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The theory of Kolyvagin systems for p = 3

par RyoTArRO SAKAMOTO

RESUME. Dans cet article, nous considérons la théorie des systémes de Koly-
vagin lorsque p = 3 et montrons que cette théorie fonctionne toujours dans
un certain cadre qui a été exclu dans les études précédentes. Comme applica-
tion de ce résultat, nous prouvons une conjecture de Kurihara concernant les
symboles modulaires dans le cas p = 3.

ABSTRACT. In this paper, we consider the theory of Kolyvagin systems when
p = 3 and show that this theory still works in a certain setting that has
been excluded in previous studies. As an application of this result, we prove
a conjecture of Kurihara concerning modular symbols in the case p = 3.

1. Introduction

The theory of Kolyvagin systems was introduced by Mazur and Rubin
([17]) in order to better understand the theory of Euler systems. Under
suitable hypotheses, Mazur and Rubin showed in [17, Corollary 4.5.2 and
Theorem 4.5.9] that Kolyvagin systems has a rigid structure, namely, the
module of Kolyvagin systems is free of rank 1, and that its basis controls
the size and shape of the corresponding dual Selmer module. This result
has many applications. For example, using the rigidity of Kolyvagin sys-
tems, Mazur and Rubin proved in [19] the refined class number formula
conjectured by Darmon. Biiyiikboduk proved results similar to those of
Mazur-Rubin in the Iwasawa theoretic setting (see [5]), and he (and Lei)
obtained many arithmetic consequences (see [3, 4, 6, 7, 8, 9, 10] for exam-
ple). The author also generalized Mazur—Rubin’s result to the case where
the coefficient ring of a Galois representation is Gorenstein ([22]).

Let T be a Galois representation of a number field K over a local artinian
ring R with finite cardinality. We write p for the residue characteristic of R.
We denote by G i the absolute Galois group of the number field K. Then for
any Selmer structure F on 7', we can define Kolyvagin systems associated
with the pair (7, F) (see Definition 4.1). One of the standard hypotheses

of Kolyvagin systems says that p > 5 or Ho1ran[GK](T7 Tv(l)) =0 (see the
hypothesis (H.4) in [17, p. 27]). Here T is the residual representation of
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T and T’ (1) := Hom(T,Q,/Z,)(1). Therefore, the case that p = 3 and
Homy, (6,.(T,T V(1)) # 0 is excluded in the theory of Kolyvagin systems.
This hypothesis, as mentioned by Mazur and Rubin at the beginning of [17,
§3.6], is used only to guarantee that there exist infinitely many useful primes
(see [17, Proposition 3.6.1]).

In the present paper, we consider the case p = 3 and the Galois represen-
tation T is residually self-dual. In this scenario, we prove the existence of
useful primes (Lemma 5.2 and Corollary 5.5), although in a slightly weaker
one than the Mazur—Rubin’s result [17, Proposition 3.6.1]. Further assum-
ing that the Selmer structure F is residually coisotropic (see Definition 3.8),
we show the connectedness of the graph X° defined in [17, Definition 4.3.6]
from Lemma 5.2 and Corollary 5.5. The connectedness of the graph X is
one of the important property in the theory of Kolyvagin systems, and this
shows that the theory of Kolyvagin systems also works in our case. Roughly
speaking, the main result of the present paper is the following:

Theorem 1.1 (Theorem 4.4). Suppose that
° p=3,
o T is residually self-dual, that is, T = Tv(l) as G g -representations,
and
o F is residually coisotropic.

Then the module of Kolyvagin systems are free of rank 1 and its basis con-
trols the initial Fitting ideal of the dual Selmer module associated with F.

The proof of this theorem is given in Section 7. Furthermore, in Section 8,
we explain that the theory of Kolyvagin system of rank 0 introduced by the
author in [24] also works in the case that p = 3 and that 7' and F are
residually self-dual (see Theorem 8.5). In Section 9, we give applications of
Theorems 4.4 and 8.5 for a 3-adic Galois representation associated with an
elliptic curve over Q. In particular, we prove a conjecture of Kurihara ([14,
Conjecture 2|) when p = 3 (see Theorem 9.11).

