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Local conditions of adjoint representations with
supersingular reduction, and representable
functors of deformations with higher weight

liftings

par Byounc Du (BD) KIM

RESUME. Soit W I'anneau des entiers d’une extension de Q,, et soit Tx = W2
une représentation cristalline de rang 2 de Gg, a poids de Hodge-Tate [0, 1]
ayant réduction non ordinaire. On note Tg la représentation résiduelle de
Tg. Soit I > 2 et soit N un entier fixé suffisamment grand, qui ne dépend
que de Tg. Nous montrons que le groupe Extj‘:r,[w_l] (Tg, Tg) d’extensions
admettant des relévements cristallins de poids [0, — 1] qui sont eux-mémes
extensions de représentations de Gq, congrues a T modulo pV (cf. Défini-
tion 2.30), est isomorphe au groupe d’extensions finies plates Ext}l(TE, Tg)
(cf. [18, Chapitre 1.1]). En outre, nous construisons le foncteur D des dé-
formations de Tz de poids [0,] — 1] ayant relévements d'un certain type et
satisfaisant certaines congruences avec T et montrons que D admet une en-
veloppe représentable. Nous conjecturons que tp C EXt}:r,[O,lfl] (Tg,TE) et
Vr, @ W/mpy € D(Ty @ W/myy), ou T est Palgebre de Hecke T(I'1 (M)), m
son idéal maximal donné par une forme propre de poids [ et de niveau I'y (M)
dont la représentation galoisienne est congrue a T modulo p™, et Vi la re-
présentation galoisienne associée. Enfin, nous donnons des résultats a 'appui
de cette conjecture.

ABSTRACT. Let Ty = W? be a rank 2 crystalline Gg,-representation of
weights [0, 1] with non-ordinary reduction where W is the ring of integers of
some extension of Q,, and let T g be its residual representation. Suppose [ > 2
and fix some big enough N which only depends on Tr. We show that the group
EXtir,[O,Zfl] (Tg,Tg) (Definition 2.30) of extensions with crystalline liftings
of weights [0, — 1], which are themselves extensions of Gq,-representations
which are congruent to T (mod p?), is isomorphic to the group of finite flat
extensions Ext}l (Tg,Tg) ([18, Chapter 1.1]). In addition, we construct a cer-
tain functor D of deformations of T'x with liftings of certain type and weights
[0,1 — 1], satisfying certain congruences with Tz, show D has a representable
hull, and demonstrate some evidence that tp C EXtir,[O,lfl] (Tg,Tg) and
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Vi, @ W/mpy € D(Tw @ W/myy) where T is the Hecke algebra T (T'1(M)),
m is its maximal ideal given by a weight [ eigenform of level I'; (M) whose
Galois representation is congruent modulo p» to Tg, and Ve, is its associated
Galois representation.

1. Introduction

Let E be an elliptic curve over Q,, T = T,E, and T = Tr/pTE(=
E[p]). Recall that Ext!(Tg, Tg) is the set of extensions of T by itself as

representations of Gg,, i.e., the set of Gg,-representations T with a short

exact G@p—equivariant sequence 0 = T —-T —Tg — 0.

Now, suppose E/Q, has good reduction, and moreover, has supersin-
gular reduction. (T in this paper will be a little more general: Tp ® Q)
will be a dimension 2 vector space over some local field with linear Gg,-
action, crystalline of Hodge-Tate weights [0, 1]. But, for this introduction,
an elliptic curve over @, will be enough.) Let Ext}l(TE, Tg) be the set of
extensions in Ext!(T g, Tg) given by p-torsions of finite flat group schemes
over Zy. As an application of Fontaine and Laffaille’s theory ([4, 5]) of clas-
sifying finite group schemes over local rings by Honda systems, we have
dimp, Ext}l (Tg,Tg) = 2 ([13]), which can be used in important ways as
in [17]. (Taylor and Wiles’ patching needs more than this, in addition to
patching itself. More on this below.)

We would like to consider a higher weight analogue of Ext}l(TE,TE),
and to do so, we interpret it as follows: We can think of the elements of

Ext}l(TE,TE) as G,-representations Tg (with Tg — Tg — Tg) which

have crystalline, weight [0, 1] liftings T g (= Zﬁ) with T — T — T for some
Go,-representation T' where T' = Tg (mod p). Then, for a fixed [ > 2, we
can consider its weight [0, — 1] analogue Extiﬁw_l] (Tg,Tg), the set of

T (with Tg — T — Tpg) which have crystalline, weight [0,1 — 1] liftings
T with T — T — T where T = Tp (mod pY). (N is determined by E.)
See Definition 2.30. The congruences T = Tx (mod p") help apply the
techniques from [7].

Are dimp, Extin[o’l_” (Tg,Tg) and dimp, Ext}cl (Tg, Tk) equal? The first
part of this paper answers this question. (Throughout the introduction, we
may write Extl (Tg, Tg) for EXtir,[O,l—l} (Tg,Tg) in short.)

Theorem 2.31. Extir’[07l_1} (Tg,Tg) = Ext}cl(TE,TE).

Theorem 2.31 is supposed to help control the number of generators of
certain deformation rings Rg as the set () of auxiliary primes varies in
patching if Rg is known (more on this below). But, patching requires more
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parts than Theorem 2.31. For the rest of the paper, we work on completing
the rest of them as much as possible.

First, from now on, let £ be an elliptic curve over Q with good super-
singular reduction at p, and fg be its associated newform of some level
which divides M ((M,p) = 1). Again, fp can be more generally any new-
form of weight 2, but for the introduction, an elliptic curve is fine. Suppose
there is an eigenform f of level I'y (M) and weight [ so that a,(fr) = aq(f)
(mod p") for all but finitely many primes ¢ (the same assumption in [7]).
We can assume W = Z,[f] for now.

One needs to define a representable functor of deformations. We define
(Definition 3.3) D as the set of deformations of T’ which have crystaline
liftings of certain type (“S”; see Definition 3.2), weights [0,[—1], and certain
congruence properties with Tg. As a first step, we show D is a category that
has a (pro-)representable hull by some R € CAE (Propositions 3.4 and 3.5).
This is almost as good as a representable functor. (We will not worry about
Dq for sets of auxiliary primes () for now because we believe they will be
similar to D. Similarly, we will not worry about T¢ below, either.)

Then, one needs tp C Extl (Tg, Tg) (which is to say every representa-
tion Vi = k[e]?> € D(k[e]) is in Ext..(Tg, Tg)). This is necessary to inter-
pret tp as a Selmer group of ad’(Tg) with local condition Extl.(Tg, Tg).
We show that in some special cases, namely, when VlE[e] has a lifting Vr(=
R?) where R = We1] x¢ Wlez] some C € C; (Proposition 3.6). Generally,
R should be a more complicated fiber product (Definitionss 3.2 and 3.3),
but will it need an essentially different proof? The author is not yet ready
to answer this, but is hopeful that Proposition 3.6 points to a general proof.

Another important piece of groundwork for patching is the following: Let
T := Ty(T'1(M)), a Hecke algebra generated over W. Let m = ker(T — k)
given by t +— a; for each ¢t € T where tf = af. There is a well-known
Gg-representation Vi, (& T2), unramified outside the prime divisors of
M, etc. The last piece we need is Vi, @ W/(m) € D(Tw @ W/(7)) (so that
there is R — Ty @ W/ (7).

