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A mod-p metaplectic Montréal functor

par RoBIN WITTHAUS

RESUME. Nous étendons le foncteur de Colmez, défini pour GL2(Q,), a la
catégorie des représentations modulo p admissibles, lisses de type fini du re-
vétement double métaplectique de GL2(Q,) — une extension centrale par le
groupe des racines de l'unité us de Q. Nous calculons les images des objets
absolument irréductibles, qui sont propres, i.e. sur lesquels le sous-groupe cen-
tral po agit via le caractere non-trivial, et nous obtenons une bijection entre
les représentations supersingulieres propres et les représentations galoisiennes
irréductibles de dimensions quatre invariantes par torsion par tous les carac-
teres d’ordre deux. Restreint aux représentations propres, le foncteur étendu
est naturellement a valeurs dans la catégorie des représentations galoisiennes
munies d’une certaine structure supplémentaire qui encode 'invariance par
torsion, que nous appelons représentations galoisiennes métaplectiques.

ABSTRACT. We extend Colmez’s functor defined for GL2(Q,) to the category
of finitely generated smooth admissible mod-p representations of the two-fold
metaplectic cover of GL2(Qp) — a central extension by the roots of unity ps
in Q. We compute the images of the absolutely irreducible objects, which
are genuine, i.e. on which the central subgroup us acts via the non-trivial
character, and obtain a bijection between genuine supersingular representa-
tions and four-dimensional irreducible Galois representations invariant under
twist by all characters of order two. Restricted to genuine representations, the
extended functor naturally takes values in the category of what we call meta-
plectic Galois representations — Galois representations with a certain extra
structure encoding the aforementioned twist-invariance.

1. Introduction

1.1. The p-adic and mod-p local Langlands correspondence for
GL2(Qp). Integral weight modular forms may be viewed as automorphic
representations of GLa(Aq) and, after fixing an auxiliary prime p, they
have a Galois representation of Gal(Q/Q) with coefficients in an algebraic
closure of Q,, attached to them satisfying local-global compatibility at all
finite primes; that is to say, for each finite place ¢, the smooth complex
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representation of GL2(Q) appearing as the local component of the auto-
morphic representation is determined by the restriction of the Galois rep-
resentation to the decomposition group Gal(Q,/Q;) at £ through the local
Langlands correspondence after passage to the corresponding Weil-Deligne
representation. If £ # p, then the local Galois representation at £ can es-
sentially be recovered from the corresponding representation of GL2(Qy).
At ¢ = p however, passage to the Weil-Deligne representation is not fully
faithful and hence the global correspondence does not restrict to a bijective
correspondence locally at p. As explained in [8], the search for a p-adic
local Langlands correspondence grew out of the desire to fix this issue.
It roughly speaking aims to relate irreducible admissible unitary Banach
space representation of GLg(Q,) defined over a finite extension of Q, to
Galois representations of %, = Gal(Q,/Q,) defined over the same finite
extension.

The starting point of the p-adic and mod-p local Langlands correspon-
dence for GL2(Q,) was the classification of the smooth irreducible (admissi-
ble) F,-linear representation by Barthel-Livné [2] (working more generally
for finite extensions of Q,,) and Breuil [6]. Namely, Barthel and Livné were
able to describe all the irreducible representations occuring as a subquo-
tient of a parabolic induction, and, building on their approach via universal
spherical Hecke modules, Breuil managed to parametrize all the other (so-
called supersingular) representations. This parametrization allowed him to
write down a bijection between the set of isomorphism classes of supersin-
gular representations and the set of isomorphism classes of two-dimensional
continuous irreducible Fp—linear representations of ¥q,, which already sug-
gested that there should be a mod-p local Langlands correspondence. Moti-
vated by the possible existence of a p-adic local Langlands correspondence,
Breuil [7] computed the reduction of (the completion of) locally algebraic
unramified principal series depending on small weights, which led him to
the formulation of the semi-simple mod-p local Langlands correspondence
as it can be found at the beginning of loc. cit. In [14], Colmez observes
a close relation between (¢, I')-modules and smooth representations of the
mirabolic subgroup of GL2(Q,) (and thus of the standard Borel if a cen-
tral character is fixed). Inspired by the work [12] of Colmez, Berger and
Breuil [5] compute the unitary completion of locally algebraic principal se-
ries representations and relate it to two-dimensional crystalline Galois rep-
resentations via (¢, I')-modules; they also prove compatibility with Breuil’s
semi-simple mod-p correspondence. Colmez [13] has turned his previously
mentioned observation into an exact functor from the category of finite
length GL2(Q))-representations (admitting a central character) to the cat-
egory of (¢,T')-modules, which is equivalent to the category of Galois rep-
resentations of ¥q, via Fontaine’s equivalence. This functor is not only
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defined for mod-p coefficients, in which case it recovers Breuil’s correspon-
dence after semi-simplification, but also for torsion coefficients and thus
for Banach space representations yielding a functorial approach to a p-adic
Langlands correspondence. This functor has been studied in more detail
ever since, see for example the works [15] and [23] of Colmez-Dospinescu—
Paskunas and Paskunas, respectively.

1.2. Motivation and goal. Half-integeral weight modular forms, on the
other hand, may be viewed as genuine automorphic representations of the
so-called metaplectic cover GLa(Aq) of GLa(Aq) — a central extension by
the roots of unity us in Q, where “genuine” means that ps acts non-trivially.
It is natural to ask whether these analytic objects also have a Galois repre-
sentation attached to them in a reasonable way. One possible answer to this
question is to make use of Shimura’s correspondence ([19, 21, 26]), which
assigns an integral weight modular form to one of half-integral weight in
a suitable Hecke-equivariant fashion, and then pass to the corresponding
global Galois representation. This is unsatisfying as it does not give any
new information about Galois representations, so it seems worthwhile to
look for a direct way of realizing such a metaplectic correspondence.

We would like to investigate this question from a p-adic point of view
locally at p, i.e. letting GL2(Q,) denote the pullback of the global covering
to the local group at p, we are interested in a metaplectic version of the p-
adic local Langlands correspondence relating irreducible admissible unitary
genuine p-adic Banach space representations of GL2(Q,) to certain p-adic
Galois representations of ¥q,. Both, p-adic Banach space representations
residually of finite length and p-adic Galois representations, can be reduced
mod-p (and semi-simplified to obtain something well-defined), so any p-adic
correspondence will give rise to a semi-simple mod-p metaplectic correspon-
dence (at least if p > 2 so that there is a non-trivial character us — F)).
In fact, it seems easier to first study the mod-p situation. A complete clas-
sification of the smooth irreducible genuine F-representations of GL2(Q,)
is given in [28] and the goal of this paper is to establish a relation to mod-p
Galois representations by extending Colmez’s functor.

1.3. Results. We fix an odd prime number p and a finite field k& of char-
acteristic p. We let G = GL2(Q,). The metaplectic covering

1 — pp={#1} — G —G—1

is described by an explicit 2-cocycle relying on the Hilbert symbol, and it
splits over the maximal compact open subgroup. Let ¢: ps < k™ be the
non-trivial group homomorphism. We let Modsém(k:) denote the category of

smooth k-linear representations of G. Of particular interest for us is the
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full subcategory Modsén;(k) of genuine representations, i.e. those on which
the central subgroup puo acts via ¢.

The category @Fit((x)) of étale (o, I')-modules over k((X)) is equivalent
to the category Mod%gp (k) of finite dimensional continuous k-linear repre-
sentations of ¥q, via Fontaine’s equivalence. Colmez’s functor

fg.adm é
D: Mod5*™ (k) — ®T}{(x)

is defined on the category of finitely generated admissible k-linear represen-
tations of G and has the property that the image of an object only depends

on the restriction of that object to the mirabolic subgroup P = (QO§ C’iﬁ )
More formally, using Breuil’s generalization [10], one may view the functor

as defined on the category of smooth P-representations at the cost of geplac—
ing the target category by its ind-category: D: Mod$" (k) — Ind(@Fﬁt((X))).

When composed with the restriction functor Modfé'adm(k) — Mod3"(k),
this more general functor takes values in the subcategory of compact ob-
jects and recovers Colmez’s functor.

What allows us to extend Colmez’s functor is the observation that the
pullback P of the metaplectic covering to P is simply equal to the prod-
uct of groups P X po. We may therefore consider the restriction functor
Modfég'adm(k‘) — Mod$" (k) and Corollary 4.14 establishes:

Proposition 1.1. The composition
fg.ad im D 6
Mod 2™ (k) — Mod3" (k) — Ind(®Tx)))
takes values in the subcategory of compact objects, yielding the exact functor

fg.adm é
D: Mod 2" (k) — ®T(x)),

whose restriction to the full subcategory Modfé'adm(k) recovers Colmez’s
functor.

Putting PT = (ZP\O{O} le) and letting Z denote the center of G, the

key for establishing this result is to show the following: Given a finite di-
mensional K Z-stable subspace M of m € Modfég'adm(k) generating 7 as a
G-representation, the P*-subrepresentation of 7 generated by M is admis-
sible in the sense that its subspace of ( (1) le )—invariants is finite dimensional.
This can either be proved by making sure that an appropriate version of

Emerton’s formalism of ordinary parts also works for Modfég'?dm(k) to es-

tablish an analogue of [18, Theorem 3.4.7], or it can be deduced from known
properties of the irreducible objects in Modfég'adm(k‘). We choose to take the
latter approach.
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Denote by 7 : @Flé{t((x)) ~ Modg}é (k) Fontaine’s equivalence and put
P
V = ¥ o D. Evaluating the extended functor at the genuine supersingular
representations, we obtain our main result (Theorem 5.23):

Theorem 1.2. The functor V: Modfg'adm(k) — Mod{ﬁ;zQ (k) induces a bi-
P
jection

Absolutely irreducible Absolutely irreducible continuous
genuine supersingular » = ¢ p: 9q, — GL4(k) st. p=ZpRx 3,
k-representations of G for all characters x with x> =1

both sides considered up to isomorphism.

This theorem consists of two parts, namely surjectivity and injectivity.
It is not difficult to write down what the Galois representations appearing
as the target of the bijection look like. The hard part for showing surjec-
tivity is to compute the image of a genuine supersingular representation
explicitly, see Proposition 5.20 for a description. The detailed study of the
supersingular objects in [28] allows us to put ourselves into a setup to which
we can apply a general result of Florian Herzig on computing Galois repre-
sentations attached to certain “nice” smooth k-representations of PT, see
Section 4.2. Injectivity comes down to the fact, proved in [28], that two
genuine supersingular representations are isomorphic if and only if their
restrictions to P are.

There is a conceptual explanation for the twist-invariance under all char-

acters of order two. Namely, consider the pullback Q; —» Q; of the meta-
plectic cover to the center Z = Q, of G, and for z € (35 with image
z € Q, define x: = (ui(f)w”(z)uw(z))p%l, where v: Q) — Z is the p-adic
valuation, u7 is the unramified character mapping p to ? and w is the mod-p
cyclotomic character. The conjugation action of an element z € A= ag is

given by the GO uo-valued character x; odet. In particular, the action of z
on a genuine representation 7w defines a é—equivariant isomorphism between
7w and its twist by xz o det. Now, the functor D is compatible with twist
by a character x in the sense that D(m ® x o det) = D(7m) ® x, meaning
that the underlying vector space remains the same but the (¢, I')-action is
twisted according to x, see Definition 4.7. Thus, any Galois representation
arising as the image of a genuine representation under V is invariant under

twist by the characters xz, for 2 € Q,, which assemble into a surjective

homomorphism Q,f — Hom®*(

leads to the following notion.

> 112). This more conceptual point of view
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Definition 1.3. A metaplectic (p,T')-module over k((X)) is a pair (D, 0)

consisting of D € (I)Fit((x)) and 0: Qp — Auty(x))(D) a smooth and gen-
uine k((X))-linear action such that 6(2): D = D® x; is (g, I')-equivariant.
~ &t

Denote the resulting category by ®I'y((x)).,-

The extended functor then naturally induces the metaplectic Montréal
functor

—~—ét

~ fg.adm
D: Modég’bd (k) — @Ty((x)),. -

Using Fontaine’s equivalence, one may translate the additional structure
6 on a metaplectic (¢,T')-module (D,#) into additional structure on the
Galois representation ¥ (D), and call the resulting object a metaplectic
Galois representation. We note however that the additional structure on
such a metaplectic Galois representation is not simply given by a (smooth
and genuine) action on the underlying k-vector space defining appropriate
isomorphisms, see Section 5.1.2.

If we let S C Q) denote the subgroup of squares, then the characters xz
are trivial for all 7 € S, hence we have a restriction functor ﬁ‘et((x)m —

Modsin((I)Fit((X))) ~ Mod%m(<I>Fit((X))), where the equivalence follows from

the equality of groups S = 5 X u2 and is given by — .. This functor admits
an explicit left adjoint denoted by Indgp (— X ), see Section 5.1.1, nicely

interacting with the functor D as explained in Proposition 5.8.

