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Unit Reducible Fields and Perfect Unary Forms
II. Cyclotomic Fields

par CHRISTIAN PORTER, ConG LING, P1IERO SARTI et ALAR LEIBAK

RESUME. Dans cet article, nous poursuivons ’étude des corps réductibles a
l'unité, telle qu’introduite dans [10] pour le cas particulier des corps cycloto-
miques. Plus précisément, nous en déduisons que les corps cyclotomiques des
conducteurs 3,4,5,7,8,9,12,15 sont tous réductibles a 'unité, et montrons
que tout corps cyclotomique de conducteur N n’est pas réductible a 'unité
si 24,33, 52,72, 112 ou tout nombre premier p > 13 divise N, ce qui signifie
que les corps cyclotomiques réductibles a ['unité sont en nombre fini. Enfin, si
a est un élément totalement positif d'un corps cyclotomique, nous montrons
que pour tout a’ équivalent, I'écart entre Trg /g(a’) et le plus court élément
non nul de la forme quadratique Trg,g(azrx®) ot  est tiré de 'anneau des
entiers tend vers l'infini lorsque le conducteur N tend vers l'infini.

ABSTRACT. In this paper, we continue the study of unit reducible fields as
introduced in [10] for the special case of cyclotomic fields. Specifically, we
deduce that the cyclotomic fields of conductors 3,4,5,7,8,9,12,15 are all
unit reducible, and show that any cyclotomic field of conductor N is not
unit reducible if 24,33,52,72,112 or any prime p > 13 divide N, meaning
the unit reducible cyclotomic fields are finite in number. Finally, if a is a
totally positive element of a cyclotomic field, we show that for all equivalent
a’, the discrepancy between Trg g(a’) and the shortest nonzero element of
the quadratic form Trg q(azz*) where x is taken from the ring of integers
tends to infinity as the conductor N goes to infinity.

1. Introduction

Let K be a Galois extension of Q of degree n, where n is either r if K is
totally real or 2s if K is totally complex, for some integers r or 2s. Associate
to K the canonical embeddings o1, ..., 0, into R if K is totally real, or into
C, if K is totally complex. We define a quadratic form f: K™ — K by

m
[, mm) = > feawral,

k=1
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where fi; € K and * denotes complex conjugation if K is totally complex,
or fixes ; if K is totally real. Usually, we take fr; = fi'; for all k,l. f is
said to be positive definite if

Ui(f)(l'l, . ,xm) = Z Uz‘(fk,l)az'(l'k)gi(l'l)*
k,l

is a real positive definite quadratic form or positive definite hermitian form,
for all 1 < ¢ < n. From now on, we will assume all quadratic forms are
positive-definite and simply refer to them as quadratic forms.

A quadratic form f is called a unary form if it is defined in a single
variable in K, i.e. the quadratic form takes the form azxz*. We say that the
element a is totally positive if ;(a) € Rsq for all 1 <14 < n. We denote the
set of totally positive elements of K by K. Let O and O} respectively
denote the ring of integers and unit group of K. Then for any a € Ko, we
will use the notation

. *
pu(a) = pelin Try q(azz™),
p(a) = urgg; Trg g (auu®),

M(a) = {z € Ok : Trg g(axx™) = p(a)}.

We say that a is reduced if Trg /g(auu®) > Trg g(a)(= p*(a)) for all u €
O%. Note that the set {auu* : u € O} } induces an equivalence class for
each totally positive a. The set Fx denotes the set of all reduced totally
positive elements of K, which we refer to as the reduction domain of K.
This leads us to the following definition:

Definition 1.1. A number field K is said to be unit reducible if p(a) =
p*(a) for all a € Ks - that is, every totally positive a attains its trace-
minimum at a unit.

In [10], it was shown that a real quadratic field Q(v/d) is unit reducible
if and only if d took one of the following forms:

d=m?>+1, meN, modd,
d=m?>—1, meN, m even,
d=m?>+4, meN, m even,
d=m?—4, meN, m> 3 odd.
Moreover, it was shown that the cubic field with defining polynomial
a3 —ta? — (t+3)x — 1, t € T,

is unit reducible if the field is monogenic. Specifically, we will call a unit
reducible field K strongly unit reducible if M(a) C O for all totally
positive a and weakly unit reducible field otherwise.
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We define by (n = exp(27i/N) a primitive Nth root of unity. We con-
sider the field K = Q((x), which has degree ¢(N) over Q. We will use the
notation Ky = Q((x) from now on.

