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Uniqueness of L-functions and meromorphic
functions under sharing of sets

par ABHIJIT BANERJEE, HA Huy KHOAT et ArRPiTA KUNDU

RESUME. Dans [4], les auteurs ont démontré que l'ensemble des zéros d’un
polynéme d’unicité, satisfaisant certaines conditions supplémentaires, est un
ensemble d’unicité pour les fonctions L. Ils ont également déterminé les condi-
tions sous lesquelles un polyndéme est un polyndéme d’unicité forte pour les
fonctions L. Ces résultats sont une version améliorée d’un résultat de [3].
Dans cet article, nous obtenons un certain nombre de théoremes d’unicité
pour les fonctions L appartenant a la classe de Selberg étendue, qui étendent,
de maniére significative, les résultats de [3] et [4] dans une nouvelle direction
et les améliorons dans certains cas. En utilisant ces résultats, nous pouvons
exhiber certaines classes d’ensembles d’unicité pour les fonctions L, qui ne
peuvent pas étre trouvées avec les résultats de [3] et [4].

ABSTRACT. In [4], the authors proved that the zero set of a uniqueness poly-
nomial, satisfying some additional conditions, becomes a unique range set for
L-functions. They also determined the conditions under which a polynomial
becomes a strong uniqueness polynomial for L-functions. These results are
the improved version of one result of [3]. In this paper we obtain a number
of uniqueness theorems for L-functions in the extended Selberg class, which
significantly extend the results of [3] and [4] in a new direction and improve
them in some cases. From our results we can show some classes of unique
range sets for L-functions which cannot be found by the results of [3] and [4].

1. Introduction and Main results

In 1989, Selberg defined a rather general class S of Dirichlet series having
an Euler product, analytic continuation and a functional equation of Rie-
mann type, to formulate some fundamental conjectures concerning them.
His main purpose was to study the value-distribution of linear combinations
of L-functions. In the meantime, this so-called Selberg class became an im-
portant object of research, but still it is not understood very well. The Sel-
berg class S of L-functions, with the Riemann zeta function ¢(s) = 322, 1

n=1 ns
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—S

as the prototype, is the class of functions £(s) = Y o>, a(n)n™* of a com-

plex variable, satisfying the following hypotheses (see [11]):

(i) Ramanujan hypothesis: a(n) < n for every € > 0.
(ii) Analytic continuation: There is a non-negative integer k such that
(s — 1)kL(s) is an entire function of finite order.
(iii) Functional equation: L satisfies a functional equation of type

Ar(s) = wAr(1 = 3),

where

K
Ar(s) = L(s)Q° H L(Ajs+vj)
j=1
with positive real numbers Q, A; and complex numbers v;,w with
Rev; >0 and |w| = 1.
(iv) Euler product hypothesis: L can be written for Re(s) > 1

£(s) = [ exp (i b(p’w/p'“)
V4 k=1

with suitable coefficients b(p*) satisfying b(p*) < p*? for some 6 <
1/2 where the product is taken over all prime numbers p.

The degree dg of an L-function L is defined to be

K
de =2 "N,
j=1

where \; and K are respectively the positive real number and the positive
integer as in axiom (iii) above.

In 1999, Kaczorowski-Perelli introduced the extended Selberg class S#,
defined as the collection of not identically vanishing L-functions £ which
satisfy the axioms (i)—(iii) above. Naturally, a function is called L-function
if it satisfies the Euler product hypothesis, but in S# we can have some
functions with degree zero which do not have an Euler product, and so it
is worthwhile to study the extended Selberg class.

By the analytic continuation axiom, an L-function can be analytically
continued as a meromorphic function in the complex plane C. In the last
few years value distribution of L-functions has become an interesting area
of research. Readers can have a look on [7, 8, 16].

In this paper we are going to discuss some results in value distribution
of L-functions in S#. Before entering into the detail literature, let us as-
sume M(C) as the field of meromorphic functions over C. To prove the
main results we use Nevanlinna theory. So it is assumed that the read-
ers are familiar with standard notations like the characteristic function
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T(r, f), the proximity function m(r, f), counting (reduced counting) func-
tion N(r, f) (N(r, f)) that are also explained in [14]. By S(r, f) we mean
any quantity that satisfies S(r, f) = O(log(rT'(r, f))) whenr — oo, except
possibly on a set of finite Lebesgue measure. When f has finite order, then
S(r, f) = O(logr) for all r.

Let us take f € M(C), then the order of f is defined as

log T'(r, f)
:= lim su .
p(f) msup
Throughout this paper by an L-function we mean an L-function in S#
of non-zero degree with the normalized condition a(1) = 1.
Before proceeding further, we require the following definitions.

Definition 1.1. Let f and g be two non-constant meromorphic functions
in M(C) and let S be a subset of C. For some a € CU {oo}, we define
E¢(S) = Uses{z : f(z) — a = 0}, where each point is counted according to
its multiplicity. If we do not count the multiplicity, then the set Useg{z :
f(z) —a =0} is denoted by E¢(S). If E¢(S) = E4(S) then we say f and g
share the set S CM. On the other hand, if E¢(S) = E,4(S) then we say f
and g share the set S IM.