2. Setting

In this section, we introduce the notations and hypotheses used through-
out this paper.

Let K be a number field and we write Ok for the ring of integers in
K. Let ‘H denote the Hilbert class field of K. We take a positive integer «
and put

Mo = H(uze, (0F)* 7).
Here for any positive integer m, we denote by p,, the group of m-th roots
of unity. For any field L, we write L for a (fixed) separable closure of L
and set

Gp = Gal(L/L).
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Let R be a zero-dimensional Gorenstein local ring with finite residue field
F such that 3*R = 0 and char(F) = 3. We denote by mp the maximal
ideal of R. For any R-module M and ideal I C R, we write M[I] for the
R-submodule of M consisting of elements annihilated by [;

Ml :={me M | Im=0}.

Let T be a free R-module of finite rank with a continuous action of G,
unramified at almost all primes of K. We denote by Siam(7') the set of
places of K at which T is ramified. For notational simplicity, we put

T::T®RF.

We also put (—)¥ := Hom(—,Q3/Z3). In the present paper, we always
assume the following conditions, which are (part of) standard hypotheses
in the theory of Kolyvagin systems (see [17, §3.5]):

(H.1) The F[Gk]-module T is irreducible.

(H.2) There is an element 7 € Gy, such that T/(r — 1)T" = R as R-
modules.

(H.3) The module H'(H4(T)/K,T) vanishes, where H,(T) is the field
corresponds to the kernel of the homomorphism Gy, — Aut(T).

In addition, we also assume that
(H.SD) the Galois representation 7" is residually self-dual, i.e., there is an
isomorphism T = T v(1) as F[G k]-modules.
Let F be a Selmer structure on 7', namely, F is a collection of the
following data:
e a finite set S(F) of places of K containing the set Siam(7) U

{a | 300},
e a choice of R-submodule H:(K,,T) C H'(K,,T) for each prime

qe S(F).
We write F for the Selmer structure on T induced by F, that is, S(F) :=
S(F) and HL(K,, T) := im (Hy(Ky, T) — H'(K,,T)).
We define a set P of primes of K by

. q is unramified in H,(T)/K,
Pi= {q Z5(7) ’ Frq is conjugate to 7 in Gal(Ho(T)/K) |~

We write N for the set of square-free products of primes in P. Note that
the trivial ideal 1 belongs to N

3. Selmer structures

3.1. Selmer module. For each prime q ¢ S(F) of K, we set
HE(Kq, T) 1= iy (Kq, T) = ker (H'(Kq, T) — H'(K",T))
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where K é‘r is the maximal unramified extension of K;. We then define the

Selmer module H%(K,T) by
HL(K,T) := ker <H1(K, T) — @ H (K, T)/HE(K,, T)) :
q

Here g runs over the set of all the primes of K. For each prime q of K, we
define

Hy(Kq, TV(1)) € H' (K, TV (1))

to be the orthogonal complement of H}(Kq,T) with respect to the local
Tate pairing, and we get the dual Selmer structure F* on TV(1).

Theorem 3.1 ([17, Theorem 2.3.4]). Let T" € {T,T}. Let Fy and F be
Selmer structures on T' satisfying

H}ﬁ (KCI7 T/) - H}'—Q (KCI7 T/)
for any prime q of K. Then we have an exact sequence of R-modules

0— Hp (K, T") — Hz,(K,T") — P Hz, (K, T') /HE, (Kq,T")
q

s HE (K, (7)Y (1) — B (K, (7)Y (1) — 0,
where q runs over the set S(F1) U S(Fz).

Following Mazur and Rubin, we define a transversal local condition
H} (K4, T) and a Selmer structure F¢(c) on 7.

