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Families of split Jacobians with isogenous components
Tome 37, no 1 (2025), p. 49-77.

https://doi.org/10.5802/jtnb.1312

© Les auteurs, 2025.

Cet article est mis à disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION – PAS DE MODIFICATION 4.0 FRANCE.
http://creativecommons.org/licenses/by-nd/4.0/fr/

C EN T R E
MER S ENN E

Le Journal de Théorie des Nombres de Bordeaux est membre du
Centre Mersenne pour l’édition scientifique ouverte

http://www.centre-mersenne.org/
e-ISSN : 2118-8572

https://doi.org/10.5802/jtnb.1312
http://creativecommons.org/licenses/by-nd/4.0/fr/
http://www.centre-mersenne.org/


Journal de Théorie des Nombres
de Bordeaux 37 (2025), 49–77

Families of split Jacobians with
isogenous components

par Martin DJUKANOVIĆ

Résumé. Nous présentons des conditions nécessaires et suffisantes sous les-
quelles, sur un corps de caractéristique zéro, uneN -isogénie entre deux courbes
elliptiques sans multiplication complexe induit des courbes C de genre deux
dont la jacobienne est (n, n)-isogène au produit des deux courbes elliptiques.
Pour n ⩽ 3 et N ⩽ 25, nous présentons aussi une liste partielle de familles
unidimensionnelles des courbes C dont la jacobienne est (n, n)-décomposée et
a des composantes qui sont N -isogènes.

Abstract. We exhibit sufficient and necessary conditions under which, over
a field of characteristic zero, an N -isogeny between two elliptic curves without
complex multiplication induces curves C of genus two whose Jacobian is (n, n)-
isogenous to the product of the two elliptic curves. For n ⩽ 3 and N ⩽ 25,
we also present a partial list of one-dimensional families of curves C whose
Jacobian is (n, n)-split and has N -isogenous components.

1. Introduction

A curve C of genus two whose Jacobian Jac(C) is (n, n)-isogenous to a
product of two elliptic curves is an old concept, whose roots can be traced
to the work of Legendre and Jacobi [14] on hyperelliptic integrals. Details
about the classical approach to this topic can be found in [16, Ch. XI]. For
the modern approach, the reader is referred to [12, 15, 18]. We give only a
brief summary in this section.

Let us fix a base fieldK over which we consider the following varieties and
morphisms between them. Let E be an elliptic curve and let C be a curve of
genus two that admits a minimal covering ϕ : C → E of degree n, that is, a
covering that does not factor through a nontrivial isogeny over an algebraic
closure of K.1 Then there exists an elliptic curve E′ such that Jac(C) is
isogenous to E×E′ via an isogeny of degree n2 whose kernel is isomorphic
to the n-torsion subgroups E[n] and E′[n] (as finite abelian group schemes
over K). In addition, there exists a minimal covering ϕ′ : C → E′ of degree n
over a field over which C admits an embedding into Jac(C). If n is odd, such
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1These coverings are also called maximal or optimal in the literature.
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an embedding exists over K. Additionally, a minimal covering ϕ′ : C → E′

exists over K if n = 2. The isogeny φ : E × E′ → Jac(C) is polarized in
the following sense. Equipping E ×E′ and Jac(C) with the usual principal
polarizations λ : E × E′ ∼−→ (E × E′)∨ and µ : Jac(C) ∼−→ Jac(C)∨ makes
the following diagram commute:

E × E′ (E × E′)∨

Jac(C) Jac(C)∨

φ

[n]λ

µ

φ∨

Here the morphism φ∨ is the isogeny dual to φ and [n] is multiplication by n.
The principally polarized abelian surface Jac(C) is said to be (n, n)-split
and the elliptic curves E and E′, seen as embedded in Jac(C), are said to
be glued along the n-torsion. We also say that the elliptic curves E and E′

are each other’s complement in Jac(C) or that they are mutually comple-
mentary (relative to the given C). We likewise say that the coverings ϕ
and ϕ′ are mutually complementary. A complete geometric description of
the curves (C,E,E′) and the minimal coverings (ϕ, ϕ′) can be derived, in
principle, using the method outlined in [18]. Namely, given ϕ : C → E, one
can determine the complementary covering ϕ′ : C → E. However, due to
the high computational complexity of this approach, only the cases n = 2
and n = 3 are completely known, while the case n = 4 is known partially.

The problem can also be stated in reverse. Given elliptic curves E and E′

and a maximal isotropic2 subgroup Γ of the n-torsion subgroup (E×E′)[n],
the abelian surface A = (E × E′)/Γ inherits a principal polarization from
E × E′. One wishes to determine a curve C such that A ∼= Jac(C) as
principally polarized abelian surfaces, assuming that A is indeed a Jacobian,
which it is generically. The necessary condition that Γ is a maximal isotropic
subgroup can equivalently be stated as follows: the subgroup Γ ⊂ (E×E′)[n]
is the graph of an isomorphism α : E[n] ∼−→ E′[n] that inverts the Weil
pairing en on E[n] and E′[n], which is to say that

(1.1) en(P,Q) = en(α(P ), α(Q))−1

for all P,Q ∈ E[n](K). We say that an isomorphism α : E[n] ∼−→ E′[n]
satisfying (1.1) is anti-symplectic or we refer to it as an anti-isometry.
Furthermore, we say that α is irreducible (respectively reducible) if A is
(respectively is not) a Jacobian of a curve of genus two (as a principally
polarized abelian surface). This approach can be found in [12, 15]. The case
n = 2 corresponds to Richelot isogenies, of which an explicit description

2with respect to the Weil pairing
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can be found in [7, Ch. 9 & 14] and references therein. The cases n = 3 and
n = 4 are treated in [11] and [6], respectively. Another approach can be
found in [19], where moduli spaces of genus-two curves with an (n, n)-split
Jacobian are described for n ⩽ 11.

In this paper we present the necessary and sufficient conditions under
which an N -isogeny E → E′ induces a set of genus-two curves C equipped
with an (n, n)-isogeny E × E′ → Jac(C), assuming char(K) = 0 (Propo-
sition 2.4). We derive these conditions as a simple consequence of the re-
ducibility criterion of Kani [15]. They amount to a restriction on proper
representations of n by integral positive definite diagonal binary quadratic
forms of discriminant −4N . This explains the origin of the families of
curves described in [11, §3C2], as well as some of the special loci pre-
sented in [19], and predicts the existence of various such special loci in
general. For various N ⩽ 25, and not only if char(K) = 0, we also present
explicit one-dimensional families of genus-two curves C whose Jacobian ad-
mits a (2, 2)-isogeny or a (3, 3)-isogeny Jac(C) → E ×E′, where E and E′

are N -isogenous elliptic curves (possibly after extending K). The question
of existence of such curves was recently treated in [1] when N ⩽ 7 is a
prime. However, the main proposition of [1] turns out to be incorrect, as
the families of curves that we present provide explicit counter-examples to
the authors’ claims.

Notation and convention. Throughout, K denotes a field of character-
istic char(K) ̸= 2 and K denotes an algebraic closure of K. The base field
of curves and surfaces and their ambient spaces is assumed to be K, unless
specified otherwise. The affine and the projective space of dimension d are
denoted by Ad and Pd, respectively. If S is a K-scheme, in some contexts
we may write S instead of S(K) for the set of its geometric points. For
some purposes, we may implicitly equate a curve with its projective nor-
malization. For an abelian variety A, we denote by A∨ its dual and for an
isogeny f : A → B of abelian varieties we denote by f∨ : B∨ → A∨ the dual
isogeny. The Klein four-group is denoted by V4, while the dihedral group of
2n elements is denoted by Dn. The set of odd primes is denoted by P. For
two integers a, b ∈ Z, we denote by (a, b) their greatest common divisor. For
an integer n and a prime p, the valuation of n at p is denoted by vp(n). An
integral binary quadratic form f(x, y) = ax2 +bxy+cy2 is often denoted by
⟨a, b, c⟩ and referred to as a form for short. The set of primes represented
by (the equivalence class of) the form ⟨a, b, c⟩ is denoted by [a, b, c]. We will
rely on quite a few well established results about binary quadratic forms
and representability of integers, for which [8] is a standard reference. A
good elementary introduction can also be found in [9, Ch. V]. By Mk we
denote the set of positive integers N such that k is the genus of the modular
curve X0(N), whose points correspond to elliptic curves that admit a cyclic
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N -isogeny. In particular,
M0 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 16, 18, 25},(1.2)
M1 = {11, 14, 15, 17, 19, 20, 21, 24, 27, 32, 36, 49}.(1.3)

The curves X0(N) all have rational points for N ∈ M0 (respectively for
N ∈ M1) and are therefore rational (respectively elliptic); see [3, 21].

2. Isogeny induced Jacobians

In this section we explain briefly how an N -isogeny f : E → E′ induces a
set of Jacobians Jac(C) that are (n, n)-isogenous to E×E′ and we present
the necessary and sufficient conditions on N and n under which this occurs.