We further utilize Colmez’s construction [14] from (¢, I")-modules to
smooth representations of the mirabolic subgroup, to obtain a functor
~ —~ ét
Q: (PFE((X)),L — Modséri(k) from metaplectic (¢, I')-modules to smooth
genuine representations of the metaplectic Borel. Moreover, there is a nat-

ural transformation QoD = ()] 5 of functors Modfg;?dm(k) — Modsgl(k),

see Proposition 5.13.
We also compute the images of the absolutely irreducible representa-
tions in ModZ" (k). As we will recall in more detail in the main text below,

these are either supersingular or principal series representations. Putting
Bg = (QO; %P), we have Bg = Bg X ug2, and any absolutely irreducible

genuine principal series is of the form 7(x1, x2) = Indgs (x1 ® x2 W) for
smooth characters x1, x2 of Q, and S, respectively. The isomorphism class
of m(x1, x2) is uniquely determined by the pair (x1|s, x2|s). Denoting by
7(x1, x2)”¢ C T(x1,x2) = Ind% Ind%g (x1 ® x2 X 1) the B-invariant sub-
space of functions whose support is contained in the preimage of the big
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cell B(9{) B under the projection G — G, we obtain the following result
(Proposition 5.16).

Proposition 1.4. Let x1,x2: Q, — k* be smooth characters, and let
PD(x2) be the (p,I')-module corresponding to x2 viewed as a character of
9q, via local class field theory.

(i) The object Ind?; ((x1x2)|s ¥ P(x2) K1) is irreducible in ﬁit((x))’b.

(ii) There is an isomorphism

D00 x2)) = 1% (axa)ls 8 7(xz) 1)

in the category ‘I’Fk(( X)),e*

(iii) The canonical B-equivariant map QD (7(x1,x2)) — 7(x1, x2) has
image 7(x1,x2)"° and induces a non-split short exact sequence

0— Ind . Oewe (aw™ Ds®e) — OD(F(x1, x2)) — 7(x1, x2)? — 0.

Interestingly, these statements can essentially be reduced to the corre-
sponding known results for principal series of GL2(Q)).

Concerning absolutely irreducible genuine supersingular representations,
we have already explained above that their image under V, or equivalently
D, is explicitly described and absolutely irreducible. Parts (iii) and (iv) of
Proposition 5.20 further establish:

Proposition 1.5. Let 7 be an absolutely irreducible genuine supersingular
k-representation ofG and let (Xe: S X g = = Z(G) — k> be its central
character.

o

(i) The canonical B-equivariant map 5215( ) = 7 is an isomorphism.
(i) The metaplectic (p,I')-module D(m) is the unique object in
ﬁ‘it(( X)), Whose restriction to S is isomorphic to ¢ X D(m) €
Modsm(q)I‘e((X))) such that the B-action on QD(7) extends to a

smooth G-action.

In the final section, we outline how the functors D and D lift to p-adic
coefficients, using that Breuil’s construction [10] works more generally for
mod-p™ coefficients, for all n > 1. Concretely, let L be a finite extension of
Q, with ring of integers Or, and residue field k, and fix a uniformizer w.

fg. adm( )

Denote by Ban 2 the category of unitary L-Banach space representa-

tions of G , Wthh are residually finitely generated and admissible: for one, or
equivalently any, G-invariant norm, the mod-w reduction of the correspond-
ing unit ball is finitely generated and admissible. Via Fontaine’s equivalence,
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the category of continuous Galois representations of ¥q, over L is equiva-
lent to the category @Fipt of (¢,I")-modules over a certain topological field
& . From Proposition 1.1 we deduce that an analogous statement holds true
for Or, /w™O-coefficients, for all n > 1, see Proposition 6.2. Passing to the
limit and inverting p, we thus obtain a functor D: Banfgadm(L) — oré

extending Colmez’s p-adic functor. It is compatible with semi-simplified

mod-w reduction in the sense that D(II") = D(II) ", for I € BanfG-%'adm(L).
Viewing the character ¢ as valued in O] via the Teichmiller lift, we
may restrict to the category of genuine representation to obtain the p-adic

metaplectic Montréal functor D: Banfg?dm
the category of metaplectic (¢, I')-modules over &, which are defined as in
the mod-p setting (Definition 1.3).

— ’t
(L) — @F;M taking values in

1.4. Outlook. We hope that this work serves as the starting point of a
possible metaplectic p-adic local Langlands correspondence for GL2(Q)).
Building on the computations of mod-p reductions of locally algebraic un-
ramified genuine principal series appearing in [28], one may write down a
speculative semi-simple mod-p metaplectic local Langlands correspondence
relating the mod-p automorphic side to metaplectic Galois representations
of dimension 2n? = 8, where n? = [L : Q,] with L being the composi-
tum of all degree-two extensions of Q. However, real evidence for such a
correspondence can only come from the p-adic picture. This makes a closer
investigation of the relation between the completions of the aforementioned
locally algebraic representations and certain (crystalline) Galois represen-
tations, as in the work of Breuil-Berger [5] for GL2(Q)), inevitable.

Acknowledgements. This work is the second part of the author’s PhD
thesis and he is grateful to his advisor Vytautas Paskunas for suggesting
the topic at hand and for helpful discussions. The results in Section 4.2 are
an elaborated version of parts of Florian Herzig’s lectures [22] at the Spring
School on the mod-p Langlands Correspondence, which took place in Essen
(online) in April 2021, and the author thanks him for outlining a proof
of Proposition 4.11 on request and referring to [11, Proposition 3.2.4.2],
which simplified and conceptualized a previous version of the relevant part
in this paper. Finally, the author thanks the referee for useful comments and
questions, which led to the final section of this paper as well as Remark 5.25.

1.5. Conventions and notations. Throughout this work, we fix an odd
prime number p and a finite field k£ of characteristic p with an algebraic
closure k.

We put G = GL2(Q,) and use the standard notations B D T' D Z to
denote the subgroup of upper triangular matrices, the subgroup of diagonal
matrices and the center of G, respectively, and we let K = GL2(Z,,) be the
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maximal compact open subgroup. We identify Z = Q via the diagonal
embedding and let S C Q,; denote the subgroup of squares.

Given a topological group G, the category of smooth k-linear represen-
tation of G will be denoted by Modg" (k). Here, smooth means that the
stabilizer of each vector is open.

For a closed subgroup H C G, we let Ind%(—): Mod3}* (k) — Modg" (k)
be the smooth induction defining a left adjoint of the restriction functor
(=)|n. If H is in fact open, we similarly denote by c—Ind%(—) the compact
induction defining a right adjoint of the restriction functor.

Finally, if G is abelian, we let G°? be its subgroup of squares.

2. Genuine representation theory

In this section, we remind the reader of the classification of the smooth
absolutely irreducible genuine mod-p representations of the two-fold meta-
plectic cover of GG in terms of universal spherical Hecke modules, and then
prove a finiteness result, which will play an important role for extending
Colmez’s functor.

2.1. Recollection. We recollect some facts about the metaplectic exten-
sion of G, for details we refer the reader to [28, Section 2|. The metaplectic
cover of GG is the topological central extension

1 — pp={#1} — G —G—1

defined by the 2-cocycle 0: G X G — o,

(2.1)  o(g1,92) = (C(cg(];fi)’ C(cg(];g) det(gl)) for all (g1,¢92) € G x G,

if 0
where c((‘ég)) = {2 ;fzi() and (—,—): Q) x Q) — u2 is the qua-

p—1
. . . . . v(a)\ 2
dratic Hilbert symbol, explicitly given by (a,b) = w ((—1)”(“)”(5’);—@)
for all a,b € Q,, where w is the mod-p cyclotomic character.

Notation 2.1.

(a) As aset, G = G x g and we write elements as pairs (g, ) for g € G
and ¢ € us. _ ~
(b) The preimage of a subset C' C G in G will be denoted by C.

The map
K X o

l lIIZ

K
((c,ddet(g)™h)) if ¢ € pZ, \ {0}
) otherwise
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defines a group isomorphism, which we fix throughout and use to view
subgroups of K as subgroups of K.

As a group, the center Z(é) = 7% X ug = 5 X 9 is equal to the product
of the subgroup of squares in the center Z of G and us.

Let ¢: pio < k> be the non-trivial character. Given a subgroup C' C G,

one has the product decomposition
Modsém(k) = Modsé’i(k) x Mod@ (k),

where the first factor is the full subcategory consisting of the genuine repre-
sentations, i.e. those on which u9 acts via ¢, and the second factor is viewed
as a full subcategory via inflation.

Notation 2.2. Given a subgroup C' C G together with a group iso-

morphism C =~ (C x o, we denote the induced equivalence of categories
Modg? (k) ~ Mod%" (k) by m — 7 K.

We will be interested in ModsémL(k), the absolutely irreducible objects
of which have been described in [28]: they are either genuine principal
series or genuine supersingular representations. By definition, a genuine
principal series on a k-vector space is of the form Indg (1) for some smooth
irreducible genuine k-representation 7 of TV, while a genuine supersingular

representation is a smooth irreducible k-representation of G not occurring
as a subquotient of, or equivalently being isomorphic to, a principal series.

Proposition 2.3. Let Bg = (QO; %p) D) (QO; g) =Tgs.

(i) As groups, Bg = Bg x pa O T X pip = Ts;
(ii) The following three sets, considered up to isomorphism, are in bi-
jection:
(a) {Smooth characters T51 — k*};
(b) Smooth abs. irred. genuine representations of T on
k-vector spaces

Y

(c) {Abs. irred. genuine principal series OfCNTY on k-vector spaces}.
The bijection from (a) to (b) is given by x — Ind%(x’ X ) for
any extension X' of x to Ts, while the bijection between (b) and (c)
is induced by the functor Indg(—) composed with inflation along

B—»T.
Proof. Part (i) is Lemma 2.4(ii), while part (ii) is the content of Re-
mark 4.17, Definition-Proposition 4.16 and Proposition 4.20 in [28]. O

The absolutely irreducible genuine principal series representations may
also be described in terms of the universal module of the spherical Hecke
algebras, which is also suitable to parametrize the supersingular objects:
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For 0 < r < p — 1, consider the irreducible GLg(F,)-representation
Sym” (k?), where k? denotes the standard representation (base changed to
k), viewed as a smooth irreducible representation of K Via inflation. We ex-
tend the action to KZ*1 by letting the central matrix p? act trivially. Via
the identification K Z (G) K7 x uy, we may thus form the smooth irre-
ducible genuine k-representation Sym” (k%)X of K Z(G). According to [28,
Proposition 5.2], the spherical Hecke algebra

Endz(c- Indf(z( G)(Symr(kQ) X)) = k[T]

is a polynomial ring in a single Hecke operator T.
Proposition 2.4 ([28, Theorem 5.13]). Let 0 <r <p—1 and X € k.
(i) If A #0, then

c-Inng( & (Sym” (K*) B.1) J(T = \) = Indf (' R0),

where ' : Tg — k™ is any character with ¥'| karsa = (LQW")| knrsq,

() =x e ((32)) =1

(ii) If A =0, then c- Tnd€ (Sym” (k%)) /(T) is an extension of two

KZ(G)
non-isomorphic absolutely irreducible genuine supersingular repre-
sentations. The extension splits if and only if r = p21.

Definition 2.5. For 0 <r < p—1,r # B~ L)X € k and a smooth character
n: Qp — kX, we define 7(r, A\,n) to be the unique irreducible quotient of

c- Indf(Z(G)(Sym (k2)R1) /(T — \) ®@nodet. If = 1 is the trivial character,

we simply write 7(r, A).

Remark 2.6. The extension in Proposition 2.4 (ii) is an extension of 7(r, 0)
by 7(p—1—r,0,w"), if r # %, while it is the direct sum of 7(0) and 7(p—1)

_ p=1
for r = Po=.
Proposition 2.7. Every smooth absolutely irreducible genuine representa-
tion ofG on a k-vector space is of the form 7w(r, \,n) for some 0 <r < p—1,

r# P5=, A € k and a smooth character n: Q) — k*.

(i ) If A # 0, then w(r,\,n) is a principal series.
Moreover, w(r,\,n) = 7(r',\') if and only if r = r’ mod %,
Ngxea =1, 1(p") =1 and X' = An(p~?).
(ii) If A= 0, then w(r,0,n) is supersingular.
Moreover, 7 (r,0,n) =2 7(r', N') if and only if X' =0, n(p*) =1 and
either of
o ' =1 and n\zx,sq =1
4
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., P o<y < BR and 1| o
- 3p—1 . -1 Zx,sq — Zx,sq.
7(2)—7"’ if b= <r' <p—1 P P

Proof. This follows from Propositions 2.4, 2.3 and [28, Corollary 5.16]. O

2.2. Some finiteness result. Recall that a smooth representation is ad-
missible if the subspace of C-fixed vectors is finite dimensional for every
open subgroup C. The domain of the extension of Colmez’s functor will be

the category Modfg'adm(k) of finitely generated admissible k-representations

of G. We need to establish a certain finiteness result for this category in
order to define the desired functor. The discussion for the full subcategory
Mod%’adm(k‘) by Emerton [16] will serve as a guideline.

By [17, Proposition 2.2.10], the category Mod%dm(k) of smooth admissi-

ble k-representations of G is abelian.

