken over ∆. For u ∈ U(F ), we set

χ(u) := ψ(ϕ(u)).

Via restriction we obtain a character for UM (F ) which we still denote by
χ. Suppose σ and τ are irreducible representations of GLr(F ) and Sp2m(F )
respectively. Set π ≃ σ ⊠ τ , then its central character ωπ ≃ ωσ ⊠ ωτ . We
assume that π is ψ-generic, in the sense that the Whittaker functional space
HomUM (F )(π, χ) is non-zero.

Let λ ∈ HomUM (F )(π, χ) be a non-zero element. Then

λ(π(u)v) = χ(u)λ(v)

for any v ∈ π and u ∈ UM (F ). Suppose that ẇ0 ∈ G(F ) is a representative
of w0 = wG · w−1

M , such that ẇ0 = ẇGẇ
−1
M is compatible with ψ, in the

sense that ψ(ẇ0uẇ
−1
0 ) = ψ(u) for all u ∈ UM (F ). For ν ∈ a∗

P,C, where
a∗
P = X∗(M)F ⊗ R, and a∗

P,C = a∗
P ⊗R C, let

I(ν, π) = IndG(F )
M(F )N(F ) π ⊗ q

⟨ν+ρP ,HP (·)⟩
F ⊗ 1N(F )

be the normalized parabolic induction, where ρP is the half sum of positives
roots in N , and HP : M(F ) → aP = Hom(X∗(M)F ,R) is the Harish–
Chandra map defined by q

⟨χ,HM (m)⟩
F = |χ(m)| for all χ ∈ X∗(M)F , the

lattice of F -rational characters of M . Then the functional

λψ(ν, π) : I(ν, π) −→ C

λψ(ν, π)f 7−→
∫
N1(F )

λ(f(ẇ−1
0 n′))χ(n′)dn′

where N1 = ẇ0Nẇ
−1
0 and χ denotes the complex conjugate of χ. The linear

functional λψ(ν, π) defines a non-zero Whittaker functional on I(ν, π). Here
N is the opposite of N , i.e., the unipotent subgroup of G generated by
the root subgroups x−α(F )(α ∈ Φ+) such that xα(F ) is contained in N .
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Suppose that w ∈ W (G,T ), such that Θ′ = w(Θ) ⊂ ∆ with ẇ ∈ G(F ) is
chosen to be compatible with ψ, then

A(ν, π, ẇ) : I(ν, π) −→ I(ẇ(ν), ẇ(π))

A(ν, π, ẇ)f 7−→
(
g 7→

∫
Nẇ(F )

f(ẇ−1ng)dn
)

where Nẇ = U ∩ ẇNẇ−1, defines an intertwining operator between the in-
duced representations. Consequently, λψ(ẇ(ν), ẇ(π))◦A(ν, π, ẇ) is another
non-zero Whittaker functional on I(ν, π). By uniqueness of local Whittaker
functionals, there exists a non-zero constant Cψ(ν, σ, ẇ), called the Shahidi
local coefficient, such that

λψ(ν, π) = Cψ(ν, π, ẇ)λψ(ẇ(ν), ẇ(π)) ◦A(ν, π, ẇ).

In our cases, P = MN = P∆r = M∆rN∆r is self-associate for all 1 ≤
r ≤ n. Let ν = sα̃, where s ∈ C and α̃ = ⟨ρ, α⟩−1ρ, where ρ is half sum of
the positive roots in N . Fix

ẇG =

 Jr
(−1)rJ ′

2m
−tJr

,
ẇM =

Jr (−1)rJ ′
2m

Jr
tJ−1
r J−1

r

 =

Jr (−1)rJ ′
2m

Jr


since tJ−1

r = Jr. Then we pick the representative ẇ0 to be

ẇ0 = ẇGẇ
−1
M =

 Ir
I2m

(−1)rIr


A straightforward computation shows that ψ(ẇ0uẇ

−1
0 ) = ψ(u) for all u ∈

UM , i.e., our choice of ẇ0 is compatible with the generic character ψ. Denote
by A(s, π) := A(sα̃, π, ẇ0) and I(s, π) := I(sα̃, π) then

A(s, π) : I(s, π) −→ I(−s, ẇ0(π))

and the local coefficient Cψ(s, π) := Cψ(sα̃, π, ẇ0) is a product of two γ-
factors, namely,

Cψ(s, π) = γ(s, σ̃ × τ̃ , ψ−1) · γ(s, σ̃,∧2, ψ−1)

where σ̃ is the contragredient of σ and γ(s, σ̃,∧2, ψ−1) is the exterior square
local factor of GLr attached to σ, which is defined in [6, (4.4)] also by
Langlands–Shahidi method. Therefore we have defined the Rankin–Selberg
local factor γ(s, σ×τ, ψ) for the reductive groups GLr and Sp2m. Moreover,
since the analytic stability of γ(s, σ,∧2, ψ) is established in [6], it reduces
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the stability of γ(s, σ × τ, ψ) to the stability of the corresponding local
coefficient Cψ(s, π).

3. A Bruhat decomposition

From the construction of the local Whittaker functionals on the space
of induced representations, we would like to write ẇ−1

0 n ∈ PN where N =
ẇ0Nẇ

−1
0 is the opposite of N . This decomposition does not hold for all

n ∈ N , but holds for a Zariski open dense subset N ′ of N . The existence of
such an open dense subset is simply due to the fact that Pw0N∩N is a non-
empty open subset of N . However, we will need the explicit decomposition
for several purposes: first, it will be used in Section 4 to construct orbit
space representatives and invariant measure on the space of UM -orbits of
N ′, where UM = U ∩M , by which we obtain an explicit formula of the local
coefficient at the end of Section 5; second, it will be discussed in Section 6 to
understand the geometry of the map n 7→ m passed to UM -orbits induced
from the decomposition ẇ−1

0 n = mn′n with m ∈M , n′ ∈ N , and n ∈ N .
Suppose ẇ−1

0 n = mn′n, with m ∈ M , n′ ∈ N , and n ∈ N . A typical
element in N = ẇ0Nẇ

−1
0 is of the form

n = n(X1, Y1) =

 Ir
(−1)J ′

2m
tX1Jr I2m

(−1)rY1 (−1)rX1 Ir


for some X1 ∈ Matr×2m, Y1 ∈ Matr×r. Let

m = (m1,m2) =

m1
m2

Jr
tm−1

1 Jr

 ∈M,

and

n′ = n(X ′, Y ′) =

Ir X ′ Y ′

I2m (−1)rJ ′
2m

tX ′Jr
Ir

 ∈ N.
One computes that

mn′n =
[m1

m2
Jr

tm−1
1 J−1

r

][
Ir X′ Y ′

I2m (−1)rJ ′
2m

tX′Jr

Ir

][ Ir

(−1)rJ ′
2m

tX1Jr I2m

(−1)rY1 (−1)rX1 Ir

]

=
[
m1+(−1)rm1X′J ′

2m
tX1Jr+(−1)rm1Y ′Y1 m1X′+(−1)rm1Y ′X1 m1Y ′

(−1)rm2J ′
2m

tX1Jr+m2J ′
2m

tX′JrY1 m2+m2J ′
2m

tX′JrX1 (−1)rm2J ′
2m

tX′Jr

(−1)rJr
tm−1

1 J−1
r Y1 (−1)rJr

tm−1
1 J−1

r X1 Jr
tm−1

1 J−1
r

]
.

On the other hand, let n = n(X,Y ) ∈ N , we have

ẇ−1
0 n =

 (−1)rIr
I2m (−1)rJ ′

2m
tXJr

Ir X Y

.
Compare both sides we obtain the following equalities:
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(1) m1+(−1)rm1X
′J ′

2m
tX1Jr+(−1)rm1Y

′Y1 = m1X
′+(−1)rm1Y

′X1 =
(−1)rm2J

′
2m

tX1Jr +m2J
′
2m

tX ′JrY1 = 0,
(2) m1Y

′ = (−1)rIr = Jr
tm−1

1 J−1
r Y1,

(3) m2 +m2J
′
2m

tX ′JrX1 = I2m,
(4) m2J

′
2m

tX ′Jr = J ′
2m

tXJr,
(5) (−1)rJrtm−1

1 J−1
r X1 = X,

(6) Jrtm−1
1 J−1

r = Y.

The outer automorphism θr(g) := Jr
tg−1J−1

r , g ∈ GLr defines a involu-
tion of GLr. Assume det(Y ) ̸= 0, then

(6)⇐⇒ m1 = Jr
tY −1J−1

r = θr(Y ),
(5)⇐⇒ X1 = (−1)rθr(m1)−1X = (−1)rY −1X,

(2)⇐⇒ Y1 = (−1)rY −1, Y ′ = (−1)rθr(Y )−1.

The second equality of (1) is equivalent to
X ′ = (−1)r−1θr(Y −1)Y −1X.

Plug this in (3), we have
m2(I2m + J ′

2m
tX ′JrX1) = m2(I2m − J ′

2m
tXtY −1θr(tY −1)JrY −1X),

= m2(I2m − J ′
2m

tXtY
−1
JrX)

= m2(I2m + (−1)r−1θr,m(Y −1X)X) = I2m,

where
θr,m : Matr×2m −→ Mat2m×r,

X 7−→ t(JrXJ ′
2m) = tJ ′

2m
tXtJr = (−1)rJ ′

2m
tXJr.

If we further assume that I2m−J ′
2m

tXtY
−1
JrX ∈ GL2m, which is a Zariski

open dense condition on N , then

m2 = (I2m − J ′
2m

tXtY
−1
JrX)−1 = (I2m + (−1)r−1θr,m(Y −1X)X)−1.

One easily checks that other equalities in (1) are automatically satisfied
for our solutions of m1,m2, X

′, Y ′, X1, Y1. To check that (4) holds, since
m2 ∈ Sp2m, i.e., tm2J

′
2mm2 = J ′

2m, (4) is equivalent to X ′m−1
2 = X. So we

need to check that
(−1)r−1θr(Y −1)Y −1X(I2m − J ′

2m
tXtY −1JrX) = X,

hence it suffices to check that
(−1)r−1Jr

tY J−1
r Y −1 + (−1)rJrtY J−1

r Y −1XJ ′
2m

tXtY −1Jr = Ir.

Multiplying Y JrtY −1J−1
r on the left and J−1

r
tY on the right, one simplifies

to get that JrtY − Y tJr + (−1)rXJ ′
2m

tX = 0, which holds automatically
by the structure of Sp2n.



488 Taiwang Deng, Dongming She

4. The orbit space and its invariant measure

The Bruhat decomposition ẇ−1
0 n = mn′n discussed in Section 3 induces

an M -equivariant map n 7→ m, where the action on N is by conjugation and
the action on M is the Int(w−1

0 )-twisted conjugation. This can be observed
from that for any x ∈M , we have

ẇ−1
0 xnx−1 = ẇ−1

0 xẇ0mx
−1(xn′x−1)(xnx−1).

In particular, it is UM -equivariant. When the parabolic subgroup P is self-
associate, under some mild assumptions, Theorem 6.2 of [11] represents the
local coefficient as the Mellin transform of certain partial Bessel functions
over the orbit space UM\N ′. We will show later in Section 5 that these
assumptions are valid in our cases, so that Theorem 6.2 of [11] can be
applied to obtain an integral representation of the local coefficient in our
cases. The geometry of the orbit space UM\N ′ is not fully understood
in general, and its importance is emphasized in [5] towards the proof of
stability for general quasi-split groups. The main goal of this section is to
establish the orbit space representatives of UM\N ′ and its invariant measure
in our cases, which will be needed in Section 6 to understand the geometry
of UM\N ′, the map n 7→ m, and the analysis in Sections 6 and 7.

We will use the same notations as in Section 3. A simple calculation
shows that UM acts on N by

UM ×N −→ N

(u, n(X,Y )) 7−→ n(u1Xu
−1
2 , u1Y Jr

tu1J
−1
r ) = n(u1Xu

−1
2 , u1Y θr(u−1

1 ))

where we identify u = diag(u1, u2, Jr
tu−1

1 J−1
r ) ∈ UM with (u1, u2) ∈ UGLr×

USp2m
, where UGLr and USp2m

are the maximal unipotent subgroups of GLr
and Sp2m respectively.

Since n(X,Y )∈N ,X and Y are related by JrtY −Y tJr+(−1)rXJ ′
2m

tX=
0. Set Z = Jr

tY + (−1)rXJ ′
2m

tX
2 , thus

Jr
tY − Y tJr + (−1)rXJ ′

2m
tX = 0⇐⇒ Z = tZ.

Then the action (X,Y ) 7→ (u1Xu
−1
2 , u1Y θr(u−1

1 )) is equivalent to X 7→
u1Xu

−1
2 , Z 7→ u1Z

tu1. The advantage of this change of variable is that now
X and Z are independent. Denote the space of k × k symmetric matrices
with coefficients in F as Symk. We have the following description on the
orbit space representatives and measures for UM\N :

Proposition 4.1. There exists a Zariski open dense subset N ′ ⊂ N , such
that the Bruhat decomposition ẇ−1

0 n = mn′n holds, and the orbit space
UM\N ′ admits a set of representatives of the form

R = RX ×RZ
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where RX consists of matrices of the form

{
xr−k,1+k (0 ≤ k ≤ r − 1),
xi,j (2m− r + 1 ≤ j − i, j ≤ 2m)

}
, if r ≤ m,xi,j :

i+ j = r + 1 (j ≤ m+ 1),
or r −m− l ≤ i ≤ r −m+ l,
j = m+ l + 1 (1 ≤ l ≤ r −m− 1)

, if m < r < 2m,

xi,j :
i+ j = r + 1 (j ≤ m+ 1),
or r −m− l ≤ i ≤ r −m+ l,
j = m+ l + 1 (1 ≤ l ≤ m− 1)

, if r ≥ 2m,

where the entries which are not indicated are understood to be 0, and

RZ =
{

Symr, if r < 2m,
{(zij) ∈ Symr |zij = 0 if i, j ≤ r − 2m and i ̸= j} if r ≥ 2m.

Set dX = dimRX , and dZ = dimRZ . Then

dX =


r(r+1)

2 , if r ≤ m,
2rm− r(r−1)

2 −m2, if m < r < 2m,
m(m+ 1), if r ≥ 2m,

dZ =
{
r(r+1)

2 if r < 2m,
(2m+ 1)(r −m) if r ≥ 2m.

Note that when r < m, the action has a non-trivial but base point free
stabilizer isomorphic to USp2(m−r) and when r ≥ m the stabilizer is always
trivial. Moreover, the corresponding invariant measure dµ on R is given by
dµ = dµX ∧ dµZ , where

dµX =



|xr+2m−2
r,1 xr+2m−5

r−1,2 xr+2m−8
r−2,3 . . . x2m−2r+1

1,r |
∏

dxij , if r ≤ m,

|xr+2m−2
r,1 xr+2m−5

r−1,2 xr+2m−8
r−2,3 . . . xr−m+1

r−m+1,mx
r−m−1
r−m,m+1

xr−m−2
r−m−1,m+2 . . . x2,r−1|

∏
dxij ,

if m<r< 2m,

|xr+2m−2
r,1 xr+2m−5

r−1,2 xr+2m−8
r−2,3 . . . xr−m+1

r−m+1,mx
r−m−1
r−m,m+1

xr−m−2
r−m−1,m+2 . . . x

r−2m
r−2m+1,2m|

∏
dxij ,

if r ≥ 2m.

and

dµZ =
{∏

i,j dzi,j if r ≤ 2m,
|zr−2m−1
r−2m,r−2mz

r−2m−2
r−2m−1,r−2m−1 . . . z2,2|

∏
dzij if r > 2m,

where the product runs over all (i, j)’s such that xi.j and zi,j are non-zero
in each case. In addition, if we use (X,Y ) instead of (X,Z) to parameterize
the orbit space, the corresponding invariant measures are related by

dµX ∧ dµY = dµX ∧ (dµZ · Jr).
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Proof. Based on the arguments before the statement of the proposition,
it suffices to study the action X 7→ u1Xu

−1
2 , Z 7→ u1Z

tu1, by induction
of the size of X and Z. If r = 1, then u1 = 1, the action degenerates as
(X,Z) 7→ (Xu−1

2 , Z). Assume x1,1 ̸= 0, then it is easy to see that the orbit
space representative can be given as ((x1,1, 0, . . . , 0), Z) ∈ A2m × Symr.

Suppose r > 1. We study the action on X first. Write

u1 =
[
v1

tδ1
1

]
, u2 =

[
1 δ2

v′
2

]
, X =

[ tα X ′
1

xr,1 β

]
with α, δ1 ∈ Ar−1, β, δ2 ∈ A2m−1, v1 ∈ UGLr−1 , v

′
2 ∈ UGL2m−1 , and X ′

1 ∈
Mat(r−1)×(2m−1). Then

u1Xu
−1
2 =

[
v1

tδ1
1

][ tα X ′
1

xr,1 β

][
1 −δ2(v′

2)−1

(v′
2)−1

]
=
[
v1
tα+ tδ1xr,r+1 v1X

′
1 + tδ1β

xr,1 β

][
1 −δ2(v′

2)−1

(v′
2)−1

]
=
[
v1tα+tδ1xr,1 −v1tαδ2(v′

2)−1−xr,1tδ1δ2(v′
2)−1+v1X′

1(v′
2)−1+tδ1β(v′

2)−1

xr,1 −xr,1δ2(v′
2)−1+β(v′

2)−1

]
.

Assume xr,1 ̸= 0, choose δ1 and δ2 such that v1
tα+tδ1xr,1 = −xr,1δ2(v′

2)−1+
β(v′

2)−1 = 0, i.e. δ1 = −αtv1
xr,1

, δ2 = β
xr,1

, then

− v1
tαδ2(v′

2)−1 − xr,1tδ1δ2(v′
2)−1 + v1X

′
1(v′

2)−1 + tδ1β(v′
2)−1

= v1X
′
1(v′

2)−1 − v1
tαβ(v′

2)−1

xr,1
.

Let X ′′
1 = X ′

1 −
tαβ
xr,1

, then

v1X
′
1(v′

2)−1 − v1
tαβ(v′

2)−1

xr,1
= v1X

′′
1 (v′

2)−1.