Definition 3.2 ([17, Definition 1.1.6], [18, Definition 1.2]). Let q be a prime
of K. We write K(q) for the maximal 3-power extension of K in the ray
class field modulo ¢. Define

Hiy (Ko, T) 1= ker (H'(Kq, T) — H'(K(2)5,T)) -
Here q is a (fixed) prime of K(q) above q.

Definition 3.3 ([18, Definition 2.3]). For any (square-free) ideals a, b, ¢
which are pairwise relatively prime, the Selmer structure F{(c) on T is
defined to be the following data:

o S(Fg(c)) == S(F)U{a | abc},
HY(K,,T) ifqla,

0 if q b,
’ HJ:G(C) (K T) Ht1r< ClvT) if q ’ ¢
HL(K,,T) otherwise.

Note that (F&(c))* = (F*)%(c). If any of a, b, or ¢ are 1, they shall be
excluded from the notation, e.g., F* = F}(1).
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Lemma 3.4 ([17, Lemma 3.5.3)). For any square-free ideals a, b, ¢ in N
which are pairwise relatively prime, the inclusion map

T'(1) =TV (1) [mg] — TV(1)
induces an R-isomorphism

(K, T(1) = Hipopo o (K, TV (1) [ ).

3.1.1. Cartesian condition. Fix an injective R-homomorphism F ——
R. This homomorphism induces an injective R[G g]-homomorphism

T—T.
Since R is a zero dimensional Gorenstein local ring, we have dimp(R[mp]) =
dimp(Homp(F, R)) = 1 see [16, Theorem 18.1] and hence, injection F — R

is unique up to the multiplication by a unit in R.
For notational simplicity, we set

H/l?(KChT) = Hl(KChT)/HT}(KmT)
for each ? € {ur,tr, F, F*}.

Definition 3.5. We say that F is cartesian if for any prime q € S(F), the
R-homomorphism

1
Hizye

H)#(Kq, T) — Hj7(Kq,T)

induced by T < T is injective. Note that the definition of the cartesian
property in the present paper is slightly weaker than that of Mazur and
Rubin in [17, Definition 1.1.4].

For any square-free ideal 0 € N, we define
v(0) := the number of distinct primes dividing 0,
A0) == dimp(HE, (K, T)),

F)
X*(0) == dimp(HL (K, T (1))).

(0)(
Definition 3.6. We define the core rank x(F) of F by

X(F) = A1) = A%(1).
Lemma 3.7. Let a, b, ¢ be ideals in N which are pairwise relatively prime.

Suppose that F is cartesian. Then the following claims are valid.
(1) The Selmer structure Fg(c) is cartesian and x(Fg(c)) = x(F) +
v(a) — v(b). In particular, x(F) = x(F(c)).
(2) If H(1 *)g(c)(K, TV(1)) vanishes, then Hjl-‘g(c) (K,T) is a free R-mod-
ule of rank x(Fg(c)).
(3) The fized injection T — T induces an R-isomorphism

Hj?: (o K T) = H}g(c) (K, T)[mg).
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Proof. Claim (1) follows from [22, Corollary 3.21]. Note that the formula
X(FE(c)) = x(F) + v(a) — v(b) easily follows from Theorem 3.1 (see [17,
Lemma 4.1.6]). Let us show Claim (2). The Selmer structure F¢(c) is carte-
sian by [22, Corollary 3.18]. Moreover, since the module H (1f*) o) (K, TV(1))

vanishes, the trivial ideal 1 is a core vertex for F¢(c) in the sense of [22,
Definition 4.3]. Hence, applying [22, Lemma 4.6] with F{(c) and n = 1, we
conclude that H;g(c) (K,T) is a free R-module of rank x(F¢(c)). Claim (3)
follows from [22, Corollaries 3.13 and 3.18]. O
3.1.2. Coisotropic Selmer structure. Recall that T = Tv(l) as F[Gk]-
modules thanks to the hypothesis (H.SD) in Section 2. Throughout this

paper, by using this F[G g]-isomorphism, we regard F " as a Selmer structure
on T, and hence F and F ' can be compared.

