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Radical Dynamical Monogenicity

par HaAnsoN SMITH

RESUME. Soient a un entier et p un nombre premier tel que f(z) = zP —
a est irréductible. On note f™(x) 'itéré n-ieme de f(x). Nous étudions la
monogénéité des corps de nombres définis par les racines de f™(z) et donnons
des conditions nécessaires et suffisantes pour qu’une racine de f"(x) génére
une base entiere de puissances pour chaque n > 1. De plus, nous généralisons
ces critéres a un corps de nombres quelconque.

ABSTRACT. Let a be an integer and p a prime so that f(x) = a2 — a is
irreducible. Write f™(x) to indicate the n-fold composition of f(x) with itself.
We study the monogenicity of number fields defined by roots of f™(x) and
give necessary and sufficient conditions for a root of f™(z) to yield a power
integral basis for each n > 1. Further, we generalize these criteria to an
arbitrary number field.

1. Results and Previous Work

Let L be a number field. We will denote the ring of integers by Of.
Suppose M is a finite extension of L. If Oy = Op[a] for some o € Oy,
then we say M is monogenic over L or Oy has a power Op-integral basis.
In this case, we call « a monogenerator. If f(x) is the minimal polynomial
of a over L, then we also call f(x) monogenic. When L is Q we will simply
say M is monogenic or Oy has a power integral basis.

If p is a prime of Oy, then we write (Op ), for the localization of Oy, at p.
Given an Ojr-order R, we say R is p-mazimal if R® (Or), = Op @ (Op)p.
Indeed, if R is p-maximal for each prime p of O, then R is the maximal
order Ojy.

If f(x) € Z|z] is a polynomial, then we write

fr=fofo-of.
-times

This paper investigates the monogenicity of extensions obtained by adjoin-
ing a root of f™(z) where f(z) = 2P —a is an irreducible integer polynomial
with p a prime number. In particular, we prove the following.
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2020 Mathematics Subject Classification. 11R04, 11R21, 37P05.
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Theorem 1.1. Write o, for a root of f(x), and let K,, denote Q(ay,). Fix
a natural number N > 1. The ring of integers Ok, is Loy for alln < N
if and only if a’? # a mod p? and f™(0) is squarefree for alln < N.

The proof is local and the subject of Section 4. The prime p (Lemma 4.2)
requires more subtlety than the primes ¢ that do not divide the degree of
f(z) (Lemma 4.3). Both arguments are via induction and use a previous re-
sult of the author (Theorem 3.1); however, for p we employ a more detailed
computation with valuations and must show that p is totally ramified in
K,,. The statement and proof adapt readily to an arbitrary base number
field K, and a rigorous proof of the relative version of Theorem 1.1 is the
subject of the appendix.

1.1. Previous Work. The literature regarding monogenic fields is vast.
A recent text on monogenicity that focuses on using index form equations is
Gadl’s book [8]. Another modern resource is Evertse and Gy6ry’s book [5].
Radical extensions! also have a very extensive body of previous work. We
will not undertake a general survey of the literature involving radical ex-
tensions and monogenicity here; the curious reader can see [19] for this.

Our investigation is inspired by [15] where Li studies iterates of f(z) =
x? — a. Li uses novel arguments to give necessary and sufficient conditions
for a root of f™(z) to be a monogenerator for all n less than or equal
to a fixed positive integer N. We extend Li’s results to a2 — a with p
an odd prime. In a similar vein, [3] investigates a family of totally real
2-towers and gives necessary and sufficient conditions for monogenicity.
Castillo’s result in particular considers backward orbits of integers other
than 0. [1] also contains a complete discussion of the situation 22 —2 = t. In
subsequent work, the author and Zack Wolske [20] have given necessary and
sufficient criteria for the monogenicity of iterates of quadratic polynomials.
Also subsequent to the study at hand, Sharma, Sarma, and Laishram [18§]
give necessary and sufficient conditions for the monogenicity of iterates of
™ — a € Z[z] for any m.

Other authors have studied the monogenicity of iterates of polynomials
defining radical extensions. In [13], Jones considers h(x) = (x —t)™ + ¢ for
m > 2 and t > 1. This polynomial yields the same extension as g(z) = 2™+
t; however, the fields defined by roots of A" (z) and ¢"(x) differ for n > 2.
Indeed, h™(x) yields the same number field as ™" + ¢ for all n > 1, but
g"(z) does not. For the monogenicity of iterates of Chebyshev polynomials,
consult [9].

