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On a conjecture of Ramirez Alfonsin and Skalba
IT

par YUCHEN DING, WENGUANG ZHAIT et LiLu ZHAO

RESUME. Soit 7(t) le nombre de nombres premiers inférieurs ou égaux a t.
Soient 1 < ¢ < d deux entiers premiers entre eux et g.q = cd — ¢ — d.
En combinant la méthode de Hardy-Littlewood avec le théoreme de Siegel—-
Walfisz, nous démontrons la conjecture, énoncée en 2020 par Ramirez Alfonsin
et Skatba, qui affirme que

1
#{p S gc,d P S ,Py p= Cx'i‘dil/, x,y S Z)O} ~ iﬂ(gc,d)

quand ¢ — o0, ou P et Zxo désignent 1’ensemble des nombres premiers et
I’ensemble des entiers non négatifs respectivement.

ABSTRACT. Let 7(t) be the number of primes not exceeding t. Let 1 < ¢ <
d be two relatively prime integers and g.q = cd — ¢ — d. We confirm, by
combining the Hardy—Littlewood method with the Siegel-Walfisz theorem, a
2020 conjecture of Ramirez Alfonsin and Skalba which states that

1
#{p<gea:peEP, p=cr+dy, x,y € Lo} ~ §7T(gc,d)

as ¢ — oo, where P and Z3( denote the sets of primes and nonnegative
integers, respectively.

1. Introduction

Let 1 < ¢ < d be two relatively prime integers and g.q4 = c¢d — ¢ — d.
As early as 1882, Sylvester [6] showed that g4 is the largest integer which
cannot be represented as the form cx + dy (z,y € Z>¢). Furthermore, he
proved that for any 0 < s < g.4, exactly one of s and g.q4 — s can be
written as the form cx + dy (z,y € Z>p). As an immediate consequence,
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we know that exactly half of the integers between the interval [0, g. 4] can
be written as the desired form. Actually, Sylvester’s results are the first
nontrivial case of the diophantine Frobenius problem [4], which asks the
largest integer g, ..., not of the form

n
azi+ -t enTn  (T1,.. ., 20 € L),

provided that ¢y, ..., ¢, are positive integers with ged(cy, . .., ¢,) = 1. There
are a huge number of literatures related to the diophantine Frobenius prob-
lem. For some of these results, see e.g. the excellent monograph [4] of
Ramirez Alfonsin.

Motivated by Sylvester’s theorems, Ramirez Alfonsin and Skatba [5] con-
sidered the diophantine Frobenius problem in primes. Precisely, let 7. 4 be
the number of primes not exceeding g. ¢ with the form cz+dy (z,y € Z>o).
By a very enlightening argument, Ramirez Alfonsin and Skatba proved that
for any € > 0, there is a constant k(g) > 0 such that

e, d
(10g gc,d)2+E
On observing the antisymmetry property of the integers with the form

cx+dy (z,y € Z>o) found by Sylvester, they naturally posed the following
conjecture.

TI'C,d Z k(E)

Conjecture 1.1 (Ramirez Alfonsin and Skatba). Let 1 < ¢ < d be two
relatively prime integers, then

W(gc,d)
2

where 7(t) is the number of primes up to t.

Ted ~ (as ¢ — 00),

Recently, the first named author made some progress on Conjecture 1.1.
For real number N > 2, let 1 < ¢ < d be two relatively prime integers
satisfying ¢d < N. The first named author [2] proved that for all but at
most

(1.1) O (N(logN)I/Q(loglogN)l/HE)
pairs ¢ and d, we have
. m(9ed) | ( 7(e,a) ) _ (ged)
’ 2 (loglog(cd))® 2
Since the total number of the relatively prime pairs ¢,d with 1 < ¢ < d
and c¢d < N is > Nlog N, the first named author actually showed that
Conjecture 1.1 is true for almost all ¢ and d, on comparing with (1.1).
Though it seems out of reach [5], the complete proof of Conjecture 1.1

follows from an application of the Hardy—Littlewood method as well as a
supplement of the Siegel-Walfisz theorem. Perhaps, one of the novel points

(as ¢ = ).
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in our argument is that only the first coefficient of the “singular series” con-
tributes the main term of the asymptotic formula comparing with the usual
applications of the Hardy—Littlewood method. The idea of the applications
on the Hardy—-Littlewood method presented here is in the same spirit as
the one developed by a recent article of Chen, Yang and Zhao [1]. We also
mention that when c is very small comparing with d, the Hardy—Littlewood
method seems not applicable here any more. The Siegel-Walfisz theorem
will then be used to complete this remaining case, which is another key
ingredient of the argument.
Now, let’s record our result as the following theorem.