We define the reduction discrepancy of a field by the quantity

0 = sup K (a).
a€Kso :u(a)

Clearly 0 > 1 for every field K, and if §x = 1 then K is unit reducible.
Finally, we define the Hermite constant of the number field K by

= sup MY
acKo Nmycjg(a)t/m
For any positive definite real quadratic form ¢(z1,...,x,) of rank n, we
define by
(@) = Mg, . 2.)ezm\(0,..,0) 4(T1, - -, Tn)
! det(g)1/" ’
where det(q) is the determinant of the matrix @ = {¢;;}i<ij<n, Where
q(z1, .., 2n) = 22721 ¢i,jTix;. Then the Hermite constant v, = max, y(q),

where the maximum is taken over all positive definite real quadratic forms q.

1.1. Motivation. In this paper, we are concerned with unit reducible
cyclotomic fields. Cyclotomic fields are of significant importance in the
field of post-quantum cryptography, underpinning the security and enjoy-
ing efficient implementation of mainstream lattice-based cryptosystems (see
e.g. [12, 17]). In July 2022, the US National Institute of Standards and
Technology (NIST) announced the selection of four post-quantum cryp-
tographic algorithms to be standardized, three of which are based on cy-
clotomic fields [14]. Lattice-based cryptography relies on the hardness of
the “shortest vector problem” (SVP), where an adversary tries to find a
shortest nonzero vector in a given lattice. A common strategy of attack
is to run lattice reduction over these number fields to find short vectors.
Some cyclotomic lattice cryptosystems make use of principal ideals (see
e.g. [2, 4, 7, 16]). The study of principal ideals as lattices has a natural cor-
respondence with the theory of unary forms. Finding the smallest nonzero
value of a unary quadratic form gives the shortest vector of such a lattice.

Specifically, the recovery of short generators of principal ideals in cy-
clotomic fields was studied in [3], where the length of ideal elements was
measured by their length under the canonical embedding. Let Z be a prin-
cipal ideal in some number field K with ring of integers Of. If we denote
by ¢ a generator of Z, then solving the shortest generator problem (as in
the setting of [3]) corresponds to finding a unit u € O}, such that

Ty glaun’) = 4 (a),
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where a = gg*, and solving the shortest vector problem in Z corresponds
to finding x € Ok such that

Try glazz™) = p(a).

Though the reduction discrepancy was not formally defined, it was shown
that for any prime power M,

esxp (9(,&)) < 81y, < (M) exp(O(\/M 105 (1)),

where b/ = ht#01 =1, and h* is the class number of the maximal totally
real subfield of K ;. These seem to be the best asymptotic bounds for large
values of M.

When the field has a special “unit reducible” property, the smallest qua-
dratic form value also gives the shortest generator of the ideal. Although
this connection breaks down in high dimensions as shown above, it can well
hold in low dimensions. Our ultimate goal is to find a full list of cyclotomic
fields which are unit reducible. Meanwhile, studying unit reducible fields in
low dimensions could lead to lattice reduction algorithms in high dimen-
sions (since the former can be used as a subroutine of the latter), an active
research area [5, 8, 10]. In summary, the unit reducible property connects
the SVP to ideal generators in certain cyclotomic fields, with implications
for cryptanalysis.

1.2. Contributions. The main results of the paper are as follows.
Theorem 1.2. For any number field K such that K/Q is Galots, let
S ={z € Ok : Nmg/g(z)| = 2} = Ox \ {Ok U{0}},
and
NK = gg§|NmK/Q($)|~

If v < n%[K:Q} [K : Q], then K is strongly unit reducible.
Theorem 1.3. For any integers M, N such that N | M, if Ky is not unit
reducible, the cyclotomic fields Kp; is also not unit reducible. Moreover,

6KM 2 5KN'

We also find a more concrete lower bound for dx,, when M is a prime
power which, whilst asymptotically worse than that in [3], provides us a
framework by which we can deduce whether or not such fields are unit
reducible.

Theorem 1.4. The field K is unit reducible for N = 3,4,5,7,8,9,12,15.
Of these, the fields of conductors N = 3,4,5,7,12,15 are strongly unit
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reducible, whilst the fields of conductors N = 8,9 are weakly unit reducible.
Moreover, for all integers n > 1 and odd primes p > 3,

Skegm > 2773,

p+1
S > p
S D)

An immediate consequence of Theorems 1.3 and 1.4 are the following
corollaries, the second of which we will prove, whilst the first is trivial.