Suppose that (N,n) = 1 so that the restriction f |E[n] of f to E[n] is
an isomorphism. Then for each m ∈ Z such that m2N ≡ −1 (mod n)
the map α = [m] ◦ f |E[n] is an isomorphism that inverts the Weil pairing.
Note that the congruence condition on m implies (m,n) = 1 so α is indeed
an isomorphism. Let Γα denote the graph of α and let Af,m denote the
principally polarized abelian surface (E×E′)/Γα. Note that Af,m

∼= Af,−m.

Remark. More generally, if E and E′ have complex multiplication, one
can also consider α = ϕ ◦ f ◦ ψ, with ψ ∈ End(E) and ϕ ∈ End(E′). We
will ignore this case.

Frey and Kani [12, p. 159] observed that if m = 1 and deg(f) = n − 1
then Af,m is not a Jacobian. Indeed, we have the following.

Lemma 2.1. If f : E → E′ is an isogeny of degree n − 1 then gluing E
and E′ along the n-torsion via f |E[n] results in the principally polarized
abelian surface E × E′.

Proof. Consider the endomorphisms of E × E′ given by

φ =
(

1 f∨

−f 1

)
, φ∨ =

(
1 −f∨

f 1

)
.

It is readily verified that
Ker(φ) = {(P, f(P )) | P ∈ E[n]}

and that φ ◦ φ∨ = φ∨ ◦ φ = [n]. Therefore φ is a polarized isogeny with the
required kernel. □

We present a slight generalization of this result.

Proposition 2.2. Let f : E → E′ be an N -isogeny. Suppose that
n = a2+Nb2, where (a, n) = (b, n) = (N,n) = 1, and let m = a−1 (mod n).
Then gluing E and E′ along the n-torsion via α = [mb] ◦ f |E[n] results in
the principally polarized abelian surface E × E′.
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Proof. The proof is analogous to that of Lemma 2.1. Note that α is indeed
an anti-isometry because

deg([mb] ◦ f) = m2b2N = m2(n− a2) ≡ −1 (mod n).

Consider φ,φ∨ ∈ End(E × E′) given by

φ =
(

[a] [b] ◦ f∨

−[b] ◦ f [a]

◦ f∨

)
, φ∨ =

(
[a] −[b] ◦ f∨

[b] ◦ f [a]

)
.

It is readily seen that φ ◦ φ∨ = φ∨ ◦ φ = [n]. It remains to show that
Ker(φ) = Γα. To that end, let (P,Q) ∈ Ker(φ) so that [a]P + [b]f∨(Q) = 0
and [a]Q− [b]f(P ) = 0. Applying [a] to both equations gives

0 = [a2]P + [b]f∨([a]Q) = [a2]P + [b]f∨([b]f(P )) = [a2 +Nb2]P = [n]P,
0 = [a2]Q− [b]f([a]P ) = [a2]Q− [b]f(−[b]f∨(Q)) = [a2 +Nb2]Q = [n]Q,

whence (P,Q) ∈ (E×E′)[n]. Since [m] is an automorphism when restricted
to E′[n], we have Q = [mb]f(P ) = α(P ) and thus Ker(φ) ⊆ Γα. On the
other hand, ma− 1 ≡ 0 (mod n) so for every P ∈ E[n] we have

φ(P, [mb]f(P )) = ([a+m(n− a2)]P, [b(ma− 1)]f(P )) = (0, 0).

This shows Γα ⊆ Ker(φ), completing the proof. □

The connection between reducibility of α : E[n] ∼−→ E′[n] and isogenies
E → E′ was later expanded by Kani into an exact reducibility criterion.

Lemma 2.3 (Kani [15, Corollary 2.4]). The following is true over
an algebraically closed field. Let g : E → E′ be an isogeny such that
g = g2 ◦ g1 = g̃2 ◦ g̃1, where g1, g2, g̃1, g̃2 are isogenies satisfying:

(1) deg(g1) + deg(g2) = n,
(2) deg(g1) = deg(g̃2),
(3) Ker(g1) ∩ Ker(g̃1) = {0}.

Then there exists a unique reducible anti-isometry α : E[n] ∼−→ E′[n] such
that g∨

2 ◦ α = g1|E[n] and g̃∨
2 ◦ α = −g̃1|E[n]. Moreover, every reducible anti-

isometry arises in this way.

In other words, α : E[n] ∼−→ E′[n] is reducible if and only if there exist
elliptic curves Ê and Ẽ and isogenies g1, g2, g̃1, g̃2 satisfying (1)–(3), such
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that the following diagrams commute:

Ê

E E′

Ẽ

g2

g̃1

g1

g

g̃2

Ê[n]

E[n] E′[n]

Ẽ[n]
g̃1

g1

α

−g̃∨
2

g∨
2

This leads to the following criterion.

Proposition 2.4. Suppose char(K) = 0. Let N ⩾ 1 and n ⩾ 2 be co-
prime integers and let E and E′ be elliptic curves over K, without complex
multiplication, that admit a cyclic isogeny f : E → E′ of degree N , defined
over K. Then for each m ∈ Z such that m2N ≡ −1 (mod n) the principally
polarized abelian surface (E × E′)/Γ, where Γ is the graph of [m] ◦ f |E[n],
is a Jacobian if and only if the following condition holds: if a, b, r, s ∈ N
satisfy N = rs and ra2 + sb2 = n and (a, b) = 1 then a ̸≡ mbs (mod n).

Proof. Let f : E → E′ be a cyclic isogeny of degree N . By assumption,
char(K) = 0 and EndK(E) ∼= EndK(E′) ∼= Z, so HomK(E,E′) ∼= Z with f
being a generator. Suppose m ∈ Z satisfies m2N ≡ −1 (mod n) so that
α = [m] ◦ f |E[n] is an anti-isometry. We will show that α is reducible if and
only if there exist a, b, r, s ∈ N such that

N = rs, n = ra2 + sb2, (a, b) = 1, a ≡ mbs (mod n).

Note that these equalities imply (r, s) = 1 since (N,n) = 1. The right-
to-left implication can be seen as follows. A given factorization N = rs
with (r, s) = 1 corresponds to distinct isogeny factorizations (±f1,±f2)
and (±f̃1,±f̃2) of f , over a field extension of K, i.e., f = f̃2 ◦ f̃1 = f2 ◦ f1,
where Ker(f1) ∩ Ker(f̃1) = {0} and deg(f1) = deg(f̃2) = r. Given a, b ∈ N
such that n = ra2 + sb2, let

(2.1) g1 = [a] ◦ f1, g2 = [b] ◦ f2, g̃1 = [b] ◦ f̃1, g̃2 = [a] ◦ f̃2,

and consider the isogeny g ∈ HomK(E,E′) defined by g = g̃2 ◦ g̃1 = g2 ◦ g1.
This isogeny and its factorizations clearly satisfy the conditions (1)–(3) in
Lemma 2.3. With the morphisms restricted to E[n], conditions g∨

2 ◦ α = g1
and g̃∨

2 ◦ α = −g̃1 are equivalent to

(2.2)
[b] ◦ f∨

2 ◦ [m] ◦ f2 ◦ f1 = [b] ◦ [m] ◦ [s] ◦ f1 = [a] ◦ f1,

[a] ◦ f̃∨
2 ◦ [m] ◦ f̃2 ◦ f̃1 = [a] ◦ [m] ◦ [r] ◦ f̃1 = −[b] ◦ f̃1.
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Since (N,n) = 1, isogenies f1 and f̃1 restrict to isomorphisms on E[n] and
therefore (2.2) is equivalent to congruences

mbs ≡ a (mod n), −mar ≡ b (mod n).

These two congruences are equivalent. Indeed, since m2N ≡ −1 (mod n)
and N = rs with r, s ∈ (Z/nZ)×, multiplying the second one by ms gives
the first one. By Lemma 2.3, it follows that α is reducible. To show the left-
to-right implication, suppose that α is reducible, i.e., there exists an isogeny
g ∈ HomK(E,E′) with two distinct factorizations g = g2 ◦ g1 = g̃2 ◦ g̃1,
satisfying the conditions of Lemma 2.3. Since HomK(E,E′) is generated
by f , the isogeny g is an integer multiple of f . To complete the proof, it
suffices to show that the two factorizations of g must be of the form (2.1).
Since these factorizations satisfy the conditions (1)–(3) of Lemma 2.3, we
must have

g1 = [a] ◦ h ◦ f1, g2 = [b] ◦ f2 ◦ h∨, g̃1 = [b̃] ◦ h̃ ◦ f̃1, g̃2 = [ã] ◦ f̃2 ◦ h̃∨,

where f1, f2, f̃1, f̃2 are isogenies such that f = f2 ◦ f1 = f̃2 ◦ f̃1, and a, b, ã, b̃
are integers such that (a, b) = (ã, b̃) = 1, while h and h̃ are cyclic isoge-
nies whose degrees we will denote by d and d̃ respectively; in other words,
an integral factor [d] (respectively [d̃]) of g is split between g1 and g2 (re-
spectively g̃1 and g̃2). We will show that d = d̃ = 1. Let r = deg(f1) and
s = deg(f2) so that N = rs and n = deg(g1) + deg(g2) = d(ra2 + sb2). Re-
strictions of f1 and f̃1 to E[n] are isomorphisms and therefore the equalities
g∨

2 ◦ α = g1 and g̃∨
2 ◦ α = −g̃1, satisfied by assumption, are equivalent to the

following two equalities on f1(E)[n] and f̃1(E)[n] respectively:

(2.3) [mbs− a] ◦ h = 0, [mar + b] ◦ h̃= 0.