Again we show this only in a special case, which we hope will shed light
on the general case. We assume there are only two eigenforms gy, g2 of level
I'1 (M) and weight [ which are congruent to f (mod 7) (one of which is of
course f itself) so that Ty — W x W by assuming W is big enough if
necessary. Towards to the end of Section 3, we present a simple argument
for showing Ty = W Xyy/(rry W. (The argument itself is purely algebraic,
and has little to do with Hecke algebras.) W Xy (ry W itself is not in S
unless 7 = 1, but probably it can be resolved by changing the definition
of § slightly. Last, there is the issue that eigenforms g(= f (mod m)) are
not necessarily ¢ = f (mod p~). We briefly discuss how one may resolve
this. Again, the general case should be more complicated. But, will it be
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essentially different from the above case? Just as the first issue, we hope
our argument for the above case points towards a general proof.

To sum up, we obtain complete solutions for some technical problems,
but we only partially solve some other problems. We hope readers will get
the impression that this work is heading in the right direction.

Last, we will briefly discuss the initial motivation for this work. Choi
and I ([1]) showed congruences between two-variable (analytic) p-adic L-
functions of congruent modular forms (of different congruent weights) when
p is non-ordinary, but we had to assume certain Hecke algebras (of weights
higher than 2 in particular) are Gorenstein. I noted that Taylor and Wiles’
patching not only shows R = T, but also R,T are Gorenstein. But, as
noted above, to apply patching to higher weight Hecke algebras for non-
ordinary p, many technical issues need to be resolved, and this work is,
in some sense, a result of the effort to resolve them. On the other hand,
some important pieces are already in place for patching in this instance.
For example, we have modular congruences in [8], which generalize [15],
and Diamond’s version of patching ([3]), which likely works well with the
congruences in [8].

2. Congruent cocycles of higher weight adjoint representations

Throughout, k is a finite extension of Q, with residue field k. (So, k is
a finite field, not the algebraic closure.) We fix a uniformizer 7 of k. Let
m=mp, (= (7). We fix T = %’ with action of Gq,-

Throughout, where V' is a representation of Gg,, its Dieudonne module
D(V) is given by (V ® Beis)“% which has ¢ action and filtration through
Beris and Bgr. The convention of Hodge-Tate weights is fixed in such a
way that where T is the p-adic Tate module of an elliptic curve E/Q,
(with good reduction) and Vi = T ® Qp, the weights of Vg are [0, 1]. (So,
Fil™! D(Vg) = D(Vg), and dimFil® D(Vg) = 1.)

When we speak of pV, we allow N € Q in the following sense: where
% = vp(m), p% = 7. (In and of itself, this is wrong, but it will make sense
in a proper context, and we want to use it so that the presentation looks
similar to [7].)

2.1. Suppose Vg = k2 has continuous G,-action, is crystalline with
Hodge-Tate weights [0, 1], and the characteristic of ¢ on D(Vg) = (Bepis ®
VE)GQP is 22 — g—;x + # for some p-adic unit e. We choose mg € D(Vg)
satisfying ompg € Fil® D(Vg).

For any a,b € k, let 8 = a + bp. In the following, the notation VX@
suggests it is a m-adic Tate module of a group scheme X g, but we do not
need to assume it for now. In any case, we can indeed construct such X g,
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and we will indeed use it. See the proof of Proposition 2.25. We let Vs = k4
E
be a crystalline representation of G, (which implicitly implies Gq, acts
continuously) so that D(V,s) satisfies:
E
0 — D(Vg) — D(Vys) — D(VE) — 0
E

such that for a lifting mp € D(Vys) of mp satistying pmp € Fil® D(Vys),
E E
we have

a 1 N
(@”—pw+-)mE:ﬁmE
€D €E-p

/ 2 a 1 _
Let «, &' be the roots of x —ﬁw—i—@—O.

Assumption 2.1 (Supersingular reduction assumption). From now on,
we assume neither of a, o’ is a p-adic unit. If their p-adic valuations are
different, we choose « to be the one with

1
—3 < vp(a) < 0.

In other words, we assume that the group scheme E which Vg is supposed
to be associated to has supersingular /non-ordinary reduction. Everything
in this section probably works without Assumption 2.1, but in the ordinary
reduction case, we have a much easier method for dealing with our question.

Definition 2.2. We let
vp = (p—a)mp, g =(p—ad)*mg.
Then, the following is clear.
Proposition 2.3. We have
(p—a)op =0, (p—a)ip=,PFug.
In the following, Sy (€ W(R) C Aeris C Beris)’s are as in [12], i.e., we let
B = (Gymin)nzo € RY {(xm))nzo ’ 2™ € O, , (2P = x(n)},

for every m > 0, and B
Bm = [Bm] € W(R).
See [7] for how they are used because the following method is adopted
and adapted from it.

Definition 2.4. We define §° ¢ Ams[%] ® D(Vys) by
E

[3’2] =Y ("B -De [g‘ ﬂm, FE]

v
m=0 E

We may drop 3 from 62,07 and simply write d,,, 6,, where appropriate.
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Definition 2.5. We let
Vg = (p—a)ymp, Tp=(p—a)’mp.
Let
M(Vg) = Ok(mp, p(mg)) = Op - me + Ok - (mpg) C D(Vg).

Recall that by [11, Section 2.3.4 Lemme], or [6, Proposition 6.24], for
some s > 0,

(2.1) Aeris @ M(Vi) C (o — 1)p~* Fil° (Agris @ M(Vi)).
Similar to the above, let
M(Vye) = O (g, mp, p(mp), ¢(mg)) C D(Vys).

Then, we have the following.

Proposition 2.6. There is

[An] S piQsil Fil° Acris ® M(VXB> S5} pis*é Fil° Acris @ M (VE)
E

@—1)( +[’V\ZD:0.

Proof. Let Y, a; ®n; € Acris ® M(VX;a), and let ; = n; (mod D(VE)) (so
E

n; € M(ng)/M(VE) =~ M(Vg)). By (2.1) above,

Yai®n=(p-1)) a;©n,
i j

so that
5y
05

for some }; a;®@n; € p~* Fil® A @ M(VE). Choose a lifting nj € M(Vys)
E
of each n;. Then, we have
Zai & n; — (QO — 1) Zaj Xn; € P Acris ® M(VE)
i J

Again by (2.1) above, we can find some >, ar ® nj € p~2° Fil® A.pis ®
M(Vg) so that

Zai@)ni:(cp—l) (Zaj®nj+2ak®nk>.
i j k

In other words, we have shown
Acris ® M(ng) Ce—1)p 2Fil’ Apis ® M(ng).

(The point is that s only depends on Vg, not on V,s.)
E
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Now, since ¢Ug = avg + fvg and pvg = avg,

0] = Zemram-vely I7 2]

-2 ee-vels ][]
g:o mH(g) — 1) @ [(0)‘ gmﬂgg]
2 ee-vels o] ]

— (-1 [”E] .

VE
(Since vp € p_lM(VXB)) by the above discussion, for some )\, €
E
p_28_1 Fllo Acm’s ® M(VXﬁ) and Un € pisi% Fllo Acris & M(VE)a we have
E

'/U\E _ - )\n
G- [ F| == 1 ], 0
Later, we may need to write
Ao =t @ Vg + ty @ug + 1, @ Vg + 1, @V

for some 1, tn,tn,t’n € p‘25—2Am8.(On the other hand, we may not need
vy, again.)

Definition 2.7. We set
Tﬂ = Ok[GQp] ((571 + )\n)Un — (571 + /\n) ‘ n>0, 0, € GQp(Cp”)) .