We have X ′′
1 ∈ Mat(r−1)×(2m−1), v1 ∈ UGLr and v′

2 ∈ UGL2m−1 . Now
if m = 1 then v′

2 = 1, and the action degenerates as X ′′
1 7→ v1X

′′
1 with

X ′′
1 ∈ Mat(r−1)×1. So it is clear that if we assume that the (r−1, 2)-th entry

of X ′′
1 is non-zero, we obtain an orbit space representative of the action on

X given by RX =

 0 0
...

...
0 xr−1,2
xr,1 0

. Therefore, we assume that m > 1 from

now on.
Write

u2 =
[
1 δ2

v′
2

]
=

1 γ2 x
v2

tγ′
2

1

,
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where δ2 = (γ2, x) and v′
2 =

[
v2 tγ′

2
1

]
, with γ2, γ

′
2 ∈ A2m−2. Moreover, by

the structure of Sp2m, a simple calculation shows that γ′
2 = −γ2v

−1
2 J ′

2m−2,
γ′

2
tJ ′

2m−2
tγ′

2 = 0, x is free, and tv2J
′
2m−2v2 = J ′

2m−2, hence v2 ∈ USp2m−2 .
Note that since δ2 is determined by the above process, so is γ2. We also
write X ′′

1 =
[
X1

tγ
]

with X1 ∈ Mat(r−1)×(2m−2) and γ ∈ Ar−1. Therefore
we can write

v1X
′
1(v′

2)−1 = v1
[
X1

tγ
][v−1

2 −v−1
2

tγ′
2

1

]
=
[
v1X1v

−1
2 v1X1v

−1
2

tγ′
2 + v1

tγ
]

=
[
v1X1v

−1
2 v1X1v

−1
2 (−tJ ′

2m−2
tv−1

2
tγ2) + v1

tγ
]

=
[
v1X1v

−1
2 −v1X1(tv2J

′
2m−2v2)−1tγ2 + v1

tγ
]

=
[
v1X1v

−1
2 v1X1J

′
2m−2

tγ2 + v1
tγ
]

=
[
v1X1v

−1
2 (v1X1v

−1
2 )v2J

′
2m−2

tγ2 + v1
tγ
]
.

From this observation we see that it suffices to study the action

(UGLr−1×USp2m−2)×(Mat(r−1)×(2m−2) × Ar−1) −→ Mat(r−1)×(2m−2)×Ar−1

((v1, v2), (X1, γ)) 7−→ (v1X1v
−1
2 , v1

tγ).

Set X0 := X, r′ = r − 1 and m′ = m − 1, replace X by X1, u1 by v1,
u2 by v2, r by r′, and m by m′. Continue with the above process, we can
construct Xi’s (i ≥ 0) inductively. Since the relative size of r and 2m will
affect the inductive process, we will have to discuss three cases separately:

Case (1): r ≤ m. Then r′ ≤ m′ for all r′ and m′ in the inductive process.
Note that in this case all the entries of v1, hence of u1, are chosen in the
inductive process. Consequently we do not have free variables in v1 when
considering the action γ 7→ v1

tγ. We further assume that all the entries
of v1

tγ are non-zero. We eventually obtain that Xr−1 = (x̃1,r, ∗, . . . , ∗)
is a vector in A2(m−r)+2 and we are left to consider the right-action of
USp2(m−r)+2 . Write the action as Xr−1 7→ Xr−1u

−1 with

u =
[
1 δ

v′

]
=

1 γ a
v tγ′

1

 ∈ USp2(m−r)+2 ,

where δ = (γ, a) ∈ A2(m−r)+1, γ, γ′ ∈ A2(m−r), and v is a unipotent matrix
of size 2(m − r). Then a similar calculation as above shows that γ′ =
−γv−1J ′

2(r−m), a is free, and v ∈ USp2(m−r) . Write Xr−1 = (x̃r,1, α′) with
α′ ∈ A2(m−r)+1. By assuming x̃1,r ̸= 0, we choose δ = (γ, a) such that
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x̃r,1δ + α′v = 0, then Xr−1u
−1 = (x̃r,1, 0, . . . , 0). So we obtain our orbit

space RX in this case as the space consisting of matrices


0 0 . . . 0 x1,r 0 . . . 0 x1,r+2(m−r)+2 x1,r+2(m−r)+3 . . . x1,2m
0 0 . . . x2,r−1 0 0 . . . 0 0 x2,r+2(m−r)+3 . . . x2,2m
...

... . .
. ...

... 0 . . . 0
...

...
. . .

...
0 xr−1,2 . . . 0 0 0 . . . 0 0 0 . . . xr−1,2m
xr,1 0 . . . 0 0 0 . . . 0 0 0 . . . 0

,

where there are 2(m−r)+1 zero columns in the middle. From the last step
above, we also see that in this case the action X 7→ u1Xu

−1
2 has stablizer

USp2(m−r) given by v, provided that m > r. Moreover, one computes easily
that dimRX = r + r(r−1)

2 = r(r+1)
2 .

Case (2): r ≥ 2m. Then r′ ≥ 2m′ for all r′ and m′ in the inductive process.
Perform the inductive process to the m-th step, we obtain that

Xm =


∗ ∗
...

...
∗ xr−m,m+1

xr−m+1.m ∗

.

Now v1 =
[
v′

1
tδ1
1

]
∈ UGLr−m , and v2 = [ 1 x

1 ]. Choose δ1 and x accord-

ingly we can make Xm to be of the form

 0 ∗
...

...
0 xr−m,m+1

xr−m+1,m 0

. From the

(m + 1)-th step on the action degenerates as the left action of UGLr−m−1

on (X, tγ). By determining the last column of v1 each time to make the
first column but the last entry of X zero, we eventually obtain a vector
of the form t(∗, . . . , ∗, x̃r−2m+1,2m) ∈ Ar−2m+1. During this process, all the
entries of u2 together with all the last 2m−1 columns of u1 are determined,
and we are left to consider the left-action of UGLr−2m+1 on A2m−r+1. As-
sume x̃r−2m+1,2m ̸= 0, we pick the orbit representative in the last step as
t(0, . . . , 0, x̃r−2m+1,2m). As a result, we obtain our orbit space RX as the
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space consisting of matrices

0 0 . . . 0 0 0 0 0 0
...

...
...

...
...

...
...

0 0 . . . 0 0 0 0 0 0
0 0 . . . 0 0 0 0 0 xr−2m+1,2m
0 0 . . . 0 0 0 0 xr−2m+2,2m−1 ∗

... 0 0 0 . .
. ...

...
0 0 . . . 0 0 xr−m−1,m+2 . . . ∗ ∗
0 0 . . . 0 xr−m,m+1 xr−m,m+2 . . . ∗ ∗
0 0 . . . xr−m+1,m 0 xr−m+1,m+2 . . . ∗ ∗

. .
. ...

...
...

...
...

...
0 0 . . . 0 0 0 0 xr−2,2m−1 ∗
0 xr−1,2 . . . 0 0 0 0 0 xr−1,2m
xr,1 0 . . . 0 0 0 0 0 0,


where there are r − 2m zero rows on the top. Observe that in this case
the action X 7→ u1Xu

−1
2 has a stablizer UGLr−2m given by the upper-

left unipotent submatrix of u1 of size r − 2m, if r > 2m. We also have
dimRX = m+ (m+ m(m−1)

2 · 2) = m(m+ 1).

Case (3): m < r < 2m. In this case it is possible that there exists some
k ≥ 0 such that r′ = r − k ≥ 2(m − k) = 2m′, i.e., 2m − r ≤ k ≤ m.
If this happens, continue with our algorithm in case (2). Specifically, note
that when k = 2m− r > 0, r′ = 2m′ = 2(r−m), we can conclude as in the
last step of case (2) that the action X 7→ u1Xu

−1
2 has trivial stablizer. If

for all r′ and m′ in the inductive process, we have r′ < 2m′, we perform a
similar inductive argument as in case (1). Since r′ < 2m′ for all r′,m′ in the
inductive process, by a similar argument as in case (1), we have exhausted
all the possible choices of entries in u1. On the other hand, since r′ > m′,
when r′ decreases to 1, so does m′, hence we also exhaust all the possible
choices of entries in u2. Consequently, the action X 7→ u1Xu

−1
2 has trivial

stabilizer. Eventually one obtains the orbit space RX in this case as the
space consisting of matrices

0 . . . 0 0 0 . . . 0 x1,r x1,r+1 . . . x1,2m
0 . . . 0 0 0 . . . x2,r−1 x2,r x2,r+1 . . . x2,2m
...

...
...

... . .
. ...

...
... . . .

...
0 . . . 0 0 xr−m−1,m+2 . . . ∗ ∗ ∗ . . . ∗
0 . . . 0 xr−m,m+1 xr−m,m+2 . . . ∗ ∗ ∗ . . . ∗
0 . . . xr−m+1,m 0 xr−m+1,m+2 . . . ∗ ∗ ∗ . . . ∗
...

...
...

... . . .
...

...
... . . .

...
0 . . . 0 0 0 . . . 0 x2(r−m)−1,r ∗ . . . ∗
0 . . . 0 0 0 . . . 0 0 x2(r−m),r+1 . . . ∗
0 . . . 0 0 0 . . . 0 0 0 . . . ∗
... . .

. ...
...

... . . .
...

...
...

. . .
...

0 . . . 0 0 0 . . . 0 0 0 . . . xr−1,2m
xr,1 . . . 0 0 0 . . . 0 0 0 . . . 0



.
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We have dimRX = m+ (r −m)2 + (3r−2m−1)(2m−r)
2 = 2rm− r(r−1)

2 −m2.
Note that only in case (2) we also have to consider the action of UGLr−2m

on Z ∈ Symr. Write Z =
[
Z1 h
th Z2

]
, with Z1 ∈ Symr−2m, Z2 ∈ Sym2m,

h ∈ Mat(r−2m)×2m, and u1 =
[
u′

1 w

u′′
1

]
with u′

1 ∈ UGLr−2m , u′′
1 ∈ UGL2m and

w ∈ Mat(r−2m)×2m. A simple calculation gives

u1Z
tu1 =

[
u′

1Z1
tu′

1 + wthtu′
1 + (u′

1h+ wZ2)tw u′
1h
tu′′

1 + wZ2
tu′′

1
u′′

1
thtu′

1 + u′′
1Z2

tw u′′
1Z2

tu′′
1

]
Note that both w and u′′

1 are fixed during the inductive process of the
action X 7→ u1Xu

−1
2 , so it suffices to consider the action (u′

1, (Z1, h)) 7→
(u′

1Z1
tu′

1, u
′
1h). We further write u′

1 =
[
ũ1 tα1

1

]
, and Z1 =

[
Z′

1
tδ′

1
δ′

1 z

]
. Then

u′
1Z1

tu′
1 =

[
ũ1Z

′
1
tũ1 + tα1δ

′
1
tũ1 + (ũ1

tδ′
1 + tα1z)α1 ũ1

tδ′
1 + tα1z

δ′
1
tũ1 + zα1 z

]
Assume z ̸= 0 we can choose α1 such that ũ1

tδ′
1 + tα1z = 0, then the

matrix becomes
[
ũ1

(
Z′

1−
tδ′

1δ′
1

2

)
tũ1 0

0 z

]
. Replace Z1 by Z ′

1 −
tδ′

1δ
′
1

2 , u′
1 by ũ1

and continue with the above process, we exhaust all possible choices of
entries in u1. Hence there is no need to consider h 7→ u′

1h. Assume that
after our choices of all entries in u′

1, we have u′
1h ̸= 0. We obtain a orbit

space RZ in this case as the space consisting of matrices

z11 z1,r−2m+1 ∗ . . . ∗ z1,r
. . .

...
... . . .

...
...

zr−2m,r−2m zr−2m,r−2m+1 ∗ . . . ∗ ∗
z1,r−2m+1 . . . zr−2m,r−2m+1 zr−2m+1,r−2m+1 ∗ . . . ∗ ∗
∗ . . . ∗ ∗ ∗ . . . ∗ ∗
... . . .

...
...

...
. . .

...
...

∗ . . . ∗ ∗ ∗ . . . zr−1,r−1 ∗
z1,r . . . ∗ ∗ ∗ . . . ∗ zr,r


.

It follows that dimRZ = r−2m+(r−2m)2m+ (2m+1)2m
2 = (2m+1)(r−m).

Next, we study the invariant measure on our chosen orbit space rep-
resentatives. We will first work on RX . Denote by U0 the stabilizer in
UM ≃ UGLr × USp2m

, which is independent of the base point as can be
observed from our previous discussion. The action is given by

(UGLr × USp2m
)/U0 ×RX −→ Matr×2m

((u1, u2), X0) 7−→ u1X0u
−1
2
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Without loss of generality we assume m > 2. Write u1 =
[
v1 tδ1

1

]
, u2 =[

1 δ2
v′

2

]
=
[ 1 γ2 x

v2 tγ′
2

1

]
, X0 =

[
0 X′

1
xr,1 0

]
=
[

0 X1 tγ
xr,1 0 0

]
. By the previous argu-

ment, γ′
2 = −γ2v

−1
2 J ′

2m−2. Then

u1X0u
−1
2 =

[tδ1xr,1 −xr,1tδ1δ2(v′
2)−1 + v1X

′
1(v′

2)−1

xr,1 −xr,1δ2(v′
2)−1

]
=
[
gtδ1xr,1 −xr,1tδ1γ2v

−1
2 +v1X1v

−1
2 xr,1tδ1γ2J ′

2m−2
tγ2−xr,1tδ1x−v1X1J ′

2m−2
tγ2+v1tγ

xr,1 −xr,1γ2v
−1
2 xr,1γ2J ′

2m−2
tγ2−xr,1x

]
.

We write this map as

(δ1, γ2, x, xr,1, γ, v1, v2, X1)
7−→

(
xr,1δ1,−xr,1γ2v

−1
2 , xr,1γ2J

′
2m−2

tγ2 − xr,1x, xr,1,
xr,1

tδ1γ2J
′
2m−2

tγ2 − xr,1tδ1x− v1X1J
′
2m−2

tγ2 + v1
tγ,

− xr,1tδ1γ2v
−1
2 + v1X1v

−1
2
)
.

The Jacobian matrix of this map is given by

xr,1Ir−1 0 0 δ1 0 0 0 0
0 −xr,1v−1

2 0 γ2v
−1
2 0 0 ∂(−xr,1γ2v

−1
2 )

∂v2
0

0 ∗ −xr,1 ∗ 0 0 0 0
0 0 0 1 0 0 0 0
∗ ∗ ∗ ∗ ∂(v1tγ)

∂γ ∗ 0 ∗

∗ ∗ 0 ∗ 0 ∂(v1X1v
−1
2 )

∂v1

∂(−xr,1tδ1γ2v
−1
2 )

∂v2
+ ∂(v1X1v

−1
2 )

∂v2

∂(v1X1v
−1
2 )

∂X1


.

Multiplying the second row by −δ1 and adding it to the last row, one
computes that the determinant of the Jacobian matrix is equal to

|xr1 |r−2m−2 ·
∣∣∣∣∣∂(v1

tγ)
∂γ

∣∣∣∣∣ · ∣∣∣det
[
∂(v1X1v

−1
2 )

∂v1

∂(v1X1v
−1
2 )

∂v2

∂(v1X1v
−1
2 )

∂X1

]∣∣∣
From the form of RX we observe that∣∣∣∣∣∂(v1

tγ)
∂γ

∣∣∣∣∣ =
{

1, if r ≤ m,
|xr−2m+1,2m|r−2m, if r ≥ 2m.

And the last term
∣∣∣det

[
∂(v1X1v

−1
2 )

∂v1

∂(v1X1v
−1
2 )

∂v2

∂(v1X1v
−1
2 )

∂X1

]∣∣∣ gives the Ja-
cobian of the same type of action but with rank drop by 1. Proceed by
induction we obtain the invariant measure on RX . When r < m < 2m,
∂(v1tγ)
∂γ = 1 until our induction procedure goes to the (2m− r + 1)-th step,

where γ = (x2,r−1, ∗, . . . , ∗), in which case we have
∣∣∣∂(v1tγ)

∂γ

∣∣∣ = |x2,r−1|. Then
the induction continues as case (2). Consequently, we obtain the invariant
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measure dµX on RX as

dµX =



|xr+2m−2
r,1 xr+2m−5

r−1,2 xr+2m−8
r−2,3 . . . x2m−2r+1

1,r |
∏

dxij , if r ≤ m,

|xr+2m−2
r,1 xr+2m−5

r−1,2 xr+2m−8
r−2,3 . . . xr−m+1

r−m+1,mx
r−m−1
r−m,m+1

xr−m−2
r−m−1,m+2 . . . x2,r−1|

∏
dxij ,

if m<r< 2m,

|xr+2m−2
r,1 xr+2m−5

r−1,2 xr+2m−8
r−2,3 . . . xr−m+1

r−m+1,mx
r−m−1
r−m,m+1

xr−m−2
r−m−1,m+2 . . . x

r−2m
r−2m+1,2m|

∏
dxij ,

if r ≥ 2m.

where the product runs over all (i, j) such that xi,j ̸= 0.
Recall that when r ≥ 2m, we will also need to consider the action of

UGLr−2m on Symr. The corresponding invariant measure on RZ can also be
proved inductively. Write u1 =

[
u′

1 w

u′′
1

]
, where u′

1 ∈ UGLr−2m , u′′
1 ∈ UGL2m ,

w ∈ Mat(r−2m)×2m, and Z0 =
[
Z1 h
th Z2

]
with

Z1 = diag{z1,1, . . . , zr−2m,r−2m},
Z2 ∈ Sym2m, h ∈ Mat(r−2m)×2m. As we see from the proof of RZ above,
it suffices to only consider the action (U ′

1, Z1) 7→ u′
1Z1

tu′
1. Without loss

of generality, we assume r − 2m > 0. Then we can write u′
1 =

[
ũ1 α1

1
]
,

with ũ1 ∈ UGLr−2m−1 , α1 ∈ Ar−2m−1, and Z1 =
[
Z′

1
zr−2m,r−2m

]
where

Z ′
1 = diag{z1,1, . . . , zr−2m−1,r−2m−1}. Then the map (u′

1, Z1) 7→ u′
1Z1

tu′
1

can be written as

(zr−2m,r−2m, α1, ũ1, Z
′
1)

7−→ (zr−2m,r−2m, zr−2m,r−2mα1, ũ1Z
′
1
tũ1 + tα1zr−2m,r−2mα1),

whose Jacobian matrix if of the form1 0 0 0
0 zr−2m,r−2mIr−2m−1 0 0
∗ ∗ ∂(ũ1Z′

1
tũ1)

∂ũ1

∂(ũ1Z′
1

tũ1)
∂Z′

1

.
So the absolute value of its determinant is equal to

|xr−2m−1
r−2m,r−2m| ·

∣∣∣det
[
∂(ũ1Z′

1
tũ1)

∂ũ1

∂(ũ1Z′
1

tũ1)
∂Z′

1

]∣∣∣
where the second term is the absolute value of the Jacobian matrix of
the same type of action with rank drop by 1. Hence we can proceed by
induction. As a result, we obtain the invariant measure dµZ on RZ in this
case given by

dµZ = |zr−2m−1
r−2m,r−2mz

r−2m−2
r−2m−1,r−2m−1 . . . z2,2|

∏
dzij

where the product runs over all (i, j) such that zi,j ̸= 0. For the other two
cases, dµZ =

∏
i,j dzi,j where the product runs over all (i, j).
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Finally, since Z = Jr
tY + (−1)rXJ ′

2m
tX

2 , and tZ = Z, we see that

Y = t

(
J−1
r

(
Z − (−1)rXJ ′

2m
tX

2

))

= tZJr + (−1)rXJ ′
2m

tXJr
2 = ZJr + Xθr,m(X)

2 .