Since h and h̃ are cyclic, equalities (2.3) are equivalent to the congruences

(2.4) mbs ≡ a (mod n), −mar≡ b (mod n).

Let k, l ∈ Z be such that m2N = −1 + kn and m2b2s2 = a2 + ln. Multiply-
ing the latter equation by N and substituting m2N = −1+kn, followed by
N = rs and n = d(ra2 + sb2), we obtain s(ra2 + sb2)(1 − b2dsk+drl) = 0.
Since s(ra2 + sb2) ̸= 0, this implies d(b2sk − rl) = 1, which implies d = 1
and therefore h = [±1]. A completely analogous argument shows that
h̃ = [±1]. By changing the sign of some among a, b, ã, b̃ and replacing g

by −g if necessary, we may assume h = [1], h̃ = [1] and a, b, ã, b̃ > 0. Since
g = [ab] ◦ f = [ãb̃] ◦ f , we have ab = ãb̃. The condition deg(g1) = deg(g̃2)
implies ra2 = r̃ã2 and sb2 = s̃b̃2, where r̃ = deg(f̃2) and s̃ = deg(f̃1). Let
u = (ã, b) and v = (a, b̃). Since (a, b) = 1 = (a, u) = (b, v), this implies u2 | r
and v2 | s, which in turn implies u2v2 | N and u2v2 | n. Since (n,N) = 1,
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Table 2.1. The list of all pairs (N,n) for n ⩽ 41 that
correspond to genus-zero families of (n, n)-split Jacobians
with N -isogenous components, induced by the N -isogeny;
each pair (N,n) defines a unique family, up to isomorphism,
in all these cases.

n N n N

2 3, 5, 7, 9, 13, 25 19 8, 13
3 5, 8 22 7
4 7 23 5
5 9, 16 26 3, 9
7 5, 13 27 5, 8
8 7 29 9, 16
11 8, 13 31 13
13 16, 25 32 7
14 3 34 13
16 7 37 16, 25
17 9, 25 38 3
18 5 41 9

we have u = v = 1 and therefore (a, b, r, s) = (ã, b̃, r̃, s̃), which means that
the two factorizations of g are as in (2.1). □

Remark. If we assume r < s then the same result holds if the last con-
gruence inequality is replaced by a ̸≡ ±mbs (mod n).
Corollary 2.5. Suppose char(K) = 0. For any pair of integers (N,n)
chosen according to Table 2.1 there exists a unique family of genus-two
curves C, up to isomorphism, parametrized by a rational curve, such that
the Jacobian Jac(C) is (n, n)-isogenous to the product of a pair of N -
isogenous elliptic curves and such that the (n, n)-isogeny is induced by the
N -isogeny.

Proof. For each N ∈ M0 there exists a rational parametrization of a fam-
ily of elliptic curves admitting a cyclic N -isogeny over K (see [17, 21]).
The isotropy condition on Γ ⊂ (E × E′)[n] is trivial for n = 2. Since for
odd N the restriction of an N -isogeny α : E → E′ to the 2-torsion is an
isomorphism, the elliptic curves E and E′ can be glued along the 2-torsion
via α. By Lemma 2.3, the only obstacle to obtaining a Jacobian in this
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way is α being the restriction of an isomorphism E ∼−→ E′. Thus for odd
values of N ∈ M0 and for each elliptic curve E in a corresponding family
parametrized by X0(N), one obtains a Jacobian by gluing E and E′ using
the restriction of the N -isogeny to E[2]. Similarly, two elliptic curves can
be glued along the 3-torsion via an isogeny whose degree N is congruent
to 2 modulo 3, since the isotropy condition holds for precisely such N . Only
the case N = 2 does not result in a Jacobian, by Lemma 2.3. It follows that
for N ∈ {5, 8} there is a rational family of curves C of genus two whose
Jacobian is (3, 3)-split and has N -isogenous components. The remaining
cases in Table 2.1 are similarly obtained, by eliminating values of N ∈ M0
for each n ⩽ 41, using Proposition 2.4, which is a straightforward com-
putation (e.g., one can perform an exhaustive search). In all listed cases
(but not only in these cases) the integer m, such that α = [m] ◦ f |E[n] is an
anti-isometry, is unique up to sign (modulo n). □

Remark. This contradicts [1], where it is claimed that if K is a number
field then there exist only finitely many genus-two curves C, up to iso-
morphism, whose Jacobian is (n, n)-split as E × E′, where E and E′ are
N -isogenous elliptic curves and either n = 3 and N = 5 or n = 2 and
N ∈ {2, 3, 5, 7} and Aut(C) ∼= V4. We give explicit genus-zero and genus-
one families for n = 2 and n = 3 in Sections 4–5. Note that the family
of curves C is in general not unique for a given pair (N,n). For example,
for n = 42 and N = 5 we have m = ±5 or m = ±19. The distribution of
N ∈ M0 for general n, i.e., the continuation of Table 2.1 beyond n ⩽ 41,
is established in Proposition 2.9. Before we state it, we will require several
lemmas (see, for example, [9, §46]).

Lemma 2.6. Let N and n be positive integers. A binary quadratic form of
discriminant −4N properly represents n if and only if −N ≡ u2 (mod n)
for some integer u. Moreover, every proper representation of n by such a
form arises from a unique root u ∈ (Z/nZ)× of −N via equivalence to
the form ⟨n,±2u, ∗⟩ and the two proper representations that correspond to
(x, y) = (±1, 0).

Lemma 2.7. Let n be a positive integer whose prime factorization is
n = 2k ∏r

i=1 p
ei
i , where pi are pairwise distinct odd primes. Then for any

given integer m, the congruence m ≡ u2 (mod n) has a solution u if and
only if the congruences m ≡ u2 (mod pi) and m ≡ u2 (mod 2k) all do. If
(m,n) = 1 and m ≡ u2 (mod n) is solvable then the number of solutions
u ∈ (Z/nZ)× is 2r if k ⩽ 1, 2r+1 if k = 2, and 2r+2 if k ⩾ 3.

Lemma 2.8. Let N and n be coprime positive integers and let

R = {u ∈ (Z/nZ)× | u2 ≡ −N (mod n)}.
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If n is odd then every form of discriminant −4N that properly represents n
is primitive. If n is even, so that n = 2km with m odd and k ⩾ 1, then the
following holds:

(1) If N ≡ 1 (mod 4) then k = 1 and ⟨n,±2u, ∗⟩ is primitive for all
u ∈ R.

(2) If N ≡ 3 (mod 8) then either k = 1 and ⟨n,±2u, ∗⟩ is not primitive
for any u ∈ R or k = 2 and it is primitive for all u ∈ R.

(3) If N ≡ 7 (mod 8) then either k ⩽ 2 and ⟨n,±2u, ∗⟩ is not primitive
for any u ∈ R or k ⩾ 3 and it is primitive for precisely half of
u ∈ R.

Proof. For u ∈ R the third coefficient of the form f = ⟨n,±2u, ∗⟩ is deter-
mined by the discriminant −4N and equals c = (u2+N)/n. Since (N,n) = 1
we must also have (u, n) = 1 so if n is odd then f is primitive and if n is
even then f is primitive if and only if c is odd. Since 1 is the only nonzero
square modulo 4 and modulo 8, we have the following. If N = 4a + 1 and
u2 = 4b+ 1 for some a, b ∈ Z then u2 +N = 2(2a+ 2b+ 1) = nc = 2kmc,
whence k = 1 and c is odd. If N = 8a + 3 and u2 = 8b + 1 then
u2 + N = 4(2a + 2b + 1) = 2kmc, whence either k = 2 and c is odd or
k = 1 and c is even. Finally, if N = 8a + 7 and u2 = 8b + 1 then we have
u2 +N = 8(a+ b+ 1) = 2kmc, whence either k ⩽ 2 and c is even or k ⩾ 3,
in which case R has exactly 2r+2 elements, exactly half of which are such
that b is even, and therefore, whether a is even or odd, exactly half of the
roots u ∈ R define a primitive form. □

Proposition 2.9. Suppose char(K) = 0. Let N and n be coprime positive
integers, and suppose that n = 2k ∏r

i=1 p
ei
i is the prime factorization of

n, where pi are pairwise distinct odd primes. Then there exists a rational
family of curves C of genus two such that there exists an (n, n)-isogeny
E×E′ → Jac(C) that is induced by a cyclic N -isogeny E → E′ if and only
if one of the following holds:

(1) N = 3 and pi ≡ 1 (mod 3) and n ≡ 2, 6 (mod 8);
(2) N = 5 and pi ≡ 1, 3, 7, 9 (mod 20) and n ≡ 2, 3, 7, 18 (mod 20);
(3) N = 7 and pi ≡ 1, 2, 4 (mod 7) and n ≡ 0 (mod 2);
(4) N = 8 and pi ≡ 1, 3 (mod 8) and n ≡ 3 (mod 8);
(5) N = 9 and pi ≡ 1 (mod 4) and n ≡ 2, 5 (mod 12);
(6) N = 13 and pi ≡ 1, 7, 9, 11, 15, 17, 19, 25, 29, 31, 47, 49 (mod 52)

and n ≡ 2, 6, 7, 11, 15, 18, 19, 31, 34, 46, 47, 50 (mod 52);
(7) N = 16 and pi ≡ 1 (mod 4) and n ≡ 5 (mod 8);
(8) N = 25 and 5 ̸= pi ≡ 1 (mod 4) and n ≡ 2, 13, 17, 18 (mod 20).