By construction, 77 is an Op-submodule of Fil” (Beris ® D(ng))‘p:1 =
E
VXg , and it will become clear that indeed it is a lattice (see Proposition 2.11
and [7, Lemma 3.3]).
Definition 2.8. Fix an integer [ > 2. Let V; be a 2-dimensional k-vector
space on which Gg, acts continuously so that

e V] is crystalline with Hodge—Tate Weights [O,l — 1],
e the characteristic of ¢ on D(V}) is a2 LT+ - l + for some

a; € O and a p-adic unit € such that Where al,al are roots of
2 a 1 o
= — E/pzlf1$ + T = 0, we have

o =a (modp")

for some N > 0 (as mentioned, we allow N € 1Z where v,(m) = 1).
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Remark 2.9. Definition 2.8 implies that V; is congruent to Vg (or more
precisely, a lattice inside V is congruent to a lattice inside Vg) if N is big
enough (“enough” depends on Vg). See [7].

Now, suppose G, acts continuously on some crystalline TA/lﬁ =~ k* (which

we will also denote by V or V, for simplicity) satisfying
00—V — 171’8 —Vi—0

so that for some m; € D(V;) with ¢m; € Fil® D(V}) and its lifting m; €
D(Vf) satisfying @y € Fil° D(Vf),

2 aj 1 ~
<90 a1t + 6/p11> my = B,
(which determines XA/I/B )

Definition 2.10.
(a) Similar to Definition 2.5, let

v =(p—apmy, U =(p— o)’y
and define
M (V) = O (i, mu, (i), p(mi)) € M(V}).
(b) We define 6" € Ams[%] ® M(V}?) by
5§Ll)ﬂ - m e%) 5 " @
ng),g = mz::O (™ (Bn) —1) ® {0 Oéz} : [UJ :

Again, we may drop (8 from (555 )8 and simply write 5§Ll ) where

appropriate.
It is easy to see the following.

Proposition 2.11.

=3 a™(@™(By) ~ 1)@+ ma™ (¢™(B) — 1) ® v,
m=0 m=1
SOF =S a@m(Br) — D) @+ B Y. ma T (@™ (Ba) — 1) @ v
m=0 m=1

Recall (before Definition 2.7) that we write

My =1, @0p +t, @up + 1, @0 + ), @ ).
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Proposition 2.12. Suppose N >4s+4. Then, there are Zﬁf), tg) EACMS[%] ®

Oy so that
&0

n

%\m t(l) =ty (mOd pr_QsAcris & Ok)

(p—1) (607 +70 @5 + 1D @ v) = 0.

Proof. On the whole, this proof follows that of [7, Proposition 3.8].
From the proof of Proposition 2.6, recall(8, — 1) @ g = (¢ — 1)A,. In
other words,

(B =1 @08 =(p—1) (la @5+ ta D vp) .

(It also implies 0 = (¢ — 1) (¢}, ® V' +t}, ® V), but it will not be relevant
in this argument.)
By expansion, we have

Then, compute
(p—1) <€n®6l —|—tn®vl)
= (up(En) = Tn) @0+ (BlE) + cwplt) — tn) @
= (g — @)p(tn) @0+ (Bn — 1) @ T + (1 — a)p(tn) © vy,
Since (¢ — 1)57(11)’ﬂ =—(Bn— 1) ®7;, we get
(p—1) (57(1”’5 +1n ® T +tn ® vz) = (a1 — a)p(tn) @V + (a1 — @) p(tn) D ;.

Note that, by Proposition 2.6 and Definition 2.8, (o — a)(p(tAn),
(al - a)(p(tn) € pr_28_2Ac7‘is-
Now, suppose &, ® U; + t/, ® v, is a maximal element in
T = {?n ® Uy + t, @ vy ‘ ?n =tn, th, =t, (mod pN_4S_4Ams)}
in the sense that
(=160 + (1) (B @0 +t,®u)
= —(Br—1) @0+ (p—1) (E’n®m+t;®vl)
=CcRU+cRy
is closest to 0. (“Closest” means ¢, ¢ € pt=2572 A5 for biggest t, which

could be oc0.) In fact, we will show ¢ = oo (thus ¢, ¢ = 0).
By the above, t,  U; +t, ® v € T, and t > N.
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As in the proof of Proposition 2.6, there are cj, d € p'=**A..;s (which
is well-defined because N > 4s + 4) so that

(p—1)(d®@Tg+d®vp) =@ Tp + c®vp.
Thus,
—(Bu—D @+ (p—1) (E -0+t —d ou)

= (o —a)p(d) @0 + (@ — ar)p(d) @ .

Since (o — ap)p(d), (o — ay)p(d) € pNFTt4544 5., N > 25 + 2, and
(clearly) (£, —d)®@0;+ (t}, —d)®v; € T (because t > N), the above implies
t @0, + t!, ® vy is not maximal unless t = co. O

Definition 2.13.
v = (¢ —a)mu, 0= (¢ — )’
Proposition 2.14. There are 255)', ,2”' S Acm[%] ® Oy so that
et +tVeu+t @v+tV @ e Fil° (Ams Ll)] ® M(f/f)) .
Proof. We can write
By = @y + bp(iiu) + emy + dgp(my),
v, = a'ny —i—g'cp(ﬁu) +Zmy + c?go(ml),
v = cmy + dp(my),
v] = c'my + d'p(my),
for some coefficients in k. Clearly @', # 0 (as well as @,c). Noting that
o(my), p(my) € Fil° M(‘A/lﬁ), we can see that the claim is true by simple
linear algebra. O
Recall that we also let V denote ‘723 .
Definition 2.15.
(a) A= Acis[3] @0 + Acris[5] @ 0.

(Technically, we should write 1 ® ¥} instead of v} and so on, but it
would be detrimental for readability.)

(b) A? = A; NFil®(Byr ® D(V)).

Following [7, Section 3.3], we make the following: Since Bris ® V =
Beris @ D(V), from 0 = Qp — Beris — (Bar/BYg) ® Beris — 0 (given by
b (b, (¢ —1)b)), we have

_ S Bar @ D(V
00—V — (Bewis @ D(V))7 — 'OdR® W)
Fil’(Bar ® D(V))
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In other words,

~

(Bcris ® D(V))Lp:1 ~ BdR X D(V)

(2.2)

~ .

v ~ Fil'(Bgr @ D(V))
Proposition 2.16. The map

Bar ® D(V)
Fil’(Bar ® D(V))

(Beris ® D(V)) 7~ + A, —>

has kernel V + A).

Proof. Through (2.2), we have a surjective map

(Beris ® D(V))#~! _, (Bais® D)+ A
Vv V+ A

By design, we have Fil’(Byr ® D(V)) C kers, and so

L: BdR®D(‘7) —

~

e ~ o= B DV ~
Ker & ker (Beris ® D(V))(’O L. Al — — ar ® D )A CV+ AL
Fil'(Bag © D(V))

Since V C Fil®(Byr ® D(V)), if 9+ a € Ker for some 0 € V and a € Ay,
a € Fil'(Bgr @ D(V)) N Ay = AY.
On the other hand, if a € AY, by definition a € Ker. Hence
Ker = V + AY. O
Proposition 2.17. We set
AD =10 @5 +tV @ v+ 10 @0+t @,

and recall we let (57(1” denote 5@’5 for simplicity.
Then, for all o, € G@p(cpn),

(00— 1) (60 +2D) € V + A,

Proof. By Proposition 2.11, and because (,n = 3, (mod Fil'(Byg)) by [12,
Section 1.5.3], we have

n
Z Oé’lrn (Cpnf'm - 1) ® i)\l

m=0

+5 zn: malm_l (Cpnfm -1y (mod FilO(BdR ® D(V))) .
m=1

50

(Also see the proof of |7, Corollary 3.11] for clarification.) Thus, we have
(00 — 1)) € Fil°(Bgr @ D(V)).