Theorem 1.2. Suppose that d > ¢ are two relatively prime integers with c
sufficiently large, then we have

Ted ~ iw(gc,d), as ¢ — oo.

As usual, we shall firstly investigate the following weighted form related
to Conjecture 1.1, i.e.,

¢c,d = Z A(n)a

n<g
n=czr+dy
x,y€Z>0

where the von Mangoldt function A(n) is defined to be

An) = logp, ifn :1.76“ (a>0);
0, otherwise.

We first establish the following weighted formula and then Theorem 1.1
will be proved from it by a fairly standard transition.

Theorem 1.3. Suppose that d > ¢ are two relatively prime integers with c
sufficiently large, then we have

d
wc,dwg;’ ,  asc— oo.

As an incident product of Theorem 1.3, we have the following corollary
which seems to be of some interests.

Corollary 1.4. Suppose that d > ¢ are two relatively prime integers with
¢ sufficiently large, then we have

> Y(dy; e, dy) ~ g;’d, as ¢ — oo,
ysc
(y,0)=1

where

¢(Nigm) = Y. An).
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2. Outline the proof: an application of the Hardy—Littlewood
method

We first fix some basic notations to be used frequently. From now on,
we write g instead of g.4 for brevity and c is supposed to be sufficiently
large. Let () denote a positive number depending only on g which shall be
decided later. The function e(t) is used to denote e?™ as usual. Define the
major arcs to be

)
ag

(2.1) MQ) = U U {a : ’a — =

1<4<Q 1<a<q 4
(a,q)=1

We make a further provision that Q < % g%/? so that the above subsets are

pairwise disjoint via similar arguments from [3, p. 214]). In addition, we

note that

IN

1 Q Q Q+1 Q
fm(Q)g{Q_qg’lJrqg} { g 1+g}
We can now define the minor arcs to be
1 1
2:2) m(@ = [ L2\,

For any real «, let

Z A(n)e(an) and h(a) = Z e(a(cx + dy))

0<n<g 0<z<d
0<y<c
Note that
1
/ fa)h( da—/ Z A(n Z e(—a(cr + dy)) da
0 0<n<g 0<a:§d
0<y<c

Z Z A(n / a(n — cx — dy)) da.

0<n<g 0<z<d
0<y<c

Thus, by orthogonal relation we have

(2.3) teq= /01 fla)h(—a)da
:/ fla)h(—a) da+/ fla)h(—a)da.
Mm(Q) m(Q)

The remaining parts of our paper will be organized as follows: In the
next section, we shall give a suitable bound of the integral on the minor
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arcs which shows that it contributes the error term of Theorem 1.3. For the
integral on the major arcs, we have
Q

/m(Q) Fla)h( YD / 0 )h(—a) da

1<q<Q 1<a<q " 9~ a9 qg

(a,9)=1
(2.4) -y % / < ) h (—a - 9) do.
1<q<Q 1<a<q loj<2 q
(a,9)=

We would prove, in Section 4, that the integral for ¢ = 1 in (2.2) contributes
the main term of Theorem 1.3 and the integrals for 2 < ¢ < @ only con-
tribute the error terms. In Section 5, we will prove our theorems and the
corollary.

3. Estimates of the minor arcs
The aim of this section is to prove the following proposition.

Proposition 3.1. For estimates of the minor arcs, we have
9(log 9) G
a)h(—a)da <K lo
[, Flemt-ada < LEEEE & 0¥ (log )"

We need two lemmas listed below.

Lemma 3.2. We have

g(log g)*
sup |f(o)| < =75
aem(Q) | QY/?

Proof. By the Dirichlet approximation theorem (see e.g. [7, Lemma 2.1}),
there exist a € Z and ¢ € Z* such that
< =

g ‘ Q
=~ and |a——-|<
Q ql ~ qg

for any o € m(Q). First of all, we show that ¢ > @ for these a € m(Q).

=~ we know that

+g"/(log g)*.