Definition 1.2. Let f be a non constant meromorpic function. We denote
by S(f) the set of all small functions of f, ie., S(f) = {a € M(C) :
T(rya) = S(r, f) asr — oo}.

Definition 1.3 ([17]). Let k be a positive integer, a € S(f) and E(0; f—a)
be the set of all zeros of f — a, where a zero of multiplicity p is counted p
times if p < k, and k + 1 times if p > k. If E(0; f —a) = Ex(0;9 — a), we
say that f —a, g — a share the 0 with weight k£ and we write it as f —a and
g — a share (0, k).

Clearly if f —a, g — a share (0, k) then f —a, g — a share (0, p) for any
0 < p < k. Also we note that f —a, g — a share a value 0 IM or CM if and
only if f —a, g — a share (0,0) or (0,00) respectively.

For the sake of convenience, when a is chosen from C U {oc}, f — a and
g — a share (0, k), we say that f, g share (a, k).

Definition 1.4 ([6]). Let a € S(f), by N(r,0;f — a|>s) (N(r,0;
f —a|<s)) we denote the counting function of those zeros of f — a of
multiplicity > s (< s). Also N(r,0; f —a| > s) (N(r,0; f —a| < s)) are
defined analogously

Definition 1.5. A polynomial P is called a uniqueness polynomial for
meromorphic functions, if for any two non-constant meromorphic functions
f, g € M(C), the condition P(f) = P(g) implies f = g. On the other hand,
if for a non-zero constant ¢, the condition P(f) = c¢P(g) implies f = g, then
P is called a strong uniqueness polynomial.
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Definition 1.6 ([9]). Let f be a non-constant meromorphic function. a € C
is said to be a generalized Picard exceptional value of f, if f — a has at
most finitely many zeros in C.

In 2007, Steuding [12, p. 152] obtained a uniqueness result between
two L-functions under sharing of values. It showed that unlike the case
of uniqueness of meromorphic functions, in the case of L-functions, the
number of shared values can be reduced significantly. Below we invoke the
result.

Theorem 1.7 ([12]). If two L-functions L1 and Lo share a complex value
C (75 OO) CM, then ,Cl = EQ.

Remark 1.8. Hu-Li [2] pointed out that in Theorem 1.7 one should add
the condition ¢ # 1.

In 2015, in case of sharing a finite subset of C\{1} CM, Hu-Wu 3]
obtained some uniqueness theorems for L-functions.

Theorem 1.9 ([3]). Let n be a positive integer and consider a subset S =
{c1,...,cn} T C\{1} of distinct complex numbers, satisfying

(1.1) n+4+(n—1)o1(c1,.--,¢n)
o 2009l en) + Oui (€l en) £ 0,
where o are the elementary symmetric polynomials, defined by
oj(cty ... en) = (—1) Z CiyCiy---Ci; J=1,2,...,n—1.
1< <9 <-<;<n

If two L-functions share S CM, then they are equal.

Theorem 1.10 ([3]). Let c1,ca be two distinct complex numbers and take
two positive integers ki, ko with kiko > 1. If two L-functions L1 and Lo
share (c1,k1), (co,ke), then L1 = L.

Theorem 1.11 ([3]). Let us consider ¢ € C and S = {c1,...,cn} C
C\{1,c¢} of distinct complex numbers, satisfying (1.1).If two L-functions
share (S, k1), (c,k2) and kika > 1, then they are equal.

Notices that there exists a large class of unique range sets for L-functions,
which do not satisfy the condition (1.1) (see [4]). Then in [4] the authors
focused to determine certain conditions, such that the zero set of an ar-
bitrary polynomial becomes unique range set for L-functions and a strong
uniqueness polynomial for L-functions. Their results are given below.

Theorem 1.12 ([4]). Let P be a uniqueness polynomial for L-functions.
Suppose that P has no multiple zeros, and P(1) # 0. Then the zero set of
P is a unique range set for L-functions, counting multiplicities.
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Theorem 1.13 ([4]). Let P be a polynomial, satisfying P(1)P'(1) # 0.
Then P is a strong uniqueness polynomial for L-functions.

However, from Theorem 1.13, we cannot assure whether a polynomial P,
satisfying P(1) = 0, is a strong uniqueness polynomial for L-functions or
not. For example, let n > 13, consider the polynomial

P(z)=2"—22""2 4 1.

In view of Theorem 1.7, (see [15]), zero set S of P is a unique range
set for meromorphic functions and also a uniqueness polynomial but P
does not satisfy the hypothesis of Theorem 1.12. Analogously, the set
S ={z]|z" —nz+1=0}, (n > 13), is a unique range set for meromorphic
functions. But the polynomial P(z) = z™ — nz + 1 does not satisfy the hy-
pothesis of Theorem 1.13, although it is a strong uniqueness polynomial for
meromorphic functions (see [1]) and of course, for L-functions. So we see
that regarding the statement of Theorems 1.12, 1.13 further investigations
are needed.