Definition 3.8. We say that F is residually coisotropic if 7~ < F, that is,
HL. (K, T) C HE(K,,T)
for any prime q € S(F).
Definition 3.9. We define a set E(F) of primes of K by
E(F):={q€ S(F)|Hx(Kq,T) # Hz(Kq, T)}

Remark 3.10. In Theorem 4.4 we make the assumption that F is cartesian
with x(F) = 1 and residually coisotropic. To prove Theorem 4.4, we need to
compare Selmer structures F*(9) and F(0) for any square-free ideal @ € N.

Hence we use Theorem 3.1 with F; = F*(0) and F» = F(0), and the set
E(F) plays an important role.

Lemma 3.11. Suppose that F is cartesian with x(F) =1 and residually
coisotropic. For any square-free ideal @ € N, any element c € Hjl? K, T)\

HL.
f

(D)(

® (K,T), and any prime q € E(F), we have

locy(c) ¢ H%*(D)(Kq,T).
Here locy is the localization map at q.

Proof. For notational simplicity, we put

Xq = H;?(a)(Km T)/H]l?*(a)(KCIa T)v

X= P X,

qeE(F)

Applying Theorem 3.1 with F; = F (3) and Fy = F (), we obtain an exact
sequence of F-modules

_ _ @ ( >10cq o
(31) 0= Hi (K. T) = Hx, (K, T) SRR L X - HE (K. T)".
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o @ locy
O 1 qEE(F)
Y :=im (Hm) (K, T) <221 x ).

The local Tate pairing and the fixed isomorphism T = Tv(l) induce a
pairing (—, —)q: Xq x Xq — R for each prime q € E(F). Moreover, the
orthogonal complement Y with respect to the sum > qe E(F)(—, —)q of
pairings coincides with Y (see [17, Theorem 2.3.4]). If loc, (H;?(a) (K,T))=0

for some prime q € E(F), then we have X, NY = {0} and 0 # X, C Y+,
which contradicts the fact that Y = Y+. Hence

locg (Hjl?(a) (K,T))#0

for each prime q € E(F), which completes the proof of the lemma since
A(d) — A*(0) = x(F) =1 by Lemma 3.7(1). O

4. Kolyvagin systems of rank 1

In this section, we recall the definition of Kolyvagin systems (of rank 1)
introduced by Mazur and Rubin in [17] and state our main result (Theo-
rem 4.4).

For any prime q € P, the hypothesis (H.2) and the definition of P show
that

HY (Ko, T) 2 T/ (Frg )T = R

as R-modules. Moreover, Mazur and Rubin proved in [17, Definition 1.2.2,
and Lemmas 1.2.3 and 1.2.4] that we have a functorial splitting

Hl(Kq7 T) = H&r(K‘h T) D Htlr(va T)
and a natural R-isomorphism (called the finite-singular comparison isomor-
phism)

¢£S: H&r(Klb T) — H/lur(KCh T) ®z Gq'
For each square-free ideal 0 € A/, we put

Gh = () Gal(K (q)5/Kq).
qfo
Note that for any R-module M, we have M = M ®yz Gy as R-modules by

the definition of P and the fact that 3*R = 0.
For any prime q € P, we have two R-homomorphisms

vg: HY(K,T) 2% H'(K,, T) — H (Ko, T),
: 5
P HY (K, T) == H'(Kq, T) 2% Hy (Kq, T) = H}\\(Kq, T) ®2 Gy

Here pr,: HY(Ky,T) — HL (K4, T) is the projection map with respect
to the decomposition H'(Kq,T) = HL.(Kq,T) ® H.(Kq, T).



926 Ryotaro SAKAMOTO

Definition 4.1. We define the R-module KS; (7', F) of Kolyvagin systems
of rank 1 to be the set of elements

(Ko )oen € H H}r(a)(K» T) ®z Gy
weN
satisfying the finite-singular relation

vg(Koq) = 9025(/%)
for any ideal ® € N and any prime q € P with q 1.

Definition 4.2. Let S be a ring and M a finitely generated S-module. For
any element m € M, we define an ideal Ig(m) of S by

Is(m) :={f(m) | f € Homg(M, S)}.