Lemma 2.8. An admissible object in Mod%m(k:) is finitely generated if and
only if it is of finite length. In particular, the category Modfgadm(k}) s a
Serre subcategory of Mod%flm(k‘) and hence is abelian.

Proof. We only need to prove that an object of Mod%’adm(k) is of finite

length. By [28, Theorem 5.18], this holds true if & is replaced by an algebraic
fg.adm
€ -
again finitely generated (and admissible). Indeed, m®yk is finitely generated

and admissible, hence of finite length and so must be the subobject T ®y k,
which is therefore finitely generated over the group ring I;:[é] By faithful
flatness, we deduce that 7 is finitely generated over k[é] proving the claim.
We may now choose a (possibly infinite) composition series of 7, which
must however be finite by the result over k and faithfulness of the functor
— @y k, i.e. 7 is of finite length. O

closure k. Let now m € Mod (k). We claim that every suboject 7 C 7 is

Denote by P = (Qo; le) the mirabolic subgroup, which we view as a
subgroup of G via Proposition 2.3 (i). The submonoid Pt = (ZPB{O} le)

is generated by the element F = (6’ (1]) and the submonoids I' = (Zg (1)>,
(12)
01/

Identifying the completed group ring of (é le ) with the power series ring
E[X] in the variable X = (}1) — 1, any smooth P*-representation on a
k-vector space is naturally a left module over the ring k[ X][F, '] defined by
the relations F f(X) = f(XP)F, vf(X) = f(1 + X)Y — 1)y and Fy =~F
for all f(X) € k[X] andy e = Z).
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Lemma 2.9. For € Mod%dm(k:), the k[F)-module w/Xm is torsion, i.e.
each element in it is killed by a polynomial in F with k-coefficients.

Proof. Writing an admissible representation as the filtered Colir?itdof its
: o )
Any polynomial in k[F] is a factor of a polynomial in k[F], hence we may
replace k by k. By [28, Theorem 5.18], an object in Modfgadm(lz:) is of finite
length, and we are reduced to proving the statement for smooth irreducible
k-representation 7 of G.If e acts trivially, then this is a special case of [16,
Proposition 4.5]. In the genuine case, this is Corollary 4.56 (supersingular)
and Corollary 4.32 (principal series) in [28]. O

finitely generated subrepresentations, we may assume m € Mod

Definition 2.10. Given a smooth k-representation = of P and a I'-stable
subspace M C 7, define mpy C 7 to be the k[X][F]-submodule of m gen-
erated by M (which is in fact a k[X][F,T]-submodule or equivalently a
P*-subrepresentation).

Utilizing the previous lemma, one proves the following finiteness result
just as Emerton [16, Theorem 4.7] does for GLg over an unramified exten-
sion of Q.

Proposition 2.11. Let m € Modaédm(k) and let M C 7 be a finite dimen-
sional I'-stable subspace. Then mwys is finitely presented and of finite length
over k[X][F] and the k-subspace of X-torsion elements mpr[X] is finite
dimensional.

Definition 2.12. For 7 € Modfg'adm(k:), define G(7) to be the directed set

of finite dimensional K Z-stable subspaces of m generating the latter as a
G-representation, endowed with the partial order given by inclusion.

Remark 2.13. For 7 € Modfgg'adm(k), the set G(7) is non-empty: a finite
number of generators will be fixed by a small enough congruence subgroup
K, = 1+ p"Mays(Zy), for some n > 1, so that 7 is generated by 7%=,
which is finite dimensional, by admissibility, and stable under the action of
KZ.

3. Galois representations and (¢, I')-modules

One of the key ingredients for relating the smooth mod-p representation
theory of G to Galois representations, as we will do in the next section, is
Fontaine’s equivalence giving a semi-linear algebraic description of Galois
representations in terms of (¢, I')-modules. The purpose of this section is
to remind the reader of this categorical equivalence as well as to recollect
the known description of the (¢, I')-module corresponding to an absolutely
irreducible Galois representation.
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3.1. Notations. For a field L with separable closure L*°P, denote its ab-
solute Galois group by ¥;, = Gal(L**? /L) and let Mod%IL1 (k) be the category
of continuous ¥z -representations on finite dimensional (discrete) k-vector
spaces.

We fix an algebraic closure Qp of Qp, and for n > 1 we let Q,» denote

the unique degree-n unramified extension of Q,, (inside Qp). We define

Wn ' 9Qum —* F;n, g(""V=p) =wn(g)?"V=p forallge “Q,n

to be Serre’s fundamental character of level n corresponding to the uni-
formizer —p of Q. In case n = 1, w1 = w is simply the mod-p cyclotomic
character. For A € £, let puy: 9q, — k™ be the unique unramified charac-
ter mapping the geometric Frobenius to A.

Finally, normalizing local class field theory so that p maps to a geometric
Frobenius, we will view continuous characters of %q, as continuous, or
equivalently smooth, characters of Q;, and vice versa.

3.2. Absolutely irreducible Galois representations. Following
Berger [3], we say that an integer 1 < h < p" — 2 is primitive (relative
ton > 1) if h is not divisible by (p" —1)/(p? — 1) for any d < n dividing n.
In this case, Mackey’s decomposition implies that the Galois representation

2
Indggp (wh) is absolutely irreducible. Note that it is not only defined over
pTL

n

F,» but already over F,,.

Proposition 3.1 ([3, Corollary 2.1.5]). Ewvery n-dimensional absolutely
7
irreducible object in Mod{f}g (k) is isomorphic to Indggp (W) @y for some
P TLpn

primitive 1 < h < p" —2 and X € k* with \"* € k.

Remark 3.2. For a field extension ¢/k and V;, Vs € Modg%p (k), one has
Homk[ng}(Vl, Vo) @l = Homg[ng](Vl ®p L, Vo @ £). In particular, there is
no harm in extending scalars to a finite extension of & when dealing with
absolutely irreducible Galois representations.

3.3. Fontaine’s equivalence. Let Q(yp~) be the subfield of Qp ob-
tained by adjoining all p-power roots of unity to Q,. Consider the short
exact sequence

0— ng(upoo) — ng —I':= Gal(Qp</j,poo)/Qp> — 0.

The cyclotomic character xcyc: 9q, —Z, induces an isomorphism of topo-
logical groups Xcyc: I' = Gal(Qp(pp=)/Qp) = Z. For the kernel of the
sequence, note that completing Q,(up~) p-adically results in a perfectoid
field Qp(ppe=)”, whose tilt (as defined in [25, Lemma 3.4 (ii)]) is computed
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to be
(Qp(ﬂp“)/\)b = ( @p Zp[ﬂp‘”]/P) [1/X]

= F,[X P71/ X] = By (X1/P7)),

the completion of the perfection Fp((X))perf, where X = ((pn — 1)p>1,
for a compatible system {(yn},>1 of p-power roots of unity. From now on
we fix the choice of a compatible system of p-power roots and thus the
above isomorphism. By the tilting equivalence [25, Theorem 3.7], we have
identifications

Do) = GQp o) = Ty ((x1177)) = Ty (Ot = Fry((X)),
where the first and second-to-last isomorphism are induced by taking com-
pletions (Krasner’s Lemma).

Via functoriality of tilting and continuity, the Galois group %q, acts on
(Q;,\)" and it preserves the subfield Fj,((X)): g(X) = (X + 1)Xeve(9) — 1 for
g €< ng.

Remark 3.3. In particular, there is no (serious) clash of notation for I" and
X appearing in this section and Section 2.2: in both cases I' is identified
with Z; and the two actions on X agree. In fact, this compatibility is what
allowed Colmez to define his functor as we will see below.

Since the completed algebraic closure is algebraically closed, we obtain
that F,((X))*P C (Q;\)b, which is then also 9q,-stable. We will let ¢
denote the Frobenius endomorphism a — a? on F,((X))*P and F,((X)).
In particular, we have the commuting actions of ¢ and I' on F,((X)).

Applying the functor £ ®p, —, we obtain similar actions of (¢,I') on

k((X))-
Definition 3.4 (]20, 3.3]). An étale (¢, I')-module over k((X)) is a finite
dimensional k((X))-module D endowed with a p-semilinear endomorphism

¢p and a continuous' semilinear T'-action commuting with ¢p, such that
the linearized map ¢p: ¢p*D — D is an isomorphism.

We denote the resulting abelian category by &I it((x))' It admits tensor
products — ®p((x)) —, given as the tensor product of the underlying k((X))-
vector spaces with diagonal (¢, T)-action, as well as duals (—)’, uniquely
characterized by D' = Homy(xy)(D, k((X))) on underlying k((X))-vector
spaces and requiring the evaluation map D' ®x)) D — k((X)) to be
(¢, I')-equivariant.

LAfter fixing a basis of D, we can identify D = k((X))™ for some n > 0 and we take the
topology for which the k[X]-submodule k[X]" endowed with the X-adic topology is an open
subgroup.
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Definition-Proposition 3.5 (|20, 3.4.3]). The functors
v @Fit((x)) = Modgi}gp(k) 9
defined by ¥ (D) = (D @, ((x)) Fp((X))*P)#P2¢=1 for D € (I)Fit((x)y and

2(V) = (V®rF, Fp((X))sep)%Qp(upm), forV e Mod%gp (k), respectively, are
quasi-inverse to each other and respect tensor products as well as duals.

Here, the 9q,-action on ¥ (D) is induced by the diagonal action®. In
the definition of 2(V), the GQp(p00) = G, ((x))-tnvariants are taken with
respect to the diagonal action, so one obtains a natural action of the quotient
I'; the p-action on Z(V') is induced by acting on F,((X))*P. The action of
k on either side is induced by the action of it on D and V', respectively.

Example 3.6 ([9, Corollaire 3.7]). Fix integers n > 1, h > 0 and let
x: Q, — kX be a character with x(p)" € k™, so that the Galois repre-

sentation V' = Indzg” (wh) ® x is defined over k. The (i, T')-module 2(V)
p’n

attached to V is the n-dimensional vector space over k((X)) with basis
€1,...,e, and
o(e;) = ejy1 for 1 <i<n—1and ge,) = x(p)"X "PVe¢,
Tlp-1)
B IC .
Y€ ) = XY
1 7(X)

In case 1 < h < p™ — 2 is primitive relative to n (so that V is absolutely
irreducible), this was also computed by Berger [3, Theorem 2.1.6].

3.4. (¢,T')-modules. We finish this section with a brief discussion of
(1, T')-modules following [14, IL.].

The field k((X)) has basis {(X +1)"};,... ,—1 over its subfield k((X?)) =
e(k((X))). Thus, if D is an étale (¢, I')-module over k((X)), then every
element v € D is uniquely of the form v = Zf:_ol (X + 1)%p(v;) for some

elements v; € D.

Definition 3.7 ([14, IL.3]). Let D € @Fit((x)). For an element v =

Zf:_&(X—i—l)icp(w) € Dwithv; € Dfori=0,...,p—1, we define ¥(v) = vy,
resulting in an additive map ¥: D — D commuting with the I'-action and
satisfying ¢ o ¢ = idp.

e; forall 1 <i<n.

This definition applies in particular to the trivial (¢, I')-module k((X)) it-

self. For D € @Fit((x)), one then has the identities ¥ (f(X)p(v)) = ¥ (f(X))v

and Y (@(f(X))v) = f(X)Y(v) for all f(X) € k((X)) and v € D.
Moreover, the operator 1 is functorial in the sense that a morphism in

@Fit((x)) is 1)-equivariant.

2E¢Qp acts on D through the quotient I" and on F, ((X))®°P as explained prior to Definition 3.4.
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Definition-Lemma 3.8 ([14, Proposition 11.4.2, Corollaire I1.5.12]). Let
D e @I‘f{t((x)).
(i) There exists a unique lattice> D* C D, which is stable under the
action of Y such that Y is surjective on it and for each v € D, there
is some n > 1 so that ™ (v) € DF.
Moreover, if N C D is any -stable lattice on which 1 is surjective,
then N C D' C X7!N.
(ii) There exists a unique minimal ¢-stable lattice D% of D. Moreover,
1 is surjective on it.

Remark 3.9 ([14, Proposition 11.4.6, Proposition I1.5.17]). Note that the
definitions of ¥, D¥ and D! do not use the T'-action, i.e. they are already
defined for étale p-modules and on this category the assignments D — D¥
and D +— D% are functorial. In particular, if D is a (p,T')-module over
k((X)), then the subspaces D and D! are I'-stable (since the p-action
commutes with I'). The resulting objects are instances of (¢, I')-modules
over k[X], the definition of which the reader can guess but we will not
need.

Example 3.10 ([4, Lemme 1.1.2]).

(i) Let D = k((X))e be the (p,I')-module attached to a smooth char-
acter x: Q, — k™ in the sense that ¢(e) = x(p)e and v(e) = x(7)e
for all y € I' = Z), i.e. D = 9(x) via Fontaine’s equivalence 3.5
(and local class field theory). Then D! = k[X]e C X 'k[X]e = D*.

(ii)) Let n > 2 be an integer. If V' is an n-dimensional absolutely ir-
reducible Galois representation of ¥q, on a k-vector space, then
(V)i = 2(V)E ¢ 2(V). In fact, any non-trivial ¢-stable k[X]-
submodule of 2(V)f must already be equal to 2(V)*.