Let RY = {ZJr + Xθr,m(X)
2 : (X,Z) ∈ RX ×RZ}. Since the map (X,Y ) 7→

(X,Z) is bijective and UM -equivariant, RX ×RY gives a set of orbit space
representatives for the action (X,Y ) 7→ (u1Xu

−1
2 , u1Y θr(u−1

1 )). If we de-
note the corresponding measure on RY as dµY , since θr,m is linear, we
have

dµY = dµZ · Jr + dµX · θr,m(X) +X · θr,m(dµX)
2

Therefore
dµX ∧ dµY = dµX ∧ (dµZ · Jr).

This shows that we replace integrals over RX ×RY by the ones over RX ×
RZ , without changing the corresponding invariant Haar measures. □

We will apply Theorem 6.2 of [11] which represents the local coefficient
as the Mellin transform of certain partial Bessel functions, the following
lemma is to show the validity of assumption 5.1 in [11]:

Lemma 4.2. There exists an injection α∨ : F×→ZG\ZM , s.t., α(α∨(t)) =
t, for ∀ t ∈ F×, where α = αr.

Proof. Since ZM =
⋂
i ̸=r ker(αi) = {diag(t, . . . , t︸ ︷︷ ︸

r

,±1, . . . ,±1, t−1, . . . , t−1︸ ︷︷ ︸
r

)},

and ZG =
⋂n
i=1 ker(αi) = {±1}, the quotient ZG\ZM can be identified as

{diag(t, . . . , t︸ ︷︷ ︸
r

, 1, . . . , 1, t−1, . . . , t−1︸ ︷︷ ︸
r

) : t ∈ Gm}. Define

α∨(t) = diag(t, . . . , t︸ ︷︷ ︸
r

, 1, . . . , 1, t−1, . . . , t−1︸ ︷︷ ︸
r

),

then clearly we have α(α∨(t)) = t for ∀ t ∈ F×. □

Let Z0
M denote the image of α∨. Notice that Z0

M is the identity com-
ponent of the center ZM of M . As we will see later in Section 5, the test
functions in the local coefficient formula are compactly supported modulo
ZM , so it is necessary to consider the action of Z0

M on UM\N . As a result,
the local coefficient is an integral of certain partial Bessel function over
the space Z0

MUM\N . The corresponding orbit space representatives and
invariant measures can be given by the following proposition:
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Proposition 4.3. The action of Z0
M on R = RX × RZ = UM\N admits

a set of orbit space representatives of the form RX′ × RZ′ := {(X ′, Z ′) ∈
RX ×RZ |x′

r,1 = 1} where we use the notation X ′ = (x′
i,j) in the definition.

The corresponding invariant measure is given by dµ′ = dµX′ ∧ dµZ′, where

dµX′ =



|x′r+2m−5
r−1,2 x′r+2m−8

r−2,3 . . . x′2m−2r+1
1,r |

∏
dx′

ij , if r ≤ m,

|x′r+2m−5
r−1,2 x′r+2m−8

r−2,3 . . . x′r−m+1
r−m+1,mx

′r−m−1
r−m,m+1

x′r−m−2
r−m−1,m+2 . . . x

′
2,r−1|

∏
dx′

ij ,
if m < r < 2m,

|x′r+2m−5
r−1,2 x′r+2m−8

r−2,3 . . . x′r−m+1
r−m+1,mx

′r−m−1
r−m,m+1

x′r−m−2
r−m−1,m+2 . . . x

′r−2m
r−2m+1,2m|

∏
dx′

ij .
if r ≥ 2m.

and

dµZ′ =


∏
i,j dz′

i,j if r ≤ 2m,
|z′r−2m−1

r−2m,r−2mz
′r−2m−2
r−2m−1,r−2m−1 . . . z

′
2,2|

∏
dz′

ij if r > 2m.

Proof. For z = α∨(t), we have zn(X,Y )z−1 = n(tX, t2Y ) for (X,Y ) ∈
RX × RY . This is equivalent to say that the action of Z0

M on UM\N ′ ≃
RX ×RZ is given by

(t, (X,Z)) 7−→ (tX, t2Z), (X,Z) ∈ RX ×RZ .

From this we identify Z0
MUM\N with RX′×RZ′ whereX ′ is given by setting

xr,1 = 1 in RX , and Z ′ is of the same form with Z. We will construct the
invariant measure dµ′ on the orbit space R′ := Z0

MUM\N ′ ≃ F×\(RX ×
RZ) = RX′ × RZ′ such that it is compatible with our invariant measure
dµ = dµX ∧ dµZ , in the sense that∫

R′(F )

∫
F×

f(tX ′, t2Z ′)q⟨2ρ,HM (α∨(t))⟩ dt
|t|

dµ′ =
∫
R(F )

f(X,Z)dµX ∧ dµZ

for any integrable function f on R = RX ×RZ , where ρ is half sum of the
positive roots in N . Observe that dxi,j = |t|dx′

i,j , dzi,j = |t|2dzi,j , and

2ρ =
∑

1≤i≤r,r+1≤j≤n
(ei ± ej) +

∑
1≤i≤j≤r

(ei + ej)

= (2m+ 2)
r∑
i=1

ei +
∑

1≤i<j≤r
(ei + ej) = (2m+ r + 1)

r∑
i

ei

Hence q⟨2ρ,HM (α∨(t))⟩ = |t|r(2m+r+1). The above observation implies that the
measures on RX′ and RZ′ must be of the form dµX′ =

∏
|x′
ij |kij dx′

ij , and
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dµZ′ =
∏
|z′
st|lstdz′

st. Therefore

∫
R′(F )

∫
F×

f(tX ′, t2Z ′)q⟨2ρ,HM (α∨(t))⟩ dt
|t|

dµ′

=
∫
F××R′(F )

f(tX ′, t2Z ′)|t|r(2m+r+1) dt
|t|

(dµX′ ∧ dµZ′)

=
∫
R(F )

f(X,Z)(|xr,1|r(2m+r+1)−1

·
∏

(i,j)̸=(r,1)
|xr,1|−kij−1|xij |kij dxij) ∧

∏
(s,t)
|xr,1|−lst−2|zst|lstdzst

.
Compare this with the formulas for RX and RZ we obtained, if forces that
all the powers of x′

i,j and z′
i,j remain the same as those of xi,j and zi,j

respectively, except xr,1, i.e. the invariant measure on Z0
MUM\N can be

given as dµ′ = dµX′ ∧ dµZ′ , where

dµX′ =



|x′r+2m−5
r−1,2 x′r+2m−8

r−2,3 . . . x′2m−2r+1
1,r |

∏
dx′

ij , if r ≤ m,

|x′r+2m−5
r−1,2 x′r+2m−8

r−2,3 . . . x′r−m+1
r−m+1,mx

′r−m−1
r−m,m+1

x′r−m−2
r−m−1,m+2 . . . x

′
2,r−1|

∏
dx′

ij ,
if m < r < 2m,

|x′r+2m−5
r−1,2 x′r+2m−8

r−2,3 . . . x′r−m+1
r−m+1,mx

′r−m−1
r−m,m+1

x′r−m−2
r−m−1,m+2 . . . x

′r−2m
r−2m+1,2m|

∏
dx′

ij .
if r ≥ 2m.

and

dµZ′ =
{∏

i,j dz′
i,j if r ≤ 2m,

|z′r−2m−1
r−2m,r−2mz

′r−2m−2
r−2m−1,r−2m−1 . . . z

′
2,2|

∏
dz′

ij if r > 2m.

Finally, to match the power of xr,1 in the expression of dµX , one simply
verifies that the following identities hold in each cases:

If r ≤ m, then

r(r + 2m+ 1)− 1−
r−1∑
k=1

((r + 2m− 2− 3k) + 1)−
r−1∑
k=1

k − 2
r∑

k=1
k

= r + 2m− 2;
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If m < r < 2m, then

r(r+ 2m+ 1)− 1−
m−1∑
k=1

((r+ 2m− 2− 3k) + 1)−
r−m−1∑
k=1

((r−m− k) + 1)

− ((r −m)2 − (r −m− 1))− (3r − 2m− 1)(2m− r)
2 − 2

r∑
k=1

k

= r + 2m− 2;
If r ≥ 2m, then

r(r + 2m+ 1)− 1−
m−1∑
k=1

((r + 2m− 2− 3k) + 1)

−
m∑
k=1

((r −m− k) + 1)−m(m− 1)− 2
r−2m∑
k=1

((k − 1) + 2)

− 2
(
r(r + 1)

2 − (r − 2m)(r − 2m− 1)
2

)
= r + 2m− 2. □

5. Local coefficient as Mellin transforms of partial Bessel
functions

In this section we apply Theorem 6.2 of [11] to represent the local coeffi-
cient in our case as the Mellin transform of certain partial Bessel integrals.
Recall that given irreducible ψ-generic representations σ and τ of GLr(F )
and Sp2m(F ) respectively, then π = σ ⊗ τ is a ψ-generic representation
of M(F ) ≃ GLr(F ) × Sp2m(F ). The corresponding local coefficient is a
product of two γ-factors:

Cψ(s, π) = γ(s, σ × τ, ψ)γ(s, σ,∧2, ψ)
As the stability of γ(s, σ,∧2, ψ) is proved in [6], the stability of γ(s, σ×τ, ψ)
is equivalent to the stability of the local coefficient Cψ(s, π). Let n ∈ N(F )
such that the Bruhat decomposition ẇ−1

0 n = mn′n holds. Denote by
UM,n := {u ∈ UM : unu−1 = n},
U ′
M,m := {u ∈ UM : mum−1 ∈ UM and ψ(mum−1) = ψ(u)}.

By [16], except for a set of measure zero on N(F ), we have UM,n = U ′
M,m.

Together with Lemma 4.2, this implies that the assumptions for Theo-
rem 6.2 in [11] are satisfied. Bessel functions are defined on Bruhat cells.
Suppose in the decomposition ẇ−1

0 n = mn′n, m lies in some Bruhat cell
CM (w) = BMwBM , where BM = B ∩M . We define the Bessel function
associated to π and w as

jπ,w(m) =
∫
UM

W (mu)ψ−1(u)du =
∫
UM

W (mu−1)ψ(u)du
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whereW ∈W (π, ψ) is a Whittaker model defined by a Whittaker functional
λ on π as W (m) = λ(π(m)v) for certain v ∈ π, normalized so that W (e) =
1, where e is the identity element of M(F ). Then it is immediate that

jπ,w(u1mu2) = ψ(u1u2)jπ,w(m)

for any u1, u2 ∈ UM (F ). It follows by the Bruhat decomposition that the
Bessel functions are essentially functions on wT , where T is the maximal
(split) torus of G. We refer the readers to [4] for partial Bessel funcitons
for quasi-split groups.

However, the local coefficient is represented by an integral of certain
partial Bessel function, not the Bessel function itself. To define that, we
need an exhaustive sequence of open compact subgroups N0,κ ⊂ N(F )
such that α∨(t)N0,κα

∨(t)−1 depends only on |t|. For a matrix X of size
l × k, let

φκ(X) =
{

1 |Xi,j | ≤ q((k−i)+(l−j)+1)κ,

0 otherwise.
Set

N0,κ = {n(X,Y ) : φκ(ϖ−(d+g)X) · φκ(ϖ−2(d+g)Y ) = 1}
where d=Cond(ψ) denotes the conductor of ψ and g=Cond(ω−1

π (w0(ωπ))).
As we have seen before that in our case α∨(t)n(X,Y )α∨(t)−1 = n(tX, t2Y ),
it follows that our definition of N0,κ makes α∨(t)N0,κα

∨(t)−1 depends only
on |t|. Denote by φN0,κ

the characteristic function of N0,κ. Then the partial
Bessel function is a function on M(F )× Z0

M (F ) defined as

jN0,κ,π,w
(m, z) :=

∫
UM,n\UM

W (mu)φN0,κ
(zu−1nuz−1)ψ−1(u)du.

Given that ẇ−1
0 n = mn′n, let

jN0,κπ,w
(n) := jN0,κ,π,w

(m,α∨(ϖd+guαr (ẇ0nẇ
−1
0 ))).

Suppose σ and τ are irreducible ψ-generic representations of GLr(F ) and
Sp2m(F ) respectively, and L =

∏d
k=1 GLnk

×
∏l
j=1 GLtj ×Sp2m′ with∑d

k=1 nk = r and
∑l
j=1 nj + m′ = m. Then we can find ψ-generic su-

percuspidal representations σ′
k, (1 ≤ k ≤ d), σ′′

j , (1 ≤ j ≤ l), and τ ′

of GLnk
(F ), GLtj (F ), and Sp2m′(F ) respectively, so that π = σ ⊠ τ ↪→

IndM(F )
L(F )N(F ) σ

′ ⊗ 1N(F ), where σ′ =
⊗d

k=1 σ
′
k ⊗

⊗l
j=1 σ

′′
j ⊗ τ ′. By the mul-

tiplicativity of Langlands–Shahidi local γ-factors in our cases, see Theo-
rem 3.1 of [10] or Theorem 8.3.2 of [12], we obtain that

γ(s, σ × τ, ψ) =
d∏

k=1

l∏
j=1

γ(s, σ′
k × σ′′

j , ψ)γ(s, σk × σ̃′′
j , ψ)

d∏
k=1

γ(s, σ′
k × τ ′, ψ)
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where σ̃′′
j is the contragredient of σ′′

j . Consequently, it suffices to prove
stability for ψ-generic supercuspidal representations. Suppose σ and τ are
ψ-generic supercuspidal representations of GLn(F ) and Sp2m(F ) respec-
tively. Set π = σ ⊠ τ , then its central character ωπ = ωσ ⊠ ωτ . In this
case, one can find a function f ∈ C∞

c (M(F );ωπ), the space of smooth
functions of compact support modulus the center on M(F ), such that
f(zm) = ωπ(m)f(z) for all z ∈ ZM (F ), and m ∈ M(F ). Then W (m) =
Wf (m) :=

∫
UM (F ) f(xm)ψ−1(x)dx defines a non-zero Whittaker model. We

normalize it so that Wf (1) = 1. For simplicity, we omit w and denote
jπ,κ,f (n) := jN0,κ,π,w

(n) where we replace W by Wf . Let α = αr and
α̃ = ⟨ρ, α⟩−1ρ, where ρ is half sum of the positive roots in N . Then by
Theorem 6.2 of [11], we have

Proposition 5.1. Let σ and τ be ψ-generic supercuspidal representations
of GLr(F ) and Sp2m(F ) respectively, set π = σ ⊠ τ , then

Cψ(s, π)−1 = γ(2⟨α̃, α∨⟩s, ωπ(ẇ0ω
−1
π ), ψ−1)∫

Z0
M (F )UM (F )\N(F )

jπ,κ,f (ṅ)ω−1
πs

(ẇ0ωπs)(xα)q⟨sα̃+ρ,HM (m)⟩
F dṅ

for sufficiently large κ, where m is the image of ṅ 7→ m with ṅ a represen-
tative of the orbit of n ∈ Z0

M (F )UM (F )\N(F ) in N(F ) via ẇ−1
0 ṅ = mn′n,

which holds off a subset of measure zero on N(F ). Here dṅ is the invari-
ant measure on the orbit space Z0

M (F )UM (F )\N(F ), πs = π ⊗ q⟨sα̃,HM (·)⟩,
xα = uαr (ẇ0nẇ

−1
0 ), and γ(2⟨α̃, α∨⟩s, ωπ(ẇ0ω

−1
π ), ψ−1) is the Abelian γ-

factor depending only on ωπ.

Let us simplify this formula in our cases. First, recall that we have 2ρ =
(r + 2m+ 1)

∑r
i=1 ei, α = αr = er − er+1. So

⟨ρ, α⟩ = 2(ρ, α)
(α, α) = ((r + 2m+ 1)

∑r
i=1 ei, er − er+1)

(er − er+1, er − er+1) = r + 2m+ 1
2

and therefore α̃ = ⟨ρ, α⟩−1ρ =
∑r
i=1 ei. It follows that

⟨α̃, α∨⟩ =
〈

r∑
i=1

ei,
r∑
i=1

e∗
i

〉
= r,

and if we write m = diag{m1,m2, θr(m1)}, then

q⟨sα̃,HM (m)⟩ = |det(m1)|s, q⟨sα̃+ρ,HM (m)⟩ = |det(m1)|s+
r+2m+1

2 .
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Moreover,
ωπ(ẇ0ω

−1
π )(α∨(t)) = ωπ(α∨(t))ω−1

π (ẇ−1
0 α∨(t)ẇ0)

= ωπ(diag(t, . . . , t︸ ︷︷ ︸
r

, 1, . . . , 1, t−1, . . . , t−1︸ ︷︷ ︸
r

))

· ω−1
π (diag(t−1, . . . , t−1︸ ︷︷ ︸

r

, 1, . . . , 1, t, . . . , t︸ ︷︷ ︸
r

))

= ω2
π(α∨(t)).