Proof. Recall that the possible values of N are restricted to the set M0,
defined by (1.2), since we are looking for families parametrized by ratio-
nal curves. For each N ∈ Z, a necessary condition for a cyclic N -isogeny
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E → E′ to induce an isogeny E × E′ → Jac(C) is the existence of m ∈ Z
such that (N,m) = 1 and m2N ≡ −1 (mod n). Note that this condition is
equivalent to −N being a quadratic residue in (Z/nZ)× and that there is
a 1-to-1 correspondence between the solutions m to m2N ≡ −1 (mod n)
and the solutions u to −N ≡ u2 (mod n), given by u = m−1 (mod n).
Let us therefore suppose that N ∈ M0 and that −N is a quadratic residue
in (Z/nZ)×. For eachN ∈ M0 this condition is equivalent to the congruence
restrictions on the primes pi and the exponent k, by Lemma 2.7 and the
law of quadratic reciprocity and its supplements. Moreover, this condition
implies that n/2k admits a proper representation by a reduced binary qua-
dratic form of discriminant −4N and that n admits such a representation
if and only if 2k does; these representations are obtained by reducing the
primitive forms ⟨n,±2u, ∗⟩ to equivalent reduced forms. By Lemma 2.6, for
all proper representations n = ra2 +sb2 with N = rs and (a, b) = (r, s) = 1,
if any exist, the integers a and b satisfy a ≡ mbs (mod n) for some m be-
cause they arise from the root u = m−1 = sba−1 (mod n) of −N . This
means that the only way for some m to not satisfy a ≡ mbs (mod n) is if
there exist more roots u ∈ (Z/nZ)× of −N than there are proper repre-
sentations of n by diagonal reduced forms of discriminant −4N . This can
happen for precisely one of the following three reasons:

(i) n is properly representable by a nondiagonal reduced form;
(ii) n (or, equivalently, 2k) is not properly representable by any form;
(iii) N ≡ 7 (mod 8) and n ≡ 0 (mod 8).

Reduced forms of discriminant −4N form a group (with composition of
forms) that is isomorphic to the class group of the order Z[

√
−N ], which can

be effectively computed. Note that this class group is trivial precisely for
N ∈ {1, 2, 3, 4, 7} ⊂ M0. In that case the only reduced form of discrim-
inant −4N is the principal form ⟨1, 0, N⟩. For the remaining values of
N ∈ M0, the class group is isomorphic to Z/2Z and the two reduced forms
are in different genera, which can be separated by congruences modulo 4N .
Case (i) is only possible if the class group is isomorphic to Z/2Z and, given
the structure of the class group, it is equivalent to the factorization of n
containing an odd number of primes that are represented by the nonprin-
cipal form, counting with multiplicity, assuming the nonprincipal form is
nondiagonal. Cases (ii) and (iii) are decided by Lemma 2.7. To complete
the proof, all that remains is to consider all the possible cases (i)–(iii) for
each N , which is a simple exercise omitted here. □

The following is the analogous result for genus one.

Proposition 2.10. Suppose char(K) = 0. Let N and n be coprime positive
integers. Then there exists a genus-one family of curves C of genus two
such that there exists an (n, n)-isogeny E × E′ → Jac(C) that is induced
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by a cyclic N -isogeny E → E′ if and only if −N is a quadratic residue
in (Z/nZ)× and one of the following holds:

(1) N = 11 and n ≡ 0 (mod 2) or vp(n) ̸≡ 0 (mod 3) for some
p ∈ [3, 2, 4];

(2) N = 14 and n ≡ 3, 5, 13, 19, 27, 45 (mod 56);
(3) N = 15 and n ≡ 0 (mod 2);
(4) N = 17 and either vp(n) ≡ 1 (mod 2) for some p ∈ [3, 2, 6] or there

is no such p and∑
p∈[2,2,9]

vp(n) +
∑

p∈[3,2,6]

1
2vp(n) ≡ 1 (mod 2);

(5) N = 19 and n ≡ 0 (mod 2) or vp(n) ̸≡ 0 (mod 3) for some
p ∈ [4, 2, 5];

(6) N = 20 and n ≡ 3, 7 (mod 20);
(7) N = 21 and n ≡ 2, 5, 11, 17, 23, 26, 38, 41, 50, 62, 71, 74 (mod 84);
(8) N = 24 n ≡ 5, 7 (mod 24);
(9) N = 27 and n ≡ 0 (mod 2) or vp(n) ̸≡ 0 (mod 3) for some

p ∈ [4, 2, 7];
(10) N = 32 and either vp(n) ≡ 1 (mod 2) for some p ∈ [3, 2, 11] or

there is no such p and∑
p∈[4,4,9]

vp(n) +
∑

p∈[3,2,11]

1
2vp(n) ≡ 1 (mod 2);

(11) N = 36 and n ≡ 2 (mod 3);
(12) N = 49 and either vp(n) ≡ 1 (mod 2) for some p ∈ [5, 2, 10] or

there is no such p and∑
p∈[2,2,25]

vp(n) +
∑

p∈[5,2,10]

1
2vp(n) ≡ 1 (mod 2);

Proof. The proof is analogous to the proof of Proposition 2.9. The main
difference is that the class number of Z[

√
−N ] can be greater than 2 for

N ∈ M1. In particular, case (i) is different, depending on whether the
class group is isomorphic to Z/2Z, which occurs for N = 15, or Z/3Z,
which occurs for N ∈ {11, 19, 27}, or Z/2Z ⊕ Z/2Z, which occurs for
N ∈ {21, 24}, or Z/4Z, which occurs for N ∈ {14, 17, 20, 32, 36, 49}. If the
class group is isomorphic to Z/4Z then we distinguish between the cases
in which the principal genus contains a nondiagonal form, which occurs for
N ∈ {17, 32, 49}, from the cases in which it does not, which occurs for
N ∈ {14, 20, 36}. Note that there can exist at most one diagonal nonprin-
cipal reduced form of discriminant −4N for N ∈ M1 because all such N
have at most two distinct prime factors. This leads to five different types of
cases to consider, depending on N , three of which can be easily described
by congruences because in each of them there is no genus containing both
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Table 2.2. The list of all pairs (N,n) for n ⩽ 29 that
correspond to genus-one families of (n, n)-split Jacobians
with N -isogenous components, induced by the N -isogeny; a
pair (N,n) defines a unique family, up to isomorphism, in
all these cases.

n N n N

2 11, 15, 17, 19, 21, 27, 49 16 15
3 11, 14, 17, 20, 32 17 19, 21, 32, 36, 49
4 11, 15, 19, 27 18 11
5 11, 14, 19, 21, 24, 36, 49 19 14, 27, 32
6 11, 17 20 11, 19
7 17, 19, 20, 24, 27 21 17
8 15 22 17, 19
9 11, 17, 32 23 11, 17, 20, 21
10 11, 19, 49 25 11, 19, 49
11 17, 19, 21, 32 26 27, 49
12 11 27 14, 17, 20, 32
13 14, 17, 27, 49 28 19, 27
14 17, 19, 27 29 24, 36, 49
15 11

diagonal and nondiagonal reduced forms. In the two remaining types of
cases we have a cyclic class group and a simple argument based on the
class group structure leads to the desired conclusion. We omit the details.
The sufficient and necessary conditions for −N to be a quadratic residue
in (Z/nZ)× and for a prime p to be in one of the sets [3, 2, 4], [2, 2, 9],
[3, 2, 6], [4, 2, 5], [4, 2, 7], [4, 4, 9], [3, 2, 11], [2, 2, 25], [5, 2, 10] are given in the
Appendix. □

Corollary 2.11. Suppose char(K) = 0. For any pair of integers (N,n)
chosen according to Table 2.2 there exists a unique family of genus-two
curves C, parametrized by an elliptic curve, such that the Jacobian Jac(C)
is (n, n)-isogenous to the product of a pair of N -isogenous elliptic curves
and the (n, n)-isogeny is induced by the N -isogeny.
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Remark. As in the genus-zero case, the family of curves C is not uniquely
defined by the pair (N,n) in general. For example, for n = 30 and N = 11
one has m = ±7 or m = ±13.

3. Characterizations of (2, 2)-split and (3, 3)-split Jacobians

In this section we state some important prerequisites and summarize our
approach to computing, for various N , explicit families of genus-two curves
with a (2, 2)-split or a (3, 3)-split Jacobian with N -isogenous components.