Given the simple shape of radical polynomials and the fact that z? + ¢,
up to a change of variables, represents all polynomials of degree d with

1These extensions are also called pure extensions or root extensions.
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exactly one finite cricital point, it is not surprising that a number of au-
thors have studied the dynamics of these polynomials. We mention a few
papers which are adjacent to our note. In [2], the authors investigate the
Galois groups of iterates of 7 + ¢. The work in [7] studies the basic prop-
erties of iterates and composites of polynomials, finding properties such as
irreducibility, separability, complete splitting, and solubility by radicals are
not necessarily preserved. The specific case of irreducibility of iterates of a
radical polynomial ¢ + ¢ is considered in [4]. They investigate irreducibil-
ity over a wide class of fields, but of primary interest to us will be their
Corollary 5, which shows that if h(x) = 2 + ¢ is irreducible in Z[z], then
so are its iterates.

2. Background: The Montes Algorithm and Ore’s Theorems

The Montes algorithm is a powerful p-adic factorization algorithm that
is based on and extends the pioneering work of Dystein Ore [17]. We do not
need the full strength of the Montes algorithm here. In fact, though we use
the notation and setup of the general implementation, we will only make
use of the aspects developed by Ore. The following is a brief summary of the
tools we will utilize; for the complete development of the Montes algorithm,
see [11]. Our notation will roughly follow [6], which gives a more extensive
summary than we undertake here.

Let p be an integral prime, K a number field with ring of integers O,
and p a prime of K above p. Write K, to denote the completion of K at p.
Suppose we have a monic, irreducible polynomial f(z) € Og[z]. We extend
the standard p-adic valuation to Ok [z] by defining the p-adic valuation of
f(z) = apnz™ + -+ a1z + ap € Ok|z] to be

() = min (vp(a))
This is often called the Gauss valuation. If ¢(z), f(z) € Ok|z] are such
that deg ¢ < deg f, then we can write

k
fl@) = ai()p(x),
=0

for some k, where each a;(z) € Og[z] has degree less than deg¢@. We
call the above expression the ¢-adic development of f(x). We associate to
the ¢-adic development of f(x) an open Newton polygon by taking the
lower convex hull of the integer lattice points (i,vp(ai(x))). The sides of
the Newton polygon with negative slope are the principal ¢-polygon. The
positive integer lattice points on or under the principal ¢-polygon contain
a wealth of arithmetic information. We denote the number of such lattice
points by indg(f).
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Write &, for the residue field Ok /p, and let f(x) be the image of f(x)
in ky[x]. It will often be the case that we develop f(x) with respect to a
lift of an irreducible factor ¢(x) of f(z). In this situation, we will want
to consider the extension of k, obtained by adjoining a root of ¢(x). We
denote this finite field by k, 4. We associate to each side of the principal
¢-polygon a polynomial in k, 4[y]. Suppose S is a side of the principal
¢-polygon with initial vertex (s, vy(as(z))), terminal vertex (k,vy(ag(x))),

and slope —% written in lowest terms. Define the length of the side to be

[(S) = k — s and the degree to be d := @ Let red : Og[x] — ky 4 denote
the homomorphism obtained by quotienting by the ideal (p, ¢(z)). For each
j in the range 0 < j < d, we set ¢ = s+ je and define the residual coefficient

to be

_Jo if (4,vp(a;(x))) lies strictly above S or vp(ai(x)) = oo,
“ red (ai(aj)/w””(ai(“"”))) if (i,vp(a;(z))) lies on S.

Finally, the residual polynomial of the side S is the polynomial

Rs(y) = cs + csqey + -+ + cs+(d71)eyd71 =+ Cs+deyd € kp@[y]-

Notice, that cs and cg44e are always nonzero since they are the initial and
terminal vertices, respectively, of the side S.

With all of these definitions in hand, we package everything into two
theorems that encapsulate how we will employ the Montes algorithm. The
first focuses on the indices of monogenic orders.

Theorem 2.1 (Ore’s theorem of the index). Let f(x) € Ok|z]| be a monic
irreducible polynomial and let o be a root. Choose monic polynomials
1, ..., 0s € Orlx] whose reductions modulo p are exactly the distinct irre-

ducible factors of f(x) € kylx]. Then,

Up ([OK(a) : OK[a]D > indg, (f) + -+ +indg, (f).