Hence ωπ(ẇ0ω
−1
π ) ◦ α∨ = ω2

π ◦ α∨. Similarly,
ω−1
πs

(ẇ0ωπs)(α∨(t)) = ω−2
πs

(α∨(t)) = ω−2
π (α∨(t))|t|−rs.

From our previous calculation of the Bruhat decomposition ẇ−1
0 n = mn′n

with n = n(X,Y ), we see that

ẇ0nẇ
−1
0 =

[
Ir

I2m

(−1)rIr

][ Ir

J ′
2m

tXtY −1Jr I2m

Y −1 Y −1X Ir

][ (−1)rIr

I2m
Ir

]

=

Ir Y −1X Y −1

I2m (−1)rJ ′
2m

tXtY Y −1Jr
Ir

 = n(Y −1X,Y −1).

Hence uαr (ẇ0nẇ
−1
0 ) is the lower-left entry of Y −1X. When we take our

orbit space representative
R = RX ×RY ≃ RX ×RZ ≃ UM\N,

and n = n(X,Y ) with (X,Y ) ∈ RX × RY , this is just y∗
rrxr,1
detY , where y∗

rr is
the (r, r)-th entry of the adjoint matrix of Y = ZJr + Xθr,m(X)

2 , which is a
polynomial function of (X,Z), we denote it as P (X,Z). When passing to
the orbit of Z0

M (F ), we obtain that uαr (ẇ0n(X ′, Y ′)ẇ−1
0 ) = P (X′,Z′)

detY ′ .
From now on, we will also use n(X,Z)(resp. m(X,Z)) to denote n(X,Y )

(resp. m(X,Y )) if we emphasis that it is parameterized by (X,Z) instead of
(X,Y ). With the discussion of the orbit space structure of Z0

MUM\N and
its invariant measure in Proposition 4.3, we obtain the following result:

Proposition 5.2. Let σ and τ be ψ-generic supercuspidal representations
of GLr(F ) and Sp2m(F ) respectively, set π = σ ⊠ τ , then

Cψ(s, π)−1 = γ(2rs, ω2
π, ψ

−1)
∫
RX′ ×RZ′

jπ,κ,f (n(X ′, Z ′))

· ω−2
π

 P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣ P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣
−rs

· |det(m1(X ′, Z ′))|s+
r+2m+1

2 dµX′ ∧ dµZ′
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for sufficiently large κ, where m(X ′, Z ′) is the image of n(X ′, Z ′) 7→
m(X ′, Z ′) via the Bruhat decomposition ẇ−1

0 ṅ = mn′n, which holds off
a subset of measure zero on N(F ), m = diag{m1,m2, θr(m1)} with m1 ∈
GLr(F ), m2 ∈ Sp2m(F ), and γ(2rs, ω2

π, ψ
−1) is the Abelian γ-factor de-

pending only on ωπ.

To study the stability of local coefficient, we need to consider Cψ(s, π⊗χ)
with χ a highly ramified character of F×, regarded as a character ofM(F ) ≃
GLr(F ) × Sp2m(F ) via χ(m1,m2) := χ(det(m1)) in our case. Therefore it
is necessary to choose the open compact subgroups {N0,κ}κ of N(F ) to be
independent of χ. As in the proof of Theorem 6.2 of [11], given an irreducible
ψ-generic representation π of M(F ) with ramified central character ωπ, we
choose a section h ∈ I(s, π) = IndG(F )

P (F )(π⊗q
⟨sα̃+ρ,HM (·)⟩)⊗1N(F ), such that

h is compactly supported modulus P (F ), and use it to obtain the integral
representation of the local coefficient formula as above. So we choose a
sufficiently large open compact subgroup N0 of N(F ) such that Supp(h) ⊂
P (F )N0. In our situation, we fix a character χ0 of F× such that ωπ⊗χ0 =
ωπχ

r
0 is ramified, and choose a κ0 and h0 ∈ I(s, π) such that Supp(h0) ⊂

P (F )N0,κ0 . Since N0,κ ⊂ N0,κ0 for all κ ≥ κ0, N0,κ is independent of χ0 if
κ ≥ κ0. Suppose χ is any character of F× such that ωπ⊗χ is ramified, choose
hχ ∈ I(s, π ⊗ χ) such that Supp(hχ) ⊂ P (F )N0,χ for some open compact
subgroup N0,χ of N(F ). If N0,χ ⊂ N0,κ0 , we are fine as we just discussed.
If not, we replace hχ by a right shift R(α∨(t))hχ : g 7→ hχ(gα∨(t)), then
R(α∨(t)hχ) is supported in α∨(t)N0,χα

∨(t)−1 mod P (F ), as α∨(t) ∈M(F ).
Since α∨(t)n(X,Y )α∨(t)−1 = n(tX, t2Y ), we choose |t| to be small enough
so that α∨(t)N0,χα

∨(t)−1 ⊂ N0,κ0 , then we are done. So we obtain the
following stronger version of the above proposition:

Proposition 5.3. Let σ and τ be ψ-generic supercuspidal representations
of GLr(F ) and Sp2m(F ) respectively, such that ωπ is ramified where π =
σ ⊠ τ , then there exists a κ0, such that for all κ ≥ κ0 and all characters χ
of F× such that ωπ⊗χ = ωπχ

r is ramified, we have

Cψ(s, π ⊗ χ)−1 = γ(2rs, ω2
πχ

2r, ψ−1)
∫
RX′ ×RZ′

jπ⊗χ,κ,f (n(X ′, Z ′))(ω−2
π χ−2r)

·

 P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣ P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣
−rs

· |det(m1(X ′, Z ′))|s+
r+2m+1

2 dµX′ ∧ dµZ′

where m(X ′, Z ′) is the image of n(X ′, Z ′) 7→ m(X ′, Z ′) via the Bruhat
decomposition ẇ−1

0 ṅ = mn′n, which holds off a subset of measure zero on
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N(F ), m = diag{m1,m2, θr(m1)} with m1 ∈ GLr(F ), m2 ∈ Sp2m(F ), and
γ(2rs, ω2

πχ
2r, ψ−1) is the Abelian γ-factor depending only on ωπ and χ.

6. Asymptotics of partial Bessel integrals

So far we obtained our local coefficient as the Mellin transform of cer-
tain partial Bessel functions. The partial Bessel functions appeared in our
discussions can be reformulated using partial Bessel integrals, which ad-
mit nice asymptotic expansion formulas, as well as some uniform smooth
properties. These properties are crucial for the proof of stability using our
method. In this section, we discuss some general properties of partial Bessel
integrals and obtain the asymptotic formula and uniform smoothness in our
case. In particular, different from the known results using this method, we
observe that the orbit space Z0

MUM\N is no longer isomorphic to a torus,
and we will separate its “toric”-part out, which plays the same role as
the torus over which the integral representing the local coefficient is taken
in the known cases. This is a new phenomenon and we believe it can be
generalized in our future work.

6.1. Some general properties of partial Bessel integrals. We begin
by introducing partial Bessel integrals and some of its important proper-
ties. The structure and results in this subsection is the same as Section 6
of [15] but are under a more general setting, so we will reprove some of
the important results. Let M be a connected reductive quasi-split group
defined over a local field F . Fix a Borel subgroup BM = AUM , where A is
the maximal (split) torus and UM is the unipotent radical of BM . Suppose
π is a ψ-generic supercuspidal representation of M(F ) with central char-
acter ωπ. Take a matrix coefficient f of π, then f ∈ C∞

c (M(F );ωπ), the
space of smooth functions of compact support on M(F ) modulo the center,
such that f(zm) = ωπ(z)f(m) for all z ∈ ZM (F ), m ∈ M(F ). Then the
integral Wf (m) =

∫
UM (F ) f(xm)ψ−1(x)dx converges since ZM (F )UM (F )m

is closed in M(F ), and hence defines a non-zero Whittaker model attached
to π. We normalize it so that Wf (e) = 1, where e is the identity element of
M(F ).

From now on, we will not distinguish algebraic group and the group
of its F -points unless it is necessary in order to simplify the notations, we
hope this will not cause any troubles for the readers. Given an F -involution
ΘM : M →M , we define the partial integral as

BM
φ (m, f) :=

∫
U

ΘM
M,m\UM

Wf (mu)φ(ΘM (u−1)m′u)ψ−1(xu)du

=
∫
U

ΘM
M,m\UM

∫
UM

f(xmu)φ(ΘM (u−1)m′u)ψ−1(xu)dxdu
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where UΘM
M,m = {m ∈ UM : ΘM (u−1)mu = m} is the twisted centralizer of

m in UM , and φ is certain characteristic function of a subset of M(F ). And
m′ is obtained fromm by stripping off the center, i.e.m = zm′ with z ∈ ZM .
Similarly one can define partial Bessel integrals on any Levi subgroup L of
M by an involution ΘL of L.

Let ∆M denote the set of simple roots in M , W (M,A) the Weyl group,
and wM ∈ W (M,A) the long Weyl group element. The following objects
needed for our study of the asymptotic expansion of partial Bessel integrals.

B(M): Following [6], the subset of Weyl group elements that sup-
ports Bessel functions is given by B(M) = {w ∈ W (M,A) : α ∈
∆M s.t. wα > 0⇒ wα ∈ ∆M}, there is a bijection

B(M)←→ {L : Levi of standard parabolic subgroups of M}

by w 7→ L = ZM (
⋂
α∈θ+

M,w
kerα), where θ+

M,w = {α∈∆M : wα> 0},
and conversely L 7→ w = wMw

−1
L .

U+
M,w, U−

M,w: For each w ∈ W (M,A), define U+
M,w = {u ∈ UM :

wuw−1 ∈ UM} and U−
M,w = {u ∈ UM : wuw−1 ∈ U−

M}, where U−
M is

the opposite of UM . Then UM = U+
M,wU

−
M,w and U+

M,w normalizes
U−
M,w. In particular, if w ∈ B(M) with ẇ = ẇM ẇ

−1
L , then U+

M,w =
UL := UM ∩ L,U−

M,w = NL, the unipotent radical of the standard
parabolic subgroup of M with Levi component L. In the extreme
cases, if w = wL, then U+

M,wL
= NL, U

−
M,wL

= UL. If w = wM , then
U+
M,wM

= {e}, U−
M,wM

= UM .
Bessel distance: For w,w′ ∈ B(M) with w > w′ define

dB(w,w′) = max{m : ∃ wi ∈ B(M) s.t. w = wm >wm−1 > · · ·>w0 = w′}.

Bruhat order: For w,w′ ∈W (M,A), w ≤ w′ ⇐⇒ C(w) ⊂ C(w′).
The relevant torus Aw: For w ∈ B(M), define Aw = {a ∈ A : a ∈⋂

α∈θ+
M,w

kerα}◦ ⊂ A. Note that it is also the connected center of
Lw = ZM (

⋂
α∈θ+

M,w
kerα).

The relevant Bruhat cell Cr(ẇ): We call Cr(ẇ) = UM ẇAwU
−
M,w

the relevant part of the Bruhat cell C(w). Note that Cr(ẇ) depends
on the choice of the representative ẇ of w. We choose the represen-
tative ẇ of w so that it is compatible with ψ in the sense that
ψ(ẇuẇ−1) = ψ(u) for all u ∈ U+

M,w, as in Proposition 5.1 of [6].
Transverse tori: For w,w′ ∈ B(M), let L = Lw and L′ = Lw′ be

their associated Levi subgroups respectively. Suppose w′ ≤ w. Then
L ⊂ L′ and Aw′ ⊃ Aw. Let Aw′

w = Aw ∩ L′
der = ZL ∩ L′

der. In
particular Aw′

w ∩Aw′ = Aw
′

w′ = ZL′ ∩L′
der is finite and the subgroup
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Aw
′

w Aw′ ⊂ Aw is open and of finite index. So this decomposition is
essentially a “transfer principal” for relevant tori.

Let {xα}α∈∆M
be a set of 1-parameter subgroups, i.e. xα : Ga ≃ Uα, Then

(BM , A, {xα}α∈∆M
) defines an F -splitting of M . We make the following

assumptions from now on:
(1) ΘM preserves the F -splitting and is compatible with Levi sub-

groups and ψ. To be precise, if L ⊂ M is a Levi subgroup, we
require that τML ◦ ΘM |L = ΘL, where τML = Int((ẇML )−1). And
ΘL also preserves the F -splitting {BL := BM ∩ L,A, {xα}α∈∆L

}.
Here Int(w)(m) = wmw−1, and we denote ẇML := ẇM ẇ

−1
L . Con-

sequently ΘM (UM ) = UM , ΘL(UL) = UL. The representatives ẇML
are chosen to be compatible with the generic character ψ as in
Proposition 5.1 of [6], i.e., ψ(τML (u)) = ψ(ẇML u(ẇML )−1) = ψ(u)
for all u ∈ UL(F ). By ΘM is compatible with ψ, we mean that
ψ(ΘM (u)) = ψ(u) for all u ∈ UM (F ). As a result, if u ∈ UL(F ),
then ψ(ΘL(u)) = ψ(τML ◦ΘM (u)) = ψ(ΘM (u)) = ψ(u).

(2) φ is the characteristic function of some subset of M(F ) so that it
is invariant under the ΘM -twisted conjugate action by some open
compact subgroup U0 of UM (F ) i.e. φ(ΘM (u−1)mu) = φ(m) if
u ∈ U0.

These assumptions guarantees some nice behavior of partial Bessel func-
tions, and are satisfied in all the known cases. We will see later in the
beginning of Section 6.3 that they also hold in our cases.

We would like to first understand the structure of twisted centralizer in
the definition of partial Bessel integrals, in order to get a descent formula
for partial Bessel integrals to those defined over Levi subgropus of M . This
serves as an important step to prove the general asymptotic expansion
formula for partial Bessel integrals.

Lemma 6.1. For m = u1ẇau2 ∈ C(wML ), then UΘM
M,m ⊂ u−1

2 ULu2 =
u−1

2 U+
M,wM

L

u2.

Proof.

u ∈ UΘM
M,m ⇐⇒ ΘM (u−1)u1wMw

−1
L au2u = u1wMw

−1
L au2

⇐⇒ w−1
M u−1

1 ΘM (u−1)u1wM = w−1
L au2u

−1u−1
2 a−1wL.

Since ΘM (UM ) = UM , the left hand side of the last equality lies in U−
M .

Hence au2u
−1u−1

2 a−1 ∈ U−
wL

= UL, therefore u2u
−1u−1

2 ∈ a−1ULa = UL, so
u ∈ u−1

2 ULu2. □
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Lemma 6.2. Let H ⊂ L ⊂ M be Levi subgroups of M , then for m =
u1ẇ

M
H au2 ∈ Cr(ẇMH ), we have

UΘM
M,m = (ũ−

1 )−1UΘL
L,l ũ

−
1 ∩ (u−

2 )−1UΘL
L,l u

−
2

where u1 = u−
1 u

+
1 with u−

1 ∈ U−
M,w−1 and u+

1 ∈ U+
M,w−1, u2 = u+

2 u
−
2

with u+
2 ∈ U+

M,w and u−
2 ∈ U−

M,w, ũ−
1 = τML ◦ ΘM ◦ τML ((u−

1 )−1), l =
w−1u+

1 wẇ
L
Hau

+
2 ∈ L, where w = wML ∈ B(M).

Proof. By Lemma 6.1 of [15], m = u1ẇ
M
H au2 ∈ Cr(ẇMH ) ⊂ Ωw = U−

M,w−1 ×
wL × U−

M,w, where Ωw :=
⊔
w≤w′ C(w′), and the decomposition is unique.

Decompose u1 = u−
1 u

+
1 , u2 = u+

2 u
−
2 as stated in the Lemma. Then we

can write m = u−
1 ẇ(ẇ−1u+

1 ẇẇ
L
Hau

+
2 )u−

2 and it is easy to see that l =
ẇ−1u+

1 ẇẇ
L
Hau

+
2 ∈ L. Then

u ∈ UΘM
M,m

⇐⇒ ΘM (u−1)mu = m

⇐⇒ (ΘM (u−1)u−
1 ẇΘL(u+)ẇ−1)ẇΘL((u+)−1)lu+((u+)−1u−

2 u
+u−)

= u−
1 ẇlu

−
2

where we decompose u = u+u− with u+ ∈ U+
M,w = UL and u− ∈ U−

M,w =
NL. We claim that

ΘM (u−1)u−
1 ẇΘL(u+)ẇ−1 ∈ U−

M,w−1 .

To see this, note that it is equivalent to ẇ−1ΘM (u−1)u−
1 ẇΘL(u+) ∈ U−

M .
But

ẇ−1ΘM (u−1)u−
1 ẇΘL(u+)

= ẇ−1ΘM ((u−)−1)ẇ(ẇ−1ΘM ((u+)−1)ẇ)(ẇ−1u−
1 ẇ)ΘL(u+).

Since (u−)−1 ∈ NL, and by our assumption, τML ◦ ΘM preserves the F -
splitting when restricted to L, so ΘM (NL) = NL. In addition, since ẇ =
ẇML , we have ẇ−1NLẇ ∩ UL = {1}. As a result, ẇ−1ΘM ((u−)−1)ẇ ∈ U−

M .
This also implies that τML ◦ΘM |NL

⊂ U−
M . Moreover, ẇ−1ΘM ((u+)−1)ẇ =

τML ◦ ΘL((u+)−1) = ΘL((u+)−1) ∈ UL by our assumption on ΘL. We also
have ẇ−1U−

M,w−1ẇ = (U−
M,w)− = N−

L , so ẇ−1u−
1 ẇ ∈ N

−
L . Since UL normal-

izes N−
L , (ẇ−1ΘM ((u+)−1)ẇ)(ẇ−1u−

1 ẇ)ΘL(u+) ∈ N−
L ⊂ U−

M . This proves
the claim. It follows from the claim and the uniqueness of the decomposition
Ωw = U−

M,w−1 × ẇL× U−
M,w that

(1) ΘM (u−1)u−
1 ẇΘL(u+)ẇ−1 = u−

1 ,
(2) ΘL((u+)−1)lu+ = l,
(3) (u+)−1u−

2 u
+u− = u−

2 .
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Note that

(1)⇐⇒ ẇ−1(u−
1 )ΘM (u−1)u−

1 ẇ = ΘL(u+)−1

⇐⇒ τML (u−
1 )τML ◦ΘM (u−1)τML (u−

1 ) = ΘL(u+)−1.