(a,q) =1, 1<¢g<

Suppose the contrary, i.e., ¢ < @, then from ‘a -4

q| — 499
a< = JFQ<Q<Q<Qi (if a <0)
9 99 q9 g g
and
1 1 1 1
a>i—g—1+ (1—Q>21—i->1+Q+ (ifa>q+1),
q q9 q g 2Q g

which contradict with (2.2). We are left over to consider the case that
1 <a < q < Q. In this case, we have a € 9M(Q) by the definition of the
major arcs which is still a contradiction. Thus, we have proved that ¢ > @
for these v € m(Q).
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We are in a position to introduce a fairly remarkable theorem of Vino-
gradov (see e.g. [7, Theorem 3.1]) which states that for (a,q) = 1 with

1§q§gand‘a—

% < q%, we have

g
flo) < (q1/2 +q"° + 91/2(11/2) (log g)*.
Employing this estimate, we deduce from @ < ¢ < g/Q that

sup |f<a>|<<( g +g4/5+g1/2<g/c2>1/2) (log 9)"*

aem(Q) QY/?
g(log g)*
<K W + 94/5 (lOg g)4
This completes the proof of Lemma 3.2 O

Before the statement of Lemma 3.3, one notes that
(3.1) h(—a)= Z e(—acx) Ze(—ady)
z<d y<c
< min{d, |cal| ™} min{e, [|daf 7}
since for any real number « and integers N; < Na, we have (see e.g. [3,
Lemma 4.7])
No

> e(an) < min{Np — Ny, [lof 7'}
n=N1+1

Lemma 3.3. We have
1
/ Ih(=a)|da < (log g)2.
0

Proof. Note that |h(a)| = |h(—a)| = |h(1 — «)|. Hence, in view of (3.1),
the lemma will follows once we have established the inequality

1/2
(3.2) / min{d, [[ca]| "'} min{c, |[da "'} da < (log g)2.
0

For0<a< é, we have the following trivial estimates that

1/(cd) . . 1/(cd)
/ min{d, [lca]| ="} min{e, [da "'} da < dc/ da <1,
0 0

It remains to prove that

1/2
/1 min{d, ||ca|| "'} min{c, ||[dal '} da < (log g)*.

cd
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The above interval is contained in the following union of a few disjoint short
intervals

RS
| cd 2cd’ced  2cd]’
5

U
<]

1<

By the inclusion relation, it suffices to show that

4 1

S [T wingd, ol " mine [da] *da < (logg)?.
i< a5

Making changes of the variables a = é + 0, it is equivalent to prove that

L -1 -1
(3.3) Z /zcld min{d7 694—2‘ }min{c, d@-{-g } de
1ses[g ] ‘
< (log g)*.
We separate the proofs into four cases.
Case I. For 1 < /¢ < {%J with ¢{ ¢ and d 1 ¢, we have
l 11¢ 1 1114
0+ —| > = d ||d0+-|>=|-
S B IR Lo EH
since 0| < 5. Therefore, we obtain that
1 -1 -1
Z /QCd min{d, cé’—i—E’ }min{c, d9—|—€ }d@
_1 d c
1<i<[ g5
cf and dft
1 -1 -1
2cd f g
<4 > /_ N o a0
1<i<[¢ |5
cff and dff
4 et ey
3.4 = -
(3-4) cd Z Hd‘ c
1<e<| 4]

cff and df¢
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Now, by the Euclidean division we can assume that ¢ = ch + r with 1 <
r < c¢— 1. It then follows that

-1 -1 -1 -1

Z / /¢ - Z ch+r r
L lid c - 4 d ¢
1§€§L%J 0<h<3, 1<r<c-1
cff and dit h#—c~!r (mod d)
-y 1 = her)”
c
1<r<c-1 OShS%, h#—c~1r (mod d)
-1 -1
r T
< 2 el X
1<r<e-1 1<r’'<d—-1

where ¢ 'c = 1 (modd) and the last inequality follows from the fact that
ch+r#ch’ +r(modd) (for 0 <h#h <d/2).

It can be seen that

-1

Z r <2 Z r =2 Z E<<clogc<<clogg
c c r
1<r<ec-1 1<r<|¢/2] 1<r<]c/2]
and similarly
r—1
r
Z 7 < dlogy,
1<r/<d—1

from which we deduce from (3.4) that

1
5ed |
Z / ) mm{d, 7

L<e<| gt) o 2ed
cfl and df¢

00—0—’

/¢ —1
}min{c,

ws!
C

-1
} df < (log 9)*.