Lemma 3.1. Let K be a field of characteristic char(K) ̸= 2. Every K-
isomorphism class of curves of genus two with a (2, 2)-split Jacobian is
represented by an affine plane model of the form

(3.1) C : y2 = x6 + ax4 + bx2 + c

for some a, b, c ∈ K such that c(a2b2 − 4b3 − 4a3c + 18abc − 27c2) ̸= 0.
The curve C admits involutions (x, y) 7→ (±x, y) and it is a double cover
of elliptic curves

E : y2 = x3 + ax2 + bx+ c, E′ : y2 = x3 + bc−2x2 + ac−3x+ c−4,

via (x, y) 7→ (x2, y) and (x, y) 7→ (c−1x−2, c−2x−3y), respectively. The j-
invariants of E and E′ are

j(E) = 256(a2 − 3b)3

a2b2 − 4b3 − 4a3c+ 18abc− 27c2 ,

j(E′) = 256(b2 − 3ac)3

c2(a2b2 − 4b3 − 4a3c+ 18abc− 27c2) .
(3.2)

Proof. This follows ultimately from [4, §2]. See also [7, Ch. 14] or Corol-
lary 2.7 in [11]. □

There is an analogue for n = 3 in the form of the following, more recent
result.

Lemma 3.2. Let K be a field of characteristic char(K) ̸= 2. With one
exception, every K-isomorphism class of curves of genus two with a (3, 3)-
split Jacobian is represented by an affine plane model of the form

(3.3) C : y2 = (x3 + ax2 + bx+ c)(4cx3 + b2x2 + 2bcx+ c2)

for some a, b, c ∈ K such that c(b3 − 27c2)(a2b2 − 4a3c− 4b3 + 18abc− 27c2)
is nonzero. The j-invariants of the components E and E′ of Jac(C) are

j(E) = 16(a2b4 + 216a2bc2 − 126ab3c+ 12b5 − 972ac3 + 405b2c2)3

(b3 − 27c2)3(a2b2 − 4a3c+ 18abc− 4b3 − 27c2)2 ,

j(E′) = 256(a2 − 3b)3

a2b2 − 4a3c+ 18abc− 4b3 − 27c2 .

(3.4)
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The exception occurs if char(K) ̸= 3 and it is the K-isomorphism class
of the curve y2 = (x3 + 1)(4x3 + 1), whose Jacobian has components of
j-invariant 1728.

Proof. See [18, §6], where this result first appeared. Some additional details
can be found in [11, §3]. □

Remark. It should be noted here that the cases n = 2 and n = 3 differ
in some fundamental ways (see [18]). For us it is important that curves
defined by (3.1) have additional involutions, whereas curves defined by (3.3)
generically do not have any additional (geometric) automorphisms. This
means that for n = 2 there are additional quadratic twists to consider in
order to get the complete picture over K. This is explained in Theorem 4.5.2
in [22], for example.

Lemma 3.3. For every positive integer N there exists an effectively com-
putable polynomial ΦN (X,Y ) ∈ Z[X,Y ] such that if char(K) is either zero
or coprime to N then two elliptic curves E1, E2 over K admit a cyclic
N -isogeny E1 → E2 if and only if ΦN (j(E1), j(E2)) = 0.

Proof. The theoretical background can be found in [20, Ch. 5] and [8, §11],
for example. For recent work on the computational aspects, see [2]. □

In the remaining sections we will employ these three lemmas to com-
pute families of (2, 2)-split and (3, 3)-split Jacobians with isogenous com-
ponents, relying substantially on the computer algebra system Magma [5]
in the process. Some details will be omitted but the reader can verify the
results using publicly available code [10]. What follows is the summary of
our strategy. For n ∈ {2, 3} concrete parametrizations of the coefficients
of the defining equations of (C,E,E′) are known, up to twists, in terms
of parameters (a, b, c) ∈ A3(K), excluding a singular locus (Lemmas 3.1
and 3.2). These parametrizations are such that (λa, λ2b, λ3c) defines the
same K-isomorphism class of (C,E,E′) for every λ ∈ K×, so we consider
the point (a, b, c) as a representative of the point [a : b : c] in the weighted
projective space P(1, 2, 3). Thus for both n = 2 and n = 3, with j(E)
and j(E′) as in the corresponding lemma, the equation ΦN (j(E), j(E′)) = 0
defines a scheme in this weighted projective space, that we shall denote
by Sn(N). After extending K if necessary, factoring ΦN (j(E), j(E′)) yields
the irreducible components of Sn(N), which are typically curves of low
genus. If X is one of these curves and its genus is g(X ) = 0 and we can
find a smooth K-rational point on it, then we can in principle parametrize
the curve, i.e., compute a birational map ρ : A1 → X , and so obtain a one-
dimensional family (in terms of a parameter t ∈ K) of genus-two curves C
whose Jacobian has components that are N -isogenous, but not necessarily
over K. In particular, it can happen that our choice of parametrization is
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such that the corresponding models for E and E′ are such that E is only
N -isogenous to a quadratic twist of E′, with some (square-free) twisting fac-
tor d = d(t) ∈ K[t]. This is easily remedied when n = 2, by taking instead
of C a corresponding d-twist, namely Cd,1 : y2 = d3x6 + ad2x4 + bdx + c
or Cd,2 : y2 = x6 + adx4 + bd2x + cd3, equipped with the same pair of
2-to-1 coverings, namely (x, y) 7→ (x2, y) and (x, y) 7→ (1/x2, y/x3). Al-
ternatively, we can impose on t the condition that d(t) is a square. If the
equation s2 = d(t) defines a curve of genus zero with a smooth K-rational
point then we can parametrize it and compose with ρ, thus obtaining a
one-dimensional family of K-curves (C,E,E′), such that E and E′ are N -
isogenous over K. We execute this strategy for K = Q (or a quadratic
extension, where appropriate) to the extent allowed by the computational
power at our disposal. From this we derive families over a general field K,
excluding only finitely many values of char(K).

If g(X ) = g > 0 then it is typically computationally expensive to find an
arithmetically simple affine plane model of X and determine whether it has
a smooth K-rational point (although one often finds that one of the points
with c = 0 is smooth for many irreducible components X ). In these cases one
can consider the quotient of X by the involution [a : b : c] 7→ [b : ac : c2],
which corresponds to swapping E and E′. If one can find a K-rational
parametrization of the quotient then it is a relatively simple task to lift
this to a birational map between X and an affine plane curve of genus g.
We give explicitly only one family of this kind, parametrized by X0(11),
in Subsection 4.5.

On the other hand, the genus-zero cases are all relatively easy to handle
and all of the genus-zero families for which the N -isogeny E → E′ induces
the (n, n)-isogeny E × E′ → Jac(C), in the sense described in Section 2,
are given explicitly in Subsection 4.2.

4. Isogenous components of (2, 2)-split Jacobians

In this section we give a list of genus-zero families of genus-two curves C
such that the components E and E′ of Jac(C) are N -isogenous, for N ⩽ 25.
We demonstrate the strategy in detail only for the simple case N = 1. For
the remaining cases we provide only the tables with the families of curves C.
When introducing twists of curves, some notation will be repurposed, but
should cause no confusion. For each family, the curve C is given in the
form y2 = f(x2) for a cubic f(x) ∈ K[x]. The elliptic curve E is always
in the isomorphism class of the image of C under (x, y) 7→ (x2, y). The
coefficients defining each family are chosen so that the N -isogeny E → E′

is always separable (the cases char(K) | N are also covered by our models).
The singular loci for which the discriminants of the curves are zero can be



Families of split Jacobians with isogenous components 65

easily computed and are omitted. Explicit models and the j-invariants of E
and E′ are likewise omitted.

4.1. Isomorphic components. Let C, E, E′ be as in Lemma 3.1 and
suppose that E and E′ are isomorphic over K, so that j(E) = j(E′).
Equating the two expressions in (3.2), we obtain
(4.1) (b3 − a3c)(b3 + a3c− 9abc+ 27c2) = 0,
which describes a union of two curves of genus zero in P(1, 2, 3), both of
which can be easily parametrized. The factor b3 − a3c defines the family of
genus-two curves
(4.2) C : y2 = x6 + tx4 + tx2 + 1
for t ̸∈ {−1, 3}. In this case we have E = E′ and the curve (4.2) covers the
elliptic curve
(4.3) E : y2 = x3 + tx2 + tx+ 1,
with j(E) = 256t3/(t + 1), in two distinct ways. Note that the curve C
also admits another involution, namely (x, y) 7→ (1/x, y/x3), and is isomor-
phic to

2y2 = (t+ 1)x6 − (t− 15)x4 − (t− 15)x2 + (t+ 1),
via (x, y) 7→ ((x − 1)/(x + 1), 4y/(x + 1)3). In fact, Aut(C) ∼= D4 holds
generically in this case. Thus C is also a double cover of the elliptic curve

Ẽ : y2 = x3 − 2(t− 15)x2 − 4(t− 15)(t+ 1)x+ 8(t+ 1)3,

whose j-invariant is j(Ẽ) = −16(t − 15)3/(t + 1)2, again in two distinct
ways. The elliptic curves Ẽ and E are 2-isogenous and the kernels of the
isogenies E → Ẽ and Ẽ → E are respectively generated by the points
P = (−1, 0) and P̃ = (−2t− 2, 0). Moreover, Jac(C) is obtained by gluing
the curve E (respectively Ẽ) with itself via the 2-torsion automorphism
that fixes P (respectively P̃ ) and swaps the other two points of order two
(cf. [1], where it is claimed that Jac(C) is (2, 2)-isogenous to E × Ẽ).