Further, equality holds if, for every ¢;, each side of the principal ¢;-polygon
has a separable residual polynomial.

For our applications, we will employ the following equivalence.

Corollary 2.2. The prime p does not divide [OK(Q) : Okla]] if and only
if indg, (f) = 0 for alli. In this case each principal ¢;-polygon is one-sided.

The second theorem we state connects prime splitting and polynomial
factorization. The “three dissections” that we will outline below are due to
Ore, and the full Montes algorithm is an extension of this. Our statement
loosely follows Theorem 1.7 of [6].
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Theorem 2.3. [Ore’s Three Dissections] Let f(x) € Okl[z] be a monic
irreducible polynomial and let o be a root. Suppose

f(@) = ¢u(x)™ - ds(x)"
is a factorization into irreducibles in ky[x]. Hensel’s lemma shows ¢;(x)"
corresponds to a factor of f(x) in Ky[z] and hence to a factor m; of p in
K(a).

Choosing a lift and abusing notation, suppose the principal ¢;-polygon
has sides Si,...,Sq. Each side of this polygon corresponds to a distinct
factor of m;.

Write n; for the factor of m; corresponding to the side Sj. Suppose S
has slope f%. If the residual polynomial Rg;(y) is separable, then the prime
factorization of n; mirrors the factorization of Rs;(y) in ky e, [y], but every
factor of Rs,(y) will have an exponent of e. In other words,

if Rs;(y) =) - w(y) in kyglyl, then nj =7 P in K(a)

with deg(vm) equaling the residue class degree of P, for each 1 < m < k.
In the case where Rg; (y) is not separable, further developments are required
to factor .

3. General Radical Extensions and Lemmas

In this section we recall and restate Theorem 6.1 of [19]. This theorem
will be a key lemma in our study of the monogenicity of f"(x). The notation
in this section follows [19] and should not be conflated with our notation
elsewhere.

Consider an arbitrary number field L and an element « € Op, such that
"™ — « is irreducible over L. To avoid trivialities, we assume n > 2. One
computes

(3.1) Disc (z" — a) = (—1)n22_n n"(—a)" L

The primes dividing this discriminant are the primes for which Oy, [¥/q]
may fail to be maximal.

For a prime ideal p of Op, dividing (n), we write p for the residue char-
acteristic and f for the residue class degree. We factor n = p®m with
ged(m,p) = 1. Let € be congruent to e modulo f with 1 < e < f, and
define S to be « to the power pf—¢:

B :=dad =
By construction § is a p®-th root of @ modulo p.

Theorem 3.1 (Theorem 6.1 of [19]). If p | («), then the order O [{/a] is
p-mazimal if and only if vy(a) = 1. If p | (n) and p { («), then the order
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O [¥/a] is p-mazimal if and only if

Up (a — Bpe) =1.
If pt (an), then Or [¥/a] is p-mazimal.

When the base field is Q, one can use results in [10] or [12]. The prime
degree case (N = 1 in Theorem 1.1) is classical and is described in [21].
Keith Conrad’s note? provides a nice exposition. For our work on iterates,
however, we will need the generality of Theorem 3.1.

The following lemma simplifies the situation when the base field is Q.

Lemma 3.2. Let p be a prime and let a € Z, then
vp (aP —a) = vy (apm - a)
for every m > 0.

Proof. Write w = vp(a? — a). If p | a, then this is clear. Suppose p { a. It
suffices to show that

Up (ap_l — 1) = vp (apm_l — 1)

The smallest of Fermat’s theorems tells us that the base-p expansion of
aP~! has the form

aP~! =14 a,p“ + (higher powers of p)
where 0 < a,, < p. Clearly,
Up (apfl - 1) = vp(aywp™ + ( higher powers of p)) = w.
Note p™ —1=(p—1)(p™ ' +p™ 2+ +p+1),s0

m—1 m—2
+p +-+p+1
e ( p71>p
a = \a

m—1 m—2_ ...
= (14 awp™ + (higher powers of p))p Tt

=1+ (pm_l +pm 2 p+ 1) awp® + (higher powers of p).
We can now see that
Up (apm_l - 1) = vp(aywp” + (higher powers of p)) = w. O
The next lemma makes our setup more amenable to induction.

Lemma 3.3. Let My/Ly, be a finite extension of local fields that is totally
ramified of degree n, where we write P and p for the mazximal ideals of the
respective valuation rings. Let my and m, denote uniformizers so vy () =
n. If o is in the valuation ring of My, then

v (o) = vy (NormMm/Lp(aD .