336 Byoung Du (BD) Kimm

By Proposition 2.14, )\g) € FilY (Ams[ | ® D(V)). Combined, we have
(00 = 1) (69 + ) € Fil’(Bap @ D(V)).
Because of Ag)/,tg) € Acm[ ] ® O (by Proposition 2.14) and Proposi-
tion 2.12, we have
50 + 2D € (Bepis @ D(V)) ™ + Ay

Thus, our claim follows from Proposition 2.16. O

=1

In the following, recall A; = Acms[ | @7 + ACMS[ ] ® v] from Defini-
tion 2.15.

Definition 2.18.
(a) proj; : V 4+ A) — A []ﬂ ® Uy + Acris [H ® vy
IRV +2Qu+7 Q0 +2' QU — TR0, + 1 ® v
(b) Similarly,
projg : ‘7X6 — Acris [p} ®UE + Acris B}] ®UE

TRV +rQuEp+7 @V +1' @V — TR Vg + T @ vE.

Then, clearly proj;,projp are Gg,-equivariant. Also, by construction,
AY C ker(proj;), hence

proj; (YA/ + A?) = proj; (V) .

Proposition 2.19. Suppose 5 # 0. Then, we have

o~

proj; (YA/ + A?) = proj; (V) 2V,
prOjE(VXg) = ‘7)(}53

Proof. This is a little harder than the case in [7] because V and so on are
not irreducible. R
We consider V', V; as subgroups of Beris @ D(V) and Beris @ D(V)) re-
spectively. Then, D(V)/D(V;) 5 D(V}) gives an explicit surjective map
V- V;, which gives a short exact sequence 0 — V; — V- Vi—0.
Similar to above, we can define (like in [7]): (Here, V; is considered a

ch’s D V
subgroup of FEEE)

~

. . - 1
projy, : Vi+ Fllo (Acm's X 'Ul) — Acris |:p] K vy

IRU+7 Q0 — TR0
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We can see the image of projy, is isomorphic to V.

Since
> - 1
50 =" af'({pn-m — 1) @7, (mod Fil(Bar @ D(V)) + Acris u ® vl>,
m=0

the image of the cocycle
(00 € Gaygym) — (on = 1) (6D +A0))

under V; + AY " Prol Ams[ |®v; + Ams[ |@uv — Ams[p] ® Uy is non-zero.
Thus, there is some 0, € Gg,(c,.) so that (on )((5(l) + )\(l)) generates
Vi(=2 V/V}) because V] is irreducible.

Since V is non-split, (o, — 1) (67(11 ) 4 )\g)) generates V, thus
proj; (‘7 + Alo) >~V

The case for projg(V «8) is similar.
E

O

1

Alternatively, we may be able to prove projl(f/) >~V from projE(‘A/E)
V g by Proposition 2.22.
Definition 2.20.
Acms[ ] ®'UE+Acms[ ] ®vE Acms[ ] ®UZ+AC7‘ZS[ } @ v

: —
pN72S (Acms & UE' + Acms & UE) pNiQs (Acms ® Ul + Acms & Ul)
ARV +taQuEgr—a® U +a®

Now we recall the following;:

Proposition 2.21 ([7, Lemma 3.3]). Suppose n > 0 and m € Z with
n = m. For every on € G, (¢n);

Bt = Bm € P Acris.
From this, we immediately have the following:
Proposition 2.22. Suppose N > 4s + 4. For all m,n > 0 and all oy, €
Gap(gn):
® (projg; ((on = 1) (3 + An))) = projy (o — 1) (3 +AD)).

(The right-hand side is well-defined because of Proposition 2.17, and simi-
larly, the left-hand side is well-defined because of Proposition 2.6.)

Proof. Since o* = o (mod p‘m/QpN) and ¢ (By) = Pn—m, by Proposi-
tion 2.21

(amgpm(ﬁn))dn_am@m(ﬁn) = (agngpm(ﬁn))on_alm(pm(/@n) (IIlOd pNAcris)'
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So, the claim (of congruence) on d,, and 58 follows (see Proposition 2.11).

The claim on A, and )\g) follows from Proposition 2.12. O

Proposition 2.23. Assume N > 4s 4+ 4. Recall T? from Definition 2.7.
Similar to Definition 2.10(b), set

79 = 0, (00 4 X0)" — (50 +30) | 020, o0 € Giyie).

Then, ® induces an isomorphism
proj p(T7)/ projp(T7) N pN =2 (Acris ® Up + Acris ® vE)
= projl<Tlﬁ)/ projl<Tlﬂ) N pN_ZS(AcTis ® 6l + Acm's X 'Ul)-

Proof. This immediately follows from the definitions of 77, TlB , and Propo-
sition 2.22. O

Let Tg be any Gg,-invariant lattice inside Vg, which is unique up to
scalar multiplication because T = Tk /mTg is irreducible. Similarly, let T;
be any Gq,-invariant lattice inside V;. Note Tl(déf T;/mT)) = Tg. (Again,
see [7].)

Note that any lattice T" inside V5 satisfies

E

0—Tg — T/mT — Tg — 0.

Definition 2.24.
(a) A lattice T' inside VX@ is residually non-split if the above short
exact sequence is non-split.
(b) Similarly, a lattice T inside V' is residually non-split if
0—T, —T/mT —T;,—0
is non-split.
In the following proof, T X denotes the m-adic Tate module of the group
scheme X (if Oy acts on X), and VX =T, X @ Q).
Proposition 2.25. If 3 =1 or 8 = @, then VX}@ has a residually non-split
lattice T inside it.

Proof. Suppose E/Z, is a smooth formal group scheme with Honda type
(M, L) where M = Oy[F]/(F% — a,F + ¢ p) as an O[F]-module (and V
acts accordingly), and L can be considered as a free Og-submodule of M
with L/pL = M/FM. So, O acts on E through M, L.

Suppose X is a formal group scheme (over Z,) with Oy-action and Honda
type (Mx, Lx) so that

0O—M—Mx —M-—0, 0—L—Lx—L—0.
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Then, X is characterized by the following: For a generator | € L and its
lifting [ € Lx,

(F? — a,F + ¢ p)l = (a+ bF)l
for some a,b € Oy.

Then, we can identify D(V;X) = Hom(Mx, k) where ¢ acts on every
f € Hom(My,-) by

(f)(m) = f(F~'m).

(We can understand F~! as V/p because My is torsion-free.)

Similarly, we can identify D(V;E) (as a submodule of D(V;X)) with
Hom(Mx /M, k), or with Hom(M, k) (as a quotient of D(V;X) depend-
ing on the context). Again, the action (¢f)(m) = f(F~!m) makes sense
because M, Mx /M are torsion-free.

From this, we will find the structure of D(V;X). (More specifically, we
will find 8 so that Vz X =V, 5.)

E
First, we construct m% € D(V,;X) = Hom(Mx, k) as follows:
my : Mx — k
[—1
FIl+—0
1—0
Fl 0
Also we construct m* € D(V;E) = Hom(Mx /M, k) by

m*: Mx/M — k
[—0
Fil—0

lAb—> 1
Fl— 0.

Next, we will find A, B € k with ((p2 ~ &y #) m% = (A + Bo)m*
(so that Viaip, = V7 X). This is somewhat tedious. It is enough to note
E

1
Fli=% 7 g
€-p €D
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thus
om* :1——0
Fl—0
[ 2
€-p
Fl—1
a
Yol 2
pmx € p
Fl—1
Ty ©% b
(e-p)* €-p
Fl+—0
2
2 ap 1
i — —
v (e-p)* ep
Fl+— %p
€-p
~ 2a - a? 2b-a a
l— P4 LA
(e-p3  (e-p? (e-p)?
FlA>—>7a.ap b
(e-p)? e-p
So, (902—?—’;)@4—%) m% sends
~ a-a? b-a a
[ — P+ P —
(e-p)3  (e-p)? (e-p)?
Fl+— a‘ap2 b ,
(e-p €-p

and (A 4+ By)m* sends
T— A + B A
€ p
Fl+— B.