Parametrizing the curve defined by the second factor in (4.1), and taking
an appropriate twist of the corresponding genus-two curve, yields the family
(4.4) C : y2 = x6 + (t+ 3)x4 + tx2 − 1,
where t2 + 3t+ 9 ̸= 0. The curve C defined by (4.4) is a double cover of the
elliptic curve

E : y2 = x3 + (t+ 3)x2 + tx− 1,
whose j-invariant is j(E) = 256(t2 + 3t + 9), via two distinct coverings,
namely (x, y) 7→ (x2, y) and (x, y) 7→ (−(x2 +1)/x2, y/x3). In this case, the
discriminant of E is a square and Jac(C) is obtained by gluing E with itself
via an automorphism of E[2] that does not fix any points of order two.
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Generically, two given elliptic curves E and E′ can be glued along the
2-torsion in six different ways (over K, up to isomorphism). This is because
the isotropy condition is trivial in the case n = 2 and there are six ways
to choose an isomorphism E[2] ∼−→ E′[2]. Since gluing two elliptic curves
along the n-torsion via an isogeny of degree n − 1 does not result in a
Jacobian (recall Lemma 2.1), there are generically five values of t ∈ K for
a given value of j(E) = j(E′), rather than six. Moreover, if in (4.4) we
replace t with the other value that results in the same value of j(E), we
obtain a twist, i.e., a curve in the same K-isomorphism class. On the other
hand, generically, the three curves defined by (4.2) that respectively cover
three elliptic curves with the same j-invariant correspond to three distinct
K-isomorphism classes of genus-two curves.

4.2. Isogenous components glued via the isogeny. The six families of
curves C from Corollary 2.5 for n = 2 are the ones given in Table 4.1 (up to
isomorphism over K). These families are identified among the other genus-
zero families by using explicit Richelot formulas (e.g., see Proposition 4
in [13]), that allow one to compute the curve C, up to K-isomorphism, given
an anti-isometry α : E[2] ∼−→ E′[2]. The model of the curve C in each of the
families in Table 4.1 is given in the form y2 = x6−ax4+bx2−c. The minuses
appear because we need to take a twist of the genus-two curve defined
by our chosen parametrization of the corresponding irreducible component
of S2(N) in order to ensure that E and E′ are N -isogenous over K. The first
entry of Table 4.1, with N = 3, is the family of curves C that generically
satisfy Aut(C) ∼= D6.

4.3. General families. Table 4.2 contains the genera of the irreducible
components of S2(N) for N ⩽ 14; the question mark stands for a com-
ponent whose genus we were not able to determine due to computational
complexity.

Table 4.3 contains the corresponding genus-zero families, excluding the
ones already listed in Table 4.1.

4.4. Additional splittings. A description of the moduli spaces of genus-
two curves with an (n, n)-split Jacobian is given in [19] for n ⩽ 11. This
can be used to check whether a given curve of genus two has an (n, n)-split
Jacobian over K. Doing so for the families of curves given in Tables 4.1
and 4.3 yields the conclusions listed in the following paragraph (see [10] for
the computational details). We emphasize that these statements are not
necessarily true over K, except in the case of (3, 3)-splittings, where the
corresponding isogenies are K-rational and known explicitly [11, §3C].

For curves listed in Table 4.1 the following is true over K:
N = 5: Jac(C) is (3, 3)-split as E × E′;
N = 7: Jac(C) is (4, 4)-split as E × E′;
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Table 4.1. Families of curves of genus two whose Jaco-
bian is (2, 2)-split and has N -isogenous components that
are glued via the isogeny.

N C : y2 = x6 − ax4 + bx2 − c

3
a = t+ 18
b = 2t+ 81
c = t

5
a = t2 + 16t+ 50
b = 2t2 + 80t+ 625
c = t2

7
a = t3 + 16t2 + 80t+ 98
b = 2t3 + 80t2 + 784t+ 2401
c = t3

9
a = t4 + 16t3 + 96t2 + 240t+ 162
b = 2t4 + 80t3 + 864t2 + 3888t+ 6561
c = t4

13
a = t6 + 16t5 + 112t4 + 432t3 + 944t2 + 1040t+ 338
b = 2t6 +80t5 +944t4 +5616t3 +18928t2 +35152t+28561
c = t6

25

a = t12 +16t11 +128t10 +672t9 +2560t8 +7408t7 +16608t6
+28912t5+38528t4+37920t3+25600t2+10000t+1250

b = 2t12 + 80t11 + 1024t10 + 7584t9 + 38528t8 + 144560t7
+415200t6 + 926000t5 + 1600000t4 + 2100000t3
+2000000t2 + 1250000t+ 390625

c = t12

N = 9: Jac(C) is (5, 5)-split as E×E′ and (3, 3)-split as Ẽ× Ẽ, where Ẽ
is 3-isogenous to E and E′;

N = 13: Jac(C) is (7, 7)-split as E × E′.
For curves listed in Table 4.3 the following is true over K:
N = 1: the second family is such that Jac(C) is (4, 4)-split as E × E;
N = 2: the second family is such that Jac(C) is (3, 3)-split as Ẽ × Ê,

where Ẽ and Ê are elliptic curves admitting a chain of 2-isogenies
E → Ẽ → Ê → E′;

N = 3: the first family is such that Jac(C) is (8, 8)-split as E×E′, while
the second family is such that Jac(C) is (4, 4)-split as Ẽ × Ê,
where Ẽ and Ê are such that there exist a 3-isogeny Ẽ → Ê and
2-isogenies E → Ẽ and E′ → Ê;
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Table 4.2. Genera of the geometrically irreducible
components X of S2(N), defined over Q.

N g(X ) N g(X )
1 0, 0 8 1, 1
2 0, 0 9 0, 0, 1
3 0, 0, 0 10 1, 3
4 0, 0 11 1, 2, 2
5 0, 0, 1 12 1, ?
6 1, 1 13 0, 1, 2
7 0, 0, 1 14 3, 5

N = 4: Jac(C) is (4, 4)-split as Ẽ×Ẽ, where Ẽ is 4-isogenous to E and E′;
N = 5: Jac(C) is (6, 6)-split as Ẽ× Ê and there exist a 5-isogeny Ẽ → Ê

and 2-isogenies E → Ẽ and E′ → Ê;
N = 9: Jac(C) is (10, 10)-split as Ẽ × Ê and there exist a 9-isogeny

Ẽ → Ê and 2-isogenies E → Ẽ and E′ → Ê. Moreover, Jac(C)
is (6, 6)-split as Ē × Ē, where Ē is 3-isogenous to Ẽ and Ê.

4.5. A genus-one family. In this subsection, we describe explicitly a
family of genus-two curves parametrized by X0(11), namely the family
corresponding to n = 2 and N = 11 in Table 2.2. This description is
obtained by parametrizing the quotient of the genus-one irreducible com-
ponent of S2(11) under the involution that corresponds to swapping E
and E′.

Consider the affine plane curve
C : s2 = (t− 1)(t3 + 17t2 + 19t+ 7).

It is birational to the elliptic curve E : y2 + y = x3 − x2 − 10x− 20, which
is a model of the modular curve X0(11), via

x = 5t+ 6
t− 1 , y = 11s− (t− 1)2

2(t− 1)2 .

Let (t, s) ∈ C(K) be such that t(t − 1)(2t5 − 38t4 + 6t3 + 30t2 − 9) ̸= 0
and let
a = 2 ·

(
2t5 − 38t4 + 6t3 + 30t2 − 9

)
,

b = 2 ·
(
t3(t+ 6)(t2 − 1)(t2 + 12t− 9)s+ t10 + 26t9 + 175t8

+ 108t7 − 625t6 + 72t5 + 567t4 − 54t3 − 270t2 + 54
)
,

c = −2b,
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Table 4.3. Families of curves of genus two whose Jacobian
is (2, 2)-split and has N -isogenous components that are not
glued via the N -isogeny.