In this paper we will show that it is possible to remove the condition over
P(1) provided that the L-functions satisfy the same functional equation.

To proceed further, let us consider the polynomials

(1.2) P(w) = ag + ajw + asw® + - - + apw™ and Q(w) = P(w) — ao,

where P has all simple zeros and @ is a polynomial with m (< n) distinct
zeros. Also let us denote

(1.3) Pi(w) = a,w™ 4 (an, + a,n_l)w”_2 + (an +an—1 + an_g)wn_?’

+ooF (0 + -+ ar),

for some a; € C (i = 1,2,...,n) and a, # 0. Clearly here P'(1) = P;(1).
Through out the following discussion by P, @ and P; we will denote the
polynomials as defined in (1.2), (1.3).

Theorem 1.14. Let P be a polynomial with simple zeros and P'(0) # 0 or
P'(1) #£ 0. Then P is a strong uniqueness polynomial for those L-functions
which satisfy the same functional equation.

Again from the proof of Theorems 1.12, 1.13 we can easily conclude that
if two non-constant L-functions share the zero set of a polynomial P CM,
with P(1) - P'(1) # 0, then they are identical. We will show that these
results are also obtainable for L-functions satisfying the same functional
type equation, where the restrictions on the polynomial, namely P(1) -
P'(1) # 0, are no longer required. So it will be interesting to consider the
cases: (i) P(1) = 0 but P'(1) # 0; (ii) P/(1) = 0 but P(1) # 0. As both
the cases fall under P(1) - P’(1) = 0, it will be interesting to investigate
the result when £ and Lo share the zero set of a polynomial P CM. Here
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with the help of Theorem 1.14 we can obtain our next result. In fact, in the
following result, for L-functions having the same functional type equation,
the range of URS (Unique Range Set) is extended.

Theorem 1.15. Let L1 and Lo be two L-functions satisfying the same func-
tional equation. Also let P be a polynomial with simple zeros and P'(0) # 0
or P'(1) #0. If L1 and Ly share S = {w : P(w) =0} CM, then L1 = Ls.

From Theorems 1.14, 1.15, the following corollaries can be obtained im-
mediately.

Corollary 1.16. Let n be a positive integer and consider a subset S =
{c1,...,¢cn} C C of distinct complex numbers, satisfying (1.1) or o,—1 # 0.
If two L-functions, satisfying the same functional equation, share S CM,
then they are equal.

Corollary 1.17. Let us consider ¢ € C and S = {c1,...,cn} C C\{c} of
distinct complex numbers, satisfying (1.1) or op—1 # 0. If two L-functions,
satisfying the same functional equation, share (S, k1), (¢, ko) and k1ky > 1,
then they are equal.

In Theorems 1.9-1.11 the authors actually show that if two L-functions
share a set CM, then under certain suppositions, they become identical. As
we know, L-functions possess meromorphic continuations, so naturally a
question arises whether it is possible to find a uniqueness relation between
a meromorphic function f and an L-function £, while they share some sets.
In this paper, inspired by the previous results, imposing some restrictions
on a meromorphic function f, we obtain some relations between f and £
while they are sharing some sets. In particular, if we choose f = £; and
L = Lo, where both £y, L9 are L-functions, then we get all the earlier
results.

Theorem 1.18. Let f be a meromorphic function of finite order having a
pole at s =1 at most, and let limge(s) 00 f(5) = A (A # 00). Also let L be
a non-constant L-function and P be a polynomial such that P(1)-P(A) # 0
and Pi(A) # 0, and f, L share the set S = {w : P(w) = 0} CM. Then
f = L if one of the following conditions is satisfied:

(i) There exists a sp € C where f, L assume the same value ¢ with

P(e) #0,

(ii) n > 2m, where n,m are defined in (1.2).
Corollary 1.19. Let f be a meromorphic function of finite order having
pole at s = 1 at most, and limge(s)o0 f(8) = A (A # o0). Also let L be a
non-constant L-function and P be a polynomial such that P(1) - P(A) # 0
and P1(A) # 0.

If f and L share S = {w : P(w) = 0} CM, then either f = L or
P

P(f)=CP(L) for the constant C = %.

h—
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Theorem 1.20. Let f be a meromorphic function of finite order with
finitely many poles and limge(s) 00 f(s) = A (A # o0). Also let L be a
non-constant L-function and P be a polynomial such that P(1) - P(A) # 0
and Pi(A) #0. If f and L share (S = {w : P(w) =0}, k1) and (b,k2) (b€
C; P(b) # 0), where kiko > 1, then f = g;:g(ﬁ —b) + b for some aq,as;
with P(ay) = 0= P(ag).

Remark 1.21. Clearly Theorem 1.20 improves Theorem 1.11.

Theorem 1.22. Let f be a meromorphic function having finitely many
poles and L be a non-constant L-function. Also let us consider a; (i = 1,2)
be two distinct rational functions. If f — a; and L — a; share (0,k;) for
1=1,2 where k1kg > 1 then f = L.

Remark 1.23. Theorem 1.22 improves Theorem 1.10.