Corollary 1.5. The field Ky is not unit reducible if 2*,3%,5%, 72,112 or
any prime p > 13 divides N.

Corollary 1.6. limy_,o 05, = 00.

2. Unit Reducible Cyclotomic Fields

Throughout the paper, we will use Agx to denote the discriminant of a
number field K.

Proof of Theorem 1.2. By the definition of v, every totally positive ele-
ment a € K.,
1
pn(a) < vx Nmp gla)r,

where n = [K : Q]. Suppose that Tr qg(arx*) = p(a) for some nonzero
z € Og. By the arithmetic-geometric inequality,

M

1 L
nNmK/Q(a)n NmK/Q(x)n = nNmK/Q(am@ )n

1
< Trgjglaza™) = pa) < vk Nmg g(a)=.
Rearranging gives
2 _ K
Nm ™) < =,
K/g(eat)e < =
2
If nnz > <k, clearly the only nonzero elements of Ok that any totally
positive a € K. can attain their trace-minimum at must be units, which

completes the proof. O

Proof of Theorem 1.3. We first consider the special case where M/N is a
prime power. Consider the field Ky for some integer N > 3, and assume
that it is not unit reducible. Then there exists an a € Ky, such that
M(a) C S, ie. p(a) < p*(a). Let N = sp™ for some n > 0 where p is
a prime number, and ged(p,s) = 1. Now consider the field Kjs, where
M = sp™ and m > n > 0. For any y € Ok,,, we can express y as

pmn—1

(2.1) y= > iy,

=0
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where z; € Ok, and x is the inclusion of z; into K. Let o’ denote the
element a € Ky after being lifted into the field Kjs. Clearly o' is still a
totally positive element. Then

pm—n—1
ayy* = Z a'z! :L"'C
1,j=0
Using the fact that
pmTr—1 pmt—1
TI'KM/Q Z a'x / /* = Z TI‘KM/Q<CLQZJJ C )
i,j=0 i,j=0
pr -1 L
> Tricyo(a/ahe] Triey i ("))
4,j=0
o men i
Try /kn (G\;J) - {1(; ft;ervi;se,
it follows that
pm—n—1
(2.2) Tric, ola'yy®) =p™ ™ Y. Trg, olax)).
i=0

We may assume without loss of generality that ¢’ € Fk,,, so

TrKM/@(a’) < TYKM/Q(aluu*),

for any u € (’)}{M. However, by the assumptions made on a, there exists an
element x € Ok, such that x is not a unit or zero, and

TrKN/Q(cwv*) > TrKN/Q(a:E:E*),
for all v € Oj . Therefore,

Trye,, 0(a’) = p™ " Try gla) > p™ " Trg jolaza™) = Try,, o(a's's"™),
where 2’ is the element z after being lifted into K, which is not a unit.
Thus p*(a’) > u(a’), and so

* (] T /
(5K1\/I 2 Iu (Ci) Z IIKJW/Q/((I/ )/*
p(a) TrKM/@(ax:L“ )

So far we have shown that if N = sp*, M = sp™ with m > n > 0
and ged(s,p) = 1, Ky not being unit reducible implies that K is not unit
reducible. We now want to focus on the more general case where N | M. Let
M =TI!_, p{*, where p; are prime and e; > 0. Then if N | M, N =]['_ 110Z
where e; > f; > 0. However, it can be deduced that Kj,; will not be
unit reducible if Ky is not unit reducible, since any cyclotomic field of

conductor N’ = pfﬁk BRI pZ " for any 1 < j <t, k> 0 will also not be

> 1.
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TABLE 2.1. A table of values for constants associated to
Kpy. The values of ngx, were computed using SAGEMath,
whilst the values of v, for 2 < n < 5 were calculated in [6]
and the values for 6 < n < 8 were calculated in [1].

Value of N | 1, | 7 where n = [K : Q] | [Ag, [/
5 5 \/5 53/4
1/6
7 7 (%) 7°/6
8 2 V2 4
1/6
9 3 (%) 3%/
12 4 | V2 2/3
15 16 |2 53/4y/3

unit reducible, and so applying this argument inductively, the cyclotomic
field of conductor M is not unit reducible. The inequality dx,, > dk, in
this case follows similarly. O

Before diving into the proof of Theorem 1.4, we will prove a useful
Lemma, which is directly based off Theorem 2.2 from [9].