Apply τML ◦ΘM on both sides, and use τML ◦ΘM |L = ΘL, then take inverse
on both sides, we obtain that ũ−

1 u(ũ−
1 )−1 = u+, where ũ−

1 = τML ◦ ΘM ◦
τML ((u−

1 )−1). (2) is saying that u+ ∈ UΘL
L,l . Therefore (1) and (2) imply that

UΘM
M,m ⊂ (ũ−

1 )−1UΘL
L,l ũ

−
1 . On the other hand, (3) ⇔ u−

2 u(u−
2 )−1 = u+, then

(2) and (3) imply that UΘM
M,m ⊂ (u−

2 )−1UΘL
L,l u

−
2 . Hence

UΘM
M,m ⊂ (ũ−

1 )−1UΘL
L,l ũ

−
1 ∩ (u−

2 )−1UΘL
L,l u

−
2 .

Conversely, if u = (ũ−
1 )−1u′ũ−

1 = (u−
2 )−1u′′u−

2 with u′, u′′ ∈ UΘL
L,l , then

u = u+u− = u′(u′−1(ũ−
1 )−1u′ũ−

1 ) = u′′((u′′)−1(u−
2 )−1u′′u′

2). One can see
from the above argument that ũ−

1 , u
−
2 ∈ NL. Since UL ∩NL = {1}, and UL

normalizes NL, this implies that u+ = u′ = u′′, this is equivalent to (2).
Replace u′ and u′′ by u+ we obtain that ũ−

1 u(ũ−
1 )−1 = u+ and u−

2 u(u−
2 )−1 =

u+, which are equivalent to (1) and (3) respectively. Reverse the above
process we obtain that (1), (2), (3) hold simultaneously, hence the reversed
inclusion. □

By Lemma 5.9 of [6], we have a surjective map C∞
c (Ωw;ωπ) ↠ C∞

c (L;ωπ)
given by f 7→ hf where

hf (l) =
∫
U−

M,w

∫
U−

M,w−1

f(x−ẇlu−)ψ−1(x−u−)dx−du−.

We have the following descent formula for partial Bessel integrals:

Proposition 6.3. Suppose H ⊂ L ⊂M are Levi subgroups of M , and φ is
invariant under the ΘM -twisted conjugate action of some open compact sub-
groups of UM (F ). Let w = wML ∈ B(M). Then for any fixed m ∈ Cr(ẇMH ),
decompose m as m = u−

1 ẇlu
−
2 , with u−

1 ∈ U
−
M,w−1, u−

2 ∈ U
−
M,w, l ∈ L, we

have
BM
φ (m, f) = ψ(u−

1 u
−
2 )BL

φ (u−
1 , u

−
2 , l.hf )

where

BL
φ (u−

1 , u
−
2 , l, hf ) =

∫
UL,l∩n0UL,ln

−1
0 \UL

∫
UL

hf (x′lu′)φ(ΘM ((n0u
′)−1ẇl′u′)

·ψ−1(x′)ψ−1(u′)dx′du′

in which n0 = ũ−
1 (u−

2 )−1 ∈ NL, ũ−
1 = τML ◦ ΘM ◦ τML ((u−

1 )−1), and l = zl′

with z ∈ ZM .
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Proof. By Lemma 6.2, UΘM
M,m = (ũ−

1 )−1UΘL
L,l ũ

−
1 ∩ (u−

2 )−1UΘL
L,l u

−
2 . Denote

n1 = (ũ−
1 )−1, n2 = (u−

2 )−1, and n0 = ũ−
1 (u−

2 )−1, then n1, n2 ∈ U−
M,w =

NL ⊂ UM , so UM = n−1
1 UMn1. Hence if we decompose x = x−x+ with

x− ∈ U−
M,w−1 , x+ ∈ U+

M,w−1 , make a change of variable u 7→ n1un
−1
1 , and

then decompose u = u+u− with u+ ∈ U+
M,w = UL, u− ∈ U−

M,w = NL in the
integral

BM
φ (m, f) =

∫
U

ΘM
M,m\UM

∫
UM

f(xmu)φ(ΘM (u−1)m′u)ψ−1(xu)dxdu,

we obtain

BM
φ (m, f) =

∫
n1(UΘL

L,l
∩n0U

ΘL
L,l

n−1
0 )n−1

1 \n1ULn
−1
1

∫
U+

M,w−1

∫
U−

M,w

∫
U−

M,w−1

f(x−x+u−
1 ẇlu

−
2 n1u

+u−n−1
1 )

· φ(ΘM (n1(u−)−1(u+)−1n−1
1 )u−

1 ẇl
′u−

2 n1u
+u−n−1

1 )
· ψ−1(x+x−)ψ−1(n1u

+u−n−1
1 ) dx−du−dx+du+.

Since n−1
1 = ũ−

1 = τML ◦ ΘM ◦ τML ((u−
1 )−1), we see that ΘM (n−1

1 ) =
(ΘM ◦ τML )2((u−

1 )−1) = (u−
1 )−1. Let y− = x−x+u−

1 (x+)−1, x′ = ẇ−1x+ẇ,
v− = (u+)−1u−

2 n1u
+u−n−1

1 , and u′ = u+, then y− ∈ U−
M,w−1 , x′ ∈ U+

M,w =
UL, and v− ∈ U−

M,w = NL. By the compatibility of ψ with ẇ by [6, Propo-
sition 5.1], we have ψ(x′) = ψ(x+). Therefore we can rewrite the above
integral as

BM
φ (m, f) = ψ(u−

1 u
−
2 )
∫
U

ΘL
L,l

∩n0U
ΘL
L,l

n−1
0 \UL

∫
UL

∫
U−

M,w−1

∫
U−

M,w

f(y−ẇx′lu′v−)

· φ(ΘM ((n0u
′v−)−1)ẇl′u′v−)ψ−1(v−y−x′u′)dv−dy−dx′du′.

Since f ∈ C∞
c (Ωw;ωπ), Ωw = U−

M,w−1 × ẇL × U−
M,w, U−

M,w−1 and U−
M,w

are closed in Ωw, so there exists compact subgroups U1 of U−
M,w and U2 of

U−
M,w−1 such that f(y−ẇx′lu′v−) ̸= 0 implies that y− ∈ U1 and v− ∈ U2.

On the other hand, by our assumption on φ, φ is invariant under the ΘM -
twisted conjugate action by some open compact subgroup U0 of UM (F ).
We shrink U2 if necessary so that v− lies in U0. It follows that

φ(ΘM (n0u
′v−)−1ẇl′u′v−) = φ(ΘM (n0u

′)−1ẇl′u′).
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So we obtain that

BM
φ (m, f) = ψ(u−

1 u
−
2 )
∫
U

ΘL
L,l

∩n0U
ΘL
L,l

n−1
0 \UL

∫
UL

∫
U−

M,w−1

∫
U−

M,w

f(y−ẇx′lu′v−)ψ−1(v−y−)dv−dy−

· φ(ΘM ((n0u
′)−1)ẇl′u′)ψ−1(x′u′)dx′du′

= ψ(u−
1 u

−
2 )
∫
U

ΘL
L,l

∩n0U
ΘL
L,l

n−1
0 \UL

∫
UL

hf (x′lu′)φ(ΘM ((n0u
′)−1)ẇl′u′)ψ−1(x′u′)dx′du′

= ψ(u−
1 u

−
2 )BL

φ (u−
1 , u

−
2 , l, hf ).

To show the last integral is well-defined, note that if v′′ = n0u
′′n−1

0 , with
u′′, v′′ ∈ UΘL

L,l , then

l′ = ΘL((v′′)−1)l′v′′

= ΘL((u′′−1
n0u

′′n−1
0 )−1)ΘL((u′′)−1)l′u′′(u′′−1

n0u
′′n−1

0 )

= τML ◦ΘM ((u′′−1
n0u

′′n−1
0 )−1)l′(u′′−1

n0u
′′n−1

0 ),
so

l′
−1
τML ◦ΘM (u′′−1

n0u
′′n−1

0 )l′ = u′′−1
n0u

′′n−1
0 .

Since ΘM (UM ) = UM , UM = ULNL, and τML (NL) = NL, the opposite of
NL. The left hand side of the above equality lies in NL, while the right
hand side lies in NL, as NL ∩ NL = {1} it forces that u′′−1n0u

′′n−1
0 = 1,

i.e. u′′n0 = n0u
′′, and v′′ = u′′. It follows that

ΘM ((n0v
′′u′)−1)ẇl′v′′u′ = ΘM ((u′′n0u

′)−1)ẇΘL(u′′)(ΘL(u′′)l′u′′)u′

= ΘM ((n0u
′)−1)ΘM ((u′′)−1)ẇΘL(u′′)l′u′

= ΘM ((n0u
′)−1)ẇl′u′

where we used ẇ−1ΘM (u′′)ẇ = τML ◦ΘM (u′′) = ΘL(u′′). □

Remark 6.4. If we impose a stronger condition on the cut-off function φ,
i.e, we require that

φ(ΘM (x−1
1 )mx2) = φ(m)

for x1, x2 ∈ U0, then we can show that

BM
φ (m, f) = ψ(u−

1 u
−
2 ) Vol(UΘL

L,l ∩ n0U
ΘL
L,l n

−1
0 \U

ΘL
L,l )BL

φẇ
(l, hf )

for all m ∈ Cr(ẇ) where φẇ( · ) = φ(ẇ ·) is the left translation of φ by
ẇ. But notice that in general the subset consists of the image n 7→ m via
ẇ−1

0 n = mn′n is not invariant under the action m 7→ ΘM (x−1
1 )mx2 for

x1, x2 ∈ UM . In particular, one checks easily from our calculation of the
Bruhat decomposition in Section 3 that in our case the set of elements of
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the form m(X,Y ) is not invariant under this action. So we do not use this
formula, although it is of a nicer form.

Remark 6.5. We observe easily that in particular, if n0 = 1, i.e. ũ−
1 = u−

2 ,
we have

BM
φ (m, f) = BL

φẇ
(l, hf ).

6.2. Asymptotic expansion and uniform smoothness. The main
idea to prove stability is that once we relate our local coefficient formula
with the Mellin transform of the partial Bessel integrals, there are two
parts in the asymptotic expansion formula of the partial Bessel integrals,
one depends only on the central character of π, the other is certain uniform
smooth function. Therefore under highly ramified twists, the second part
vanishes.

To obtain the asymptotic expansion of partial Bessel integrals, we study
its boundary behavior on Ωw with w ∈ B(M), i.e. on Bruhat cells of small-
est possible dimension, and do induction on Bessel distance. This is a stan-
dard procedure as in [6] or [15]. We begin with the small cell C(e) = BM
of M . First note that Le = M,Ae = ZM , U+

M,e = UM , and Ωe = M . Take
ė = I, the identity matrix in M . Recall that π is ψ-generic supercuspi-
dal and we pick an matrix coefficient f ∈ C∞

c (M ;ωπ), normalized with
Wf (e) = 1. Then we have

Proposition 6.6. Fix an auxiliary function f0 ∈ C∞
c (M ;ωπ) with Wf0(e) =

1. Then for each f ∈ C∞
c (M ;ωπ) with Wf (e) = 1 and w′ ∈ B(M) with

dB(e, w′) = 1, there exists a function fw′ ∈ C∞
c (Ωw′ ;ωπ) such that for any

w ∈ B(M) and m ∈M , we have

BM
φ (m, f) = BM

φ (m, f1) +
∑

w′∈B(M),dB(w′,e)=1
BM
φ (m, fw′)

where f1(m) :=
∑
m=m1c f0(m1)BM (ėc, f) =

∑
m=m1c f0(m1)ωπ(c), the

sum runs over all possible decompositions m = m1c with m1 ∈ Mder, and
c ∈ Ae = ZM .

Proof. Decompose M = MderAe = MderZM , where Mder is the derived
group of M . Write m = m1c with m1 ∈ Mder and c ∈ ZM , then there are
only finitely many such decompositions which are indexed by elements in
the transverse torus Aee = Mder ∩ ZM . Define

f1(m) :=
∑

m=m1c

f0(m1)BM (ėc, f) =
∑

m=m1c

f0(m1)ωπ(c)
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Then f1(m) ∈ C∞
c (M ;ωπ). For a ∈ Ae = ZM , a′ = e, therefore

BM
φ (ėa, f1) = ωπ(a)

∫
U

ΘM
M,e \UM

∫
UM

f1(xu)φ(ΘM (u−1)u)ψ−1(xu)dxdu

= ωπ(a)Wf1(e)
∫
U

ΘM
M,e \UM

φ(ΘM (u−1)u)du.

On the other hand, Wf1(e) =
∫
U f1(x)ψ−1(x)dx, while x ∈ UM ⊂ Mder so

f1(x) = f0(x), thus Wf1(e) = Wf0(e) = 1, hence we obtain that
BM
φ (ėa, f1) = BM

φ (ėa, f) for all a ∈ Ae. Therefore BM
φ (ėa, f − f1) = 0

for all a ∈ Ae. Apply [6, Lemma 5.13], there exists f ′
2 ∈ C∞

c (Ω◦
e, ;ωπ),

such that BM
φ (m, f − f1) = BM

φ (m, f ′
2) for all m ∈ M , where Ω◦

e = Ωe −
C(e) = M − BM . Let Ω1 =

⋃
w∈B(M),w ̸=e Ωw =

⋃
w∈B(M),dB(w,e)=1 Ωw, and

Ω0 = M − C(e) = Ω◦
e. By [6, Lemma 5.14], there exists f2 ∈ C∞

c (Ω1;ωπ),
so that BM

φ (m, f2) = BM
φ (m, f ′

2) = BN
φ (m, f − f1), for a sufficiently large

φ depending only on f1. Then by a partition of unity argument, for each
w′ ∈ B(M), dB(w′, e) = 1, we can find fw′ ∈ C∞

c (Ωw′ ;ωπ), such that
f2 =

∑
w′∈B(M),dB(w′,e)=1 fw′ . □

We would like to do the same type of analysis on each BM
φ (m, fw′) and

obtain an asymptotic expansion formula for BM
φ (m, f) indexed by Weyl

group elements that supports Bessel functions, and for all m lying in the
relevant part of Bruhat cells. To be precise we will show that

Proposition 6.7. Fix an auxiliary function f0 ∈ C∞
c (M ;ωπ) with Wf0(e) =

1. Then for each f ∈ C∞
c (M ;ωπ) with Wf (e) = 1 and w′ ∈ B(M) with

dB(e, w′) ≥ 1, there exists a function fw′ ∈ C∞
c (Ωw′ ;ωπ) such that for any

m = u1ẇau2 ∈ Cr(ẇ) with ẇ = ẇML ∈ B(M), we have

BM
φ (m, f) =

∑
a=bc

ωπ(c)BM
φ (u1ẇbu2, f0) +

∑
w′∈B(M),dB(w′,e)≥1

BM
φ (m, fw′)

where a = bc runs over the possible decompositions of a ∈ Aw with b ∈ Aew
and c ∈ Ae = ZM .

Proof. Note that in particular if m = u1ẇau2 ∈ Cr(ẇ), by Lemma 6.1,
UΘM
M,m ⊂ u

−1
2 U+

M.wu2, we can write

UM = u−1
2 U+

M,wU
−
M,wu

−1
2 = u−1

2 U+
M,wu2(u−1

2 U−
M,wu2).
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Let u = u′(u−1
2 u−u2) where u′ = u−1

2 u+u2 with u+ ∈ U+
M,w, u− ∈ U−

M,w,
we have

BM
φ (m, f1) =

∫
U

ΘM
M,m\u−1

2 U+
M,wu2

∫
U−

M,w

∫
UM

f1(xu1ẇau2u
′u−1

2 u−u2)

· φ(ΘM (u−1
2 (u−)−1u2u

′−1)u1ẇa
′u2u

′u−1
2 u−u2)

· ψ−1(xu′u−1
2 u−u2)dxdu−du′.

As u+ = u2u
′u−1

2 ∈ U+
M,w and a ∈ Aw, we have xu1ẇau

−1
2 u′u−1

2 u−u2 =
xu1(ẇu2u

′u−1
2 ẇ−1)ẇu−u2. Let x′ = xu1(ẇu2u

′u−1
2 ẇ−1) ∈ U+

M,w, v− =
u−u2 ∈ U−

M,w = U−
M,w, and by compatibility of ψ with ẇ, we obtain that

BM
φ (m, f1) = ψ(u1u2)

∫
U

ΘM
M,m\u−1

2 U+
M,wu2

∫
U−

M,w

∫
UM

f1(x′ẇav−)

· φ(ΘM ((v−)−1u2u
′−1)u1ẇa

′u2u
′u−1

2 v−)ψ−1(x′v−)dx′dv−du′

So by the construction of f1, we need to decompose x′ẇav− = m1c with
m1 ∈Mder and c ∈ Ae = ZM , which is equivalent to

ac−1 = ẇ−1(x′)−1m1(v−)−1.

Since we pick ẇ ∈ Mder, and x′, v− ∈ UM ⊂ Mder, this is saying that
b := ac−1 ∈Mder ∩Aw = Aew. It follows that

f1(x′ẇav−) =
∑
a=bc

f0(x′ẇbv−)ωπ(c),

and consequently

BM
φ (m, f1) =

∑
a=bc

ωπ(c)BM
φ (u1ẇbu2, f0)

where a = bc runs over the possible decompositions of a ∈ Aw with b ∈ Aew
and c ∈ Ae = ZM .