N C : y2 = f(x2)

1 y2 = x6 + tx4 + tx2 + 1 =
(
x2 + 1

)
·
(
x4 + tx2 − x2 + 1

)
1 y2 = x6 + (t+ 3)x4 + tx2 − 1

2 y2 =
(
2tx2 − 1

)
·
(
4x4 + 4(t2 + t+ 1)x2 + t2

)
2 y2 =

(
x2 − t2

)
·
(
tx2 + t+ 2

)
·
(
(t+ 1)x2 + 4

)
3 y2 = tx6 + (t4 + 8t3 + 42t2 + 144t− 243)x4

+ 16(t4 − 16t3 − 126t2 − 648t− 2187)x2 − 4096t3

3 y2 =
(
(t+1)x2+16(t+9)

)
·
(
tx4+(t4+4t3−10t2+36t+81)x2+256t3

)
4 y2 =

(
tx2 + 1

)
·
(
x4 + 2(2t4 − 4t3 + 5t2 − 4t+ 2)x2 + t4

)
4 y2 =

(
(t− 1)x2 + 4(t+ 1)(t2 + 1)

)
·
(
(t+ 1)4x2 − 4(t− 1)2)

·
(
2(t2 + 1)x2 − (t− 1)2t3

)
5 y2 =

(
tx4 − (t− 1)2(t6 − 2t5 − 5t4 − 12t3 − 25t2 − 50t+ 125)x2

+ 256t5(t− 1)4) ·
(
x2 + 16(t− 5)2)

7
y2 = tx6 + (t8 + 8t7 + 38t6 + 128t5 + 327t4 + 640t3 + 910t2 + 784t

− 343)x4 + (16t8 − 256t7 − 2080t6 − 10240t5 − 36624t4
− 100352t3 − 208544t2 − 307328t− 268912)x2 − 4096t7

9
y2 =

(
(t3−1)x4+t4(t12−8t11+24t10−24t9−32t8+96t7−64t6+64t5
−288t4 +352t3 +192t2 +384t+32)x2 +256(t2 − t)8(t3 −1)

)
·
(
x2 + 16(t+ 2)4)

u1 = 121t15 + 3751t14 + 34364t13 + 69212t12 − 189970t11 − 180806t10

+ 368484t9 + 175140t8 − 270639t7 − 135369t6 + 92961t5 + 60453t4

− 8829t3 − 13041t2 − 1944t+ 1458,
u2 = 121t13 + 2783t12 + 15851t11 − 605t10 − 74415t9 + 44439t8 + 69885t7

− 65187t6 − 29646t5 + 39690t4 + 9963t3 − 14013t2 − 1458t+ 1944,
u = (u1 − u2s)(2t5 − 38t4 + 6t3 + 30t2 − 9).

Then the hyperelliptic curve C : y2 = x6+aux4+bu2x2+cu3 has a Jacobian
that is (2, 2)-split as E × E′ in such a way that E and E′ are glued along
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Table 5.1. Genera of the geometrically irreducible
components X of S3(N), defined over Q(

√
−3).

N g(X ) N g(X )
1 0, 0 5 0, 0, 1, 1
2 0, 0, 0, 0 6 2, ?
3 1, 1 7 3, 3
4 1, 1 8 0, 1, 1, 2

the 2-torsion via the restriction of an 11-isogeny E → E′. The j-invariants
of E and E′ are the roots of the polynomial
x2 + (t11 + 55t10 + 1188t9 + 12716t8 + 69630t7 + 177408t6 + 133056t5

x2 + (

− 132066t4 − 187407t3 − 40095t2 + 24300t+ 6750)x

x2

+ (t4 − 228t3 + 486t2 + 540t+ 225)3 ∈ K[x].

Example 4.1. Taking (t, s) = (2,±11), which corresponds to a point of
order five on X0(11), we obtain the hyperelliptic curve

C : y2 = x6 + 55x4 + 847x2 + 121,
which is a double cover of complementary 11-isogenous elliptic curves

E : y2 = x3 + 55x2 + 847x+ 121,
E′ : y2 = x3 + 847x2 + 6655x+ 14641,

whose j-invariants are j(E) = −121 and j(E′) = −24729001.

5. Isogenous components of (3, 3)-split Jacobians

In this section, ω ∈ K denotes an element satisfying 1 + ω + ω2 = 0, i.e.,
a primitive third root of unity if char(K) ̸= 3. Given that a full description
of minimal degree-3 coverings C → E is known from the work of Kuhn [18]
(Lemma 3.2), the strategy employed in Section 4 is equally applicable to
(3, 3)-split Jacobians. Computing the irreducible components of S3(N) over
Q(

√
−3) for N ⩽ 8 yields curves whose genera are listed in Table 5.1. One

irreducible component of S3(2) is defined by c = 0 and does not corre-
spond to a family of genus-two curves. Of the three remaining irreducible
components of S3(2), one is defined over Q, while the other two are conju-
gates defined over Q(

√
−3). The genus-one components of S3(5) and S3(8)

are also pairs of conjugates defined over Q(
√

−3). In the remaining cases
in Table 5.1, all irreducible components are defined over Q. The question
mark in the table stands for a component whose genus we were not able to
determine.
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Some of the corresponding families of genus-two curves C with a (3, 3)-
split Jacobian with isogenous components have already appeared in the
literature. The two families for which Jac(C) has isomorphic components
are described in [11, §3C1]. The two families mentioned in Corollary 2.5
for n = 3, namely those for which E and E′ are either 5-isogenous or 8-
isogenous and glued via the isogeny, are described in [11, §3C2]. One of
the former two families and both of the latter two families are such that
AutK(C) contains a subgroup isomorphic to V4, so that Jac(C) is also
(2, 2)-split. In fact, we have already seen these three families in Section 4.
We briefly go over the known families (with slightly simplified parametriza-
tions) before describing additional ones.

For the appropriate values of t ∈ K, the family of genus-two curves
given by

(5.1) C : y2 =
(
x3 + (t2 + 8t+ 18)x2 + (2t2 + 24t+ 81)x+ t2

)
·
(
x3 − (t2 + 8t+ 18)x2 + (2t2 + 24t+ 81)x− t2

)
has a Jacobian that is (3, 3)-split as E ×E and also (2, 2)-split as E1 ×E2,
where the elliptic curves E,E1, E2 admit a chain of 3-isogenies

E1 → E → E2.

Moreover, the j-invariants of these three elliptic curves are as follows:

j(E) = (t+ 3)3(t+ 9)3(t2 + 27)3

t3(t2 + 9t+ 27)3 ,

j(E1) = (t+ 3)3(t3 + 9t2 + 27t+ 3)3

t(t2 + 9t+ 27) ,

j(E2) = (t+ 9)3(t3 + 243t2 + 2187t+ 6561)3

t9(t2 + 9t+ 27) .

This family of curves is the fourth entry in Table 4.1.
The other family with a (3, 3)-split Jacobian and isomorphic components

can be given, assuming char(K) ̸= 3, as C : y2 = P (x)Q(x), where
P (x) = 4t(t2 − 6t− 3)x3 − 3(t2 − 6t− 3)(t2w − w2t− 3)x2

+ 12tx(t2 + 3tw − 3w2) + 4t(t2 + 3t− 3),
Q(x) = 4(t2 + 3t− 3)(t2 − 6t− 3)x3 + 9(t2 + 3tw − 3w2)2x2

+ 6(t2 + 3t− 3)(t2 + 3tw − 3w2)x+ (t2 + 3t− 3)2,

for t ∈ K(ω) outside a singular locus. The elliptic curve E such that Jac(C)
is (3, 3)-isogenous to E × E has j-invariant j(E) = 27(t − 3)3(t + 1)3/t3.
Using the explicit description of the moduli spaces of genus-two curves
with an (n, n)-split Jacobian given in [19], one can verify that Jac(C) is
also geometrically (6, 6)-isogenous to E × E in this case.
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If char(K) = 3, we also have the family of genus-two curves

C : y2 = x6 + t2x5 + (t3 − 1)x3 + 1,

each of which is a triple cover of two corresponding supersingular elliptic
curves defined by y2 = x3 ± tx+ 1 for t ̸= 0.

The family

(5.2) C : y2 =
(
x3 + (t+ 10)x2 + (2t+ 25)x+ t

)
·
(
x3 − (t+ 10)x2 + (2t+ 25)x− t

)
of genus-two curves is the second entry in Table 4.1. It is such that Jac(C)
is both (2, 2)-isogenous and (3, 3)-isogenous to E×E′, where E and E′ are
5-isogenous and glued via the isogeny, both along the 2-torsion and along
the 3-torsion. The j-invariants of the two elliptic curves are

j(E) = (t2 + 10t+ 5)3

t
, j(E′) = (t2 + 250t+ 3125)3

t5
.

The second family mentioned in Corollary 2.5 (Table 2.1, to be precise)
for n = 3 is equivalent to the fourth entry in Table 4.3 and can also be
given as

(5.3) C : y2 =
(
x2 − (t− 1)2) ·

(
tx2 + 4

)
·
(
(t− 1)x2 + t+ 1

)
.

The curve C defined by (5.3) is such that Jac(C) is (3, 3)-isogenous to
E ×E′ and (2, 2)-isogenous to Ẽ × Ê, where the four elliptic curves admit
a chain of 2-isogenies E → Ẽ → Ê → E′. Moreover, we have

j(E) = −16(t4 − 16t2 + 16)3

t8(t− 1)(t+ 1) , j(E′) = −4(t4 − 60t3 + 134t2 − 60t+ 1)3

t(t− 1)2(t+ 1)8 ,

j(Ẽ) = 256(t4 − t2 + 1)3

t4(t− 1)2(t+ 1)2 , j(Ê) = 16(t4 + 14t2 + 1)3

t2(t− 1)4(t+ 1)4 .

In the remainder of the section, we present families of genus-two curves cor-
responding to the three remaining genus-zero cases from Table 5.1. Hence-
forth, we assume that char(K) ̸= 3.