4. An extension of Colmez’s functor

In [13], Colmez defines a functor from the category of finitely gener-
ated smooth admissible k-representations of G' to the category of Galois
representations of ¥q, on k-vector spaces. This functor has the property
that the image of an object only depends on the restriction of that ob-
ject to the mirabolic subgroup P. More formally, using Breuil’s general-
ization [10], one may view Colmez’s functor as defined on the category of
smooth P-representations at the cost of replacing the target category of Ga-
lois representations by its ind-category. When composed with the restriction
functor Modng'adm(k‘) — Mod$"(k), this more general functor takes values
in the subcategory of compact objects, i.e. usual Galois representations,
and recovers Colmez’s functor. By Proposition 2.3 (i), we have an equality

3This means a finitely generated k[X]-stable subspace containing a basis of D over k((X)).
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of groups P=Px 12, S0 we may also precompose with the restriction

functor Modfgadm(k) — Mod3" (k) and the finiteness results of Section 2.2

will imply that the composition again takes values in the subcategory of

compact objects, thus extending Colmez’s functor to the whole category
fg.adm

Modé (k).

4.1. From smooth P-representations to Galois representations.
We recollect the definition and basic properties of Breuil’s functor, as found
in [10, Section 2], from the category of smooth k-representations of P to
the ind-category of Galois representations of %q, on k-vector spaces or
equivalently of (¢, I')-modules over k((X)).

Definition 4.1 ([10, p. 8]). Let m be a smooth k-representation of P. We
let M(7) denote the set of finitely generated k[X][F,I']-submodules 7 of
7 such that the space 7[X] of X-torsion elements is finite dimensional. We
turn M(7) into a filtered set by giving it the partial order induced by
inclusion (cf. [10, Lemme 2.1}).

Although not necessary for constructing the Galois object associated to a
smooth representation of P, the following observation seems to fit here just
fine: As in [17, Definition 2.3.1], we say that 7 € Mod2" (k) is locally Z(G)-

finite if for each v € 7, the action map k[Z(G)] — Endg(k[Z(G)]v) of Z(G)

on the Z(G)-subrepresentation of m generated by v has finite dimensional
image. Denote the full abelian subcategory of Mod%m(k:) consisting of locally

Z(G)-finite representations by Modsém(k) 2(8)—n"
Lemma 4.2. Form € MOngm(k)Z(é),ﬁny

those elements which are stable under the action of 7 is cofinal.

the subset of M(m) consisting of

Proof. An element 7 € M(n) is finitely generated over k[X][F]. Since
Z(G) C Z has finite index and 7 is locally Z(G)-finite, there exist n > 1
and 21, ..., 2, € Z such that D oeF AT = >, z7. Each of the summands
lies in M(7) and, by [10, Lemme 2.1], so does the finite sum which contains
T, 8o we are done. O

As in Section 3.3, we let ¢ = id;y ®(a — aP) be the relative Frobenius
endomorphism on k ®r, F,((X)) = k((X)), and we consider the I'-action
on it defined by vf(X) = f((X + 1)Xeve®) — 1) for all f(X) € k((X)) and
v € I'. Note that the subring k[X] C k((X)) is stable under the action of
pand I

Let now 7 be a smooth k-representation of P and consider an element
7 € M(7). Linearizing the action of F' on 7, we obtain the k[ X]-linear map

(4.1) F: o1 — .
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We wish to take the Pontryagin dual (—)¥ = Homg(—, k) of it: We turn
7V into a profinite k[X][T]-module by letting k[X] and T' act via
(9(X)-N)(=) = flg(X)(=) and (v.f)(=) = f(y7}(=)) for all | € 77,
g(X) € k[X] and v € T". By smoothness, we can write 7 = ling[Xp ]
Now, each 7[X?"] is a finite dimensional k[X][T]-submodule of 7, so that
TV = yLnd(T[Xpd]v) is indeed a profinite k[ X][I']-module.

The following isomorphism is a corrected version of the one defined by
Breuil, see also [11, Equation (14)] and the corresponding footnote there.

Lemma 4.3. The map

(0 7)Y = (K[X] @papxy ) =5 k[X] Ruix] T’ = (1)
p—1
fro> 0+ X) e f(1+X) " ®(-))

=0
is a k[X]-linear isomorphism.

Proof. Since k[X] has basis {(1 + X)?}o<j<p—1 over k[XP], it suffices to
show that the map is k[ XP]-linear and equivariant for the basis elements,
which is straight forward. Similarly, {(1 + X) 7 }o<;j<p—1 is another basis,
which implies that the map is injective and gives a recipe for constructing
the inverse. g

Since 7 is finitely generated over k[X][F] and torsion over k[X] (by
smoothness), the cokernel of (4.1) is finitely generated and torsion over
E[X], i.e. it is finite dimensional over k. Thus, taking Pontryagin duals and
inverting X, we obtain a k((X))-linear injection

(4.2) FUIL/X): 7/ [1)X] = (7)Y [1/X] = 9" (7 [1/X]).

Since 7[X] is finite dimensional, we dually have that 7V/X7" is finite di-
mensional, i.e. the profinite k[X]-module 7V is finitely generated by the
topological Nakayama Lemma [1, Corollary Section 3|. Thus, 7V[1/X] is fi-
nite dimensional over k((X)). Hence, the above injection FV[1/X] between
finite dimensional k((X))-vector spaces of the same dimension must be an
isomorphism. We now define ¢.v;,x] to be the composition

\V2 -1
(FY[1/X])

orviyx) LX) T2 oF (Y [1/ X)) 7V[1/X].

Together with the action of T" on 7V[1/X] induced by the contragredient
action on 7V defined above, we then obtain the (p, I')-module 7V[1/X] over
kE((X)), which is étale by construction.
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Remark 4.4. The following formula appearing in [11, Equation (158)] will
come in handy:

p—1

ST+ X ((1+ X)) o F) = f for all f € 7V[1/X].

i=0
It is enough to prove this equality after applying the injection (4.2), where
it then follows from the definitions.

By taking duals (—)’ in the category of étale (¢, T')-modules, we obtain
the assignment 7 — (7V[1/X])’. After possibly applying Fontaine’s equiv-
alence 3.5, which is compatible with duals, we may pass to the filtered
colimit to arrive at the definition:

Definition 4.5 ([10, p. 9]). Given a smooth k-representation 7 of P, we
put4
D(r) := “lim” (r'[1/X])" € Ind(®T}(x)))

TEM(T)
and
V(m) = “lim” ¥ (rV[1/X])" € Ind(Modggp(k)),
TEM(T)
where the filtered colimit is taken in the respective (abelian) ind-category.

Note that we have fully faithful embeddings @Fit((x)) — Ind(@I‘it((X)))
and Modf;g (k) — Ind(Mod%g (k)) which define an equivalence onto the
p P

respective subcategory of compact objects.

Proposition 4.6 ([10, Proposition 2.7]).
(i) The assignment 7 — D(m) induces a covariant functor

D: Mod" (k) — Ind(®Tx)))-

(ii) The functor D is left-exact.

(iii) If m € Mod3" (k) is k[F]-torsion, then D(m) = 0.

(iv) If 0 - m — m2 — w3 — 0 is an ezxact sequence in Mod$" (k)
such that every finitely generated k[ X|[F]-submodule of 1 has finite
dimensional X -torsion, then the sequence 0 — D(m) — D(m2) —
D(7m3) — 0 is exact.

Definition 4.7. For a smooth character x: Q; — k™ and a (¢, ')-module

D € @I} x)), define D @ x € O} ) by

e D ® x = D on underlying k((X))-vector spaces
* ¥poy = X(P)¢D
* Ypey = X(7)yp for all y € T,

4Breuil defines a pro-object. Since we dualized, we obtain an ind-object.
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i.e. we twist the (¢, I')-action on D by the character .
Remark 4.8.

(i) The twisting construction D — D® x defines an autoequivalence on
@I‘it((x)) and hence induces one on the ind-category Ind(CDFit((X))).

(i) The functor D: Mod(k) — Ind(®T}{)) is compatible with
twists by characters: For m € Mod3"(k), we have D(7 ® x o det) =

D(7) ® x.

4.2. Calculating Galois representations. For specific 7 € Mod3" (k),
or rather a specific 7 € M(7), the Galois representation ¥ (7V[1/X]) can
be computed explicitly, which will be relevant for us when computing the
image of a genuine supersingular representation under the extension of
Colmez’s functor. The results in this subsection are an elaborated version
of parts of Florian Herzig’s lecture notes [22].

We will work in the following setup also appearing in [28, Section 4.4.1].

Setup. Let m € Mod?" (k). Suppose that we are given k-linearly indepen-
dent I'-eigenvectors vy, ...,v, € w[X] killed by X with I'-eigencharacters

X1, - - -, Xn, satisfying
(4.3) X% F(v;) = ¢jvi41 for some s; € Z>p and ¢; € k*

for all 1 <4 < n. Here and in what follows we understand the subscript 7
to be the unique element in {1,...,n} congruent to i modulo n. We define
the I'-stable subspace

M—Gj?k"l)i

of mand let mpr = K[ X][F]M C 7 be the k[X][F]-submodule generated by
M as in Definition 2.10. Finally, for 1 < i < n, we put m; = k[X][F"]v; C
mas. The subspaces 7y and m;, for 1 < i < n, are stable under the action
of I'. We would like to understand the (¢, T')-action on my,[1/X]. If s; =0
for all 1 < i < n, then mj; = M is finite dimensional over k and hence its
localized Pontryagin dual vanishes, which is why we from now on assume
that s; > 0 for some 1 < j <n.

Lemma 4.9 ([28, Lemma 4.41]).

(i) As k[X][F™ T|-modules, one has the direct sum decomposition

™ = @?:1 -

(ii) For each 1 <i < n, the k[X]-module 7}’ is free of rank one.

(iii) Assume that the following condition is satisfied: If for some pair
1 < # j < n, the vectors vi,vj have the same I'-eigencharacter,

then s; # s;. Then mys is an irreducible P -representation.
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By parts (i) and (ii) of the lemma, we may write 7y, = @;"_, 7 as k[ X]-
modules with each 7 being free of rank one: namely, a basis element of it is
given by any k—linear function m; — k not vanishing at v; (by Nakayama’s
Lemma). In order to compute the action of ¢ and I', we would like to
exhibit a particular basis element, for which we write m; = li o Tim @8 the
increasing union of the subspaces 7, = E[X]F"v;. Letting c=1l" e
be the product of the Constants appearing in (4.3), e(i) = Z] o L pn—1- I8t
and defining e(i),, = e(7) 11 P°~ for all m > 1, an iteration of the equation(s)
just cited shows that the map

(4.4) E[X]/(XOmt1y =5 0
J(X) — ¢ f(X)FM™

is an isomorphism see also [28, Lemma 4.43, Equation (23)]. We now define
fien 1&1 7T m DY requiring

filmom: Tim = E[X]/(X° Omt1y _y k,

to be the composition of the inverse of the isomorphism (4.4) with the
projection Zzi(m) agX? — a e(i)m> TOT all m > 1. We have fi(v;)) =1 #0
and so f; indeed is a basis element of m). Thus, the set {f1,..., fn} is a
basis of the free k[X]-module 7y,.

Lemma 4.10. For all1 <i<n,
o(fi) € ¢ (1 + XE[X]) X5 PV
and

V(fi) € xi(M) " (1 + XK[X]) fi, for ally €T,
where x; is the I'-eigencharacter of v;.

Proof. We follow the proof of [11, Proposition 3.2.4.2]. Let 1 < i < n. We
claim that for all 5 > 0,

c(1+XE[X])fi ifj=0

FY((X* T fi1)) = (X* " fip1) o F € {Xk[[X]]fi otherwise.

Indeed, the first equality is just the definition of FV, and we have F(m;) C
mi+1 (which follows by an iteration of (4.3), see [28, Lemma 4.43(i)]). In
particular, (X% f; 1) o F € m), i.e. there exists a unique h(X) € k[X]
such that (X*tif; 1) o F = h( )fi- Since v; and v;41 are killed by X,
evaluation at v; gives

C; ifj:()

h(0) = fi(R(X)vi) = (M(X) f;)(vi) = fira (X" F(vy)) = {0 i >0
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where the last equality uses the relation (4.3). This proves the claim. In
particular, for all j > 0, FV((1+X) 7 X% f;11) € ¢;(1+Xk[X]) f;- Applying
©, we obtain
P(FY (14 X)X fi1)) € ¢(1+ XPR[X])o(f2),
say it is equal to ¢;(1 + XPh;(X))e(f;) for some h;(X) € k[X]. For f =
X?® fiy1, the formula in Remark 4.4 then reads
p—1
>+ XY (L4 XPhy(X) | cip(f) = X fian.
j=0
Putting Y = X+1, we have Y- 2_ (14+X)7 = (YP—1)/(Y—1) = (Y -1~} =
XP~1. So the factor in front of ¢;io(f;) lies in XP~! 4 (XP), which gives the
required containment for ¢(f;).
Let now v € I'. We have v(f;) € w/, say v(fi) = h(X)f; for some
h(X) € k[X]. Evaluating at v; shows that x;(v~ 1) = fi(v 1 (v;)) = h(0),
so we are done. 0

Proposition 4.11. Let D € @Fit((x)) with basis fi, ..., fn such that for all
1<1<n,

o(fi) € di(1 + XK[X])X" fi1
v(fi) € w(y)¥ (1 + Xk[X]) fi, for ally €T,

for some b;, t; € Z and d; € k™. Then D is isomorphic to the (p,T')-module
with basis e, ..., e, such that

plei) =eip1 for 1 <i<n—1 and p(e,) = dX =g,

X\
v(ei) = w(’Y)bl (W((W))() ) ’ e; foralll <i<n,
Y
where® t = —pn_1t1+p;:it2+'"+t” € Z and d = [}, d;. In particular, the

associated Galois representation ¥ (D) attached to D via Fontaine’s equiv-
alence 3.5 is isomorphic to

Y(D) = Wiy @ Indy® (wh),
pn

n

where \ € k* with \"* = d.