We continue to obtain expansions for BM
φ (m, fw′). Suppose w′ = wML ∈

B(M). Let h = hfw′ ∈ C∞
c (L;ωπ) be the image of fw′ under C∞

c (Ωw′ ;ωπ) ↠
C∞
c (L;ωπ). Pick h0 ∈ C∞

c (L;ωπ) normalized so thatBL
φẇ′ (ė, h0) = 1

|ZL∩Aw′
w′ |

,

and BM (b, h0) = 0 for b ∈ Aw′
w′ but b /∈ ZM∩Aw

′
w′ . Similar to the construction

of f1 from f , let h1(l) =
∑
l=l1c h0(l1)BL(c, h), where the decomposition is

taken over all possible l = l1c where l1 ∈ Lder and c ∈ Aw′ = ZL. By [6,
Proposition 5.4], BL

φẇ′ (a, h1) = BL
φẇ′ (a, h), for all a ∈ Aw′ = ZL. Choose f1

which maps to h1 under C∞
c (Ωw′ , ωπ) ↠ C∞

c (L;ωπ), apply Proposition 6.3
to case when H = L, and m = w′a, a ∈ Aw′ = ZL, we get BM

φ (w′a, f1) =
BL
φẇ′ (a, h1) = BL

φẇ′ (a, h) = BM
φ (w′a, fw′). So BM

φ (w′a, fw′ − f1) = 0, for all
a ∈ Aw. Apply [6, Lemma 5.13, 5.14] again, together with a partition of
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unity argument, there exists fw′,w′′ ∈ C∞
c (Ωw′′ ;ωπ) for w′ < w′′ ∈ B(M)

such that dB(w′, w′′) = 1, and

BM
φ (m, fw′) = BM

φ (m, f1) +
∑

w′′∈B(M),w′′>w′,dB(w′′,w′)=1
BM
φ (m, fw′′).

Proceed by repeating this process and do induction on the Bessel distance,
and combine with the above argument on BM

φ (m, f1), we obtain the as-
ymptotic expansion formula as desired. □

A smooth function on a p-adic group is uniform smooth if it is uniformly
locally constant, i.e., there exists an open compact subgroup K0 such that
the function is constant on aK0 for any a in the group. Note that the first
sum in Proposition 6.7 depends only on ωπ and a fixed auxiliary function
f0. The next important step is to show that each BM

φ (m, fw′) satisfy some
uniform smooth property. Recall that for h ∈ C∞

c (Ωw′ ;ωπ) with w′ =
wML ∈ B(M), we constructed h1(l) =

∑
l=l1c h0(l1)BL(c, h). Suppose m =

u−
1 ẇ

′lu−
2 and write l = zl′ with z ∈ ZM , n0 = ũ−

1 (u−
2 )−1, where ũ−

1 =
τML ◦ΘM ◦τML ((u−

1 )−1), we have BL
φ (u−

1 , u
−
2 , l, h1) = ωπ(z)BL

φ (u−
1 , u

−
2 , l

′, h1).
Since

BL
φ (u−

1 , u
−
2 , l

′, h1) =
∫
U

ΘL
L,l

∩n0U
ΘL
L,l

n−1
0 \UL

∫
UL

h1(xl′u)

· φ(ΘM ((n0u)−1)ẇ′l′u)ψ−1(xu)dxdu,
we need to write xl′u = l1c with l1 ∈ Lder, c ∈ ZL. Suppose l = v1ẇav2 ∈
CL(ẇ) a Bruhat cell in L with ẇ ∈ Lder, then l′ = v1ẇa

′v2 where a = za′.
As v1, v2, ẇ ∈ Lder, so to write xl′u = xv1ẇa

′v2 = l1c is equivalent to
write a′ = bc with b ∈ A ∩ Lder and c ∈ ZL. Let b = zbb

′, c = zcc
′

with zb, zc ∈ ZM , b′ ∈ A′, c′ ∈ Z ′
L, then a′ = zbzcb

′c′ ⇒ zbzc = 1, and
a′ = b′c′. Let lb = v1ẇbv2, and similarly lb′ = v1ẇb

′v2, then h1(xl′u) =∑
a′=b′c′ h0(xlb′u)BL(c′, h). Since UΘL

L,l′ = {u ∈ UL : ΘL(u−1)l′u = l′} =
{u ∈ UL : ΘL(u−1)lb′c′u = lb′c′} = {u ∈ UL : ΘL(u−1)lb′uc′ = lb′c′} = {u ∈
UL : ΘL(u−1)lb′u = lb′} = UΘL

L,lb′ , we obtain that

BL
φ (u−

1 , u
−
2 , l

′, h1) =
∑

a′=b′c′

BL(c′, h)
∫
U

ΘL
L,l′ ∩n0U

ΘL
L,l′n

−1
0 \UL

∫
UL

h0(xlb′u)

· φ(ΘM ((n0u)−1)lb′uc′)ψ−1(xu)dxdu

=
∑

a′=b′c′

BL(c′, h)BL
φc′ (u−

1 , u
−
2 , lb′ , h0)

where φc′( · ) := φ( · c′) is the right shift of φ by c′.
Recall that A is the maximal split torus ofM . We say a unipotent element

u ∈ UM is rationally parameterized by (a, d) ∈ A×Ak if all the entries in the
1-parameter subgroups corresponding to u are rational functions of (a, d),



516 Taiwang Deng, Dongming She

here Ak is the affine space of dimension k, i.e., if one has u =
∏
α uα(xα)

with xα ∈ Ga, then each xα is a rational function of (a, d).

Proposition 6.8. Let H ⊂ L ⊂ M be Levi subgroups of M , suppose
m = u−

1 ẇ
′lu−

2 = m(a, d) = u1(a, d)ẇau2(a, d) ∈ Cr(ẇ) is rationally pa-
rameterized by (a, d) ∈ Aw

′
w Aw′ × Ak ⊂ A × Ak for some k ≥ 0 with

w = wMH , w
′ = wML ∈ B(M). Assume that the rational functions that pa-

rameterize u1 and u2 have no singularities on A × Ak. Then if one writes
a = bc with b ∈ Aw′

w , c ∈ Aw′ and c = zc′ with z ∈ ZM , c ∈ A′
w′, where

Aw′ = ZMA
′
w′, we have that

BM
φ (m, f1) = ωπ(z)ψ(u−

1 (bc′z, d), u−
2 (bc′z, d))

·
∑

a′=b′c′

BL(c′, h)BL
φc′ (u−

1 (bc′z), u−
2 (bc′z), lb′(bc′z, d), h0)

is uniformly smooth as a function of c′ ∈ A′
w′, where f1 7→ h1 via

C∞
c (Ωw′ ;ωπ) ↠ C∞

c (L;ωπ).

Proof. We have

BM
φ (m, f1) = ψ(u−

1 , u
−
2 )BL

φ (u−
1 , u

−
2 , l, h1)

= ψ(u−
1 , u

−
2 )
∑
a=bc

BL(c, h)BL
φc(u−

1 (bc, d), u−
2 (bc, d), lb, h0)

by Proposition 6.3 and the above argument. By fixing a decomposition
a = bc with b ∈ Aw

′
wM

, c ∈ Aw′ , all such decompositions are of the form
a = (bξ−1)(ξc) with ξ ∈ Aw

′
w ∩ Aw′ = Aw

′
w′ = ZL ∩ Lder, a finite set, so

|ξ| = 1. Therefore

BL
φ (u−

1 , u
−
2 , l, h1) =

∑
ξ∈Aw′

w′

BL(ξc, h)BL
φξc(u−

1 (bc, d), u−
2 (bc, d), lbξ−1 , h0)

where lbξ−1 = ẇ′−1u+
1 ẇ

′ẇLHbξ
−1u+

2 . As φ depends only on the absolute
value, φξc = φc. On the other hand,

BL(ξc, h) =
∫
UM (F )

h(xξc)ψ−1(x)dx = ωπ(ξ1z)
∫
UM (F )

h(xξ′c′)ψ−1(x)dx

where we write ξ = ξ1ξ
′ with ξ1 ∈ ZM and ξ′ = ξξ−1

1 . As h ∈ C∞
c (L;ωπ)

is smooth of compact support modulo ZM , and the small Bruhat cell
CL(eL) = AUL = ZMA

′UL of L is closed in L, and Z ′
L ⊂ A′ is closed,

there exists compact subsets K1 ⊂ Z ′
L and U1 ⊂ UM such that
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h(xξ′c′) ̸= 0⇒ ξ′c′ ∈ K1 and x ∈ U1. Writing c = zc′, we see that

BL
φ (u−

1 , u
−
2 , l, h1)

= ωπ(z)
∑
ξ∈Aw′

w′

BL(ξc′, h)BL
φc(u−

1 (bc′z, d), u−
2 (bc′z, d), lbξ−1 , h0)

does not vanish unless c′ ∈ K :=
⋃
ξ′ ξ′−1K1, a compact subset. From this

we also see that the support of h in c′ is compact and independent of the
decomposition a = bc.

Moreover, since the support of h in c′ is compact, and h is smooth,
there exists an open compact subgroup C0 ⊂ Z ′

L such that h(xξ′c′c0) =
h(xξ′c′) for all x ∈ U1, c′ ∈ Z ′

L, and c0 ∈ C0. By our assumption the
entries in the 1-parameter subgroups corresponding to ui(a, d), and hence
u±
i (a, d) = u±

i (bc′z, d) (i = 1, 2) are rational functions in (b, c′, z, d) without
singularities, it follows that u±

i and hence also ψ(u−
1 , u

−
2 ) are smooth func-

tions of (b, c′, z, d) with no singularities, and the quotient space UΘL
L,l ∩

n0U
ΘL
L,l n

−1
0 \UL is also smoothly parameterized by (b, c′, z, d). Therefore

BM
φ (m(bc′z, d), f1) is zero when c′ /∈ K. So for each fixed z, b, d, we simulta-

neously choose C0, depending on z, b, d, so that u±
i (zbc′c0, d) = u±

i (zbc′, d)
for all c0 ∈ C0, c

′ ∈ K. Finally, We shrink C0 so that C0 ⊂ Z ′
L(OF ) if

necessary, then φcc0 = φc for all c0 ∈ C0 and c ∈ Aw′ = ZL. Consequently,
there exists an open compact subgroup C0 ⊂ Z ′

L such that

BM
φ (m(zbc′c0, d), f1) = BM

φ (m(zbc′, d), f1)

for all a = bc and c0 ∈ C0 ⊂ Z ′
L = A′

w′ , i.e. BM
φ (m, f1) is uniformly smooth

in c′ ∈ A′
w′ . □

6.3. The final local coefficient formula and the separation of the
toric part. We will relate the partial Bessel functions defined in Section 5
with partial Bessel integrals introduced in Section 6, so that the local coef-
ficient formula in Proposition 5.2 can be restated in terms of Mellin trans-
forms of partial Bessel integrals. With nice asymptotic expansion formulas
in Proposition 6.7 and uniform smoothness in Proposition 6.8, we will be
able to show our desired analytic stability.

For our applications, we set the involution ΘM : m 7→ ẇ−1
0 mẇ0, and it

is easily verified that it satisfies the assumption that it preserves the F -
splitting and is compatible with Levi subgroups and the generic character
ψ. Recall that for a matrix X of size k × l, we defined

φκ(X) =
{

1 |Xi,j | ≤ q((k−i)+(l−j)+1)κ

0 otherwise,
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and

N0,κ = {n(X,Y ) : φκ(ϖ−(d+g)X) · φκ(ϖ−2(d+g)Y ) = 1},

where d = Cond(ψ) and g = Cond(ω−1
π (w0(ωπ))). We also denoted by φN0,κ

the characteristic function of N0,κ. Suppose n(X,Y ) 7→ m(X,Y ) via the
Bruhat decomposition ẇ−1

0 n = mn′n. Define

φ(m(X,Y )) := φκ((Y −1X)r1X)φκ(((Y −1X)r1)2Y )

where (Y −1X)r1 is the (r, 1)-th entry of Y −1X. We will show that φ sat-
isfies the assumption that it is invariant under the ΘM -twisted conjugate
action by some open compact subgroup U0 of UM (F ). Consequently, the
assumptions on ΘM and φ in the beginning of Section 6 are both satisfied
and we have

Proposition 6.9. Let m(X ′, Z ′) be the image of n(X ′, Z ′) under the map
n 7→ m via ẇ−1

0 n = mn′n. Then

jN0,κ,π,w
(n(X ′, Z ′)) = BM

φ (m(X ′, Z ′), f)

where φN0,κ
and φ are defined as above and f ∈ C∞

c (M(F );ωπ) such that
W = Wf , normalized so that Wf (e) = 1.

Proof. Given the Bruhat decomposition ẇ−1
0 n = mn′n, for z = α∨(t) ∈

Z0
M , if u 7→ zu−1nuz−1, then

m 7−→ ΘM (zu−1)muz−1 = ΘM (u)−1ΘM (z)z−1mu = ΘM (u−1)α∨(t−2)mu,

as ΘM (z), z ∈ ZM .
In our cases, where n = n(X,Y ), then

m = m(X,Y ) = diag{m1(X,Y ),m2(X,Y ), θr(m1(X,Y ))}.

So

ΘM (m(X,Y )) = diag(θr(m1(X,Y )),m2(X,Y ),m1(X,Y ))

It shows that ΘM induces θr. Moreover, for z = α∨(t) ∈ Z0
M , u =

diag{u1, u2, θr(u1)} ∈ UM , we have

zu−1n(X,Y )uz−1 = n(u−1
1 (tX)u2, u

−1
1 (t2Y )θr(u1)) = u−1n(tX, t2Y )u.

Hence the action n(X,Y ) 7→ zu−1n(X,Y )uz−1 is given by

X 7−→ u−1
1 tXu2, Y 7−→ u−1

1 t2Y θr(u1).
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On the other hand,

ΘM (zu−1)muz−1 = ΘM (u)−1α∨(t−2)m(X,Y )

=

 θr(u−1
1 )

u−1
2

u−1
1

[ t−2θr(Y )
(I2m−J ′

2m
tXtY

−1
JrX)−1

t2Y

][
u1

u2
θr(u1)

]

=
θr(u

−1
1 )θr(t2Y )u1

(I2m − J ′
2m

t(u−1
1 tXu2)t(u−1

1 t2Y θr(u1))Jr(u−1
1 tXu2))−1

u−1
1 t2Y θr(u1)

.
This verifies that for z = α∨(t), u = diag(u1, u2, θr(u1)) ∈ UM , we have

ΘM (zu−1)m(X,Y )uz−1 = m(u−1
1 tXu2, u

−1
1 t2Y θr(u1)).

Let U0,κ = U1,κ×U2,κ with U1,κ ⊂ UGLr (F ) and U2,κ ⊂ USp2m
(F ) given by

U1,κ := {(u1,ij) ∈ UGLr(F ) : |u1,ij | ≤ q(j−i)κ},

U2,κ := {(u2,ij) ∈ USp2m(F ) : |u2,ij | ≤ q(j−i)κ}.

Then U0,κ are open compact subgroups of UM (F ). For u = (u1, u2) ∈ U0,κ,
one checks easily that ΘM (u−1)N0,κu ⊂ N0,κ, i.e, N0,κ is invariant under
the twisted conjugate action by U0,κ.

Let φ(m(X,Y )) := φκ((Y −1X)r1X)φκ(((Y −1X)r1)2Y ). So φ is defined
on the subset of M which lie in the image of n(X,Y ) under the map n 7→ m
via ẇ−1

0 n = mn′n, where (Y −1X)r1 is the (r, 1)-th entry of Y −1X. We
will show that φ is invariant under the ΘM -twisted conjugate action U0,κ.
Suppose u = (u1, u2) ∈ U0,κ, then

φ(ΘM (u−1)m(X,Y )u) = φ(m(u−1
1 Xu2, u

−1
1 Y θr(u1)))

= φκ((θr(u−1
1 )Y −1Xu2)r1)u−1

1 Xu2)φκ((θr(u−1
1 )Y −1Xu2)r1)2u−1

1 Y θr(u1))
= φκ((Y −1X)r1)u−1

1 Xu2)φκ((Y −1X)r1)2u−1
1 Y θr(u1)).

The last equality holds since (Y −1X)r1 is clearly invariant under the left
or right translation by an upper triangular unipotent matrix. On the other
hand, since u1(Y −1X)r1u−1

1 = (Y −1X)r1,

φκ((Y −1X)r1u−1
1 Xu2) = 1⇐⇒ (Y −1X)r1u−1

1 Xu2 ∈ X(κ)
⇐⇒ X ∈ u1(Y −1X)r1u−1

1 (u1X(κ)u−1
2 ) = (Y −1X)r1X(κ)

⇐⇒ φκ((Y −1X)r1X) = 1

where X(κ) = {X = (xij) ∈ Matr×2m : |xij | ≤ q((r−i)+(2m−j)+1)κ}, which
can be checked by direct calculation that it is invariant under the left-action
by U1,κ and right-action by U2,κ. Similarly we have

φκ(((Y −1X)r1)2u−1
1 Y θr(u1)) = φκ(((Y −1X)r1)2Y ).
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It follows that
φ(ΘM (u−1)m(X,Y )u) = φ(m(X,Y ))

for all u ∈ U0,κ.
Then for (X ′, Z ′) ∈ RX′ × RZ′ , z = α∨(ϖd+guαr (ẇ0n(X ′, Z ′)ẇ−1

0 )) =
α∨(ϖd+g y′∗

rr
det(Y ′))), where y′∗

rr is the adjoint matrix of the (r, r)-th entry of
Y ′, we have

φN0,κ
(zu−1n(X ′, Z ′)uz−1)

= φκ

(
u−1

1
y′∗
rr

det(Y ′)X
′u2

)
φκ

(
u−1

1

(
y′∗
rr

detY ′)

)2

Y ′θr(u1)
)

= φκ(u−1
1 (X ′−1

Y ′)r1X ′u2)φκ(u−1
1 ((Y ′−1

X ′)r1)2Y ′θr(u1))
= φ(ΘM (u−1)m(X ′, Z ′)u).