In the following example we will show that the condition P(1)-P(A) # 0
cannot be dropped.

Example 1.24. Let £ = ¢ and f = w(, where w™ = 1. Clearly f and £
share {a : a” —1 = 0} and both have simple pole only at s = 1, lim, 00 f =
w, but f #£ L.

2. Lemmas

Lemma 2.1 ([13]). Let f be a non-constant meromorphic function on C
and also let a; (j =1,2,...,q) be q distinct elements in S(f)U {oo}. Then

we have
q

(a=2)T(r, f) <Y N(r, f = ay).

=1

]:
Lemma 2.2 (see [14, Theorem 1.14])). Let f, g € M(C) and let p(f), p(g)
be the order of f and g, respectively. Then

p(f - g9) <max{p(f),p(9)}-

Lemma 2.3. Let L be a non-constant L-function and o be a rational func-
tion. Then L — a has no generalized Picard exceptional values in C.

Proof. On the contrary, assume that £ — a has finitely many zeros. Let
ai,as,...,a; be the zeros of £ — o with multiplicity k1, ko, ..., k¢, respec-
tively. Again, since £ has only one pole and N(r,o00;a) = O(logr), then
suppose by, by, ..., b, are the poles of £ — « with multiplicity I1,12,...,1,.
Then we have,

(s —b1)l1(s —b2)2... (s —bp)lr(L(s) — a(s)) — oP(s)
21) —ah—ae .. —ah
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From (2.1)
(s —ay)k1 (s —ag)k2 ... (s — as)kt.eP(®)
(s =b1)li(s—ba)l2...(s—by)lr
Therefore from (2.2) we have
(2.3) T(r,£) = ri°®) + O(logr).
Also by Steuding [12, p. 150] we have

(2.2) L(s) = a(s) +

(2.4) T(r,L)= d—ﬁrlogr + O(r),
T

where dg is the degree of L.

Then clearly p(£) = 1, and since the order of rational function is zero,
from (2.1) and Lemma 2.2 we see that p is a polynomial of degree < 1.

So (2.3) implies T'(r, £) < O(r). Hence from (2.4) we arrive at a contra-
diction. Therefore £ — « has infinitely many zeros. U

Lemma 2.4 ([10]). Let f be a non-constant meromorphic function and let
_ >r—o arf"
=0 i f?

be an irreducible rational function in f with constant coefficients {ay} and
{b;}, where an # 0 and by, # 0. Then

T(r, R(f)) = dT'(r, )+ 5(r, f),

where d = max{n, m}.

R(f)

3. Proofs of the theorems

Proof of Theorem 1.18. Because f and L share the zero set of P CM, P(f)
and P(L) share 0 CM. Let us consider the following function

_ P(f)

P(L)
Clearly F' has finitely many zeros and poles, which come from the poles
of £ and f, respectively. Also it is given that f is an entire function or a

meromorphic function having pole only at s = 1. Then we can write F' as
P(f) k

3.1 F=—"2—(s—1)ker®®

(31) B = e Dk,

for some integer k. Since f is of finite order, from (2.4) we see that £ is of
order 1, then from Lemma 2.2, it is obvious that p(eP) is finite, and hence
p(s) is a polynomial of finite degree.

Now we can write,

(3.2) (s — 1)kePls) = (o + it —1)kePH) 5 ¢ e R,
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Suppose
(3.3) Re(p(s)) = ao(t) + ai1(t)o + - - + apo?,

where a;(t) (i =0,1,...,p) are polynomials in ¢.
Here we have

. P _ P(A)
34 e e P(O) ~ P(D)°

which together with (3.1) and (3.2) implies for every fixed ¢

< P(A)
: _ 1\kp(s)| — 1; _ -\ 1k Re(p(o+it)) _ |+ \“1)
(3.5) Re(lsriooKs 1)%e ]-(}1_)11&0\(0 1+ it)|"e _‘P(l)"
Now we prove that a;(t) =0, fori =1,2,...,p. If not, let us take a,(t) # 0
for some p = 1,2,.... Without loss of generality let us take some t = tg

where a,(tp) # 0. Then we can have from (3.5),

|keRe(p(a+it0)) =0 or oo,

Jim |(o — 1 +itp)
according as a,(tg) < 0 or ap(to) > 0, a contradiction. Hence a,(ty) = 0,
and since tg is arbitrary, our claim is proved. Hence Re(p) = ag(t). Then
from above we must have k = 0, otherwise, lim, o |(o0 — 1 4 it)[Fe®®) =0
or oo according as k < 0 or k > 0.

Therefore we must have |(s — 1)¥eP(®)| = ¢%®) and from (3.1) and (3.5)
we get limpe(s)—soo e®(t) — ‘%‘ V t € R. Hence e®®) = constant. Here p
is a polynomial with constant real part, therefore, by the Cauchy—Riemann
equations, p is a constant polynomial.

Therefore, from (3.1) we have % = constant. Again limge(s)—o0 % =

%, and hence finally we have % = %, ie, P(f) = %P(ﬁ).