Proof. Write o(f;) = d;g;(X) X% f; 1 for some g;(X) € 1+Xk[X]. We want
to get rid of the g;(X) by replacing f; by f/ = hi(X)f; for suitable h;(X) €
1 + Xk[X]. The condition ¢(f)) = d; X" f/,, is equivalent to hj11(X) =

hi(XP?)gi(X). This has the unique solution h;(X) = []32, gi,j(ijil) in

5We will see in the proof that indeed t € Z.
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1+ XE[X], see also the end of the proof of [11, Proposition 3.2.4.2]. Since
the f/ still satisfy the same condition as the f;, we may from now on assume
that QO(fZ) = diXtifiJrl for all 1 < /) <n.

Put now e; := f; and e;11 := ¢(e;) for 1 < i < n — 1. Then p(e,) =
dX%ep, where d = [[}_,d; and 3 = S, p" ;. We still have y(e;) €
w(y)% (1 + XE[X])e; for all 1 < i < nand v € T. Fix v € T and write
v(e1) = w()Phy(X)e; for some hi(X) € 1+ XE[X]. Since ¢ and v com-
mute, one obtains inductively that

P
w0 (28%) = mx o

Since h1(X) is a 1-unit, we deduce that w(y)* = 1. This holds for every

w()X
a unique (p™ — 1)-th root in 1+ XF,[X], say ¢g(X), and we deduce that
h(XP") = h(X) for h(X) = h1(X)g(X)™!, i.e. h(X) is constant equal to 1.

b
~v €T, so we may write ¥ = —t(p — 1) for some ¢t € Z. Now ( 1(X) ) has

~' and thus the correct formula for

This proves that hy(X) = ( 7(?))())()

~(e1), which also implies the correct formulas for v(e;), for all 1 <i <mn.
The description of the Galois representation ¥’ (D) now follows from
Example 3.6. Indeed, since Wl = 1, we may replace ¢t by t+p" —1 on the
Galois side, which amounts to replacing the basis {e;} by {X 7" @—D¢;}
on the (¢, I')-module side. This way we may assume that ¢ > 0, in which
case the cited example applies. O

Corollary 4.12. The Galois representation ¥ (wy,[1/X])" € Modf}g (k)
P
is isomorphic to
Wy ® Inszp (wy)

n

where A\ € k such that \* = [ ¢, s = & st 7182+ tin < 7 and

P
a1 € Z is such that x1(y) = w(v)* for ally € T'. Moreover, if the condition
formulated in part (iii) of Lemma 4.9 is satisfied, then this is an irreducible
Galois representation.

Proof. Everything except the irreducibility statement follows from Lem-
ma 4.10 and Proposition 4.11. Here note that we dualize the Galois repre-
sentation and we have w(p D/®=1) _ ;. Assume now that the condition of
Lemma 4.9 (iii) is satisfied, so that 7y, is an irreducible P*-representation.
Put D = 7);[1/X]. The canonical map my, < D is compatible with the
action of FV on the source and of ) on the target (as follows for example
from Remark 4.4). We then have Db C 7y, which must be an equality by
the irreducibility of my; as a P*-representation. If now Dy C D is a (¢, T)-

submodule, then Dg c D' = w1, by functoriality of (—)% Remark 3.9, so
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once again by irreducibility Di = D and thus, by inverting X, D; = D.
This shows that the (¢, I')-module D is irreducible. O

4.3. The extended functor. For 7 € Modfgadm(/ﬂ), we now check that
the ind-object D(7) € Ind(@Fﬁt((X))) is compact. Recall from Definition 2.12
that to m we have associated the filtered set G(m) consisting of the fi-
nite dimensional K Z-stable subspaces of m generating the latter as a G-
representation. On the other hand, we may consider the filtered set M(m),
Definition 4.1. Given some element M € G(w), Proposition 2.11 implies that
the k[ X][F,T]-submodule 7y, C 7 of 7w generated by M lies in M(x). The
resulting map G(w) — M(m) preserves the partial order and thus induces
a morphism

(4.5) “lim” (my;[1/X])" — “lim” (7'[1/X])" = D(n)
Meg(m) TEM(™)

in the category Ind(@Fit((X))).

Proposition 4.13. Let 71,72 € M(w) with 11 C T2, and assume that
n[F~Y = x. The transition map (rY[1/X]) S (r3/[1/X]) is an isomor-
phism. In particular, D(7) = (7)[1/X]) € @Fit((x)) is a compact object
of Ind(q)Fit((X))). Moreover, any finitely generated k[ X][F]-submodule of w

has finite dimensional X -torsion.

Proof. This is similar to the proof of [16, Proposition 4.4]: If 75 is an arbi-
trary finitely generated k[X][F]-submodule of 7 = 71[F~!] (not necessarily
an element of M(7)), then we may choose N > 0 such that FNmy C 7.
In particular, the injective operator FY maps 72[X] into 7, [X?" ] (which is
finite dimensional since 71 € M(7)). This already proves the final assertion.
For the first part, assume now that additionally 2 € M(w) and 71 C 9.
Then the quotient 75 /7 is finitely generated over k[ X] (as 72 is finitely gen-
erated over k[X][F] and the quotient is killed by F'V). But it is also torsion
by smoothness, so it must be finite dimensional and is therefore killed when
taking Pontryagin dual and inverting X, i.e. 7[1/X] = 7)/[1/X], proving
the first part. O

Corollary 4.14. The morphism (4.5) is an isomorphism, and all the tran-
sition maps in the inverse system {my[1/X|}peg(x) are isomorphisms. In

particular, D(7) € @Fit((x)) is a compact object of Ind(fl)f‘it((x))). More-
over, any finitely generated k[ X][F|-submodule of m has finite dimensional

X -torsion.

Proof. The decomposition G = PKZ implies that mp[F~] = 7 for any
M € G(m). O
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Remark 4.15. The composition
fg.adm &l sm D é
Mod £ (k) — Mod#" (k) — Ind(®T{(x)))

may thus be viewed as valued in the category @Fit((x)), and the resulting
functor, still denoted by D, recovers Colmez’s functor when restricted to
the full subcategory Modfgadm(k), see [10, Proposition 3.2 (iii)].

5. Metaplectic Montréal functor

In this section, we study the restriction of the functor D (or equivalently
V) to the full subcategory Modfc%'?dm(k:) of genuine objects. As we will soon

see, the pullback of the metaplectic cover to the center Z = Q' of G defines
an interesting action on this category. Translating this action over to the
Galois side and passing to the category of equivariant objects, we obtain
so-called metaplectic Galois representations and the previously extended
functor induces the metaplectic Montréal functor.

5.1. Twist-equivariant (,I')-modules. Throughout this section we
fix a group . We remind the reader what it means for € to act on a
category and what the corresponding category of 2-equivariant objects is.

Definition 5.1 ([27, 2.1, 2.4]). Let C be a catgory.
(i) A group action of © on C consists of the following data:
e for each g € Q, an autoequivalence A,: C = C
e for each pair g,h € , a natural isomorphism n,p: AjA, =
Agh
such that the diagram

A
AgAp Ay 22 A, Ay

ng,hAk\H ﬂng,hk

Agn Ay T Aghk

commutes for all elements g, h, k € Q.

(ii) A Q-equivariant object is a pair (D,{0;: D = Ay4(D)}geq) consist-
ing of an object D of C and a collection of isomorphisms 6,: D =
Ay(D), for g € Q, such that the diagram

by

Ay(D)

egh l l Ageh

Agn(D) ;T Ag(An(D))
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commutes for all g, h € Q.
The Q-equivariant objects form in an evident way a category C*.

Recall from Definition 4.7 that for a (¢,I')-module D and a smooth
character x: Q; — k™, we may form the twisted (¢, T')-module D®y. This

construction defines an action of the abelian group Hom®*(Q), k*) on the
category @Fit((x)) by taking A, = — ® x and 7, 4 = id in Definition 5.1. In
particular, given a group homomorphism

Q— HomCts(Q;, k™), g — Xgs

, Q
we may consider the category (@Fit((x))> of Q-equivariant (p, I')-modules.

Its objects are pairs (D, 6) consisting of a (¢,I')-module D € @Fit((x)) and
an action 0: 0 — Auty(x))(D) of © on the underlying k((X))-vector space
of D with 6(g): D = D ® x4 being an isomorphism of (¢, I')-modules.

5.1.1. Frobenius reciprocity. Assume now that A C ) is a subgroup of
finite index, which we assume to be normal for convenience. Consider the
restriction functor

ét © ét A
(5.1)  ()la: (‘I’Fk((x))) — (‘I)Fk((X))> , (D, 0) — (D, 0]a).
We define a left adjoint by
md2((D,0)) = {f: Q — D : f(hg) = 0(h)f(g) forall g € Q, h € A}

with k((X))-vector space structure induced by that on D and §2-action
defined by (g.f)(¢") = f(¢'g), i.e. so far this is simply the usual induction
of the representation : A — Auty(x)) (D). We endow it with a (¢,T)-
action by

o (0.1)(9) = xg(P)e(f(g)) for all g € Q2
o (v-)(9) = xg()(f(g)) for all g € Q, for all y € T

Proposition 5.2.

(i) The (¢,T)-action on Ind$((D,0)) is well-defined and yields a Q-
, . . , &t
equivariant object in (I)Fk((x))'
(ii) The resulting functor

A Q
Q/ . 6t 6t
Ind% (—): (cbrf;((x))) — (@rﬁ((x)))
is a left adjoint of the restriction functor (5.1).

Proof. Tt is straight forward to check that the (¢, T')-action on Ind% ((D, 6))
is well-defined. Since A C € is normal, we have

(5.2) mdR ((D,0)la= P (D® xy,09),
geA\Q
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where 09: A M) A i Autk((X))(D) = Autk((X))(D & Xg)' This space
is finite dimensional over k((X)) since A has finite index in €. In partic-
ular, this is a (¢, I')-module, which finishes the proof of part (i). Part (ii)
follows from the usual Frobenius reciprocity for representations of A and
Q, respectively. O

Remark 5.3. The action of Hom**(Q), k*) (hence of ) on T

k(X)) ¥
tends to the ind-category Ind(@Fit((X))). The functors Ind% (—) and (—)|a

extend correspondingly and the adjunction of part (ii) in the previous
proposition carries over.

5.1.2. Transferring twist-actions with a warning. Using Fontaine’s
equivalence 3.5, we transfer the action of 2 on @Ff{t((x)) to the category

Mod%gp (k), which then induces an equivalence

(5.3) (cbrﬁt((x))) . (Modggp (k)) ?

on {-equivariant objects.
We warn the reader that the transferred action of {2 on Modgz2 (k) is not
D

simply given by twisting by the characters x4, g € €2, viewed as characters
of ¥q, via local class field theory: For D € (I)Fit((x)) and x: Q) — k™ is
a smooth character, there is an isomorphism ¥ (D ® x) = ¥(D) ® x, it
however depends on the choice of a (p — 1)-th root of x(p) and is therefore
not canonical. In general, one will not be able to choose the (p—1)-th roots

of the elements x,4(p) for g € © in a multiplicatively compatible way.

5.2. Metaplectic Galois representations. We now take Q = Z = Q)
to be the pullback of the metaplectic cover to the center Z = Q of G

1—>M2_>QI>’<—)Q;—)1’

and we consider the surjective group homomorphism

Q —» Q) —» Hom ™ (Q;, p12)

v(z)
1

p—1
z— Xz = (u

wv(z)ﬂw(z)) 2,
where v: Q) — Z is the p-adic valuation. We write xz = x. for z € Q)
with image z € Q. The definition of these characters comes from the

following lemma, which is quickly verified using the explicit cocycle (2.1),
see also [28, Lemma 4.4].

Lemma 5.4. The conjugation action Z(—)(Z)~ of an element Z € Z = Q}
on G is given by the G D po-valued homomorphism x; o det.
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In particular, for m € Mod%" (k) (resp. Mod' (k)) and z € a;/ ~ 7 the

action map z: T =g ® xz o det is é’—equivam’ant (resp. E—equivariant}.