2https://kconrad.math.uconn.edu/blurbs/gradnumthy/integersradical.pdf
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Proof. Write my, (z) for the minimal polynomial of my over Ly, and note
that my, (z) is p-Eisenstein. Thus,

vp(Normyy, /r, () = vp (Mg (0)) = 1.

If vp(a) = 7, then a = u7rg3 with v a unit. Hence

vy ( Normyy, /1, () = vy ( Normyy, /r, (w) Normyy,, /1, (71'%3))

= jup(Normyyg, /1, (7)) = J,
and we have our result. O

4. Necessary and Sufficient Conditions for the Monogenicity of
f(x)
Recall, we take f(z) = 2P — a to be irreducible, and we write

fr=fofo--of.
—_——
n-times
The following special case of a result of Danielson and Fein shows that we
do not need to be concerned with irreducibility after the first iterate.

Proposition 4.1 ([4, Corollary 5]). If f(x) = aP — a is irreducible in Z[z],
then f™(x) is irreducible in Z[x] for all n > 0.

For shorthand, we write a,, for a root of f™(z) with f(an) = an-1.
Further, write K, for Q(a;,) and note Q C K; C Ky C ---. Motivated
by [15], we wish to show the following:

Theorem 1.1. Fizx a natural number N > 1, then Ok, = Z[ay] for all
n < N if and only if a’? # a mod p? and f™(0) is squarefree for alln < N.

We will establish this theorem via two lemmas. The first considers the
prime p while the second considers primes ¢ # p.

Lemma 4.2. The order Z[ay)] is p-mazimal for all n > 0 if and only if
aP # a mod p?. When this is the case, p is totally ramified in K,. Moreover,
if a’? = a mod p?, then Z[a1] is not p-mazimal.

Proof. First, we consider the case where p | a. In this case the z-adic devel-
opment shows Z[a1] is p-maximal if and only if a” #Z a mod p?. Thus this
condition is necessary. Supposing now that a? # a mod p?, a straightfor-
ward computation shows that f*(z) = 2P" mod p and v, (f™(0)) = v,(a).
Considering the z-adic development again, Z[«,,] is p-maximal if and only
if a”" # a mod p? which holds if and only if a? # a mod p? by Lemma 3.2.
The slope of the principal z-polygon is —I% in each of these cases, so p is to-
tally ramified. To be more succinct, in this case, each f"(x) is p-Eisenstein
if and only if f(z) is p-Eisenstein.
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Now we consider the more subtle case where p t a. We proceed by using
induction. For the base case we want to understand the p-maximality of
f(z) = 2P — a. Theorem 3.1 shows that f(z) is p-maximal if and only if
aP # a mod p?. If Z[aq] is p-maximal, then since 2P — a = (z — a)P mod p,
Dedekind—Kummer factorization shows that p is totally ramified.

For the induction step, take n > 1, and suppose that Z[ag] is p-maximal
with p totally ramified for all £ < n. We have already seen that it is
necessary that v,(a? —a) = 1. We wish to show that this is sufficient for
Z]an+1] to be p-maximal with p totally ramified. It suffices to show that
Ok, [an+t1] is pp-maximal over Ok, with p,, totally ramified. Here p,, is the
unique prime of Ok, above p and p = (p,)?". To this end, we apply the
Montes algorithm to the polynomial P — a;, — a, the minimal polynomial
of ap 1 over K.

Note the residue field of p,, is F,. Hence, reducing ¥ — o, — a modulo
Pn, we find

2 —a, —a=(x— a, —a)’ mod p,.
If the constant coefficient of the (z — v, —a)-adic development of 2P —«,, —a
has p,-adic valuation 1, then the principal (z — a;, —a)-polygon is one-sided

with slope —I%. This implies p,, is totally ramified in K, 1 and Ok, [cn11]
is pp-maximal. We have

p . .
xp:(x—ocn—a—l—an—I—a)p:Z(I;) (x —an—a)’ " (an+a),
=0

SO

From the binomial coefficients, we see the constant coefficient of the (x —
ay, — a)-adic development is

af — ay, + a? — a + (terms divisible by p).