Remark 4.3. Let S be a ring and M a finitely generated S-module. When
the ring S is a zero-dimensional Gorenstein local ring, for any element
m € M, the natural homomorphism Homg(M,S) — Homg(Sm,S) is
surjective since S is an injective S-module. Hence in this case, the ideal
Is(m) is independent of what the module M the element m is in, namely,
for any R-submodule N C M with m € N, we have

Is(m) = {f(m) | f € Homg(M,S)} = {f(m) | f € Homg(N,5)}.

The following is the main result of this paper, derived from Proposi-
tions 7.6 and 7.7.

Theorem 4.4. Suppose that
o T satisfies the hypotheses (H.1), (H.2), (H.3), and (H.SD) in Sec-

tion 2,
o F is cartesian with x(F) = 1 and residually coisotropic.

Then the following claims are valid.

(1) The R-module KS1(T, F) is free of rank 1. More precisely, for any
square-free ideal 0 € N with \*(9) = 0, the projection map
KS1(T, F) — Hyq)(K,T) ®z Gy
is an isomorphism.
(2) For any square-free ideal @ € N and basis (ke)een € KS1 (T, F), we

have
IR(ko) = Fitt (Hz ) (K, T(1))").

Remark 4.5. In this remark, we consider the case that the assumptions
(H.1), (H.2), (H.3) hold true and that

char(F) :=p>5 or Homg, g, (T, Tv(l)) =0

instead of the assumption (H.SD). In particular, the assumption (H.SD)
does not hold if p = 3.
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When the maximal ideal mp of R is principal, the assertions in Theo-
rem 4.4 is proved by Mazur, Rubin, and Howard in [17, Corollary 4.5.2].
When R is a complete regular local ring or certain Gorenstein local ring,
the assertions in Theorem 4.4 is proven by Biiyiitkboduk in [5, 8]. When R
is a general complete Gorenstein local ring, the assertions in Theorem 4.4
is proven by Burns, the author, and Sano in [1, Theorem 5.2].

5. Application of the Chebotarev density theorem

As mentioned by Mazur and Rubin in the beginning of [17, §3.6], in
the theory of Kolyvagin systems, the assumption that char(F) =p > 3 or
Homg (T, T v(l)) = 0 is only used for choosing useful primes in P ([17,
Proposition 3.6.1]). In this section, by using the coisotropy of F, we prove
a result similar to [17, Proposition 3.6.1] in our case, i.e., when char(F) = 3
and T = Tv(l) (see Lemma 5.2 and Corollary 5.5).

Lemma 5.1. Let a be a positive integer and G a group. Take non-zero
group homomorphisms @1, 2, ps3, v4s € Hom(G,F$). Suppose that
dimp; (F3p1 + Fap2 + Faps + Faps) > 3.

Then, for any g1, 92,93, 94 € G, we have

1
U giker(ei) # G.

i=1
Proof. Put ¢;j := prjop;: G — F3, where pr;: F§ — F3 is the j-th
projection. Since g; ker(¢;) = Nj—; gi ker(i j), we have

4 4 a
U giker(ei) = | ) giker(ei;)

i=1 i=1j=1

4
c N U g ker(pij)-

(j1,92,93,d4)€{1,...,a}4 i=1

Hence it suffices to show that

4
U giker(piy) # G
i=1
for some tuple (j1, jo, j3,71) € {1,...,a}*. Therefore we may assume with-
out loss of generality that a = 1.
First, we suppose that dimp, (Fzp1 + Fspa + Fsps + Fsps) = 4. Then
the group homomorphism

G — F3 g (01(9),92(9), 93(9), v4(9))
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is surjective. Moreover, its kernel is contained in ker(p;) for each i €
{1,2,3,4}, and hence we may assume that G = F3 and ¢; = pr; for any
i€ {1,2,3,4}. In this case, an explicit calculation shows that