Lemma 2.1. For every totally real number field K of degree n over Q, we
have i < | Axc| M.

Proof. Let ax? define the unary form such that N (a) = k. The

my g(a)t/m
proof of the Lemma follows from the fact that the rational quadratic form
TrK/Q(aajz) is an n-dimensional totally positive rational quadratic form
q(w1,...,zy) with det(q) = Nmg g(a)|Ax|. O

Proof of Theorem 1.4. Throughout the first part of the proof, we will make
use of the values obtained in Table 2.1. The cyclotomic fields of conductors
3,4 are trivially unit reducible. Note that by Lemma 2.1, any field satisfying
Tn|A K\l/ "< m]%n is strongly unit reducible by Theorem 1.2. Referring to
Table 2.1, we can immediately see that the strict inequality holds for the
fields K where N = 5,7,12, 15 which implies these fields are strongly unit
reducible.

When N = 8, since ng, = 2 we have y4|Ag,|/* = 477}(/82. However,
note that Theorem 1.2 fails to prove that Kg is unit reducible in this case
only if we have [Kg : Q] NmKS/Q(aa:x*)l/4 = Trg, g(axz™), for which we
would need azx* to be fixed by all the Galois conjugates, i.e. axz* € Q.
Since |[Nmp, q(z)| = 2 is achieved when x = 1 + (g (or an associate of
this element, or a conjugate-associate of this element, though all conju-

gates of 1+ (g are associates of 1+ (g), we let a = ¢(1+ ¢s) "1 (1+ ¢)71,
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where ¢ is some positive rational number. Performing HKZ reduction on
the real quadratic form Trg, o(azz™) yields p(a) = Trg, g(a) = 4¢, and so
this form is unit reducible, so Ky is unit reducible. However, Trg, g(a) =
Trig(a(1+Cs)(1+(s)*) = p(a), and since 1+ (g is not a unit, this means
Kg is weakly unit reducible.

Similarly when N = 9 we have ~4|Ag,|'/° = 677}(/93, where ng, = 3.
Again, Theorem 1.2 fails to prove that Ky is unit reducible in this case only
if we have [Kg : Q] Nng/Q(a:c:c*)l/4 = Trg, g(azz™), which occurs when
a = q/xz* and x = 1+ {9+ (3. Performing HKZ reduction on the quadratic
form yields p(a) = Trg,g(a) = 6¢, and so this form is unit reducible, so
Ky is unit reducible. Again, though, Trg, g(a) = Try, g(a(l+Co+¢3)(1+
Co +¢3)*) = u(a), and since 1+ (g + ¢§ is not a unit, this means that Ky
is weakly unit reducible.

From now on, we will use the notation

1/6

pn(z) £ Trgy jg(2z®),
for any z € Ky for any conductor V.

Consider now the field Kon for n > 4. Let a = ((1 + Con)(1 + (o))~ L
We want to show that p*(a) > p(a) for this particular a, and therefore
conclude that K»» is not unit reducible. Clearly a € Kons.q.

Set z = Z?ial_l T Cn € Ok,n With x; € Z to be some unit. Note that
we can rewrite

r=e+y,
where e € {0,1} and y is some Z-linear combination of 2,1 + (&, for each

. n—1 _ : 2 1+<§n
1<¢<2 1. Since T+Con ’» T4 Can

are both in Ok,,, and z € Oj,, by
assumption, we have

/

r = +v,
1+ Con Y

where 3 € Ok,,. Since

277,71_1 2n71
pzn( 3 <) ey
1=0 i=0

for any z; € Q, and

nfl_l .
G QZ (=1’
1+@*@iﬂ g 2

it immediately holds that

@ =en(rg+v) 2 e ()
n(l) = n n y
P2 P2 1+ Con Yyl zp2 1+ Con
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(since +1/2 cannot be rounded by an integer to be any smaller), and so for
any unit u,

Tri,. jolavu™) > Trg,, jo(a),

i.e. a is reduced. But since p(1) = 2"~! and p(l+1an) =224
W <o (17—
P2 P\ 7 ¥ Con

for all n > 4, which implies
Tr ey jp(a(l + Gn)(1+ () < Tri,, so(a) = p*(a).

Hence the field cannot be unit reducible. More specifically, we have

M*(a) — 2n—3
1(a) ’
and so
6K2n > 27L*3 > ]-7
for all n > 4.