By setting them equal, we have

al [—(e-p)? 07[A
bl  lap(e-p) e€-p| |B]’
Note that the following are equivalent:

o T X/nT;X is non-split,
e X|r] is non-split,
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e 0 — M/mtM — Mx/mMx — M/nM — 0 is non-split,
e (a,b) # (0,0) (mod ).
Now, suppose 3(= A+ By) = 1. By scaling D(V;E) C D(V;X), we can
assume A = z%’ B = 0. Then,
(a,8) = (€%, cap/p) # (0,0) (mod )
On the other hand, suppose (= A+ By) = ¢. Again by scaling, we can
assume A =0,B = %. Then,
(a,b) = (0,€)  (0,0) (mod ).
Each case implies T X /7T X is non-split. By construction, V;X = Vs
E

for each (3, so our claim follows. O

Definition 2.26. For =1 or ¢,

(a) Let T % be a maximal residually non-split sublattice inside 7% (de-
fined in Definition 2.7). Here, “maximal” means there is no other

T' with f% C T’ C T* which is residually non-split. (That such T %
exists is shown in Proposition 2.25, and it satisfies

T/ = X|n]

for the group scheme X/Z, determined by f.)
(b) Suppose N (> 4s + 4) is big enough so that

projp(T?) NN =25 (Aeris @ U + Aeris @ vg) C T - Projp f%
Then, we have the following.

Proposition 2.27. Assume N is big enough (according to Definition 2.26;
Again note that “big enough” only depends on Vg). Recall VXg,V’lB for
E

B =1,¢. There is a lattice ff(c Tlﬁ) inside YA/ZB satisfying
ff/ﬂ'flﬁ = T%/ﬂ'f%
(thus f'lg is residually non-split).

Proof. Definition 2.26(b) implies that projg ’f% inside projg(T77)/
proj(T8) N pN=25(Auris ® U + Aeris ® vg) has a quotient isomorphic

to projp f%/w - projg f% = f%/wf% (this isomorphism is by Proposi-
tion 2.19).
Then, this implies that, by Proposition 2.23, there is a sublattice T”

inside projl(Tlﬁ ) such that
T'/mT' = ZA“E/me,

and the claim follows because proj; is injective on Tlﬁ . O
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In fact, if Vﬁ has a residually non-split lattice fl, then it is unique up to

scalar multiplication as follows: Suppose T is also residually non-split. We
may assume TcC Tl and 71T ¢ Tl

Where Tl is the unique rank 2 max1mal submodule inside Tl, in general
we have T = T, + 7r7’Tl for some 7 > 0. T is residually split if ¢ > 0, thus

T=T,

2.2. Note that toward the end of Section 2.1, N depends on X]g (and
therefore depends on f3). The problem is that we want k to be an arbitrary
field, so there are infinitely many [, and we want N to depend only on
VE. So, we want to approach it through linear combinations of § = 1 and
8= .

It(pis well-known that Exté@p (*,%) is canonically isomorphic to
H' (Gg,,ad(x)) where ad(x) is the adjoint reprsentations of  ([10, p. 288]),
thus we theoretically know there is a group structure on Ext}; o (*, %). But,
we want to be able to explicitly write this group structure so that we can
show ‘A/f —l—V’lgl = 175#5/.

Let T be any representation of finite rank over a ring R. Given 0 — T —
T—T— 0, multiplication by a € R* is given by

0T —T>2%T 0.

We add two extensions as follows: Consider

/\
\/

Then, we have
0—TXxT —TxpT — T xpT (2T) — 0.

Through the (diagonal) embedding 7' — T' x T by t — (t, —t), consider
T as a subgroup of T' x T'. Then, from the above short exact sequence, we
have

0—TxT/T —TxpT /T — T —0.

Since T x T/T = T, this exact sequence is an element of Ext!(T,T),
which we think of as 7 + 1.

Recall Vi = k2 (1 >2)is a crystalline representation with the character-
istic of ¢ on D(V}) being 22 — T+ epl T

Where 3 = a+byp, 8/ = a’+b’ (a, ba W €k),let VB VF e Extl (V;, V)
(i.e., extensions which are crystalline). For some d(# 0) € D(V;) with
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o(d) € Fil°(D(V})) and its liftings d° € D(V?), d* € D(V?") with o(d?) e

~,

Fil® D(VP), o(d?") € Fil® D(VF"),

2 ay 1 /\5 . 2 a; 1 /\/3/ Y,
(90 B €/pl—190+ 6/pl—l)d = fd, (90 B 6/pl—1<p+ 6/pl—l)d = pd.

Proposition 2.28. In Extl.(V},V}),
VB Ly = B8
Proof. Then,
(@, &) € D(V? xy, V¥ JVi) = D(V?) x pgvyy D(V?)/D(V)

~,

is a lifting of d because (d?,d”") — (d,d) = d (through D(V}) xpyD(V) =
D(V))).
Note

2 _ A 1 B BN _
<90 T - TR4RE 6/p11>(d ,d”) = (Bd, 5'd).

As explained above, the embedding D(V;) — D(V;) x D(V}) is diagonal
(i.e., d— (d,—d)), so

(Bd, B'd) = (Bd + 'd,0) = (B + ')(d,0) (mod D(V)).

Thus, by identifying (d,0) = d through D(V;) x D(V;)/D(V;) = D(V}),
the claim follows. O

2.3. Recall Tg(C Vg), and suppose N is big enough for § =1 and 8 = ¢
as in Definition 2.26. (So, N depends only on Tg.) Also, recall that Tg is
its residual representation.

In the following, all extensions in Ext! are Gq,-equivariant.

Recall (see [18]) that Ext}cl(T £, TE) is the set of extensions T of Tg by

T'r which are given by T = G(Q,) for some group scheme G/Z,, with good
reduction.

As noted in Deﬁmtlon 2.26, by Proposition 2.25, there are residually
non-split lattices T1 cV XL T cV X% which are uniquely determined
up to scalar multlphcatlon Thus, thelr residual representations

T, T%(# 0) € Ext! (Tp, Tg) are uniquely determined.

Proposition 2.29. %% and %g are a basis (over k) of Ext}l(TE,TE).
Proof. Recall that there are group schemes X1/Z, and X¥/Z, which sat-
isfy T, X' = T}, T,X%? = T%. (See the proof of Pr0p081t10n 2.25.) By

comparing their Honda types (mod 7), we can see T}E and TS‘7 are linearly

independent over k.
Since dimy Ext}cl(TE, Tg) =2 ([13]), the claim follows. O
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As mentioned, canonically ExthQ (T, Tg) = HY(Qp,ad(Tg)). It will
D

be useful to note that since T’E(déf Hom(T g, p1p)) = T, we have (see [16,
Section 4.1]) ad®(Tg)* = ad®(Tg)(1) = Sym*(Tg), and
ad(Tg) =2 Sym?(Tg)(—1) @ k=2 ad’(Tg) @ k
Wiles ([18]) defines the local condition inside H'(Qp,ad(Tg)) as the
image of Ext}cl(TE, Tg) (and the local condition H}((@, ad®(Tg)) is defined
accordingly). He could define it intrinsically using points of finite group
schemes, but one can also (probably equivalently) define it by saying an

extension is finite flat if it has a lifting which is crystalline of weights [0, 1].
We define EXtiT,[OJ—H (Tg,TEg) as follows:

Definition 2.30. EXtir,[O,l—l} (T, Tg) is the set of extensions T €
Ext'(Tp, Tr) which has a free lifting 7' (meaning T is free over @y and
f/wf =~ T), with T T =0 (the map being a Gg,-equivariant homo-
morphism of O-modules) for some T' so that

e (G, acts on T continuously, and T is crystalline of weights [0, —1],

o T/ = T’E,

e Recall a, a (fixed) root of the characteristic of ¢ on D(Vg). The

characteristic of ¢ on D(T' ® Q) has a root o/ with

o =a (modp")

(the last condition implies the second, [7]) so that the following is commu-
tative:

(0 T )T > T 0
0 TE % \TE 0

where the vertical arrows are given by residual representations (i.e., ®o, k).