Let us assume that there is some sy € C such that f(sg) = L(s0) = ¢
Then we have P(f) = P(L), and

(3.6) (f =LY an(f"H+ fLV 24+ L) 4 Faa(L+ f) +a1) = 0.
From (3.6) we cannot have
an(f"NH LA+ LY+t aa(L 4 f) +ar =0,

otherwise taking limge(s)—s0c We get Pi(A) = 0. Therefore we must have
f==rL.
Let us consider the case when n > 2m, where m is the number of distinct

zeros of () as defined in (1.2). Then for C' = %, we can write
P(f) = CP(L)
Q(f) + a0 = C(Q(L) + ao),

e, Q(f) — CQL) = ag(C - 1).

—
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Using Lemma 2.4, we obtain
(3.7) T(r,f)=T(r,L)+ O(logr).
Using the Second Fundamental Theorem and (3.7), if C' # 1 we have,

nT(r, f) =T(r,Q(f))

< N(r,00;Q(f)) + N(r,0;Q(f)) + N(r,ao(C = 1); Q(f)) + S(r, f)
< N(r,0;Q(f)) + N(r,0;Q(£L)) + O(log )

<2mT(r, f) + O(logr),

a contradiction. Therefore C' = 1, and hence P(f) = P(L). Then using the
fact that P;(A) # 0 and doing the same as in (3.6) we get f = L. O

Proof of Theorem 1.20. 1t is given that f and L share (S, k1), (b, ko). It
follows that P(f) and P(L) share (0, k1). Using the Second Fundamental
Theorem we have,

(3.8) nT(r,L) < N(r,0; P(L)) + N(r,b; L) + N(r,00; L) + S(r, L)
< N(r,0; P(f)) + N(r,b; f) + O(logr) + S(r, L)
< (n+1)T(r, f) +5(r, L).

(3.8) implies p(£) < p(f).
Similarly, we get

(3.9) nT(r,f) < (n+ 1D)T(r,L) + O(logr) + S(r, f),

and thus p(L£) > p(f). Finally we have p(£) = p(f). From (2.4), p(L) = 1,
and hence S(r, f) = S(r, L) = O(logr).
Now let us consider the auxiliary functions:
f £ (P(f) _(PKL) _ PN PLL

=F v YT B  PlL) P P

here it is given that P(b) # 0. We consider the following two cases:

Case-1. ¢ - 1) # 0. Let us assume that zp is a zero of P(f) = (f — a1) x
(f—a2)...(f—an) (say), of order > k1 +1. Then it becomes a zero of P(L)
of order > k1 + 1. Suppose that zg is a zero of f — o; and £ — «; for some
1 <14,5 <n. Then z is a zero of f’ and L of order > ki, and hence it is a
zero of ¢ of order > ky. Therefore, k1N (r,0; P(f) | > k1 + 1) < N(r,0; ¢).
Again, let z; be a zero of f —b of order > ko + 1. Since f, £ share (b, k2),
then z; becomes a zero of £L—b of order > ko+1, and is a zero of f" and £’ of
order > ky. It is assumed that P(b) # 0, then it can be verified that z; is a
zero of 1 of order at least ko, and hence, ko N (7, b; f | > ko+1) < N(r,0;%).
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Hence we have

(3.10) kiN(r,0;P(f)| > ki +1)

=

(r,0; ¢)

(r,0) +S(r, f)
(r,00;0) + 5(r, f)

(r,b; f| > ka+ 1)+ O(logr)

N(r,0;¢) + O(logr)

S

<
<
<
<

2l =

I
|-

1

ks

< NG, 0:P(f)| > k1 +1) + Oflog ).
2

IN

T(r,v) + O(logr)

Since k1ks > 1, from (3.10) we get,
N(r,0: P(f)| = k1 +1) = O(log ).

Similarly, it can be shown that N(r,b; f | > ks + 1) = O(logr).
So T'(r,¢) = O(logr) = T'(r,v), i.e., ¢ and 9 are rationals. Then it can
be written as

f, 'C ms;
A1 = =P
(3.11) ¢ f—b L- 1+Zs—al
and
(f) (P
3.12 b= - =P+
(3.12) P(f)  P(L) Z s
where Py, P» are two polynomials, m; (i = 1,2, e p)yn (1=1,2,...,q)
are some constants, o; (i = 1,2,...,p), B; (i =1,2,...,q) are the poles of

¢, ¥, respectively. Note that some «;’s may coincide with some (;’s.
Integrating (3.11) and (3.12) we obtain

(3.13) bo= 127 —61H (s —apymie) P = Quet,
q N
(3.14) 1)[}0:5522021:[(5_&)%6]1‘"’2 :Q26P27

where ¢;’s (i = 1,2) are non-zero constants. From (3.13), (3.14) and Lem-
ma 2.2 we must have deg P; < 1. Let us consider P;(s) = a;s+ b;, for some
complex constants a;, b; (i = 1,2).

Also limge(s)—00 Yo = %, it implies limge(s)—00 Qgel52 = %, Vs =

o+t € C.
Therefore we must have as = 0, and then lim,_.,, Q2 is finite.