Case II. For 1 </ < {%J with ¢t ¢ but d|¢, we have

14

1
‘ ’
(&

{
> ||z
— 2|c
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and then it follows that

0|t A
Z / mln{ c(9—|—‘ }min{c, d@—i—‘ }d@
J d c
1<e<| €| %2
cff and d|¢
21d -1
oy [l

1<e<| | 2ed
cfl and d|¢
2 et

N

REAEY

cff and d|¢
On writing ¢ = d¢*, we find that
ot des||” r|t
Z - Z < Z ‘ < clog g,
1<e<| 4| ¢ 1< <L§ ¢ 1<r<e—111€
cff and dJ¢ cfe*

from which it follows clearly that

1
Zcd
Z / ) min{d,
L<es| g " e

cf and dJ|¢

c6’+’

min < ¢
d )

Case III. For 1 < ¢ < {%J with ¢|¢ but d 1 ¢, we have

> / mln{ fll}min{C,

ch + ’
1<0< Lcd
c|¢ and df¢

!
Cc

-1
} df < logg.

w!
C

-1
} df < logg.

via the same argument as Case II.

Case IV. For 1 < ¢ < {%J with ¢|¢ and d|¢, we have cd|¢ since (¢,d) = 1,

which is certainly a contradiction with ¢ < {%J

Gathering together Cases I to IV, we established (3.3), and hence (3.2).
This completes the proof of Lemma 3.3. O

Proof of Proposition 3.1. The treatment of the minor arcs benefits from
the following trivial estimates

/ fla)h(—a)da| < sup |/ |h(—
m(Q) aem(Q
together with Lemma 3.2 and Lemma 3.3. g
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4. Calculations of the major arcs

We would provide, in this section, the asymptotic formula of the integral
on major arcs as the following proposition.

Proposition 4.1. For Q < ¢'/3

_ 9 g 2 2 3
/M(Q) fla)h(-a)da= 7 +0 (Q(logg) + 9Qexp(—k1\/log g) + dQ ) .

To this aim, we firstly prove several lemmas.

, we have

Lemma 4.2 ([7, Lemma 3.1]). For any real number 6, we have
f(0) = Z e(nf) + O (g(l +10|9) exp(—m\/logg)) .

0<n<g

Lemma 4.3. We have

g g
/|9<§ fO)h(-0)d6 =L +0 <

Q(10g9)2 + 9Q° eXp(—mn/logg)> :

Proof. From Lemma 4.2, we have

/ f( 6)do — / n0)h(—0) do + R(0),
E 01<2

g 0<n<g

where the error term R(#) can be bounded easily by the trivial estimates
as

RO) < [, 90+ 10lg)exp(—r1viogg) In(~0)] 0
<</|9|< g(1+lelg)exp(—m\/logg)gdG

< gQ* exp(—ml Vv log g) .

1/2 1/2
/9|<Q _/1/2 / /1/2

QO

On noting that

we can obtain

/ d9—/ n0)h(—0) df + R1(6) + Ra(8),
o< 0<n<g 1/2 O<n<g
where
_Q
Ry (6 :/ " S e(nb)h(—0) do
1/2 0<n<yg
1/2
and Rg(e):/Q S e(nb)h(—0) do
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It follows from the periodic property of # and the definition of A that

/1/2 nOh(—0)do= Y / (n — cx — dy)p)do = 21

1/20<n<g 0<n<yg 2
0<z<d, O<y<c

where the last equality above follows from the result of Sylvester [6] men-
tioned in the introduction. For % <0< %, using again the estimate

=

S emo) <l =4 < 2,
0<n<g Q

we deduce from (3.1) and (3.2) that
Ra(0) <« —/ min{d, ||cf|| "'} min{c, ||d6] "'} df < Q(logg)

The same argument would also lead to the estimate R1(#) < &(log g)2.
Collecting the estimates above, we obtain that

/|9§§ f(0)h(—0)do = g +0 (g(logg)2 +9Q? exp(—ﬁ@)) '