Readers may wonder how the top line is given. If T = 0, then it has

an obvious lifting T, and no more needs to be said. Suppose T # 0. If
T — T — T with T/ 2 T, then it is a split exact sequence, which implies

T is a trivial extension, which is a contradiction.
Theorem 2.31.
EXtir,[O,l—l] (Tg,Tp) = Exty(Te,Tk).

Proof. We will write Ext., for EthlfT,[Ovl*H in short.
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Take any %(7& 0) € Extl.(Tg,Tg). (By definition, T has a lifting T
whose residual representation is T, and 0 — T — T — T — 0 for some T
with the above properties.)

For 5 =1, ¢, set 1716 by the discussion after Definition 2.8 where V; def
T ® Qp. By Proposition 2.27, there are ff C 1753 so that

(2.3) T8 T8 nTl = T8 /275

By Proposition 2.29 and the above discussion, it is enough to show
T =al' +bT%
in Ext}(Tg, Tg) for some @,b € k. To that end, we will show
T =aT} +bTY.

for some a, be (9/&.
First, for V =T ® Q,, we can let

V=7

for some 8 = a + by (a,b € k). (Again, we follow the notation in the
discussion after Definition 2.8, now with £’.) By multiplying a scalar on
V — V (equivalently, by multiplying a scalar on m € D(V) without chang-
ing m € D(V)), we can assume

a,be O, (a,b)#(0,0) (mod m).

Case 1. a # 0,0 # 0 (mod m). In other words, a,b € Oj. Then, afll +
bTY (€ Extl.(T,T)) is well-defined (see Section 2.2), and is clearly a lattice
inside a‘A/ll + b‘A/f = XA/EHW (see Proposition 2.28). And, because a,b € O},
it is not hard to see the residual representation of afll + bff is aT" + bT¥
from the construction. _ R

Since T (=2 T}E) andATS"(% T7) (see (2.3)) are linearly independent, and
(@,b) # (0,0), aT* + bT¥ # 0 in Ext' (T g, Tg). In other words, aT} + bT}
is residually non-split. Since T # 0, and therefore T is residually non-

split, and a residually non-split lattice is unique up to scalar, after scalar
multiplication if necessary,

T =aT} +bTY,

thus T = al'" + BT € Ext}cl(TE, Tg) by Proposition 2.29.
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Case 2. either a =0 or b =0 (mod m). Without loss of generality, assume
a#0,b=0 (mod m). Then,
Ve
— pet-le | g
(by Proposition 2.28). Similar to Case 1, (aj“ll + (b— 1)?;") +ff is a lattice
inside V where (afll + (b— 1)ff) (which is well-defined because a,b—1 €

O}) is a lattice inside ‘A/;H_(b_l)@.

Again similar to Case 1 (and because a,b — 1 are units)

(aT} + 6= V)TF) +Tf = T} + (b— )I7 +T%
= (61%1 + (b — 1)%“’) +T¥
= aT"
# 0.
So, (afll + (b — l)ff) + ff = afll + bff is residually non-split, and
similar to Case 1, T =al ll + bff after scalar multiplication if necessary.
Thus, T = afll + bff =al' e Ext}cl(TE, Tg).
To be precise, we have shown Ext..(Tg, Tg) C Ext}cl(TE, Tg), which is
enough for this paper, but a close examination of the dimensions shows the
equality. O

As the referee pointed out, Theorem 2.31 has non-obvious consequences
for [ = 2. Recall the chosen uniformizer 7 of k. Then, Ext}l(TE,TE) can

be interpreted as EXt}:r,[O,l} (Tg,Tg), but with congruences modulo 7 in its
definition, not modulo p~. We will denote this by EXtrl;r,[o,l] (Tg,Tg)" to
distinguish it from EXt,l;r,[o,u (T, Tg).

Clearly, Ext(ljrj[()’l} (T, Tg) C Extir7[071} (Tg,Tg)'. However, Theorem 2.31
implies equality, which is to say the extensions of T'g, which have crystalline
liftings (of weights [0, 1]) which are themselves extensions of some T” iso-

morphic to Tg (mod 7), have crystalline liftings (of weights [0, 1]) which
are extensions of (possibly different) 7" isomorphic to Tg (mod p?).

3. Pro-representable deformation functors and the local
conditions

Theorem 2.31 is the key technical result of this paper, but as explained
in the introduction, the initial motivation was applying patching to the
deformation functors and Hecke algebras of higher weights, both of which
need to be carefully considered.
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The first issue is that one needs a certain functor D of deformations
with crystalline liftings of higher weights (Definition 3.3), needs to show
D is (pro-)representable or it has a representable hull (Proposition 3.5),
and tp C EXtir,[O,l—l] (Tg,Tg) (which we show only in special cases; see
Proposition 3.6).

Remark 3.1.

(a) The last point is because we want to interprete tp as a certain
Selmer group of ad®(T'g) with local condition EXtir,[O,lfl] (Tg,TEg).

(b) As mentioned in the introduction, we will not worry about Dg
for the sets @ of auxiliary primes, which I believe can be handled
similarly.

Let k be a finite field of characteristic p. If necessary we can think of it
as the residue field of k/Q,. We will recall some terminologies from [10]:
A coefficient ring R is a complete noetherian local ring with residue field
k with augmentation R — k and the usual profinite topology, and a coef-
ficient ring homomorphism is a continuous homomorphism between coef-
ficient rings commutative with the augmentations ([10, p. 249]). Also see
[10, p. 257 and p. 262] for the definitions of deformations, etc.

We let C be the category of coefficient rings with coefficient ring homo-
morphisms, and C be the full subcategory of artinian objects. Let A be any
coefficient ring (for example, k, W (k), Oy, etc.) Then, C, is the category
of objects in C which are A-algebras, and, Cp is the full subcategory of C A
whose objects are artinian.

Below, we will use Schlessinger’s criteria for pro-representability (see [14]
or [10, Section 18, p. 277 for its statement).

For n > 1, a topological group G, and a coefficient ring A, let F},(A, G) or
simply F),(G) be the set of representations V(= A™) with A-linear continu-
ous G-action. A morphism in F;, from (A, V) to (A1, V1) can be understood
in several ways. We can understand it as a coefficient A-algebra homo-
morphism A — Ay and V ® 4 A1 = Vi where the tensor is given by the
homomorphism A — A;. Or, it can be understood as: We can choose bases
of V and Vi, which give py : G — GL,(A) and py, : G — GL,,(A41) so that
pv, is given by py and A — Aj.

Definition 3.2. We fix a coefficient ring W, which is a DVR and of finite
rank over Zj,. From now on, a bipotent € is a non-zero element with €2 = 0.
Let S be the set of

(S1) For any R € Cy which is a DVR, we have R, R[¢] € S where € is a
bipotent.

(S2) If C1,Cy € S and there are oy : C; — Cs, ay : Cy — (3 for
some C3 € C; (all homomorphisms being WW-algebra coefficient ring
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homomorphisms), then
& X (O Cy e S.

Then any S € S looks like (for example) S = (R; x¢, Ralea]) xcy
(Rses] Xy Ralea]) x -+ X Ry, We will call Ry, Rales], ... factors of S.
For each factor R or Rle], there are obvious homomorphisms S — R or
S — Rle] — R.