Since the uniqueness of the Bruhat decomposition ẇ−1
0 n = mn′n implies

that when n 7→ u−1nu, then m 7→ ΘM (u)−1mu. By our calculation, for
u = (u1, u2) ∈ UM , n = n(X,Y ) 7→ m = m(X,Y ), we have u−1n(X,Y )u =
n(u−1

1 Xu2, u
−1
1 Y θ(u1)), ΘM (u)−1m(X,Y )u = m(u−1

1 Xu2, u
−1
1 Y θ(u2)). So

both the actions are given by X 7→ u−1
1 Xu2, Y 7→ u−1

1 Y θ(u1) Therefore,

UΘM

M,m(X,Y ) = UM,n(X,Y )

= {u = (u1, u2) ∈ UM : u−1
1 Xu2 = X,u−1

1 Y θ(u1) = Y }
This shows that the centralizer of n(X,Y ) in UM agrees with the ΘM -
twisted centralizer of m(X,Y ) in UM . Compare the definitions of

jN0,κ,π,w
(n(X ′, Z ′)) and BM

φ (m(X ′, Z ′), f),

we obtain the desired equality. □

Finally, by Proposition 5.2 and Proposition 6.8, we can restate Proposi-
tion 5.2 as:
Proposition 6.10. Let σ and τ be ψ-generic supercuspidal representations
of GLr(F ) and Sp2m(F ) respectively, such that ωπ is ramified where π =
σ ⊠ τ , then there exists a κ0, such that for all κ ≥ κ0 and all characters χ
of F× such that ωπ⊗χ = ωπχ

r is ramified, we have

Cψ(s, π ⊗ χ)−1 = γ(2rs, ω2
πχ

2r, ψ−1)
∫
RX′ ×RZ′

BM
φ (m(X ′, Z ′), f)(ω−2

π χ−2r)

·

 P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣ P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣
−rs

·|det(m1(X ′, Z ′))|s+
r+2m+1

2 dµX′ ∧ dµZ′
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where m(X ′, Z ′) is the image of n(X ′, Z ′) 7→ m(X ′, Z ′) via the Bruhat
decomposition ẇ−1

0 ṅ = mn′n, which holds off a subset of measure zero on
N(F ), m = diag{m1,m2, θr(m1)} with m1 ∈ GLr(F ), m2 ∈ Sp2m(F ), and
γ(2rs, ω2

πχ
2r, ψ−1) is the Abelian γ-factor depending only on ωπ and χ.

One important observation in our case is that our orbit space R′ =
RX′ × RZ′ is no longer isomorphic to a torus, and attempts to reparam-
eterize m(X,Z) by the maximal torus together with non-torus parts fail
since the map (X,Z) 7→ (m1,m2) is not surjective in general. So in or-
der to apply the asymptotic analysis of partial Bessel integrals, we will
need to study the toric action on the orbit space and separate its toric
part out from the integral. First we would like to understand the ac-
tion of the maximal torus A ≃ A1 × A2 on R = RX × RZ = UM\N ,
where A1 is the maximal torus of GLr and A2 is the maximal torus of
Sp2m. Recall that through the Bruhat decomposition ẇ−1

0 n = mn′n, for
s ∈ A, if n 7→ sns−1, then m 7→ ΘM (s)ms−1. In our case, for m =
(m1,m2) with m1 ∈ GLr and m2 ∈ Sp2m, the action is given by m1 7→
s′m1θr(s′−1), and m2 7→ s′′m2s

′′−1, which is equivalent to X 7→ s′Xs′′−1,
Y 7→ s′′Y θr(s′′)−1, or to X 7→ s′Xs′′−1, Z 7→ s′Zs′, where s = (s′, s′′)
with s′ ∈ A1 and s′′ ∈ A2. Write s′ = diag(s1, s2, . . . , sr) ∈ A1, s

′ =
diag(sr+1, sr+2, . . . , sr+m, sr+m

−1, . . . , sr+1
−1) ∈ A2. Define the subspace

TX,Z : {
{(xr,1, xr−1,2 . . . , xr−m+1,m, z1,1, . . . , zr,r)}, if r ≥ m,
{(xr,1, xr−1,2, . . . , x1,r, z1,1, . . . , zr,r)}, if r < m.

in which the corresponding (X,Z) ∈ RX ×RZ . Note that in the definition
of TX,Z we always use the notation X = (xi,j) and Z = (zi,j) and the
entries which are not indicated should understood to be zero.
Proposition 6.11. Let Φ : RX × RZ → M → A = A1 × A2 be the
map given by (X,Z) 7→ m = m(X,Z) = (m1,m2) 7→ (t1, t2), where
m(X,Z) is the image of n(X,Z) under the map n 7→ m via ẇ−1

0 n =
mn′n, and m1 = u1ẇ1t1u2, m2 = v1ẇ2t2v2 are the Bruhat decomposi-
tion of m1 and m2 respectively. Then Φ is compatible with the toric action,
i.e., Φ(s′Xs′′−1, s′Zs′) = (m1(s′Xs′′−1, s′Zs′),m2(s′Xs′′−1, s′Zs′)) for s =
(s′, s′′) ∈ A. The toric action on RX × RZ is completely determined by its
restriction on TX,Z , up to the square of each si (1 ≤ i ≤ r + min{r,m}).
Moreover, the restriction Φ|TX,Z

is a finite étale map onto its image in A.
Proof. The compatibility of Φ with the toric action follows directly from

ΘM (s)m(X,Z)s−1 = m(s′Xs′′−1
, s′Zs′).

Recall that we also write m = m(X,Z) = m(X,Y ) where Y = ZJr +
Xθr,m(X)

2 . We claim that if we inductively write Y = Yr =
[

α y1,r

Yr−1 tβ

]
and
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Y = Y (r) =
[

tα′ Y (r−1)

yr,1 β′

]
, and assume that det(Yi)’s and det(Y (j))’s are all

non-zero, then the image m(X,Y ) of n(X,Y ) lies in the big cell of M . If
we decompose m1 = u1ẇ1t1u2, m2 = v1ẇ2t2v2 with ẇ1 = Jr, ẇ2 = J ′

2m,
the long Weyl group elements of GLr and Sp2m respectively, we will show
that

t1 = diag
(

(−1)r−1 det(Yr−1)
det(Yr)

, (−1)r−2 det(Yr−2)
det(Yr−1) , . . . ,

1
det(Y1)

)
and t2 = diag(t2, t2−1) with t2 the diagonal vector given by:

• if r < m,

t2 =
(
−det(Y (r−1))

det(Y (r))
x2
r,1, (−1)2 det(Y (r−2))

det(Y (r−1))
x2
r−1,2, . . . , (−1)r−1 1

det(Y (1))
x2

1,r, 1, . . . , 1
)
,

• if r ≥ m,

t2 =
(
−det(Y (r−1))

det(Y (r))
x2
r,1, (−1)2 det(Y (r−2))

det(Y (r−1))
x2
r−1,2, . . . , (−1)m det(Y (r−m))

det(Y (r−m+1))
x2
r−m+1,m

)
.

Let us first prove this for t1 by induction on r. If r = 1 then there
is nothing to show. Assume r > 1 and write Yr =

[
α y1,r

Yr−1 tβ

]
. Take the

representative of the long Weyl group element in GLr as Jr. Then m1 =
θr(Y ) = u1Jrt1u2 ⇔ ũ1Y ũ2 = t−1

1 Jr, where ũi = θr(ui)−1(i = 1, 2). Write
ũ1 =

[
1 δ1
u′

1

]
, and ũ2 =

[
u′

2
tδ2
1

]
, with u′

i ∈ UGLr−1 , δi ∈ Ar−1. Then

ũ1Y ũ2 =
[
(α+ δ1Yr−1)u′

2 (α+ δ1Yr−1)tδ2 + (y1,r + δ1
tβ)

u′
1Yr−1u

′
2 u′

1Yr−1
tδ2 + u′

1β

]
.

Assume det(Yr−1) ̸= 0, y1,r ̸= 0, choose δ1 = −αY −1
r−1, tδ2 = −Y −1

r−1β, write

t1 = diag{a1, . . . , ar} then ũ1Y ũ2 = t−1
1 Jr ⇔

[
0 y1,r−αY −1

r−1
tβ

u′
1Yr−1u′

2 0

]
= a−1

1

. .
.

(−1)r−1ar

. By induction hypothesis, it suffices to show that y1,r −

αY −1
r−1

tβ = a−1
1 . Note that

det(Yr) = det
[
α y1,r

Yr−1
tβ

]
= (−1)r−1 det

[
Yr−1

tβ
α y1,r

]
.

On the other hand,
[
Y −1

r−1
1

][
Yr−1 tβ
α y1,r

]
=
[
Ir−1 Y

−1
r−1

tβ
α y1,r

]
. Taking determinant

on both sides, we obtain that

(−1)r−1 det(Yr) det(Yr−1)−1 = det
[
Ir−1 Y −1

r−1
tβ

α y1,r

]

= det
[
Ir−1 Y −1

r−1
tβ

0 −αY −1
r−1

tβ + y1,r

]
= y1,r − αY −1

r−1
tβ,
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i.e., a1 = (−1)r−1 det(Yr−1)
det(Yr) .

Next, we work on the formula for t2. Let us first assume that r ≥ m and
we prove the formula by induction on m. When m = 1, the result follows
from direct calculation. Assume m > 1 and suppose m2 = v1J

′
2mt2v2, then

m−1
2 = I2m − J ′

2m
tXtY −1JrX = −v−1

2 t−1
2 J ′

2mv
−1
1 , which is equivalent to

v2(I2m − J ′
2m

tXtY −1JrX)v1 = −t−1
2 J ′

2m. Write vi =
[ 1 γi bi

v′
i γ

∗
i
1

]
, (i = 1, 2),

X =
[

0 X1 tγ
xr,1 0 0

]
, Y =Y (r) =

[
tα′ Y (r−1)

yr,1 β′

]
. Assume that each Y (j), (1≤ j≤ r)

is invertible, yr,1 ̸= 0, and set t(Y (r))−1 =
[ tδ′

1 H

x δ′
2

]
. Then one computes that

I2m − J ′
2m

tXtY −1JrX

= I2m −
[ 1

−J ′
2m−2

−1

][ 0 xr,1
tX1 0
γ 0

][ tδ′
1 H

x δ′
2

][
1

−Jr−1

][
0 X1 tγ
xr,1 0 0

]
=
[ 1−γtδ′

1xr,1 γHJr−1X1 γHJr−1tγ

J ′
2m−2

tX1tδ′
1xr,1 I2m−2−J ′

2m−2
tX1HJr−1X1 −J ′

2m−2
tX1HJr−1tγ

x2
r,1x −xr,1δ′

2Jr−1X1 1−xr,1δ′
2Jr−1tγ

]

By definition of t(Y (r))−1, we have

α′tδ′
1 + yr,1x = 1, α′H + yr,1δ

′
2 = 0,

tY (r−1)tδ′
1 + tβ′x = 0, tY (r−1)H + tβ′δ′

2 = Ir−1.

Multiply by v2 on the left and v1 on the right, and compare with

−t−1
2 J ′

2m =

 a−1
r+1

−t′−1
2 J ′

2m−2
−ar+1

,
where we write

t2 = diag{ar+1, . . . , an, a
−1
n , . . . , a−1

r+1} = diag{ar+1, t
′
2, a

−1
r+1}.

The middle entry of v2(I2m − J ′
2m

tXtY −1JrX)v1 gives

v′
2(I2m−2 − J ′

2m−2
tX1

t(Y (r−1))−1
Jr−1X1)v′

1

+ v′
2J

′
2m−2

tX1
t(Y (r−1))−1tβ′δ′

2Jr−1X1v
′
1 + γ∗

2(−xr,1δ′
2Jr−1X1)v′

1

= −t′−1
2 J ′

2m−2.

Therefore we have to show that

(∗) v′
2J

′
2m−2

tX1
t(Y (r−1))−1tβ′δ′

2Jr−1X1v
′
1 + γ∗

2(−xr,1δ′
2Jr−1X1)v′

1 = 0

in order to continue with our induction procedure. Since tY (r−1)tδ′
1+tβ′x =

0, we have tδ′
1 + t(Y (r−1))−1tβ′x = 0, thus tδ′

1δ
′
2 + t(Y (r−1))−1tβ′δ′

2x = 0.
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We also note that γ∗
2 = v′

2J
′
2m−2

tγ2 by the structure of Sp2m−2. So the left
hand side of (∗) is equal to

v′
2J

′
2m−2(−tX1

tδ′
1δ

′
2 − tγ2xr,1δ

′
2)Jr−1X1v

′
1.

On the other hand, one computes that the (2, 1)-th entry of v2(I2m −
J ′

2m
tXtY −1JrX)v1 gives

v′
2J

′
2m−2(tX1

tδ′
1xr,1 + tγ2x

2
r,1x) = 0,

hence tX1
tδ′

1xr,1 + tγ2x
2
r,1x = 0. As a result,
tX1

tδ′
1δ

′
2xr,1 + tγ2x

2
r,1δ

′
2x = 0.

Since xr,1 ̸= 0, this shows that the left hand side of (∗) is equal to 0.
By induction hypothesis, it suffices to show that ar+1 = −x2

r,1
det(Y (r−1))

det(Y (r)) .
Note that the (3, 1)-th entry of v2(I2m − J ′

2m
tXtY −1JrX)v1 implies that

x2
r,1x = −ar+1. One also checks by direct calculation that other identities

in the comparison of entries in v2(I2m − J ′
2m

tXtY −1JrX)v1 and −t−1
2 J ′

2m
are automatically satisfied. On the other hand, α′tδ′

1 + yr,1x = 1 together
with tδ1 = −t(Y (r−1))−1tβ′x imply that x(yr,1 − α′t(Y (r−1))−1tβ′) = 1. We
have

det(Y (r))
det(Y (r−1))

= det
(
Y (r)

[
(Y (r−1))−1

1

])

= det
([
Y (r−1) tα′

β′ yr,1

][
(Y (r−1))−1

1

])
= det

[
Ir−1

tα1
β′(Y (r−1))−1 yr,1

]

= det
[
Ir−1

tα′

0 −β′(Y (r−1))−1tα′ + yr,1

]
= yr,1 − α′t(Y (r−1))−1tβ′.

Hence by assuming that yr,1−α′t(Y (r−1))−1tβ′ ̸= 0, we obtain that ar+1 =
−x2

r,1
det(Y (r−1))

det(Y (r)) as desired.
When r < m, recall that the toric action has a stabilizer isomorphic to

the maximal torus of Sp2(m−r), given by the entries (s2r+1, . . . , sr+m). So
the above induction process terminates at the r-th step. As a result, the
formula directly follows from the same procedure.

Given the explicit formula for t1 and t2 in the Bruhat decomposition,
when restricted to TX,Z , the map Φ is completely determined by Y 7→
det(Yi) (1 ≤ i ≤ r), Y 7→ det(Y (i)) (1 ≤ i ≤ r), X 7→ x2

r−j+1,j (1 ≤
j ≤ min(r,m)), which are clearly finite étale maps since we assumed that
det(Y i)’s, det(Y (i))’s, and xr−j+1,j ’s are all non-zero. The restriction of the
toric action X 7→ s′Xs′′−1, Z 7→ s′Zs′, or equivalently, X 7→ s′Xs′′−1,
Y 7→ s′Y θr(s′)−1, on TX,Z is given by xr−i+1,i 7→ sr−i+1s

−1
r+ixr−i+1, zj,j 7→

s2
jzj,j for 1 ≤ i ≤ m if r ≥ m, 1 ≤ i ≤ r if r < m, and 1 ≤ j ≤ r.
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Moreover, when r < m, the action has a non-trivial stabilizer isomorphic
to the maximal torus of Sp2(m−r), given by the variables (s2r+1, . . . , sr+m).
A simple calculation shows that it takes det(Yi) to

∏r
k=1 s

2
r−k+1 det(Yi),

det(Y i) to
∏i
k=1 s

2
i det(Y (i)), and xr−k+1,k to sr−k+1

sr+k
xr−k+1. Together with

the compatibility of the toric action, it implies that

t1 7−→ s′−2
t1, t

′
2 7−→

{
diag{s−2

r+1, . . . , s
−2
2r , 1, . . . , 1, }t′2, if r < m,

s′′−2t′2, if r ≥ m.

Consequently, the toric action on RX × RZ is completely determined by
its action on TX,Z up to the square of each si (1 ≤ i ≤ r + min{r,m}).
It follows that the covering group is isomorphic to finitely many copies of
Z/2Z. □

Finally, in order to apply our uniform smooth results for partial Bessel
integrals, we need to verify the non-singular condition in Proposition 6.8:

Proposition 6.12. In the Bruhat decompositions m1 = u1ẇ1t1u2, and
m2 = v1ẇ2t2v2, the entries in the 1-parameter subgroups for u1, u2, v1, v2
are rational functions of the image of TX,Z under Φ without singularities.

Proof. Based on the calculation in Proposition 6.11, it suffices to show
that the denominator of entries in u1, u2, v1, v2 are polynomial functions of
det(Y (i)), det(Yi) and xr−i+1,i without singularities. In fact, we show that
they are monomials of these factors. We start with m1 = u1w1t1u2. Denote
u1 = (u1

ij), u2 = (u2
ij), Y = (yij). Let

Yi,j = Y [r − j + 1, r − j + 2, . . . , ̂r − i+ 1 . . . , r; 1, . . . , j − 1],

the matrix of size (j−1)×(j−1) with elements from the indicated columns
and rows of Y . We will show by induction on r that

u1
ij = det(Yi,j)

det(Yj−1) .

When r = 1 there is nothing to show. Suppose r > 1, write u1 =
[
u1 tδ1

1

]
,

u2 =
[

1 δ2
u′

2

]
, t = diag{a1, . . . , ar} = diag{a1, t

′
1}, and Y =

[
α y1,r

Yr−1 tβ

]
.

Note that m1 = θr(Y ) = u1Jrt1u2 ⇔ Y = Yr = Jr
tu−1

1 J−1
r t−1

1
tu−1

2 Jr. We
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compute that[
α y1,r

Yr−1
tβ

]
=
[

1
−Jr−1

][ tu′−1
1

−δ1
tu′−1

1 1

][
−J−1

r−1
1

]

·
[
a−1

1
t′−1
1

][
1

−tu′−1
2

tδ2
tu′−1

2

][
1

−Jr−1

]

=
[
−δ1

tu′−1
1 J−1

r−1t
′−1
1

tu′−1
2 Jr−1 a−1

1 − δ1
tu′−1

1 J−1
r−1t

′−1
1

tu′−1
2

tδ2
−Jr−1

tu′−1
1 J−1

r−1t
′−1
1

tu′−1
2 Jr−1 −Jr−1

tu′−1
1 J−1

r−1t
′−1
1

tu′−1
2

tδ2

]
.