Hence, if we let Q, act on Mod%mb(k) via twisting by the characters

)

Xz o det, then we have the canonical functor

X

sm sm Qp
(5.4) Mod32? (k) — (Modab(/{)) 7 (7).

the image of which lies in the full subcategory of Qj -equivariant objects
whose underlying Qp-action is smooth and genuine. This motivates the
following definition:
Definition 5.5.

(i) A metaplectic (p,T')-module over k((X)) is an étale Q, -equivariant

(p,I)-module (D, 0) over k((X)) such that the action 6: Q; —
Auty(x ))(D) is smooth and genuine. We denote the resulting cate-

gory by ®T, k((X))
(ii) The category of metaplectic Galois representations of 9q, on k-
. ——fin . —~ét
vector spaces is the category Modewb(k) equivalent to ®I'y((x)),
under (5.3).

Now, as explained in Remark 4.8, the functor D: Mod%mL(k) ﬂ

Mod? (k) — Ind(@Fit((X))) is compatible with twists and thus induces a

functor on Qp -equivariant objects. Precomposing with (5.4) gives rise to
the horizontal arrows in the left square of the diagram

D

m ét
Mod%" (k) — P md(eré &%)

>< forget

)& Ind (DY )

(55) sm - ]5 "‘Sét forget
Mod (k) &) _gn — > Ind(PLy((x)) ) — = Ind(PTY

SIF J

fg.adm D —~— ét forget &t
Mod & (k) ———= 2Ly = Pl

where for the middle horizontal functor we implicitly made use of Lem-
ma 4.2.
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Definition 5.6. The metaplectic Montréal functor is the functor
~ fg.ad 6t
D: Modégj m(k‘) — (I)Fk((X)),L
appearing at the bottom of diagram (5.5). We further define
——fin

V=%0oD: Modféf'?dm(k‘) — MOdep,L(k)

)

to be the composition of D with Fontaine’s equivalence, and we also refer
to it as the metaplectic Montréal functor.

Remark 5.7. The functor D: Mod%" (k) — Ind(CDFit((X)))Q; is compati-

ble with twists: if D(7r) = (D(x), ) and x: Q, — Kk is a smooth character,
then
D(r @ x o det) = (D(m) ® x,0 ® x*),

where (0 ® x?)z = x(2%)0; for Z € ap; with image z € Q).

Since the character x; is trivial for z € S =S8x we, Frobenius reciprocity

for the inclusion S C S C Q' as presented in Section 5.1.1 (restricted to
smooth genuine objects) may be interpreted as an adjoint pair

67{ sm é _, Frét
(56) Indgp (— X L): MOdS (@Fk%(x))) — (I)Fk((X)),L :(—)’37
where the category on the left-hand side consists of group homomorphisms
S — Autq)Fit((X))(D), for D € @Fit((x)), such that the underlying k((X))-

linear representation of S on D is smooth. A corresponding version exists
on the level of ind-categories, cf. Remark 5.3.

Recall from Lemma 2.3 (i) that Bg = Bg X ug as groups, so the functor
— X gives an equivalence of categories Mod (k) ~ Mod%“;’L(k).

Proposition 5.8. Let m € Mod3" (k) with central character x: Q, — k™.
Then there is a canonical isomorphism

5 (Tnd B ~ 7@
D(Indgs(ﬂBS X)) = Indz" (x|s XD(m) X ¢)

in the category Ind(f,}il“it((x))yb), where x|sXD(r) € Mod¥™ (ST

k((X))) is the

action of S on D(m) via x|s.

Proof. The inclusion E}E ~ Z C B induces a bijection S \ E}E ~ Bq \ B
and it follows from Lemma 5.4 that
Indgs(ﬂBs X)) gy = @v(ﬂ' ® xz o det)|pg-
ze5\Q)
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Since the definition of D only depends on the restriction to P, we deduce
that

(5.7) D(Indgs(ﬂBS&L))% @ND(W)@XE.
2e5\Q)

This contains D(7) and, since S acts on ﬁ(Indg (m|Bg ®¢)) via the char-
S

acter x|s, we may apply (the ind-version of) Frobenius reciprocity (5.6) to
obtain a non-trivial morphism

a; — ~
Indg” (x|s XD(7) X ¢) — D(Indgs(ﬂgs X))

in the category Ind(fi\fit((x))’ ,)- That this is an isomorphism can be checked
in the category Ind(@I‘it((X))), where it follows from (5.7) and (5.2). O

5.3. From metaplectic Galois to metaplectic Borel. Following the
recipe [14, Chapter III] of Colmez, we explain how to attach a smooth
genuine representation of B to a metaplectic (¢, T')-module.

For a (¢,I')-module D € @Fit((x)), we have the operator 1 as well as
the largest (1, T')-stable lattice D! C D as introduced in Section 3.4. The
operator 1 on D is in general not invertible, but this can be overcome by
passing to the limit

YD) = 1im DF = {(n)nz0 : ¥(Vn41) = va, ¥ m > 0},
()

Remark 5.9. The canonical map

$™°(D) = (lim D)y,
¥

where the right-hand side denotes bounded -compatible sequences, is bi-
jective. Indeed, D* is finitely generated over k[X], hence bounded, i.e. the
map is well-defined. Conversely, if (v,,)n>0 is a bounded 1-compatible se-
quence, then there exists some d > 0 such that v, € X 2" D¥. Since the
inclusion D! ¢ X~P"DF has finite dimensional cokernel, the defining prop-
erty of D¥ allows us to choose N > 0 with ¢ (X*pdDu) C DF. In particular,
vp = YN (Upyn) € D¢ for all n > 0.

Proposition 5.10 ([14, Proposition III.1.1]). The inverse limit ¢)=>°(D) =
@w D% is a k[X]-module via f(X) - (vp)n = (0" (f(X))vn)n and the fol-
lowing identities uniquely determine an action of the mirabolic subgroup P



220 Robin WITTHAUS
on it: For v = (vp)n>0 € Y~ (D),

(p

(3%

01

(1 b

01

where we use the convention that v, = 1~"(vg) if n < 0.

(1)) v = vn+m n>0 for allm € Z,
Jv=

Jv= (X +1)"% = ((XP" 4+ 1)"Pv,)ns0 for all b € Z,,

Y(vn))nzo for ally € Z; =T,

Remark 5.11. Our definition of the action of P on ¢~°°(D) differs from
the one of Colmez by conjugation by the element ( e 0)

Lemma 5.12. The assignment D — 1~°°(D) defines an exact functor
from @Fit((x)) to the category of k-linear representations of P, which is

compatible with twists: If x: Q; — k* is a smooth character, then the map
lim(D @ x)* = (lim D*) @ y o det
(4 ¥

(vn)nz0 —> (X(P)™"vn)nz0
s a P-equivariant isomorphism.

Proof. While functoriality follows from the assignment D — D? being func-
torial, see Remark 3.9, exactness is the content of [14, Theorem III.3.5].
Let now x: Q, — k™ be a smooth character. It follows from the defi-
nition of D ® x, Definition 4.7, that (D ® x)* = D! ® x with ¢pe, (v) =
x(p)"*p(v) for all v € D. From this one verifies that the described map
is a well-defined P-equivariant isomorphism. O

We endow Df with the X-adic topology and give ¥~ (D) = @w DF the
inverse limit topology. Here note that the transition maps are k[ X]-linear
if the n-th component is viewed as a k[X]-module via the n-th power "
(this defines the same topology as the X-adic one). Hence, @ " Dfis a

profinite k[X]-module. Continuity of the I'-action on D implies that the
action map Px1)~°°(D) — ¢~>°(D) is continuous (for the product topology
on the source), hence the contragredient action of P on the Pontryagin
dual (¢p=°°(D))Y is smooth. Precomposing the functor D + 1~°°(D) of
Lemma 5.12 with the dual (=)’ of (p,T')-modules and postcomposing with
the Pontryagin dual, we thus obtain the exact covariant functor

(5.8) Q:= (P~ 0 (=))": OV x)) — ModP'(k),

whose notation we adopt from [3]. By Lemma 5.4, we have the semi-direct
product decomposition

(5.9) B=ZxP
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where the conjugation action of P on 7 is given by the group homomor-
phism P — Aut(Z), g — [z — xz(det(g))].

Let now (D, 0) € ﬁ‘it((x))’L be a metaplectic (¢, I')-module. Besides the

smooth k-representation Q(D) of P, we then have, for zZ € Q) = Z, the
P-equivariant isomorphism Q(6z): (D) 5 QD ®xz) = QD) ® xzodet
(implicitly making use of the isomorphism in Lemma 5.12), which assemble
into a smooth and genuine action of Z on the underlying k-vector space of
Q(D). The semi-direct product decomposition (5.9) and the P-equivariance
of the isomorphisms Q(03) allows us to uniquely glue the Z-action on Q(D)
to a smooth and genuine k-representation €2(D) of B. This construction
gives rise to an exact covariant functor

~ &t

Q: QFR((X)),L — MOdSEnl
making the diagram

é Q m
BIE ) — 2 Modip (k)

] o

—ét & -
¢Fk((X)),L E—— MOdSE7L<k)

commute.

Proposition 5.13. Forr € ModfGig'Ladm(k), there is a natural B-equivariant
map ’

Q(D(r)) — .
If D(xr) # 0, then this map is non-zero.

Proof. We construct the Pontryagin dual of the desired map. Let M € G(7),
so that m = mp[F~1] and D(r)’ = 7};[1/X] by Corollary 4.14. The formula
in Remark 4.4 implies that the canonical map 7¥ — 7y, — my,[1/X] =
D(m)" is compatible with the map F¥ on the source and v on the target.
Since F' is injective on 7y, the dual is surjective, hence the image of the
bounded k[X]-module 7}, in 7},[1/X] is contained in (7),[1/X])*, so we
may consider the map

7" 2 lim 7Y — lim(my[1/X))F = v~>(D(n)") = Q(D(r))",
v P
which is non-trivial if D(7)" = my,[1/X] # 0. Here, the first isomorphism

is given by f ( fo (Pa" ?)) o from which one quickly verifies the
n>

P-equivariance. The Z—equivariance follows from the construction. O
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We finish this section with a useful compatibility of the functor Q with
the induction functor (5.6), which is a counterpart of Proposition 5.8.

Proposition 5.14. For D € @Fit((x)) and x: S — k* a smooth character,

there is a canonical E—equz’vam’ant isomorphism
mdE (x®QD)H.) =0 <1nd‘535 (YR DK L)> ,

where x K Q(D) is viewed as a representation of Bg via the identification

Bg = S x P (with S embedded diagonally) and x X D € Modssm(q)Fit((X)))

is given by the action of S on D wvia x.

Proof. By equation (5.2) applied to S c Q, (which is a central subgroup),
we have the isomorphism

mdY (xBDR s = P x®(Dex:)
7e5\Qx
in the category Modssm(@Fit((X))). The right-hand side contains y X D as a

subobject. Applying the functor € and using Frobenius reciprocity (S acts
via the character x on both sides), we obtain a B-equivariant map

nd8 (xR QD) K1) — 0 <1ndg;pr (YR DK L)> ,

which is an isomorphism as can be seen after restricting to P, where both

sides are identified with @~e§\6; Q(D) ® xz, see also the proof of Propo-
sition 5.8. ' O

5.4. Images of absolutely irreducible genuine representations. In

this final section, we compute the images of the absolutely irreducible gen-
~ —~ 't
uine representations under the functor D: Modfgfdm(k) — @Fi((x)),” or

~ ——fin
equivalently under V: Modfég'?dm(k‘) — Mody, (k). The results in Sec-
p7

tion 2.1 imply that an absolutély irreducible genuine k-linear representation
of GG is either a principal series or supersingular.

5.4.1. Genuine principal series. For a pair x1, x2: Q}f — k* of smooth
characters, define

(X1, x2) = Ind%s (X1 ® x2|ls W) = Ind%(lnd?ﬁs (X1 ® x2|s X)),

whose isomorphism class only depends on the restriction (x1ls, x2|s), see
Proposition 2.3. Evaluation at the identity yields the short exact sequence

(5.10) 0 — %(Xl,xg)bc — (X1, X2) — Ind%g (x1 ®x2|sX¢) — 0
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of E—representations, where the kernel is the subspace of functions whose
support is contained in the big cell, i.e. in the preimage of B ({}) B under
the projection G — G. By the proposition just cited and [28, Proposi-
tion 4.28], both cokernel and kernel are irreducible. Note that any splitting
of the above sequence would yield a finite dimensional G-stable subspace
of the irreducible G-representation 7(x1, x2), which is infinite dimensional.
Hence, the sequence is non-split.
We define Ind%(y1 ® x2) = m(x1, x2) D 7(x1, x2)P° similarly.

Lemma 5.15. There is a E-equz’vam’ant isomorphism
T(x1, x2)"° = Indgs (m(x1,x2)" |35 ®0).