We deal with the case N = 2 first. For the appropriate values of t ∈ K,
consider the genus-two curve defined by C : y2 = xP (x)Q(x), where

P (x) = 2(t− 2)(t2 + 2t+ 4)x2 + t(t− 8)(t− 2)(t2 + 2t+ 4)x
− t2(2t2 + t+ 8)2,

Q(x) = 4(t− 2)3(t2 + 2t+ 4)x2 − 12t(t− 2)2(2t− 1)(t2 + 2t+ 4)x
+ 9t3(2t2 + t+ 8)2.

(5.4)
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The curve C is a triple cover of elliptic curves E and E′, whose j-invariants
are

j(E) = −8(t3 − 32)3

t6
, j(E′) = 64(t3 − 2)3

t3
.

The curves E and E′ are 2-isogenous over K(s), where

(5.5) s2 = −3(t2 + 2t+ 4).

We note that (5.5) defines a curve of genus zero over Q that does not have
rational points, unlike its twist s2 = t2 + 2t+ 4 that does and that can be
easily parametrized. Doing so, reparametrizing the family defined by (5.4)
accordingly, and taking a twist to simplify, yields the following family of
genus-two curves. Let

P (x) = (2t− 1)3(t2 − t+ 1)2(t2 + 2t− 2)x2

+ 2(2t− 1)(t2 − 1)(t2 − t+ 1)2(t2 + 2t− 2)(t2 + 8t− 5)x
+ (t2 − 1)2(4t4 − 2t3 + 9t2 − 14t+ 7)2,

Q(x) = 4(2t− 1)2(t2 − t+ 1)2(t2 + 2t− 2)3x2

+ 12(2t− 1)(t2 − 1)(t2 − t+ 1)2(t2 + 2t− 2)2(4t2 + 2t− 5)x
+ 9(t2 − 1)3(4t4 − 2t3 + 9t2 − 14t+ 7)2,

for suitable values of t ∈ K(ω). The genus-two curve C : y2 = xP (x)Q(x)
is then a triple cover of elliptic curves E and E′ that are 2-isogenous
over K(ω). The j-invariants of E and E′ are

j(E) = 64(t6 − 3t4 + 32t3 − 45t2 + 24t− 5)3

(2t− 1)3(t2 − 1)6 ,

j(E′) = 64(4t6 − 12t4 + 8t3 + 6t− 5)3

(2t− 1)6(t2 − 1)3 .

Again using [19], one finds that Jac(C) is also geometrically (9, 9)-isogenous
to E × E′.

Of the two remaining families for N = 2, over K(ω), we present only one
since the other one is obtained by replacing ω by ω2. Let

P (x) = 16x2 + t(t3 + (32ω + 4)t2 − (32ω + 88)t+ 64ω2)x
+ ωt2(t+ 1)(t2 + (9ω + 2)t− 8)2,

Q(x) = 16(t− 8)x2 + 24ωt(t3 + (7ω − 4)t2 − (28ω + 32)t− 8ω)x
+ 9ω2t3(t2 + (9ω + 2)t− 8)2.

For suitable values of t ∈ K(ω), the genus-two curve C : y2 = xP (x)Q(x)
is a triple cover of elliptic curves E and E′ that are 2-isogenous over K(ω).
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The j-invariants of E and E′ are

j(E) = (t+ 4)3(t3 − 12t2 + 48t+ 64)3

(t− 8)2(t+ 1)t6 ,

j(E′) = (t− 2)3(t3 − 6t2 − 12t− 8)3

(t− 8)(t+ 1)2t3
.

Now suppose additionally that char(K) ̸= 5. Parametrizing the remain-
ing genus-zero component of S3(5), we obtain the family C : y2 = P (x)Q(x)
of genus-two curves, where, for suitable values of t ∈ K,

P (x) = x3 + (t2 − 2t+ 5)(t8 − 2t7 − 4t6 + 19t5 − 11t4 − 37t3 + 44t2 + 5t+ 25)x2

+ 48t2(t2 − 2t+ 5)(t6 + 3t5 − 18t4 + 22t3 + 45t2 − 150t+ 125)x
− 64t3(t2 − 2t+ 5)2(t2 − 5t+ 5)(t6 − 3t5 − 3t4 + 37t3 − 15t2 − 75t+ 125),

Q(x) = (t2 − 5t+ 5)(t6 − 3t5 − 3t4 + 37t3 − 15t2 − 75t+ 125)x3

− 9t(t6 + 3t5 − 18t4 + 22t3 + 45t2 − 150t+ 125)2x2

+ 24t2(t2 − 2t+ 5)(t2 − 5t+ 5)(t6 − 3t5 − 3t4 + 37t3 − 15t2 − 75t+ 125)
· (t6 + 3t5 − 18t4 + 22t3 + 45t2 − 150t+ 125)x

− 16t3(t2 − 2t+ 5)2(t2 − 5t+ 5)2(t6 − 3t5 − 3t4 + 37t3 − 15t2 − 75t+ 125)2.

The curve C is a triple cover of elliptic curves E and E′, with j-invariants

j(E) = (t6 + 10t3 + 5)3

t3
, j(E′) = (t6 + 250t3 + 3125)3

t15 .

Moreover, E and E′ are 5-isogenous over K(s), where

(5.6) s2 = −3(t4 + 2t3 − t2 + 10t+ 25).

Similarly to the previous family, we find that the genus-one curve defined
by (5.6) over Q does not have points everywhere locally, unlike

s2 = t4 + 2t3 − t2 + 10t+ 25

that does and that defines an elliptic curve over Q defined by the affine
model

(5.7) E : y2 + xy + y = x3 + x2 − 5x+ 2.

The j-invariant of E is 13997521/225, while its conductor is 15. Considering
the curves over K(ω), we find a birational map from (5.7) to (5.6) and
pre-compose with our parametrization of the family, whence we conclude
the following. Taking t = −(u + v + 2)/u for (u, v) ∈ E(K(ω)) results
in a family of genus-two curves C such that Jac(C) is (3, 3)-split with 5-
isogenous components over K(ω).
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Appendix

Herein we include additional details regarding Proposition 2.10. If
N ∈ M1 and n = 2k ∏r

i=1 p
ei
i , where pi are pairwise distinct odd primes,

then −N is a quadratic residue in (Z/nZ)× if and only if one of the following
holds:

(1) N = 11 and k ⩽ 2 and pi ≡ 1, 3, 4, 5, 9 (mod 11);
(2) N = 14 and k = 0 and

pi ≡ 1, 3, 5, 9, 13, 15, 19, 23, 25, 27, 39, 45 (mod 56);
(3) N = 15 and pi ≡ 1, 2, 4, 8 (mod 15);
(4) N = 17 and k ⩽ 1 and

pi ≡ 1, 3, 7, 9, 11, 13, 21, 23, 25, 27, 31, 33, 39, 49, 53, 63 (mod 68);
(5) N = 19 and k ⩽ 2 and pi ≡ 1, 4, 5, 6, 7, 9, 11, 16, 17 (mod 19);
(6) N = 20 and k = 0 and pi ≡ 1, 3, 7, 9 (mod 20);
(7) N = 21 and k ⩽ 1 and

pi ≡ 1, 5, 11, 17, 19, 23, 25, 31, 37, 41, 55, 71 (mod 84);
(8) N = 24 and k = 0 and pi ≡ 1, 5, 7, 11 (mod 24);
(9) N = 27 and k ⩽ 2 and pi ≡ 1 (mod 3);

(10) N = 32 and k = 0 and pi ≡ 1, 3 (mod 8);
(11) N = 36 and k = 0 and pi ≡ 1 (mod 4);
(12) N = 49 and k ⩽ 1 and pi ≡ 1 (mod 4).

This is a consequence of the law of quadratic reciprocity, its supplements,
and the Chinese remainder theorem. Additionally, one has (see [8, Ch. 2]):

[3, 2, 4] =
{
p ∈ P

∣∣∣∣∣ p ≡ 1, 3, 4, 5, 9 (mod 11) and
x3 − x2 − x− 1 has no roots in Fp

}
,

[2, 2, 9] = {2} ∪
{
p ∈ P

∣∣∣∣∣ p ≡ 1, 9, 13, 21, 25, 33, 49, 53 (mod 68) and
x4 − x2 − 4 has no roots in Fp

}
,

[3, 2, 6] = {p ∈ P | p ≡ 3, 7, 11, 23, 27, 31, 39, 63 (mod 68)},

[4, 2, 5] =
{
p ∈ P

∣∣∣∣∣ p ≡ 1, 4, 5, 6, 7, 9, 11, 16, 17 (mod 19) and
x3 − 2x− 2 has no roots in Fp

}
,

[4, 2, 7] = {p ∈ P | p ≡ 1 (mod 3) and x3 + 2 has no roots in Fp},
[4, 4, 9] = {p ∈ P | p ≡ 1 (mod 8) and x4 + 4x3 + 2 has no roots in Fp},

[3, 2, 11] = [3, 2, 3] = {p ∈ P | p ≡ 3 (mod 8)},

[2, 2, 25] = {2} ∪
{
p ∈ P

∣∣∣∣∣ p ≡ 1, 9, 25 (mod 28) and
x4 − 7x2 − 14x− 7 has no roots in Fp

}
,

[5, 2, 10] = {p ∈ P | p ≡ 5, 13, 17 (mod 28)}.
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