Now consider the field Kj», for some odd prime p, and again take a =

((1—@@(1—(&}))_1. Again, we want to show that K,» is not unit reducible
_ n—1 .
by showing that u*(a) > u(a) in this instance. Let x = Zgiol)p ziCpn €

@}pn for some x; € Z be some unit. Note that we can rewrite z as
r=e+y,
where e € {0,...,p — 1} and y is a Z-linear sum of p and 1 — C;n, 1< <

1-¢, o
(p — 1)p"~! — 1. Since ﬁ, 1_5; are both in Ok, and z is a unit by

assumption, we must have

z o e
1— (pn 1—Cpn

for some y' € O, and e € {1, ...,p—1}. We compute

1 1

1 Z Z-‘rjp" 1

1 — Cpn p =0

Since o # 0 mod p, a(p — 1 — i) permutes each (p — 1 — i) to a unique
element mod p for each distinct 0 < i <p—2, so

n11p2

1—Cn_yT+’ > Y1

=0 4j=0

where r denotes some permutation of the set {0,...,p—2}, and yf € Ok pn-
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n=1l(p—1)—1 i . . .
Now, for any z = f:o =1) 2iGyn With z; € Q, a simple computation
yields
pn71—1
-1
Ppn (Z) =p" Z Q(Zla Ridpn—1; Zj42pn—1, .« Zjf(p—2)pn—1 )a
i=0

where @) defines the p — 1-dimensional positive-definite quadratic form
p—1
Q(mi,....,mp_1) = (p—1) me — QZmimj.
i=1 i<j

It was shown in [11, Proposition 3.1, p. 461] that

rip—1 r(p—2 r(1
Q( (p )_mh (p )_mg’_”’ ()—mp_1)
p p
L Q(res ) )
p p p
for all integers my, ..., my_1 and permutations r of the set {1,...,p —1}.

Collectively, this means that

x _ 1 Lot) > 1
Ppn 1— G = Ppr 1— Gpm Yy | = ppn 1—Cpn )

Trg, . jlavu”) > Trg , o(a)

for all units u, i.e. a is reduced. Also note that

and so

2(n71)p2 —1 ]

Trg . /qla) =p 5

However, we also have
Tri,. jg(a(l = Gr)(1 = () = Tri . 0(1) = p"~Hp — 1) = p(a),

and so

TrKP"/Q(a) _ ,U*(a) _pn—1p+ 1
m(a) p(a) 12

ifp=3andn>3,p=5andn>2,p=T7andn>2,p=11land n > 2 or
p > 13. 0

ORyn =

>1,

Proof of Corollary 1.6. Tt suffices to show that for each positive 1 < § < oo,
there can only be finitely many integers M satisfying dx,, < 6. Suppose that
M = 2¢ H§:1 p;’, for some odd primes p1, ..., p; ordered so p; < p;41 for all
1 <1¢ <t—1, and positive integers e, eq,...,e;. Recall that Theorem 1.3
states that for any N dividing M, dx, < d0x,,. Since 5Kpn > p”_l% > %
for any odd prime p and integer n > 1, if dg,, < d we must have p; < 126—1.
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Moreover, since § > dk,, > 5Kp‘_3i > pei*l% > ’g for each 1 <4 < t, this

implies e¢; < 1155((;(;?) +log(12) for each e;. Similarly, e < }ggggg + 4. Therefore

if M satisfies dx,, < 0 we must have

) t log(§)
log(3) | 4 oo 4log(12)
M < 2loe2) I | pi1 &(pi) ,

=1

satisfying p; < 126 — 1. Clearly there are only finitely many integers that
satisfy this inequality if 0 is finite. O

3. Totally Real Subfields of Cyclotomic Fields

For any cyclotomic field Ky for some conductor N, we will use the
notation K]J(, to refer to the maximal totally real subfield of Ky, i.e. K, =
Q(¢v + ¢§)- A natural question to ask is whether Ky being (not) unit
reducible implies that K]t is unit reducible and vice versa.

Recall that for every unit v in K, there exists a unit v in K]ff such that
u = (4 (see e.g. [13, Proposition 6.7]). For any field K and any subset 9,
denote by S% = {xz* : x € S}. It then follows that (’)}}NQ = 0" 2 We also

Ky
2 2
have (’)K]J\rr (- OKN.