Proof. The assignment f +— [z~ f((91))] defines a B-equivariant iso-
morphism from (1, x2)°¢ onto €>°(Q,, k) ® (x2 ® x1) for an appropriate
action of B on the space €°(Qp, k) of locally constant compactly sup-

ported functions. Similarly, we may B-equivariantly identify 7(x1, x2)
¢ (Qp. k) ® Indgs(xg ® x1|s ¥ t), see [28, Lemma 4.23] for more details.
The projection formula now gives the assertion O

bc ~

Proposition 5.16. Let x1,x2: Q; — k™ be smooth characters.

% et
(i) The object Indgp ((x1x2)|s ¥ P (x2) K1) is irreducible in @Fi((x)),“
where & is Fontaine’s equivalence 3.5.
(ii) There is an isomorphism

D(7(x1,x2)) = Id 2 (x1x2)[s B 2(x2) B 1)

in the category ﬁit((x))’L.

(iii) The canonical B-equivariant map QD(F(x1,x2)) — 7(x1,x2) of
Proposition 5.13 has image T(x1, x2)*° and induces a non-split short
exact sequence

C

0 — Ind% (xow®(xaw™")[s&e) — QD (T (x1. x2) — T(x1,x2)™ — 0.

Proof. By equation (5.2), we have

(5.11) Ind?” (ax2)ls B 2(x2) Bo)ls = @ (xixe)ls ®(2(x2) ® xz2)
2e5\Q)
in the category Modfgm(i)l“it((x))). Since the summands are pairwise non-

isomorphic, we deduce irreduciblity proving part (i).
For (ii), note that the cokernel of (5.10) is finite dimensional and there-
fore is Ek[F]-torsion. By Proposition 4.6(ii), we thus have the equality
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D(7(x1,x2)) = D(@(x1,x2)>). Similarly, we have D(7(x1,x2)>) =
D(7(x1,x2)), which is known to be equal to Z(x2), see [13, Théoréme
0.10(iii)] (beware of Colmez’s normalization). Part (ii) now follows by ap-
plying the functor D to the isomorphism in Lemma 5.15 and utilizing
Proposition 5.8.

For (iii), note that an analogue for m(x1, x2) was proved by Berger [4,
Proposition 1.2.4, Theoreme 2.1.1], namely there is a non-split short exact
sequence

0 — xow ® 1w ! — Q(2(x2)) — 7(x1, x2)°° — 0
of P-representations, in fact of B = Z x P-representation if we let Z = Q,

act on the middle term via x1x2. Applying Indgs((m)@)\g X (—)X¢) to

this sequence and using Proposition 5.14 together with part (ii), we obtain
a short exact sequence

0 — Ind% (xow®(aw™)[sBe) — OD(F(x1, x2)) — Tx1,x2)" — 0.

Comparing this to the non-split sequence (5.10) via the canonical map
of interest, which is non-zero by Proposition 5.13, implies part (iii) except
non-splitness, which however follows by observing that any splitting would
dually give a non-zero map from the dual of the finite dimensional kernel
to the X-torsionfree space (QD(7(x1,x2)))"- O

Remark 5.17. Let L = Q,2(,/p) be the abelian extension Q, with norm
group S. By equation (5.11), the underlying Galois representation of

V(7(x1,x2)) is given by

- IO
V(W(Xla XQ)) = Indfj?p (XQ‘gL)7
which is the direct sum over all characters of 4q, extending x2|v, .

5.4.2. Genuine supersingular. For computing the image of an abso-
lutely irreducible genuine supersingular representation, we make use of
Proposition 2.7, which allows us to write such a representation as 7(r,0,7)
for some 0 < r < p—1 with r # p%l and a smooth character n: Q,; — k*.
Since the functor D is compatible with twist, see Remark 5.7, we may

assume that 7 is the trivial character, i.e. we only need to treat the repre-
sentation 7(r,0).

X
Let now I = (pZZp ;5) be the Iwahori subgroup. It admits the semi-
¥ P
direct product decomposition I = I1 x H, where I; = <1;§f” 1 +przp> is the

pro-p Iwahori subgroup and H is the torus of GLy(F),) viewed as a subgroup
of I via the Teichmiiller lift. Since the order of the finite abelian group H
is prime to p, every finite dimensional k-representation of H decomposes
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as the direct sum of characters. Given a character x: H — F', we let

ey € F,[H] denote the idempotent cutting out the y-isotypic subspace.
Definition 5.18 ([28, Definition 3.8]). For a character x: H — F) and

i,j € Z/2Z, define x[i,j] = x ® (wzp%1 ®wjp7_l): H—FJ.

Given a character x = x1 ® x2 of H, we put x* = x2 ® x1. Note that
the element II = ((2 (1)) ,1) € G normalizes I; and thus acts on the space
of Ii-invariants 7/t of any G-representation w. In fact, if v € 7!t ey, then

T I
IIvern 1€Xs[170}.

By definition, 7(r, 0) is a quotient of C—Indgz(é)(Symr(kQ) &) and thus

contains the weight Sym”(k?), whose [ -invariants are one-dimensional,
equal to the character x := w" ® 1: H — k*. Let us fix a non-zero ele-
ment v; € Sym” (k%) C 7(r,0)", and define v; = (II)*'v; € 7(r,0)" for
1 < i < 4. By [28, Corollary 4.52], we then have 7(r, 0)t = @?:1 kv;. If we
let x;: H — k* denote the H-eigencharacter of v;, then

(512) X1=X, X2—= Xs[1a0]7 X3 = X[L 1]7 X4 = XS[Ov 1]

Moreover, Corollary 4.46 in loc. cit. tells us that each v; generates a
(smooth) irreducible representation of K, which we can then write as
Sym”# (k?) ® det® for a unique 0 < r; < p—1 and b; € Z/(p — 1)Z. In
fact, if we put

p—1 i p—1
, {2 r ifo<r<t;

T =
@—r ipr_1<’l“§p—1,

then
(r1,01) = (r,0), (ro,bo) = (1, 7),
(TSubS):(Tvpgl)v (T4,b4)=(r’,r+%).
Finally, let us define s; = r;11 for 1 <i <4 and
o = (17 (), o = (—1)5E 1,
€3 = (_1)T+p7_1(7"/)!7 cy = (—1)%7“!.

Lemma 5.19 ([28, Corollary 4.48]). For each 1 < i < 4, the equality
X% F(v;) = ¢jvit1 holds.

Recall that (—)|g: i)\fet&(x)M — Modssm(@Fit((X))) denotes the restriction
functor. In the language of Galois representations, we denote this more
accurately by (—)|sxgq, : Modggw(k) — Modgﬁ%p (k).
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Proposition 5.20.

(i) The underlying Galois representation V(7 (r,0)) of the metaplectic
Galois representation V(7 (r,0)) is irreducible.

(ii) The restriction to S x Yq, is given by

241

P+l

_ ) v
V(@ (r,0)|sxgq, = w'|ls Mo iy @ Indy? (w,? ),
p

where \* = (—1)%(7’!)2(7“’!)2 and

[y

) e2r+p ifr<pt
Sl =2r+3p if r> =

(iii) The canonical B-equivariant map QD(7(r,0)) 5 7(r,0) of Propo-
sition 5.18 is an isomorphism. ~
(iv) The metaplectic (p,I")-module D(7(r,0)) is the unique object in the

category ﬁ‘k(( X)), Satisfying (ii) (after passing to Galois represen-

tations) such that the B-action on QD(7(r,0)) extends to a smooth
G-action.

Proof. First, note that the center Z(G) = S x py acts on 7(r,0) via the
genuine character w"|g X ¢, which trivially implies that the action of S
on V(7(r,0)) is given by w'|g, so it is enough to determine the underly-
ing Galois representation. The previous discussion places us in the setup
of Section 4.12 with M = 7(r,0)"1. By [28, Proposition 4.49], we have
7(r,0) = mp[F~1], where ) is the Pt-subrepresentation generated by
M. By Lemma 4.9(i) and (ii), the subspace of X-torsion elements in 7/
is equal to M (which is finite dimensional), hence my; € M(w). We may
therefore apply Proposition 4.13 to deduce that D(7(r,0)) = (my,[1/X])".
Corollary 4.12, which we may apply by Lemma 5.19, now proves part (i)
and (ii). The proof of it also shows that my, = (7rM[1/X])n which is equal to
(mY;[1/X])* by Example 3.10 (ii). The natural map QD(7(r,0)) — 7(r,0)
being an isomorphism is now just a reformulation of the equality 7(r,0) =
my[F7Y = lim .

For part (iv), write D(7(r,0)) = (D, 6) and let A: Qp — Auty(x)) (D)
be another action such that (D, \) is a metaplectic (¢, ')-module satisfy-
ing A|g = 0|g. Then the (p,I')-equivariant action of Q; on D defined by

A0~! factors through S\ Qp = Z/2Z x Z/2Z. Since D is absolutely irre-
ducible (e.g. by part (ii)), Schur’s Lemma implies that this action is given

by scalars. In conclusion, A = § ® € for some € = u® w B2 for a,be Z/2Z.
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In particular, there is a E—equivariant isomorphism
Q(D,\) =2 Q(D,0) @ (1®e),

where the character 1 ® € of the torus T' is viewed as a character of B
via inflation. By part (iii), we are reduced to showing that the B-action
on 7(r,0) ® (1 ® ¢) extends to a smooth G-action if and only if ¢ is
trivial. Assume that the action does extend. It must then necessarily de-
fine a genuine supersingular representation (as its restriction to B is irre-
ducible). By [28, Corollary 4.55], the isomorphism class of a genuine su-
persingular representation is determined by the restriction to P. In par-
ticular, we obtain a B-equivariant (in fact, G-equivariant) isomorphism
f:m(r,0) 2 7w(r,0) ® (L®e). We first check that ¢ is unramified. The argu-
ment at the beginning of the proof of the corollary just used goes through to
show that f restricts to a I-equivariant isomorphism M = M ® (1®¢). We
repeat it for the convenience of the reader: Since 7(r, 0) = my/[F 1], we may
choose m > 0 with F4¥™ f(M) C my; ® (1 ®¢). An iteration of the relations
in Lemma 5.19 implies that X¢(@m Fimy, = ¢my; for e(i)m and ¢ as defined
prior to (4.4), and so f(M) C my ® (1 ® €). Comparing X-torsion shows
that f(M) C M ®(1®¢), which must be an equality for dimension reasons.
Recall that x; denotes the H-eigencharacter of v;. The H-equivariance of f
forces f(v;) to lie in the subspace (M ® (1®¢))ey, = Mey, (o). The explicit
description of the characters (5.12) implies that, if b # 0, then this space
can only possibly be non-zero if x;[0,b] = x; with j —¢ = 1 mod 2, in which
case s; # sj. Write f(v;) = av; for some a € k*. By symmetry, we may
assume that s; > s;. Applying X* F and utilizing Lemma 5.19 once again,
gives the contradiction

0 # ¢if(vigr) = F(XTF(v5)) = aX* F(vj) = ac; X* vj =0
since M is killed by X. This proves that b = 0, i.e. £ is unramified, and we
must have f(v;) = a;v; for some a; € k™ for all 1 < ¢ < 4. Applying f to
the relation X* F(v;) = ¢;v;41 forces a; = a;41 for all 1 < i < 4. However,

the II%-equivariance of f implies that ag = £(p)a; and thus £(p) = 1. In
conclusion, ¢ is the trivial character. Il

By definition, the underlying Galois representation of a metaplectic one
is invariant under twist by any character of order two. The unramified part
of such a character is trivial when restricted to gQPQ (hence also when

restricted to ng4), so the interesting part left when considering absolutely

irreducible representation of dimension four is invariance under twist by
-1

the character w'z .

Lemma 5.21. Up to twist by a character, the absolutely irreducible Galois
representations of 9q, on 4-dimensional k-vector spaces invariant under
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2
. -1 . iz ptly
twist by w'T are precisely those of the form Ind, > (w, 2 for some
@Q 4
h 4

P
odd integer h € Z with 1 < h < 2(p* — 1)

ez ptly
Proof. We first show that the representations of the form Indgzp <w4 2 ),
p4

with 1 < h < 2(p? — 1) odd, are irreducible and invariant under twist

by w">. For irreducibility, it suffices to show, by Proposition 3.1, that

4
p*—1
o1 for

—1

d =1,2. This is clear since h is odd. The invariance under twist by w T is
. 2

(P'—1)252h

being equal to w, 2 for some 0 < ¢ < 3. Noting

2 2
pQ—Hh is primitive relative to 4, i.e. that %h is not divisible by

equivalent to w
—1 p—1
that w'z = w, ? , it is enough to observe that, since h is odd, we have

p—1
2
4

4 4 2
pr—1 pr—1 p°+1
= h=(p"-1)

2 2 2
Assume now that p is an arbitrary 4-dimensional absolutely irreducible

h mod p* — 1.