This completes the proof of Lemma 4.3. O

Lemma 4.4. For Q < ¢*/3, we have

S % / ( )h(—a—«9>d9<<dQ3.
2<q4<Q 1<a<q o< 22 q
(a,q)=

Proof. Recall that
h(—a) = 3 e(—ac) 3 e(~ady) < min{d, llca| "} min{e, [da] "'},

z<d y<c
hence we have
-1 -1
h<“9> < min { d, C(GG)‘ min { ¢, d(a6>’ .
q q q

Recall that ¢ is sufficiently large and g ~ cd, we clearly have

a 1
¢ ——9) > — if c
( q 2q af

o) v o

and
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for (a,q) =1,q > 2 and |6 < £, provided that Q < c'/3. Since (¢,d) = 1, at
least one of the above 1nequaht1es is admissible. Therefore, for all 2 < ¢ < @Q,
(a,q) =1 and |0] < % we have

h (—“ - 9) < qd,
q
from which we can conclude that

£ 5 [ (e s 5w

9
2<g<Q 1<a<q 2<q<Q 1<a<q ’101=35
(a,q)=1 (a,q)=1

< dQ3.

This completes the proof of Lemma 4.4. O

Proof of Proposition 4.1. Let’s turn back to (2.4):

/ﬂﬁ(Q)f(a) =2 2 /<Q < >h(_3_0>d0'

1<q<Q 1<a<q <
(a,9)=

The term of the above sum for a = ¢ = 1 equals
/ f(1+0)h(—1—0)d0:/ £(6) h(—6) do.
loj<< o<

Now, our proposition follows immediately from Lemma 4.3 and Lem-
ma 4.4. Il

5. Proofs of Theorem 1.2, Theorem 1.3 and Corollary 1.4

Proof of Theorem 1.53. By (2.3), Proposition 3.1 and Proposition 4.1, we
have

Yed = g + O(g(log 9)* + 9@Q* eXp(—m\/log g)

+dQ*+ 2 (gf/g) g*/%(log g) >

log g)'*. Then

+O( g )
log g

where Q < ¢!/3. We choose Q =

—

(5.1) Yed =

NS

provided that ¢ > (log g)*3
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For the complement of our proof, it remains to consider the case that
¢ < (log g)*3. Following the proof of [2, p. 299], we have

wc,d = Z A(”)

n=cx+dy
n<g
x,y€Z>0

- Y Y AW +0(ogy)
1<y<c n=dy (mod c)
(y.0)=1  dy<n<g

= Z (¥(g; ¢, dy) — ¥(dy; c,dy)) + O (log g)

1<y<c
(y7c):1
(5.2) =¢(g9) — Y ¥(dy;e,dy) + O (logg).
1<y<c
(y,c):l
Now, for ¢ < (log g)** < (logd)*?, by the Siegel-Walfisz theorem we have

S w(dyse,dy) = > (sijrO(dyeXp(—m\/@)))

1<y<c 15gee \$(0)
(y,0)=1 (y,c)=1

= %cd—i— 0] (gexp<—/€3\/@))
o402+ gop{novoED)).

2

where ko and k3 are two positive integers with k3 < ko. Since

¥(9) = g+ O (gexp(—rav/logyg))

by the prime number theorem, we finally conclude from (5.2) that

(5.3) VYed = ég +0 (‘Z + geXp(—%vlogg))

for ¢ < (log g)*3, where k5 = min{xs, k4}. From (5.1) and (5.3), we proved
that

1
Yed ~ §g, as ¢ — Q.
This completes the proof of Theorem 1.3. O
Proof of Theorem 1.2. For t < g, let

ﬁa,b(t) = Z logp and an,b = ﬁa,b(g)'
p=ax+by
p<t
x,yEZ>0
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Integrating by parts, we obtain that

9 9 9gp(t
(5.4) Tab = Z 1= Jab +/ Lg)dt
p=azx+by logg 2 thg t
P<g
Ivy€Z>0

By the Chebyshev estimate, we have

Dap(t) <D logp < t,
p<t

from which it follows that

9 Dqp(t 9 1
(5.5) / ‘Wg)dt<</ S dt < I
2 tlog~t 2 log~t (logg)
Again, using the Chebyshev estimate, we have
(5.6) ﬁa,b = wa,b + O(\/g)
Thus, by Theorem 1.3 and (5.4), (5.5), (5.6), we conclude that

ST A Y

~ logy logg  (logg)?

Ta,b
as ¢ — 0o. This completes the proof of Theorem 1.2. O

Proof of Corollary 1.4. 1t follows clearly from Theorem 1.3, (5.2) and the
prime number theorem. O

Acknowledgments. The authors would like to thank the editor and the
anonymous referee for their helpful comments which significantly simplified
the expositions of our arguments.
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