978 Abhijit BANERJEE, Ha Huy KHOAI, Arpita KUNDU

Again in that case for the existence of the limit as ¢ — oo, from above
( ﬁz)

we get Qo = CQHk PR where ijl m; = — X mk and
limpe(s) 00 Q2 = c2. Therefore, coe?? = (( )) and finally we have
P(f) 1 (A)
1 =t =

Suppose %2 — P(— =% 0. Now, let z5 be a zero of f — b and £ — b, then

P(f(22)) = P(b) = P(L(z2)). Therefore from (3.15), z2 becomes a zero of

ﬁggg 612 l;((‘f) Q2, i.e., z9 is a zero of the rational function P((I)) %2 Hence,

N(r,b; f) < N(r,0; ¢ = — %) = O(logr). From Lemma 2.3, this implies
a contradiction as dz > 0. Hence, we must have %2 — % = 0 and then

P(f)= P(L). Since P,(A) # 0, from (3.6) we get f = £, which is a special
case of the conclusion of the theorem, under oy = as.

_ s P PO
Case-11. ¢ -1y = 0. Suppose ¢p = 0 i.e., %f)) — % = 0. Then we have

% = constant. There exist s; € C such that f(s;) = L(s1) = b, and

using this we get P(f) = P(L), and hence f = L.

If ¢ = 0, then we have % = ¢, a constant. Also as f and L share the
set of zeros of P, there exists some sg such that f(sg) = a3 and L(sg) = ag,
where P(a;) = 0 = P(ag). Then we get ¢ = g;:g, and thus we have the
result.

It is easy to verify that if b # 1, A, then we have ¢ = gé_z = ‘f—_é’. O

Proof of Theorem 1.22. 1t is given that f—ay, L—ay share (0, k1) and f—as,
L — ay share (0, k2). Using Lemma 2.1 and doing the same as in (3.8)—(3.9),
we have p(f) = p(L) (= 1). Hence S(r, f) = S(r,£) = O(logr). Let us
consider the following functions
s fod Lod o f-d £
f—a1 L’—al’ f—GQ ;C—G/Q‘

First assume that F # 0 and G # 0. Proceeding similarly as done
in (3.10) we get N(r,0;f —a1| > ki + 1) = O(logr) and N(r,0;
f—az| = ko +1) =O(logr).

Let us consider the following functions
f—a

L—ar’

H=0qQ

where () is a rational function such that H has neither a pole nor a
zero in C. Such a @ does exist, since N(r,00; f) = N(r,00; L) = N(r,0;



Uniqueness of L-functions and meromorphic functions under sharing of sets 979

f—a1| >k +1)=Nr0;L—a1| >k +1)=O(ogr). Thus, H is an
entire function without any zeros. Hence, it can be expressed as

f-a
H = —
Qﬁ_al e’,

for some entire function 7. Since p(f) = p(£) = 1, from Lemma 2.2 we can
write n = as + (3 for some «, 5 € C. Let,

1= (Umml ) l m )l =)
(f —a)(f — a2)
(£ — a2)(£ — a}) — (£ — an)(£' — ab)
) E—a(L ) )u-2).

Assume that I # 0. It is easy to verify that
T(r,I) =m(r,I)+ N(r,I) <O(T(r,H)) + O(logr) < O(r).

Using the Second Fundamental Theorem for small functions we have
(3.16) T(r,L) < N(r,0; f —as) + N(r,0; f — a1) + N(r,00; L) + S(r, L)

< N(r,l;Z) + N(r,0;1) + O(logr)

<0 (T(T, eas+ﬂ)) + O(logr) < O(r).

Hence (3.16) contradicts (2.4).
Therefore either g =1lor I =0. In case g = 1 we have immediately

that f = L. Suppose that I = 0 and that by absurd f # £. Then we have,
fod fody L-d L-dy
f—a1 f—a2 E—al E—ag

Integrating we have

f—a cﬁ —ay
f — a9 N ﬁ — (],27
for some constant c. Clearly from above T'(r, f) = T(r, L) + O(logr).

If ¢ = 1 then we get f = L. Again if ¢ # 1 then from above we get
2f—(a1+az2) (c+1)L—(car+a2)
as—ai — (c—1)L—cai+az

N(r,0; £ — ¢4=2) = O(log r), a contradiction to Lemma 2.3, as dz > 0.

Now assume at least one of F , G is equivalent to zero. Let us assume,
F=0,ie., ]}:;11 - EL—_«ZI = 0. Integrating we have f —a; = ¢1(£ — ay) for
some non-zero constant. We have some s, s.t f(so) = L(so) = az2(so), and
it implies ¢; = 1. Hence we get, f = L.