—1
Galois representation invariant under twist by W By the proposition
. . . . ~ 9Qp ; s
just used, we may, after possibly twisting, write p =2 Ind{;Q (wf) for some
W

-1
1 < s < p* — 1 primitive relative to 4. Invariance under twist by w'z gives

p42_1 = (p' — 1)s mod p* — 1 for some 0 < i < 3. The case i = 0 is excluded

for trivial reasons. If ¢ = 3, then multiplying by the odd prime p gives
pt—-1_ p'-1
2

(p* —p)s = —(p— 1)s mod p* — 1,

or equivalently 1’47_1 = (p — 1)s mod p* — 1, which is the case i = 1. In the
pP=1p*+1

cases i = 1,2, we obtain an equality of the form s = (2a + 1)pl_1 5
1

T = p? + 1 divides s,
contradicting the irreducibility of p (or equivalently primitivity of s). In
case ¢ = 2, we obtain the desired result. O

for some a € Z. If i = 1, then this implies that g;:

Lemma 5.22. Given an odd integer h € Z, there exist integers a,h’ € Z
with 3 < h' < 2p — 1 odd such that

2 2
9 p 41y 9Q p+1lps
Ind~*? (w 2 ) ~w*®Ind,* (w 2 )
Y 4 \ W4 ® Yq,, \ ¥4

Proof. We first show that we can choose 1 < b’ < 2p — 1 (i.e. including
h' = 1) appropriately. Since wy has order p* — 1, we may without loss of
generality assume that 0 < h < 2(p? — 1). So, if h = hg + ph1 + p*hs
denotes the base-p expansion with 0 < h; < p — 1, then hg € {0, 1}. Next,
note that replacing h by h — 2a(p 4 1) for some a € Z amounts to twisting
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the induced representation by w™%. If hy = 1, we take a = % and may
therefore assume that 0 < h < p? — 1, whence hy = 0. Choose a € Z such
that A} := hy — 2a € {0,1} and put hj, := hg — 2a. We may replace h by
h' = h —2a(p + 1) = h{ + ph. Note that |hy| <p—1.If hf > 0 or A} =1,
then 1 < A’ < 2p — 1 as desired. Assume now that k] = 0 and hy < 0.

Replace b/ = h{ by hy +2(p + 1) = 2p + (24 k(). If —hjy > 3, then we

are done; otherwise h{, = —1 (as it must be odd), in which case we use the
intertwining
2 2 2
Yo, P oo Dy o PP (20D Yo, 5T (p+2)
IndeZ‘l (wy 2 ) = Inde:4 (wy 2 ) = Ind%QZ4 (wy 2 ).

This proves the statement with 1 < A’ < 2p — 1 odd. Similar to the first
isomorphism in the above intertwining, we may replace h’ by ph’ and so
replace h’ = 1 by p. In particular, we may assume 3 < b/ < 2p — 1. Il

Theorem 5.23. The functor V: Modfég'adm(k) — Modgﬁ;‘; (k) induces a
14
bijection
Absolutely irreducible
genuine supersingulaf %{

k-representations of G

Absolutely irreducible continuous
-1
p: 9q, — GLy(k) s.t. p = p®pr ’

both sides considered up to isomorphism.

Proof. This follows from Proposition 5.20, Lemma 5.21, Lemma 5.22 and
the fact, [28, Corollary 4.55], that the isomorphism class of a supersingular
representation is determined by its restriction to the mirabolic subgroup
P. Here, note that the restriction of the canonical map of part (iii) of the
cited proposition to the mirabolic subgroup does not use the metaplectic
structure. 0

Remark 5.24. Fix a square root w = /—p, which serves as a uniformizer
in the abelian extension L = Q,2(/p) of Q, with norm group S. Consider
the character

wp: 9L —» T, g(" V@) =wi(g) ¥ V@, forall g € %p;

since p,2_1(Q,) C Q2 C L, it is independent of the chosen (p* —1)-th root
2
of . We then have wip +1)/2|s¢mf¢Qp . WL|{¢Lm£¢Qp T In particular, for any
odd integer h € Z, we have an isomorphism
2
9q potlp ~ Yq h
Ind%; <w4 2 > = Indg, ™" (wr)

of irreducible ¥q, -representations. Conversely, the character w% extends to
%QPQ, e.g. wa, so the right-hand side will be reducible if A is even.
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Remark 5.25. The results of this section imply that the functor D does
not kill any non-zero representation and one may wonder whether it is
in fact fully faithful. While we do not know if this is true, the canonical
map of Proposition 5.13 and its behaviour for absolutely irreducible ob-
jects (Proposition 5.16 (iii), Proposition 5.20 (iii) and (iv)) suggest that the
functor €2 seems to be a good starting point for defining a potential inverse
functor (on the essential image). In fact, given an étale (¢, I')-module D
and fixing a smooth character 6: Q,; — k™, Colmez defines a G-equivariant
sheaf U — D X U on G/B, whose global sections carry an action of G
with central character 0, see [13, Section II.1]. The functor €, cf. (5.8),
is equal to the (bounded) Qp—sectlons of this sheaf. In order to realize
Q as the Q,-sections of a G- equivariant sheaf on G / B=0aG /B, one may
try to adapt Colmez’s construction, see especially the paragraph preceding
Lemme I1.1.2 in loc. cit., for which it seems natural to replace the character

d by the smooth and genuine Q, -action that a metaplectic (i, I')-module
comes equipped with.

Note that such a reverse functor would also give rise to a correspon-
dence between smooth genuine representations of G and smooth repre-
sentations of G: Given a metaplectic (p,I')-module, one may consider the
underlying (¢, T')-module along with the “square” of the underlying gen-

uine Qp -representation (via Q) —— i —— SC Qp ). Assuming that the latter
action of Q' is given by a character, Colmez’s functor yields a smooth G-
representation, while applying a hypothetical reverse functor in the meta-
plectic setting gives a smooth genuine é—representation. We do not a priori
know whether this would turn out to be a meaningful correspondence.

6. The p-adic metaplectic Montréal functor

Let L be a finite extension of Q, with ring of integers O, and residue field
k, and fix a uniformizer w. The absolutely irreducible k-representations of
G appear as constituents of the mod-w reduction of a G-stable bounded
lattice of (the unitary complection of) a locally algebraic unramified prin-
cipal series over L, cf. [7] (for G) and Proposition 6.7, Theorem 5.13 and
Corollary 5.16 in [28] (for genuine representations). In this context, it is nat-
ural to ask whether the extension D: Modfg adm gy @Fit((x)) of Colmez’s
functor, see Remark 4.15, and its metaplectlc variant can be lifted to p-adic
coefficients. In this section, we explain that this is rather a formal conse-
quence of the results established for mod-w representations and the fact
that Breuil’s functor of Definition 4.5 is also defined for mod-w"” coeffi-
cients, for all n > 1.
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6.1. p-adic Banach space representations. In order to relate an L-
Banach space representation of G to a smooth k- i-representation of G we
need it to be unitary. This means that it admits a G-invariant norm defining
its underlying topology. Given such a representation II, we may consider
the unit ball TI° for a G-invariant norm, which is a w-adically complete
Op-representation of G. For n > 1, the mod-w™ reduction I1°/™I1 is
then a smooth O /w™Of-representation of G. The semi-simplification of
1% /I in ModZ" (k) is independent of the chosen norm, provided it is of
finite length.

Lemma 6.1. Let I be a unitary L-Banach representation of é, and let T1°
be the unit ball for a G-invariant norm defining the topology of 1. Fix an
integer n > 1.
(i) If I°/@lI0 is finitely generated over OL[G], then so is 110 /™10,
(i) If II°/wI® is admissible as a representation of G, then so is
° /o110,
Proof. This follows by induction from the short exact sequence
0 — " /"I’ — I°/"11° — 1%/ 1% — 0,
where the kernel is isomorphic to T1° /110, O

We denote by Banlcg adm (1) the category of unitary L-Banach space rep-

resentations of G, Wthh are residually finitely generated and admissible: for
one, or equivalently any, G-invariant norm, the mod-w reduction of the cor-
responding unit ball is finitely generated and admissible’. By Lemma 2.8,
a finitely generated admissible k-representation of G is of finite length. In
particular, glven IT € Ban ngadm(L), we obtain the semi-simplified mod-w

reduction IT - € Modfég'adm(k‘).
Viewing ¢: po < k* C O as valued in O] via the Teichmiller lift, we

may consider the full subcategory Banféj adm(L) C Ba nfg adm (1) of genuine

fg adm(

objects; likewise for the category Mod Or, /w"(’)L ) of finitely gener-

ated smooth admissible Or,/w"Op- representations of G.

6.2. p-adic (¢, I')-modules. Following [13, Section I1.1], we denote by
Og the p-adic completion of Op[X][1/X], endowed with the topology for
which the subsets p*Os + X"OL[X], for integers k,n > 0, form an open
neighbourhood basis of 0. We let & = O¢[1/p] = |,,~qp " Oe¢ be its frac-
tion field, endowed with the inductive limit topology.

6By [24, Proposition 9.6], being residually admissible is equivalent to being admissible in the
sense of Schneider—Teitelbaum.
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Define the operator ¢ and the action of I' = Gal(Q(tp~)/Qp) on Og
and & by

o(X) = (X 4+1)? —1and v(X) = (X + 1)X>) — 1, for y €T,

where Xcye: I' = Gal(Qp(pp=)/Qp) = Z, is the cyclotomic character, as
before. We then have the evident notion of a (p,I')-module over any of
the topological rings Og/w"Og, for n > 1, Og and &: a finitely generated
module D over the respective ring together with a continuous ¢-semilinear
operator ¢p on it as well as a continuous semilinear I'-action commuting
with pp. A (p,T')-module D over Og/w"Og, for n > 1, resp. Og, is étale
if the linearization of ¢p is an isomorphism, while a (¢, I')-module over &
is étale if it is of the form D ®¢, & for an étale (¢,I")-module D over Og,
cf. [13, Section 1.2]. We will denote the corresponding categories of étale
(p,T')-modules by

LS, jono,, OIS, and OTE,
for n > 1, which are equivalent to the categories of Galois representations
of 9q, over Or,/w" O, O, and L, respectively, see [13, Théoreme 1.3.1].

Finally, as in Definition 5.5, we define the corresponding categories of
metaplectic (¢, I')-modules:

ét —~— ét
q)FOg/w“Og,u (Drog’L and CI)F&L,

for n > 1. Concretely, its objects are pairs (D, ) consisting of an étale

(p,I')-module D together with a smooth and genuine action 6 of Q, on
the underlying module over the respective ring such that (2): D = D®x,

is a (i, I')-equivariant isomorphism, for Z € Q; with image z € Q,’, where

Xz = (,Ug(lz )@ uw(z))p%l is viewed as valued in O] via the Teichmiiller

lift.

6.3. Liftings. Fix an integer n > 1. In Definition 4.5, we stated Breuil’s
functor with coefficients in k. However, Breuil works more generally with
mod-w™ coefficients, thus yielding the functor D: Mod3"(Or/@w"OL) —
Ind(CIDF%tg /wnog) on the category of smooth O /w™Op-representations of
P, which is compatible with mod-w™ reduction for 1 < m < n.

Proposition 6.2. For 7 € ModfGi;'adm((’)L/w”OL), the object D(w|p) lies
in the full subcategory (I)F?th/wnog — Ind(@F%g/wnog) of compact objects.
Proof. By Corollary 4.14, the statement holds true for n = 1. We proceed

by induction and assume that it holds for n — 1. Consider the short exact
sequence

0 — "t — 71— /" In — 0.
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Noting that " 7 € Modfgadm(k), we may, by the final part of Proposi-
tion 4.13, apply [10, Proposition 2.7 (iv)] to obtain the short exact sequence

0 — D(x@" 1) — D(r) — D(n/w" 'n) — 0,

where both kernel and cokernel lie in the subcategory @F%g P by the
induction hypothesis. Write D(mw) = “lim” D; as the filtered colimit of
compact objects. Now, a (¢, I')-module is in particular finitely generated
over the underlying ring. Hence, there exists some ¢ such that D, surjects
onto D(7/w™ 7). Using the compactness of D(w" !7), we may increase
i to also assume that D(w" !7) — D(7) factors through D;. We obtain
the resulting short exact sequence

0 — D(@" 'n) — D; — D(n/w" 1) — 0.

Comparing this to the previous sequence and applying the snake lemma,
we see that the canonical map D; — D(w) is an isomorphism. O

Precomposing D with the restriction functor (—)|p therefore yields the
functor

D: Mod2*™(0,,/@"OL) — OTE_nor,

still denoted D. Restricting to the subcategory of genuine representations,
this functor may be promoted to its metaplectic version

D: Mod%*"™(0p/="0r) — BT, /o0 0

just as for n = 1 in Section 5.2.

Now, let II € Ban%’adm(L) and choose a G-invariant norm defining
its topology with corresponding unit ball TI°, so that in particular II =
(lgln °/@"M") ®», L. By Lemma 6.1, we may form the étale (¢,T)-
module (@nD(HO Jw™II°)) ®p, &, which is independent of the chosen

norm and will be denoted by D(II). The resulting functor
fg.ad é
D: Ban2*"(L) — ore

is compatible with semi-simplified mod-w reduction, i.e. D(ﬁss) = D(II) °
When restricted to the subcategory Banng'adm(L), it agrees with Colmez’s
functor, see [10, Proposition 3.2 (iii)]. On the other hand, restricting to the
subcategory of genuine representations, it gives rise to a functor

~ — 't
D: Ban*™(L) — ®T

N2

which we call the p-adic metaplectic Montréal functor.
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