The set of totally positive elements in K and KX, are identical (since
necessarily the set of totally positive elements must be a subset of the totally
real subfield). Then for any a € Kzt>>o and its associated element a’ after
being lifted into K (notice every element of Ky< can be constructed
in this manner), p*(a) = 3u*(a/) (where the 3 factor comes from the fact

that [Ky : K] = 2). Since quf - O%{N, su(a’) < p(a). From this we can
deduce that if K is unit reducible, then K]J\r, is unit reducible, and if K]J\r,
is not unit reducible then K is not unit reducible.

From this, combined with Theorem 1.4, we deduce that Kj{, is unit re-
ducible for N = 3,4,5,7,8,9,12,15. However, of these the result that K]J\r,
for N = 15 is unit reducible is the only new result. The maximal totally real
subfields of K3, Ky are trivially unit reducible (as they are both Q), whilst
the maximal totally real subfields of K are real quadratic for N = 5,8, 12
and simplest cubic fields for N = 7,9, the cases of which were both covered
in [10].

We now deduce a lower bound on § K} using similar techniques in the
last section.

Proposition 3.1. For alln > 1,

5K2+n > 2",
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and for all odd primes p,

P’ - 1)

Opt >

K = " 24(p—2)
Proof. From now on, we will use the notation Oy £ (n + C&l. Consider
the field K, for some n > 1. We set a = (2 + f2x)~!, which is totally
positive for any n. Lifting a to Kon as a’ = (14 Con) 1 (1 + C;})_l, we have
already shown that p*(a/) = Trg,, jo(a’) = 22", and so p*(a) = 22775,
However, a(2 + 02n)? = 2+ 09n = a~!, and since Tern/Q(a’_l) = 2" we
have TrK;n/Q(a(Q + 6n)?) = TrK;n/Q(a—l) — 2~1 > ;(q). Hence

@) )
pa) = Trgy ola ) ©

1) >
K =

Similarly, when we consider the field K;; for some odd prime p and n > 1,
we take a = 2 — ,n, which is totally positive for any n. Following similar
logic to before, and using the fact that Trr ,o((1 — ¢n)(1 — Cp_nl)) =
2pn_1(p - 2)7

* * n—1(,2 _
Swle) o e p (1)

1) =
Ko = wla) T Ty o)~ 24(p—2)

Proposition 3.2. If N | M, if K]J\r, is not unit reducible then K]J\} s not
unit reducible. Moreover, d,+ > &+ .
M N

H

Proof. The proof follows almost identically to the proof of Theorem 1.3,
using the fact that O+ = Z[0]. O
M

We immediately obtain the following corollaries as a result, and omit the
proofs as they are identical to that of the cyclotomic case.

Corollary 3.3. The field K]J\? is not unit reducible if N is divisible by 2°,
33, 52, 7%, 112, 132, 172, 192, or any odd prime p > 23.

Corollary 3.4. 6.+ — 00 as N — o0.
N

4. Concluding Remarks

In this work, we have deduced a number of results regarding unit re-
ducibility in cyclotomic fields and their totally real subfields. Specifically,
we determined that the number of unit reducible cyclotomic fields must be
finite in number, and that the discrepancy between the trace of the shortest
generator of a positive unary form and the shortest nonzero vector length of
the corresponding positive-definite quadratic form can become arbitrarily
large, as the conductor for the cyclotomic field grows. We also showed a
similar result for their maximal totally real subfields. We deduced a simple
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method by which we can determine whether an arbitrary field is unit re-
ducible, and used this to prove that a number of cyclotomic fields are unit
reducible, though this list is not complete.

Of course, the principal open problem is to determine the entire list of
unit reducible cyclotomic fields. The authors make the following conjecture:

Conjecture 4.1. The cyclotomic fields Kn where N =3, 4,5, 7,8, 9, 11,
12, 15, 20, 21, 24 are the only unit reducible cyclotomic fields.

The authors’s reasoning for this conjecture hinges on a discovery made
in [15], where the number of homothety classes of perfect unary forms in
cyclotomic fields were studied. Of these, the fields of conductors N = 3,
4,5, 7,8,9, 11, 20, 21, 24 were found to have all the perfect unary forms
(up to homothety class) correspond to perfect rational quadratic forms of
dimension ¢(N). Moreover, none of the other cyclotomic fields considered
satisfied this property.

In [10], it was shown that there was an intimate connection between
unit reducible fields and the number of classes of perfect unary forms for
the case of real quadratic and simplest cubic fields. It therefore would be
interesting to pursue the idea that this connection is apparent in cyclotomic,
and perhaps even more general number fields.
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