From now on, suppose fg is an eigenform of level M for some M prime to
p, possibly a newform, and T = W? is its associated Galois representation
of G = Go,x where X is a finite set of places including p, infinite places,
and all prime divisors of M.

In addition, we assume there is f, an eigenform of weight [ > 2 of level
'y (M) with a,(f) € W for all n so that for the G-representation T (= W?)
attached to f,

Ty =Tg (mod pY).

Clearly Ty, Tk are deformations of Tg.

For some choice of basis, T gives p: G — GLa(k).

Definition 3.3. For A € C; and V4 € F>(A,G), (A, Va) € D(A) if
(a) There is R4 € S with a coefficient ring homomorphism ¢4 : R4 —
A (not necessarily surjective) and Vg, = R} € F»(G) so that Vg,
and ¢4 induce Vy, i.e.,

VRA ®¢AA§VA

where ®,, means the tensor given by ¢4.

(b) If A has any bipotent € which generates dimension 1 subspace over
k, i.e., Ae = ke, for at least one such € € A, there is a factor
RJ[€] of R4 so that (0,...,0,€0,...,0) € R4 and (where € denotes
(0,...,0,€,0,...,0) by abuse of notation,) p4(€) = e.

(c) For each factor S of R, Vs(= Vg, ® S) is crystalline of weights
0,1 —1],

(d) For each factor S = R or Rle] of Ry,

Vr(:=Vg, ® R) 2 Tg ® R (mod p").

Note that Definition 3.3 implies V4 ® k = T, thus Vy4 is a deformation
of TE R

From now on, for any R € C and any r € R, let ¥ denote the image of
r under the augmentation R — k. First, note that (b) implies that for any
a € A, ae = aGe.

Then, we need to show that D is a category.

Proposition 3.4. Suppose A, A" € C;, (A, Va) € D(A), and there is v :
A — A" in C;. Then, Vo = Vo ® A" is in D(A"). (Therefore, v induces
t:D(A) - D(A).)
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Proof. Let ¢' : Ra 24 A — A’. Clear that VR, ®p A =2 ViR, A" =Va. So,
V4 automatically satisfies all the conditions of Definition 3.3 except (b).
So, we consider the case that A’ has bipotents e with properties in (b), but
R4 has no € satisfying (b).

Fix any such bipotent ¢ € A’, and let

R =Ry x; W[e
where W €] — k is the obvious augmentation. Define
"R — A
(r,a + be) — ¢ (r) + be’
Take (r,a + be), (r',a’ + b'€) € R'. Then,
O (ra+be) =@ (r) +be, (' d +bE) = () +be.
We note
(rya+0be)-(r',d +V'é) = (rr',ad’ + (ab/ + a'b)e),
(@' (1) + D) - (' () +be) = (1) + (& (B + ¢/ (D),
" (rr' ad + (ab' + a'b)e) = &' (rr') + (ab + a'b)e').

Note 7 = @ by definition, and ¢/(r) = 7 because ¢’ is a coefficient ring
homomorphism. Thus, ¢/ ()’ = ¢/(r)e’ = ae’, and similarly ¢'(')e’ = @'€’.
Thus, ¢ is a homomorphism, and in fact, a coefficient ring homomorphism.

So Definition 3.3 (b) holds. Now, we will construct V.

Since Ty is a deformation of Tg, for some choice of basis, T gives py :
G — GLo(W) so that p¢(g) — p(g) under W — k for each g € G. Similarly,
since Vg, is also a deformation of T, pr,(g) — p(g) under Ry — k for
each g € G.

Let Viyg = Ty ® We] (and accordingly define pyg : G — GL2 (W]e])).
Then, py(g(g9) = py(g) for all g € G. In other words, the entries of py(z(g)
are in W. Let pp = PRoxW[E] = PRa X% PWIe- In other words, where

pr,(9) = [25] and pyg(g) = [‘;ﬁ ﬁﬂ, let

_ [(a,a)  (b,0)
pr(9) = {(67 C’) (d, d/) .
(Clearly each entry is a well-defined fiber product.) Clearly, pp satisfies
Definition 3.3 (c, d) by construction.

As explained above, the construction of V(g implies each entry of pr/(g)
isin Rg xx W (i.e., d',b,c,d € W). Thus,

¢ omio) = |58 20 = ¢ (rate)).
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which is to say Vg @, A" =2 V5, @y A" = Vy. Thus, (a) follows. O

Below, H1, H2, H3 are the first three conditions of Schlessinger’s criterion
(following the notation in [10]).

Proposition 3.5. D satisfies Schlessinger’s criteria H1, H2, HS3.

Proof. Consider a diagram in C;:
A B
C
with (A, Va), (B, V), (C,Ve) € D inducing V4 xy, Ve € D(A) XD(C)D(B).

Since D" is pro-representable ([2], [9], etc.), there is Vax.p € F2(G)
so that Vax.p +— Va Xy, Va.

By definition, there are Ra(€ S) ¥4 A with Vg, and Rg(€ S) % B with
VR, with the properties in Definition 3.3. Then, they naturally induce
R(:= Ra x¢ Rp) 75" A x¢ B with R € S and Vg := Vi, Xv. Vi,
is well-defined. Clearly Vax.p, R, and Vg satisfy Definition 3.3 except
possibly (b), which can be again resolved similar to Proposition 3.4. So,
D(A x¢ B) = D(A) xp(c) D(B) is surjective, and H1 follows.

As to H2, by H1, we only need to show D(A x¢ B) — D(A) xp) D(B)
is injective when A = k[e], which follows from the pro-representability of
fDuniv'

As to H3, by H2, T}, holds. And, it is clear that dimg (¢p) (< dimg (tpuniv))
is finite. O

Since D(k) is clearly a singleton, by Schlessinger ([14]) D has a pro-
representable hull Dg so that Dr — D is smooth and tg = tp. This is likely
enough for many applications, though D may be in fact pro-representable.

Still more need to be done to apply patching. First, one needs tp C
Ext(lzT(TE, Tg). As we mentioned, we will prove this only in some special,
but possibly illustrative cases.

Suppose Vi € D(kle])(= tp) and ¢ : R(= RE[e}) — kle] and Vg are as
in Definition 3.3.

In the first case, consider the simplest case of R = S[¢] for some DVR S €
Cw and bipotent € (so that ¢(¢) = € by definition). Let 7 be a uniformizer
of W. Choose z1,...,z, € mg so that mg/(m,m%) is k-linearly generated
by Z1,...,Zn. Then, S/(m,m%) = k[Z1,...,Z,] where each T; is a bipotent.
For a chosen basis, Vi induces pr : G — GL2(R), and so for any g € G,

ap + Yy i+ Yogsa x - at + ok + (ag + -0 )€, bo+ -

pr(9) = o+ - do+ - -
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where all coefficients are in W, ¢ indicates products of z;’s of degree d,
and * € S. Because VR® S =T ® S (mod pV), VR @ k[7;] = Tg ® k[Z:] (=
Tr ® Tg) for each i, thus Vg ® k[Z;] = 0 in Ext!(Tg, Tg). Thus, a; = 0
(mod 7) for each i.

Note ¢(x;) = a - € for some a € k. If p(z;) = 0, we can drop it from
consideration, so we assume ¢(z;) = € for all ¢ by multiplying some scalar
to x; if necessary. Then, ¢ : R — k[e] induces

ao + >0 ae +ape, by + >.ry bie+ 1366
G+ 0 Ge+che  do+ Y7 die + dye
ao + ape, by + 566
¢o +cye  do + c%e

Pxld (9) =

In other words, Vg = Vp @ S/mg, thus Vi € Extl (Tg,Tg) by the
definition of Extl, (by letting Oy = S in the definition of Ext., if necessary).