As vy, (p) = p", the terms divisible by p are not relevant, and we are
interested in the p,-adic valuation of af — o, + a” — a. Since p | (aP — a)
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and vy, (p) = p", we want the p,-adic valuation of o, — a,,. We compute

= vy, (-1 +a—ay) since of = ay,—1 + a,

= Up, 4 (1\T01"nflf<n/f<n_1 (p—1+a— an)> by Lemma 3.3,

p
= Vp,_, (H (anq +a— C;Jozn)) since ap_1,a € K1,
i=1
= v, ((an—1+a)f —ab) using the factorization of

P — ap_1 — a,
= Upp—1 ( (Oén—l + G)p — Qp—1 — a) since of = ay,—1 + a.

Note that when n = 1, we have Kg = Q, pg = p, and ag = 0. In this case,
the above shows

vy, (of — 1) = vy (a? —a) = 1.

Now suppose n > 1. Because O, _,[ay] is pp—1-maximal, taking the (x —
ap—1 — a)-adic development of 2P — «,,—1 — a shows

Upnfl ( (an—l + a)p — Op—1 — a) — 1

Hence, vy, (o, — ) = 1. We see p, is totally ramified in K,41, and
Ok, [n+1] is pp-maximal. O

Now we turn our attention to primes ¢ # p. We roughly follow the
strategy employed by [15] and aim to establish the following lemma.

Lemma 4.3. Let ¢ be a prime not dividing p.
(1) If f™(0) is divisible by 2, then Z[aw,] is not £-mazimal.
(2) If f*(0) is not divisible by ¢?, then Ok, ,[an] is an [-mazimal
Ok, _,-module for any prime ideal | of Ok, , above £.

n—1

Proof. We begin with (1). Note that f"(z) € Z[zP]. Hence, if ¢ | f™(0), then
[ (z) =P H ¢i(x)® mod £.

Taking the x-adic development, we see the initial vertex of the principal
z-polygon is (0, ve(f™(0))). Thus, if £2 | £7(0), then Z[a,] is not f-maximal.

We turn our attention to (2). We have two cases. For n = 1, Theorem 3.1
shows that Z[¢/a] is f-maximal if and only if £? does not divide a.

Now, suppose n > 1 and let [ be a prime of Ok, , above ¢. Note that
P — a,—1 — a is the minimal polynomial of a,, over Ok, ,. Since [{ (p),
Theorem 3.1 shows that Ok, [ay] is Fmaximal if and only if > does
not divide (ap—1 + a). We will show the contrapositive of (2), so suppose
Ok, _,[an] is not an -maximal Ok, _,-module. Thus [? | (a,—1 + a). Since
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of = an_1 + a, we have [* | (af). Taking norms, we see Normy, /o([?)
divides Normp, /g (a4,). Therefore,

(NormK%l/@([Z))p divides | f™(0)/?,
2
and (NormKn_l/Q([)) divides |f"(0)|.

Since ¢ | Normy,  /o(l), we see €2 | f"(0). Hence, if O, _, [o] is not
an [-maximal O, ,-module for some prime ideal [ of Ok, , above ¢, then
¢% | f7(0). The contrapositive yields (2). O

With our lemmas established, we combine them to get the main theorem.

Proof of Theorem 1.1. For maximality away from p, Lemma 4.3 shows that
it is necessary that £2 { f*(0) for every n < N and for every prime £ # p.
Thus, suppose £2 { f*(0) for all n < N and all primes £ # p. As Lemma 4.2
already shows it is necessary that a? #Z a mod p, suppose that this also
holds.

We proceed by induction. The base case is clear and already present in
the literature. For the induction hypothesis, suppose N > 1 and Ok, =
Zlay) for all k& < n < N. We wish to show that Ok, ., = Z[a,41].
Lemma 4.3 shows that Ok, [op41] is Fmaximal for every prime [ of Ok,
with [ { (p). Lemma 4.2 shows that Og, [ap41] is p-maximal. Thus
Ok, [on+1] = Ok, Since of | = o, + a and because Ok, = Z[oy),

we see that Z[ay,11] = Ok, ,,. With induction we have our result. O

Remark 4.4. Since the proof is local, the same techniques, mutatis mutan-
dis, can be used to give a relative version:

Theorem 4.5. Fix a natural number N > 1. Let K be an arbitrary number
field, let f(z) = 2P —a € Oklx], and suppose f™(x) is irreducible over K|x]
for 1 <n < N. Write o, for a root of f"(x) so that f(a,) = an—1, and let
L,, denote K (o). For each prime p of O above p, let 5, = apf_l, where
f is the residue class degree of p.