Similarly, if G =0 we get f = L. g

and since N(r,00; f) = O(logr), we have
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Proof of Theorem 1.14. Let L1 and L5 be two L-functions, satisfying equa-
tion P(Ly) = cP(L2), where P(s) = ap + a1s + -+ + aps™ and ¢ (# 0) is
some constant. Then we have,
P(L1)
P(Ls)
Since £1 and L9 are of non-zero degree and satisfy the same functional
equation, £; — L9 also satisfies the same functional equation. From the
proof of the (a)-part of the Lemma in [5, p. 2487], we know that for some
sufficiently large constant «(> 0) and large ko(> 0), L1, L2, L1 — L2 and
the Gamma function Hszl(F()\js + v;))~! in the functional equation of
axiom (iii) have the same zeros in the region Res < —kg and |Ims| < &,
and L1, Lo, while £1 — Lo have no zeros in Re s > ky.

Next we let us consider the following two cases:

(3.17)

Case-1. ag # 0. Let sg be a common zero of £1 and L in the region Re s <
—rp and |Im s| < k. Putting s = sg in (3.17) we have ¢ = 1. Hence,
(3.18) P(L1) = P(L2)
This implies,
an (LY — L)+ -+ aa(LF — L3) +a1(L1 — L2) =0

ie.,

(L1— Lo)(an(LY ™+ LY Lo+ 4+ L5

tan 1 (LY LY Lo+ + LY )+ +ar) =0,

If £1 — L9 # 0 then from above we must have
(3.19) Sap(LyT LYo+ + LiLE P L) =0
k=1

Considering limit as Re(s) — oo from (3.19) we have

n
I Lyt + L5 L+ LD P+ L5 =0,
Re(grimkglak( 1 T L7 L+ 1Ly =+ L577)
i.e., nay + - +2as +a; = P'(1) = 0. Also putting s = so in (3.19) we get
a; = P'(0) = 0. Hence we see that both P’(1) and P’(0) are simultaneously
equal to zero, a contradiction. Therefore we must have £; = Ls.

Case-1I. ay = 0. Since P has no multiple zero, a; # 0. Clearly then P(L;) =
Li(ay +asl;+ -+ anﬁﬁ_l) fori=1,2.

The multiplicative inverse of Gamma function has zeros at s =
—-1,-2,...,—n,..., therefore Hszl(I‘()\js +v;)) ! has zeros at s = _n/\;'/j
forn = 1,2,... and j = 1,2,..., K. Since it is assumed that ds > 0,
we must have K > 0. Here for some j or fixing some j it is possible
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. . —N—v; |
to get a infinite sequence §s, = b .
J n—

Ly — Lo and H]K:1(F()\j5 +v;))! in Re(s) < —ko and [Im(s)| < &, where
N = n+ constant, while no-one of £, Lo, £1 — L9 vanishes for Re(s) > ko.
Here Re(s,) = —N — Re(v;) < —ko < 0, we have s, — —o0 as n diverges.

Since L1, Lo and L1 — Lo satisfy the same functional equation, it follows
that they have the same degree ds > 0. From the functional equation we
have also that

of common zeros of L1, Lo,

Li(s)=x(s)Li(1—35), fori=1,2

and
L1(s) — La(s) = x(s) (51(1 —5) — Lo(1— 5))
= X(9) (L1 =5) = £(1-39))
where x(s) = w@! H;; T(\j(1—s)+7;)

1, Ty s+vy)

Clearly, here £;(1—35;,) # 0 for i = 1, 2; for all n, since L; is zero free in the
right half plane. Also from the construction of s, £1(1—3,)—L2(1—5,) # 0
for all n.

Here we have,

£1(S) — £2(s) _ £1<1 — §) — ﬁg(l — §)
Ls(s) Lo(1—5) '
Again from (3.17) we have,

(3.20)

P(L1)
(3.21) —l=c—1,
P(Ls)
e |LizLa| | an(E) T LY Lot L5 b (L] TP T L 4 L5 ) b |
Y Lo (a1+as Lot +anLh™h)
le —1].

Using (3.20) in above, with s = s, we get,

1—5,) — Lo(1— 5,
L£1(1 —5n) = Lo(1 = 5n) -1l
Lo(1 - 55)
Again,

. L1 = 5n) — Lo(1 — 55)

1 = 0.
Hence ¢ = 1, therefore P(L;) = P(L2). Then proceeding the same as we
have done in Case-I after (3.18), we get that £; = Ls. O

Proof of Theorem 1.15. 1t is given that £y, £y share S = {w : P(w) = 0}
CM. Clearly then we can set the auxiliary function

P(‘Cl) — (s — 1)keas+b
P(L) = (5=,

(3.22)
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for some k € Z and a,b € C.

Case-1. P(1) # 0. Taking the limit 0 — oo in (3.22) we deduce that k =
a =0, so that P(L;) = e’ P(Lz), then the claim follows from Theorem 1.14.