Hence Yr−1 = −Jr−1
tu′−1

1 J−1
r−1t

′−1
1

tu′−1
2 Jr−1. Compare this with the ex-

pression for Yr, we replace Y = Yr by −Yr−1 and continue by induction.
Suppose we show that u1

i,r = det(Yi,r)
det(Yr−1) , (1 ≤ i ≤ r − 1), then the induction

hypothesis would imply that

u1
i,r−1 = u′1

i,r−1 = det((−Yr−1)i,r−1)
det((−Yr−1)r−2)

= (−1)r−2 det(Yi,r−1)
(−1)r−2 det(Yr−2) = det(Yi,r−1)

det(Yr−2) , (1 ≤ i ≤ r − 2),

since
(Yr−1)i,r−1 = Yr−1[1, . . . , ̂(r − 1)− i+ 1, . . . , r − 1; 1, . . . , r − 2]

= Yr[2, . . . , ̂r − i+ 1, . . . , r; 1, . . . , r − 2] = Yi,r−1.

Therefore it suffices to show that u1
i,r = det(Yi,r)

det(Yr−1) for 1 ≤ i ≤ r − 1. From
the above calculation we also have α = −δ1J

−1
r−1Yr−1, tβ = −Yr−1J

−1
r−1

tδ2.
So

δ1 = −αY −1
r−1Jr−1 = (u1

1,r, u
1
2,r, . . . , u

1
r−1,r),

δ2 = −βtY −1
r−1J

−1
r−1 = (u2

1,2, u
2
1,3, . . . , u

2
1,r).

We will show the formula for u1 first. By the construction of Yi,j , we expand
the determinant of Y along the last column to get

det(Yr) = (−1)r+1y1,r det(Yr−1) + (−1)r+2y2,r det(Yr−1,r)
+ · · ·+ (−1)2ryr,r det(Y1,r).

Since β = (y2,r, . . . , yr−1,r), if we set

δ =
(

(−1)r+2 det(Yr−1,r)
det(Yr−1) , (−1)r+3 det(Yr−2,r)

det(Yr−2) ,

. . . , (−1)r+l+1 det(Yr−l,r)
det(Yr−1) , . . . , (−1)2r det(Y1,r)

det(Yr−1)

)
,
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then the above formula is equivalent to det(Yr) = (−1)r+1y1,r det(Yr−1) +
det(Yr−1)δtβ. On the other hand, we have[

Y −1
r−1

1

][
Yr−1

tβ
α y1,r

]
=
[
Ir−1 Y −1

r−1
tβ

α y1,r

]
.

Taking determinant on both sides, we obtain that

(−1)r−1 det(Yr) det(Yr−1)−1 = det
[
Ir−1 Y −1

r−1
tβ

α y1,r

]

= det
[
Ir−1 Y −1

r−1
tβ

0 −αY −1
r−1

tβ + y1,r

]
= y1,r − αY −1

r−1
tβ.

Hence det(Yr) = (−1)r−1y1,r det(Yr−1) + (−1)r det(Yr−1)αY −1
r−1

tβ. Conse-
quently, ((−1)rαY −1

r−1 − δ)tβ = 0. Note that our formula works for
any β, therefore δ = (−1)rαY −1

r−1. As δ1 = −αY −1
r−1Jr−1, we have δ =

(−1)r−1δ1J
−1
r−1 = δ1Jr−1. It follows that

(−1)r+l+1 det(Yr−l,r)
det(Yr−1) = (−1)r−l−1u1

r−l,r

for each 1 ≤ l ≤ r−1. i,e., u1
i,r = det(Yi,r)

det(Yr−1) for 1 ≤ i ≤ r−1. This completes
the proof for the formula for u1.

Now we turn to the formula for u2. Let

Y ′
ij = Y [(i+ 1), . . . , r; 1, . . . , ̂r − j + 1, . . . , r − i+ 1]

which is of size (r − i)× (r − i). We will show that

u2
ij =

det(Y ′
ij)

det(Yr−i)
.

Similar to the proof for u1, since Y ′
1,1 = Yr−1, if we expand det(Y ) along

the first row, we get

det(Y ) = det(Yr) =
r∑
j=1

(−1)j+1y1,j det(Y ′
1,r−j+1)

= (−1)r+1y1,r det(Yr−1) +
r−1∑
j=1

y1,j det(Y ′
1,r−j+1).

Set δ′ = ((−1)j+1 det(Y ′
1,r−j+1)

det(Yr−1) )r−1
j=1, then det(Yr)

det(Yr−1) = (−1)r+1y1,r + αtδ′.
On the other hand, by the above argument we still have

(−1)r−1 det(Yr) det(Yr−1)−1 = y1,r − αY −1
r−1

tβ.
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So α((−1)rtδ′ − Y −1
r−1

tβ) = 0. Since this works for any α, we obtain that
(−1)rtδ′ = Y −1

r−1β. Note that the formula δ2 = −βtY −1
r−1J

−1
r−1 is equiv-

alent to δ′ = (−1)r−1δ2Jr−1. As δ2 = (u1,2, . . . , u1,r), this means that
(−1)j+1 det(Y ′

1,r−j+1)
det(Yr−1) = (−1)ju2

1,r−j+1, (1 ≤ j ≤ r − 1) and therefore u2
1,j =

det(Y ′
1,j)

det(Yr−1) , (1 ≤ j ≤ r − 1). Then a similar induction argument as the proof

of formulas for entries of u1 implies that u2
ij = det(Y ′

i,j)
det(Yr−1) for all (i, j).

For entries of v1 and v2, recall that in the proof of Proposition 6.11, we
wrote vi =

[ 1 γi bi

v′
i γ

∗
i
1

]
, (i = 1, 2), X =

[
0 X1 tγ
xr,1 0 0

]
, Y = Y (r) =

[
tα′ Y (r−1)

yr,1 β′

]
.

We assumed that det(Y (j)) ̸= 0, (1 ≤ j ≤ r), yr,1 ̸= 0, and wrote
t(Y (r))−1 =

[ tδ′
1 H

x δ′
2

]
. It follows immediately from the computation of

v2(I2m − J ′
2m

tXtY −1JrX)v1 = −t−1
2 J ′

2m that

1− γtδ′
1xr,1 + γ2J

′
2m−2

tX1
tδ′

1xr,1 + b2x
2
r,1x = 0,(6.1)

γHJr−1X1 + γ2(I2m−2− J ′
2m−2

tX1HJr−1X1)− b2xr,1δ
′
2Jr−1X1 = 0.(6.2)

Multiplying (6.1) by δ′
2Jr−1X1, (6.2) by xr,1x, and taking their sum, we get

γ2(J ′
2m−2

tX1(tδ′
1δ

′
2 −Hx)Jr−1X1xr,1 + xr,1xI2m−2)

+ δ′
2Jr−1X1 − γ(tδ1

′
δ′

2 −Hx)Jr−1X1xr,1 = 0.

Since tY (r−1)H + tβδ′
2 = Ir−1, it follows that tδ′

1δ
′
2 −Hx = −t(Y (r−1))−1x.

By induction hypothesis, I2m−2 − J ′
2m−2

tX1
tY (r−1)−1

Jr−1X1 = −t′2J ′
2m−2,

where we write −t−1
2 J ′

2m =
[

a−1
r+1

−t′−1
2 J ′

2m−2
−ar+1

]
. Therefore

γ2 = −x−1
r,1x

−1(δ′
2Jr−1X1 + γt(Y (r−1))−1Jr−1X1xxr,1)v′

1t
′
2J2m−2v

′
2.

On the other hand, since x is the (r, 1)-th entry of tY −1, and recall that
tY =

[
tα tYr−1
y1,r β

]
. By computing the inverse of a matrix using its adjoint

matrix, we have x = (−1)r+1 det(Yr−1)
det(Y (r)) . Since tY −1 =

[ tδ′
1 H

x δ′
2

]
, the com-

mon denominator of entries in δ′
2 is still det(Y (r)) for the same reason.

Similarly t(Y (r−1))−1 = (tY (r−1))∗

det(Y (r−1)) , where (tY (r−1))∗ is the adjoint matrix
of tY (r−1). In addition, by induction hypothesis and the computation in
Proposition 6.11, denominators of entries in v′

1, v′
2, and t′2 are all mono-

mials of det(Y (j)),det(Yj), (j ≤ r − 1), and xr−i+1,i, (2 ≤ i ≤ min{r,m}).
Moreover, since γ∗

2 = v′
2J

′
2m−2

tγ2, and by (6.1), with the fact that the
common denominators of entries in δ′

1 is still det(Y (r)), we conclude that
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the denominators of entries in γ2, γ
∗
2 , and b2 are monomials of det(Yi),

det(Y (i)), (1 ≤ i ≤ r), and xr−i+1,i, (1 ≤ i ≤ min{r,m}).
The same computation of v2(I2m − J ′

2m
tXtY −1JrX)v1 = −t−1

2 J ′
2m also

implies that

x2
r,1xγ1 − xr,1δ′

2Jr−1X1v
′
1 = 0,(6.3)

x2
r,1xb1 − xr,1δ′

2Jr−1X1γ
∗
1 + 1− xr,1δ′

2Jr−1
tγ = 0.(6.4)

From the previous argument on x, δ′
1, δ

′
2, and the fact that γ∗

1 = v′
1J

′
2m−2

tγ1,
the formula (6.3) and (6.4) imply the same conclusion for denominators of
entries in γ1, γ∗

1 , and b1. □

7. Proof of Stability

In the final section, we prove Theorem 1.1 by proving the stability for
the corresponding local coefficient. By the structure theorems it suffices to
prove stability of local coefficient attached to ψ-generic supercuspidal rep-
resentations. Given a ψ-generic supercuspidal representation σ of GLr(F )
and ψ-generic supercuspidal representation τ1, τ2 of Sp2m(F ). Suppose χ is
a continuous character of F×. Theorem 1.1 states that

γ(s, (σ1 × τ1)⊗ χ, ψ) = γ(s, (σ × τ2)⊗ χ, ψ)

when the conductor of χ is sufficiently large.
Denote πi = σ ⊠ τi, then ω := ωπ1 = ωπ2 . As stated in the end of

Section 2,

Cψ(s, πi) = γ(s, σ̃ × τ̃ i, ψ−1) · γ(s, σ̃,∧2, ψ−1)

Therefore it suffices to show that

Cψ(s, π1 ⊗ χ) = Cψ(s, π2 ⊗ χ)

when the conductor of χ is sufficiently large.
Choose f1 and f2 to be matrix coefficients of π1 and π2 respectively,

normalized so that Wf1(e) = Wf2(e) = 1. We also choose κ sufficiently
large so that Proposition 5.3 and Proposition 6.7 hold for both f1, f2 and
our fixed auxiliary function f0 in Proposition 6.7, where φN0,κ

and φ are
related via Proposition 6.9. By Proposition 6.10,

Cψ(s, π1 ⊗ χ)−1 − Cψ(s, π2 ⊗ χ)−1 = γ(2rs, ω2χ2r, ψ−1)Dχ(s)
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where

Dχ(s) =
∫
RX′ ×RZ′

(BM
φ (m(X ′, Z ′), f1)−BM

φ (m(X ′, Z ′), f2))

· (ω−2χ−2r)

 P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣ P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣
−rs

· |det(m1(X ′, Z ′))|s+
r+2m+1

2 dµX′ ∧ dµZ′ .

By Proposition 6.7, we can find f1,w′ , f2,w′ ∈ C∞
c (Ωw′ ;ω), for each w′ ∈

B(M) with dB(e, w′) ≥ 1, such that

BM
φ (m(X ′, Z ′), f1)−BM

φ (m(X ′, Z ′), f2)

=
∑

w′∈B(M),dB(w′,e)≥1
(BM

φ (m(X ′, Z ′), f1,w′)−BM
φ (m(X ′, Z ′), f2,w′)).

Since the toric action is determined by its restriction to TX,Z up to
squares of torus entries according to Proposition 6.11, we call TX,Z the
toric part of the orbit space RX,Z = RX ×RZ . Denote by NX,Z the subset
of RX,Z given by the variables not in TX,Z , we call NX,Z the non-toric part
of RX,Z . Then by setting xr,1 = 1 and pass to RX′ ×RZ′ , we can separate
our integral over RX′,Z′ = RX′ ×RZ′ as a double integral over NX′,Z′ and
TX′,Z′ . We will write the inner integral over TX′,Z′ and show that it is the
part that accounts for stability.

Proposition 6.12 implies that the assumption in Proposition 6.8 is sat-
isfied, since the denominators of rational functions in the 1-parameter
subgroups for u1, u2, v1, v2 in the Bruhat decomposition m1 = u1ẇ1t1u2,
m2 = v1ẇ2t2u2 with m = m(X ′, Z ′) = (m1(X ′, Z ′),m2(X ′, Z ′)) are mono-
mials of the image of ϕ on TX′,Z′ . The integral over RX′ × RZ′ breaks
up into a double integral over NX′,Z′ and TX′,Z′ . By Proposition 6.11, the
restriction Φ|TX′,Z′ is finite étale onto its image in A′, where A = ZMA

′,
so the integral over TX′,Z′ can be written as a finite sum of integrals over
Φ(TX′,Z′) ⊂ A′. In addition, since Aw′

wM
A′
w′ is open of finite index in A′,

we can further write the integral over Φ(TX′,Z′) as a double integral over
Φ(TX′,Z′) ∩Aw′

wm
and Φ(TX′,Z′) ∩A′

w′ , so we have

Dχ(s) =
∑
finite

∑
1≤dB(e,w′)

∫
NX′,Z′

∫
Φ(TX′,Z′ )∩Aw′

wM

∫
Φ(TX′,Z′ )∩A′

w′

(BM
φ (m(X ′, Z ′), f1,w′)−BM

φ (m(X ′, Z ′), f2,w′))
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· (ω−2χ−2r)

 P (X ′, Z ′)
det(Z ′Jr+X′θr,m(X′)

2 )

∣∣∣∣∣∣ P (X ′, Z ′)
det(Z ′Jr+X′θr,m(X′)

2 )

∣∣∣∣∣∣
−rs

· |det(m1(X ′, Z ′))|s+
r+2m+1

2 dµX′ ∧ dµZ′ ,

where the first finite sum comes from the finite étale map Φ|TX′,Z′ onto its
image in A′.

By the proof of Proposition 6.8, the functions BM
φ (m(X ′, Z ′), fi,w′), (i =

1, 2), are compactly supported in the subtorus A′
w′ = Z ′

L where w′ = wML ∈
B(M). By the compatibility of the toric action as in Proposition 6.11,
there exists an open compact subgroup Z ′

L,0 of Z ′
L(F ), such that given

m = m(X ′, Z ′), for s = (s′, s′′) ∈ Z ′
L,0, we have

BM
φ (ΘM (s)m(X ′, Z ′)s−1, fi,w′)

= BM
φ (m(s′X ′s′′−1

, s′Z ′s′), fi,w′) = BM
φ (m(X ′, Z ′), fi,w′)

for all κ where φNκ,0
is related to φ via Proposition 6.9. In our cases, L ≃∏k

i=1 GLri ×
∏t
j=1 GLmi ×Sp2m′ with

∑k
i=1 ri = r and

∑t
j=1mj +m′ = m.

So we can pick s = (s′, s′′) ∈ Z ′
L,0 with

s′ = diag{s1, . . . , s1︸ ︷︷ ︸
r1

, s2, . . . , s2︸ ︷︷ ︸
r2

, . . . , sk, . . . , sk︸ ︷︷ ︸
rk

},

s′′ = diag{sk+1, . . . , sk+1︸ ︷︷ ︸
m1

, . . . , sk+l, . . . , sk+1︸ ︷︷ ︸
ml

, 1, . . . , 1︸ ︷︷ ︸
2m′

,

s−1
k+l, . . . , s

−1
k+1︸ ︷︷ ︸

ml

, . . . , s−1
k+1, . . . , s

−1
k+1︸ ︷︷ ︸

m1

}.

Recall that the term P (X′,Z′)
det(Z′Jr+ X′θr,m(X′)

2 )
is just y′∗

rr
det(Y ′) , where y′∗

rr is the

(r, r)-th entry of the adjoint matrix of Y ′. Here Y ′ = Z ′Jr + X′θr,m(X′)
2 .

One computes that the toric action takes y′∗
rr

det(Y ′) to 1
s2

k

y′∗
rr

det(Y ′) , and takes
det(m1(X ′, Z ′)) to

∏k
i=1 s

2
i det(m1(X ′, Z ′)), since m1(X ′, Z ′) = θr(Y ′). The

action of ZL,0 preserves Φ(TX′,Z′) ∩ A′
w′ , therefore if we change variables



532 Taiwang Deng, Dongming She

under the toric action, the inner integral is equal to

(ωχr)(s4
k)|sk|rs

k∏
i=1
|si|2s+r+2m+1

∫
Φ(TX′,Z′ )∩A′

w′

(BM
φ (m(X ′, Z ′), f1,w′)

−BM
φ (m(X ′, Z ′), f2,w′))(ω−2χ−2r)

 P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )


·

∣∣∣∣∣∣ P (X ′, Z ′)
det(Z ′Jr + X′θr,m(X′)

2 )

∣∣∣∣∣∣
−rs

|det(m1(X ′, Z ′))|s+
r+2m+1

2 .

So

Dχ(s) = (ωχr)(s4
k)|sk|rs

k∏
i=1
|si|2s+r+2m+1Dχ(s).

Choose χ highly ramified so that (ωχr)(s4
k)|sk|rs

∏k
i=1 |si|2s+r+2m+1 ̸= 1,

therefore Dχ(s) = 0. We finally conclude that
Cψ(s, π1 ⊗ χ) = Cψ(s, π2 ⊗ χ).

Consequently,
γ(s, (σ1 × τ1)⊗ χ, ψ) = γ(s, (σ2 × τ2)⊗ χ, ψ)

for highly ramified χ.
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