The ring of integers Or, equals O|ay] for all n < N if and only if
BE # amod p? for any prime p of Ok above p and vi(f™(0)) <1 for every
prime ideal [ of O not dividing p and every n < N.

A rigorous proof of Theorem 4.5 is the subject of the appendix. How-
ever, in forthcoming work, the author, Joachim Konig, and Zack Wolske
generalize the conditions Theorem 4.5 and give straightforward necessary
and sufficient criteria for iterates of a general polynomial over an arbitrary
number field to be monogenic.

Remark 4.6. In [15], the author obtains a result on the divisibility of class
numbers. In particular, if f(z) is Eisenstein at some prime, then h(K,)
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divides h(K,11), where h(K,) is the class number of the number field
generated by a root of f™(x). The key is total ramification; see Corollary 2.3
of [16]. Since Lemma 4.2 shows p is totally ramified when a? # a mod p?, we
obtain the following result whether or not f(z) is Eisenstein at any prime.

Proposition 4.7. Let f(x) = 2 — a and suppose aP # a mod p?. Keeping
the notation of earlier so that K, = Q(ay,) C Kpt1 = Q(any1), we write
h(Ky,) for class number of Ky,. Then h(K,,) divides h(Ky,+1) for alln > 1.

5. Examples

The following examples are meant to help one get a flavor for the results
above.

Example 5.1. Let f(z) = 23 — 5. We have

fHz) =2 =5,

A(x) = 2° — 152° 4 752 — 130,

3(x) = 2% — 452 4+ 90022 — 1051528 + 792002'° — 399375212
+13500752° — 29542502° 4 3802500z — 2197005,

fA(x) = 28 — 1352 + 87752 — 365670272 4 1097415025
— 2525917502% + 463654215025 — 696762945002%°
+ 8731986468752°" — 92487425261402°* 4 836057350869752!
— 6496014397511252*° + 4359787949171700
— 2535530562369000021% 4+ 1279826600673375002°
— 5607417791214618752° + 21296684348754468752>3
— 69907304044463906252° + 1973999095550174070022
— 476227427880314565002%* + 97226962675508036250x2
— 1657923435189248355001% 4 2318636282977156275002:1°
— 259125463888412765625x1% + 2226109263460132556252°

— 1380785232584328187502° + 550620742905601875002>
—10604571775299775130.

We can see that explicitly computing the iterates of even a relatively simple
radical polynomial quickly becomes unwieldy. However, from Theorem 1.1,
we know that f"(x) will always be 3-maximal since 9 1 (125 —5). Moreover,
we need only check the factorization of the constant coefficients to see that
Z[V5] = Ok, Zlag) = Ok,, Z[as] = Ok,, and Z]ay] = Ok,.

Consider the following for an example where not every iterate supplies a
monogenerator.
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Ezample 5.2. Take f(x) = 25 — 5. We have
fia) =a° 5,
Fx) = 2 — 2520 + 250215 — 1250210 + 312525 — 3130,
F3(x) = 2 — 1252129 + 75002 — - - - + 1499675775156250000°
— 300415051279300005,
A(x) = 2% — 6252520 +193750251° — - .. — (300415051279300005)° — 5.

Since 5 is prime and 3130 = 2- 5 - 313 is squarefree, we see O, = Z[/5]
and Ok, = Z[as]. However 300415051279300005 = 3°-5-247255186238107.
Hence, Lemma 4.3 shows Ok, # Z[as]. In particular, Z[as]| is not 3-
maximal. Thus we see that the first couple of iterates being monogenic
does not ensure that every iterate will be monogenic. Interestingly, f4(0)
is squarefree; however, one can show 3 divides [Ok, : Z[au]].

Example 5.3. Let f(z) = 22 — 2. We have
fiz) =2* -2,

(z)
3(x) = 28 — 825 + 202 — 1622 + 2,
fA(z) = 219 — 162 + 10422 — 352210 + 6602° — 6722° + 3362 — 6422 + 2,
2(x) = 232 — 3220 4 - - + 54402* — 25622 + 2.

We can see that f™(0) = (f”_l(O))2 — 2, so that f™(0) = 2 for all n > 1.

Thus every iterate of f(z) is monogenic!

These examples motivate the following question, a variation of which was
posed by Marianela Castillo in her thesis.