Case-1I. P(1) =0 and P(0) #0. Let P(L;) = ap + a1L; + -+ + ap L] =
(ﬁl — 1)(£z - 041) ce (['z — Oén—l) for i = 1, 2.
Each £; for i = 1,2 tends to 1 as o diverges. Now L£; can be represented

by Dirichlet series, i.e., £;(s) = .00 ailn) ;1 9 absolutely convergent

n=1 ns ?
for o > 1 where a;(1) = 1. Also let n1,ny be two integers such that n; =

min{n (> 2) : a;(n) # 0} for i = 1,2.
Hence we have that

El(s) -1 N L (a (n ) + Zzo>n1 ai (n)(%)s)
LQ(S) -1 B 1 ( ( )+Zn>n2 (n)(%)s)

_ (2
- (nl) G(S)7
where

o ( )+Zn>n1 (n)(@)s_ ﬂ S‘Cl(s)_l
B2 Gl = TSR - () La(s)

From (3.23) we have, lim,_, 1 G(s) = Z;EZ;% = non-zero constant.

. El (S) —1 (nl)s
.24 1 -7 . (=) =A
(3 ) Re(ggoo EQ(S) —1 b

where A; = Z;EZ;%

We have that

P(ﬁl) . (El — 1)(£1 — 041) e (ﬁl — Oén—l)

P(ﬁg) - (EQ — 1)(£2 — 041) e (ﬁl — Oén—l)
. @ S(L’l—al)...(ﬁl—an_l)
_G<n1> (Eg—al)...(ﬁg—an_l)’

(3.25)

Vs=o0+iteC (o,t €R).
(Li—a1)..(Li—an—1) _ 1.
(Lo—ar)..(L1—an—1)
Let us consider the function

o (‘61 ) (L:l - an—l)
(3.26) g = G(£2 o O P——
_ ( ) (L1 —D(L1—a1)... (L1 —an-1)
no (ﬁg — 1)(52—041)...(£1 —Oén_l)

- (Z;) PEE;;

Again lim,_,
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Using (3.23) we get from the last equality of (3.26) that

(3.27) G = (”1)5 o5t (5 — 1)k

n2
— qseas-i-b(s _ 1)k
— ebls+b(s . 1)]67
where q¢ = % € QT and b; = a + logq. Next we will show that by = 0 = k.

Clearly from the first equality of (3.26) that limge(s)—00 G = A1. Using
this, from the last equality of (3.27) we have,

lim  |(s — 1)*ebrst?| = | Ay).

Re(s)—o0
Since A; € C\{0}, we must have k = 0 = b;.
Hence we have a = —logg, i.e., e ® = q and G(s) = eb.

Therefore from the last equality of (3.26) we have,

P(ﬁl) . (ﬁl — 1)<£1 — 041) e (ﬁl — an_l) b

(3.28) P(Ly  (Lo—1D)(Ly—a1)...(Ly—an_1)

for some ¢ € Q.

L1 and Ly are two non-trivial L-functions in S7, satisfying the same
functional type equation, and hence they have the same set of trivial zeros
in the negative half plane which appear due to the poles of Gamma function.
Now just as in Case-II of the proof of Theorem 1.14 we can construct a
infinite sequence {s,} of common trivial zeros of £1, Lo in some region
Res < —kp and |Im s| < &, such that s,, - —o0, as n — oo, and no one of
L1, Lo vanishes for Re(s) > kg.

From (3.28), putting s = s,, we have e’¢™*» = 1 then we have
eRe®)gRe(=sn) — 1 for n = 1,2,.... Taking limit as n — oo, it implies
gRe(=sn) — o0 or 0 according as ¢ > 1 or < 1, but {eRe)gRe(=sn)100 g 5

constant sequence. Hence we must have ¢ = 1 and then e? = 1.
Finally from (3.28) we have P(L;) = P(L2). From Theorem 1.14 the
result follows immediately.

Case-III. P(1) =0 = P(0). Without loss of generality let us assume a; =
0. From (3.28) we have,

P(ﬁl) o ﬁl(ﬁl — 1)(£1 — 062) e (ﬁl — Oén—l) o eb
P(Ls)  Lo(Ls—1)(Lo—a2)... (Lo —any) 1

—S

Then we get,
L1(s)(L1(s) —1)(La(s) — az) ... (L1(8) = @n-1)| _ Re(t),,~ Re(s)
(3.29) L2(5)(La(s) — 1)(La(s) — a2) .. (L2(s) — an_1)| a '
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L1(s) _ L1(1-9)
Therefore, l:;(s) = ﬁ
L1(1=35)(L1(s) — 1)(L1(s) —a2) ... (L1(s) — an—1) _ eRe(b)q_ Re(s)
£2(1 - §)(£2(S) - 1)(52(8) - 042) ce (ﬁg(s) - Oén—l)
Considering the sequence {s,}72 of trivial zeros of £; and L as discussed

in Case-II of Theorem 1.14, and putting s = s, in previous formula, we
have that

and using this, from (3.29) we get,

L1(1—5,) R -

3.30 SIS T om) ) oRe(b) (Re(—sn)

(3:30) Lo(1 - 35) ©

Taking limit as n — oo from (3.30) we have lim,,_, eRe®) gRe(=sn) — 1 Hut
gRe(=sn) 5 o0 or 0 according as ¢ > 1 or < 1, a contradiction. Hence ¢

must be 1, and hence e¢(®) = 1.
Therefore we finally get P(L£1) = e?P(L5), and from Theorem 1.14 we
get El = £2. [l
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