The second case is probably more illustrative and indicative of the general
direction. Again, recall Vg, € D(kle]), R that lifts k[e], and Vz. Now we
suppose R = Rile1] X¢ Ralea] where Ry = Ry = W and C € C;. By
Definition 3.3, (without loss of generality) we may assume ¢(€1) = € where
€1 denotes (€1,0) € R. Let v be the valuation of W so that v(r) = 1.

Recall that (e1,0) being a fiber product in R = Rj[e1] X¢ Ralez] implies
(re1,0) € R for all r € R;.

By Definition 3.3, Vg induces Vg |
We let

VRQ[Q] by R — R1 [61], R — RQ[GQ].

€1
Vit = Vajle) ®w W/(m), i=1,2.

Proposition 3.6. Suppose VE[Q] # 0 as an element of Ext!(Tg, Tg). Sup-
pose v(pN) > 2. Then, Vi € Extl (T, Tg).

Proof. Where pgr : G — GLy(R) is given by Vi and a chosen basis, for any
g € G we can write

( ) . (a1 =+ a'lel, as + a/262) (bl + b/161, by + 5’262)
PRI (c1+ cier,co + chea)  (di + dyjer,do + dhea) |’
a2+a’252 b2+bl262
CQ+C/262 d2+d/262
is some g so that at least one of af, b, ¢, dy is # 0 (mod ), which means
there is some x = (r + r'e;, s + s'es) € R with s € W*. By multiplying
s'~! and (since 7 = 3) subtracting some (w,w) € W xw W C R, we can
assume

Then, we have pr,(c,)(9) = { } By our assumption, there

x=(r+re,s+1 e)eR
with r, s € (7). Let

(3.1) 0(x) = uxe, ux € k.
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(a1 +a’1 €1 ,a2+a’2 62) (bl —I—b/l €1,ba +b/262)

Again recall PR(Q) - [ (cr+c)er,catcher) (di+dier,da+dher)

} , and note

(3.2) (a1 + dler,as + ahea) = ahx + (a) — ahr')er + (a1 — ahr,az — ajys).
Now, write
(3.3) 0(0,m) = ue, wu€k.
(u is possibly 0.) Note
(3.4) (a1 — dhr,as — ahs) = (a1 — abr)(1,1) + (0,a2 — a1 + ab(r — s)).
By Definition 3.3,
Vi) ® R 2 Tp  (mod pV), i=1,2.

So, a1 = ay (mod pN), and by our assumption, 72|a; —az. Combine them
with (3.3), then we have

— / _ 2
(385) ¢(0,a5 — a1 + aj(r —5)) = 2 +7ra2(r ) e = ab. (T m S) ue

Combine this with (3.1), (3.2), (3.4), then we get

/ /
p(ar + ajer, a2 + ases)

— r—s
= (a1 — abr) + Thuxe + (@] — ay7 e + @y - < > - ue

T
:a1+a'16+(ux—r/+<r_8>-u>a/26
m

This is true for other coefficients, also. Thus, in Ext!(Tg, Tg),

B ., r—s
VE[&] - VE[eﬂ + (ux -7 + (7‘() ' U) VE[Q]?

which is in Ext}.(Tg, Tg). O

Suppose we want to prove Proposition 3.6 for any R%[e]' There are three
possible issues.

First, we need to consider a fiber product R of more than two factors.
The proof will certainly be more complicated, but it is tempting to say it
will still be similar to Proposition 3.6.

Second, Proposition 3.6 only considers R = W{e1| x¢ Wea], so we may
guess that the fiber products of W’s and We]’s work better than the fiber
products in §. So, we may consider changing Definition 3.2 accordingly.

Third, Proposition 3.6 assumes VE[GQ} = 0. Probably this is a relatively
small technical issue.
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The author is hopeful about all three issues, but the (admittedly vague)
ideas hinted above are yet to be tested, and likely there is much work to
be done. I leave them for future work.

Now, we consider the second issue, which is about the representations
over Hecke algebras. The author and Choi ([1]) considered various types of
Hecke algebras, but a good case to consider is T := Ty(I'1(M)), the W-
algebra generated by the Hecke operators T}, and (g) for all primes ¢ { M,
and U, for primes ¢|M as endomorphisms of S;(I'y(M)).

Recall f of level I'; (M) and weight [ (see the discussion before Defini-
tion 3.3). In particular, recall Ty = Tg (mod pM).

Let

m = ker(T — k)
given by t(€ T) — a; (mod 7) where tf = a;f.

(Assuming M is square-free if necessary) evaluating Hecke operators for
each eigenform gives T — [], O, (which runs over all eigenforms ¢ of the
given level and weight) where O, is given by adjoining all coefficients of g
to W.

By expanding W if necessary, we may assume Oy = W for all g (or all g
with ¢ = f (mod 7)). Then, we have

T — [[W.
g

where g runs over all eigenforms g of level I'1 (M) and weight [ with g = f
(mod 7). By this or other means, we have Vp, = T2 € Fy(Tw, G), which
is crystalline of weights [0,1 — 1]. The issue at hand is that where Vi, =
Vo, @ W/(r), we want to show V, € D(Ty @ W/(7)).

First, we need to show Ty, € S. Again, as an illustrative example, we
suppose there are only two eigenforms gi, go of level I'; (M) and weight [
with ¢ = f (mod 7) so that Ty, — W x W. By this, we consider Ty, as a
W-subalgebra of W x W. Then, 1 € Ty, is identified with (1,1) € W x W.

Since Ty has rank 2 over W, Ty, D 7¥(W x W) if s is big enough.
Suppose "W x 0 C Ty,. Then, for any w € W,

0, 7"w) =7"w-(1,1) — (7"w,0) € Thy.

Hence, 0 x 7"W C Ty. Hence, there is some r so that 7" (W x W) C Ty,
maximally, i.e., if s or ¢ is smaller than r, then W x 7'W ¢ T,,. Since
Ty, is local, 7 > 0.

Suppose there is (a,b) € Ty and a # b (mod 7"). Similar to the above,
(a — b,0) € Ty In other words, (7"¢,0) € Ty, for some ' < r, ¢ € WX,
Then, 7' W x 0 C Ty, which contradicts the above.

Thus, a = b (mod #"). In other words, (a,b) € Ty, if and only if (a,b) €
w XW/(TK—T) W, i.e.,

Tha =W XW/(ﬂr) w.
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W Xy ey W itself is not in S unless 7 = 1, but it is quite close. We may
be able to resolve this by changing the definition of S slightly.

Of course assuming there are only two eigenforms congruent to f is
extreme, and one can imagine T, takes a more complicate form of fiber
product. But, that itself may not be a big problem. Rather, in the above, we
expand W to include all coefficients of g’s. But, for patching, we consider
T for the set of auxiliary primes ), and @ varies. Clearly we cannot fix
W for all @’s. Will it pose a much bigger challenge? The author finds this
question more vexing than most other issues.

Last, g = f (mod ) only implies Ty = Ty (mod ), so V,, (as R = Ty,)
does not fit Definition 3.3 (d) unless g1 = go = f (mod p"). To remedy this,
instead we may use Im(Tw — [Ij=f (mod p¥) Og = Ilg=f (mod p~y W) and
its associated representation. There are some reasons to believe it can work
well, but how will it impact patching?

To sum up, we have resolved some issues, but leave some others for future
work for now. We hope that we will be able to resolve them similar to the
above, perhaps with some adjustments, in not-too-distant future. Nonethe-
less, we hope that readers will find the work in this paper convincing.
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