Question 5.4. What are the other f(x) such that f"(z) is monogenic for
all n > 17

For 2 — 2, it can be show that backward orbits of other integers can
supply monogenerators. The example

and others of a similar shape was shown to the author by Zack Wolske. A
detailed study appears in [1]. When p = 2 and with the ABC-conjecture,
[3, Corollary 4.4] shows that, for any N > 0, one can find infinitely many
f(z) such that f™(z) is monogenic for each n < N. Recent work of the
author and Wolske [20] gives a partial answer to the question for quadratic
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polynomials. Even more recent work of Konig, the author, and Wolske [14]
provides a more general framework for the question and supplies diverse
families of examples. However, it appears that any unconditional and more
complete answer to Question 5.4 would brush against difficult problems
involving squarefree values of polynomials.

Appendix: A Proof of Theorem 4.5

We devote this appendix to a rigorous proof of the relative version of
Theorem 1.1. Since the proof Theorem 1.1 is local, it is no surprise that
the proof of the relatively version is essentially the same.

Theorem 4.5. Fix a natural number N > 1. Let K be an arbitrary number
field, let f(z) = 2P —a € Ok|z], and suppose f"(x) is irreducible over K|x]
for1 <n < N. Write o, for a root of f*(x) so that f(ay) = ap—1, and let
L, denote K(ovy,). For each prime p of Og above p, let 3, = apfil, where
f is the residue class degree of p.

The ring of integers Op, equals O|ay] for all n < N if and only if
Bg # a mod p? for any prime p of O above p and v (f™(0)) <1 for every
prime ideal | of Ok not dividing p and every n < N.

As before, we will establish this theorem via two lemmas. The first con-
siders the primes above p while the second considers primes [t (p).

Lemma A.1. Let p be a prime of Ox above p with residue class degree
f. The order Oklay] is p-mazimal for all n > 0 if and only if a?’ Z
a mod p?. When this is the case, p is totally ramified in L,. Moreover, if
a’’ = a mod p2, then O|on] is not p-mazimal.

Proof. First, we consider the case where p | (a). In this case the z-adic
development shows O[] is p-maximal if and only if a?’ # a mod p? if
and only if vy(a) = 1 if and only if f(z) is p-Eisenstein. Thus this condition
is necessary. By a lemma of Odoni or via a quick justification, we can
see that iterates of Eisenstein polynomials are again Eisenstein. Thus, the
condition is sufficient. Moreover, p is totally ramified.

Now we consider the more subtle case where p { (a). We proceed by
induction. For the base case we want to understand the p-maximality of
f(z) = 2P — a. Theorem 3.1 shows that f(x) is p-maximal if and only
if gy = ar’ # amod p?. If Oklay] is p-maximal, then since zP — a =
(x — Bp)P mod p, Dedekind-Kummer factorization shows that p is totally
ramified.

For the induction step, take n > 1, and suppose that Ok [ay] is p-maximal
with p totally ramified for all £ < n. We have already seen that it is
necessary that vy (85 —a) = 1. We wish to show that this is sufficient for
Ok |an+1] to be p-maximal with p totally ramified. Letting 9B,, denote the
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unique prime of O above p, it suffices to show that O [c41] is Pi-
maximal over O, with B, totally ramified. To this end, we apply the
Montes algorithm to the polynomial 2P — a,, — a, the minimal polynomial
of apy1 over Ly,.

Note the residue field of B, is isomorphic to k; = Ok /p, the residue field
of p. Letting 5, = aiflf_l so 2 = a, mod PB,,® and reducing 2 — o, — a
modulo PB,,, we find

pr_an_aE(x_/Bn_ﬁp)medmn'

If the constant coefficient of the (z— 3, —f,)-adic development of 2 — v, —a
has B-adic valuation 1, then the principal (z— 3, — /S, )-polygon is one-sided
with slope —%. This implies P, is totally ramified in L4+ and O, [otp+1]
is ‘Pp-maximal. We have

$p:($—ﬂn—5p+5n+ﬁp)pzz

p
=0

(f) (x — Bn — ﬁp)p_i (Bn + 5p)Z )

SO

2’ — o, —a

> (p) (2= Bn— B)" ™ (Bu+ By —an—a

—0
1

I

bS]

(f) (ﬁn + Bp)Z ($ - Bn - Bp)p_i + (ﬁn + Bp)p — Op — Q.
1=0

From the binomial coefficients, we see the constant coefficient of the (z —
Bn — Bp)-adic development is

B — an + By — a+ (terms divisible by p)
= aﬁf —ap+a” —a+ (terms divisible by p).

The terms divisible by p are not relevant, and we are interested in the J,,-
adic valuation of 82 — a, + 85 — a. Since p | (85 — a) and P | p, we want

30ne could think of Bp as Bo.
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the B,,-adic valuation of 52 — a,,. We compute
Ug., (Bh — an)
= ugp, (aﬁf - ozn> since 3, = aﬁfﬁl,
= vy, ((ozn_l + a)pfﬂ — ozn) since af = ay,—1 + a,

=g, , (NorlfnLn/Ln_1 ((an_l + a)pF1 - an» by Lemma 3.3,

P
F-1 ; .
= Up,_y < ((Oznq +a) - ;an>> since oy —1,a € Ly 1,
i=1
f
= U“Bn 1 ( (Oén_l + a)p - ag) as Oég —Qp—1 —a = O7
f .
=vyp,_, (a1 +a)” —ay_1 —a) since of = a1 + a.

Note that when n = 1, we have Ly = K, By = p, and ag = 0. In this case,
the above shows

vy, (BY — a1) = vy (apf - a) =1

Now suppose n > 1. Because O, , [a,] is P, —1-maximal, taking the (x —
Bn—1—Bp)-adic development of 2 — v, —1 —a and eliminating terms divisible
by p shows

U1 ( (an-1+ a)pf — Qp-1— a) = UBn_1 ( (Bn—1 + Bp)p R a) =1

Hence, vy, (B —a) = 1. We see B, is totally ramified in L,; and
Or, [an+1] is Pp-maximal. O

Now we turn our attention to primes [ 1 (p).

Lemma A.2. Let [ be a prime Ok that is not above p.
(1) If vi(f™(0)) > 1, then Oklaw] is not [-mazimal.
(2) If v (f™(0)) < 1, then O, ,|ay] is an £-mazimal Oy, ,-module
for any prime ideal £ of Or,, , above L.

Proof. We begin with (1). Note that f"(z) € Ok[xP]. Hence, if [ | (f™(0)),
then

Y (x) =P H ¢i(x)® mod I.
Taking the z-adic development, we see the initial vertex of the principal
z-polygon is (0, v(f™(0))). Thus, if v/(f"(0)) > 1, then O[] is not I-
maximal.

We turn our attention to (2). We have two cases. For n = 1, Theorem 3.1
shows that Of[aq] is -maximal if and only if I does not divide (a).
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Now, suppose n > 1 and let £ be a prime of Or,, , above [. Note that
P — a1 — a is the minimal polynomial of a,, over Of, . Since £ 1 (p),
Theorem 3.1 shows that Or,, ,[ay] is £-maximal if and only if ve(a,—1 +
a) < 1. We will show the contrapositive of (2), so suppose Op,, ,[c] is not
an £-maximal O, ,-module. Thus £2 | (ay,—1 + a). Since o, = a,,—1 + a,
we have £2 | (of). Taking norms, the ideal generated by Normy, /x (£7)
divides the ideal generated by Normp, ,x (o). Therefore, since £ C Or,,_,,
as principal ideals we see

(Normy,_, /K(22)>p divides | f™(0)/P,
2
and (Noran_l/K(S)) divides |f™(0)].

Since [ | (Normy,, ,/k(£)), we see vi(f™(0)) > 1. Hence, if Or,,_, [a] is
not an £-maximal Oy, _,-module for some prime ideal £ of Or, , above [,
then v (f"(0)) > 1. O

With our lemmas established, we combine them to get the relative version
of our main theorem.

Proof of Theorem 4.5. For maximality away from primes dividing (p),
Lemma A.2 shows that it is necessary that v(f™(0)) <1 for every n < N
and for every prime [t (p). Thus, suppose v((f™(0)) <1 for all n < N and

all [1(p). As Lemma A.1 already shows it is necessary that a?’ Z amod p
for each prime p | (p), suppose that this also holds.

We proceed by induction. The base case is Theorem 3.1. For the induction
hypothesis, suppose N > 1 and Op, = O|oy] for all k <n < N. We wish
to show that Or,, ., = Ok[an41]. Lemma A.2 shows that O, [on41] is £-
maximal for every prime £ of O, with £ 1 (p). Lemma A.1 shows that
Or, [om41] is p-maximal. Thus Op, [an41] = OL, ;- Since of | = a, +a
and because O, = Oglay], we see that Ox[an41] = Or,,,,. Induction
yields the result. O
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