G\ (g1 ker(p1) U g2 ker(i2) U g3 ker(p3) U ga ker(4))
= {(h1,h2, hs, ha) € F5 | pr;(g;) # h; for any 1 <i <4} # 0.
Next, we suppose that dimp, (Fzp1 + Fspo + Fsps + Fsps) = 3. We may

then assume that ¢4 € F3p1 + Fspo + F3p3. In this case, the group homo-
morphism

G — F5; g = (91(9), ¥2(9), 03(9))
is surjective. Since 4 € F3p1 4+ Fawa 4+ Faes, the kernel of this surjection
is contained in ker(y;) for any i € {1,2,3,4}, and hence we may assume
that G = F3 and ¢; = pr; for each i € {1,2,3}. Since G = F3, we write the
group operation additively. We then have

G\ ((91 + ker(1)) U (g2 + ker(p2)) U (g3 + ker(p3)))
= {(h1, ho, h3) € F3 | pr;(gi) # hi for any 1 <i < 3}.
It is easy to see that the set
—ga+ {(h1, ho, h3) € Fg | pr;(gi) # hi for any 1 <i < 3}
contains a F3-basis of F3. Since ¢4 # 0, this fact shows that

{(h1,ha, h3) € F3 | pr;(gi) # hi for any 1 < i <3} ¢ ga + ker(a),
which completes the proof. ]

Lemma 5.2. Let ¢1,c2,c3,¢4 € HY(K,T) be non-zero elements. Suppose
that

dim]F3 (F3Cl + Fgco + Facs + F364) > 3.

Then there are infinitely many primes q € P such that locq(c;) # 0 for any
1< <4,

Remark 5.3. When F = [F3 and dimp, (Fsc1 + Fzca + Faes + Fseq) = 2,
the conclusion of Lemma 5.2 is not valid. In fact, if we have c3 = ¢; +
co and ¢4 = c1 — cg, then at least one of the elements among the set
{locg(c1),1ocq(c2),locg(c3),1ocq(ca)} is zero for all but finitely many primes
q € P, since H.((Kq,T) 2 T/(Frqy—1)T = F = Fs.

Remark 5.4. Lemma 5.2 is only used to prove Corollary 5.5 and Lem-
ma 6.4.

Proof. The proof of this lemma is almost identical to the proof of [17,
Proposition 3.6.1]. Since our setting is different from that of [17], we record
its proof here.
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Recall that 7 € Gy, is an element satisfying T/(t — 1)T" = R. Put
F :=H,(T). Since we assume that

HY(F/K,T) =0,
the restriction map induces an injection
HYK,T)— H'(F,T)°% = Hom(Gp,T)%.

Since T is an irreducible G g-module, the map
(5.1) Hom(Gp, T)% «— Hom(Gp,T/(r — 1)T)
is injective. Let ¢ € Hom(Gp,T/(t — 1)T) denote the image of ¢; under
the injection (5.1). We also put

H;,:={g€Gp|e(rg)=0inT/(r — 1)T}.

As mentioned in the proof of [17, Proposition 3.6.1], the value ¢;(7g) mod
(1 — 1)T is well-defined since g € G acts trivially on T. Note that any
representative ¢; of ¢; satisfies the cocycle condition, that is, ¢;(g192) =
g1¢(g2) + ¢(g1). Hence we see that there is an element g; € G such that
H; C g; ker(¢;).

Since the map (5.1) is injective, we have

dimp, (F3¢1 + Faca + Facs + Fzéq) > 3
by assumption. Hence Lemma 5.1 shows that there is an element

g c Gp \ (gl ker(él) U g ker(ég) U g3 ker(ég) U gs ker(64)).

—ker

For each integer 1 < ¢ < 4, we put F; := F (ca), Note that F/K is a
Galois extension since ¢; € Hom(Gp, T)“%. Let S be the set of primes of
K whose Frobenius conjugacy class in Gal(F} FoF3F,/K) is the class of Tg.
Note that for any prime q € S, we have

HYL (K, T)2T/(Fry—1)T =T/(r — )T =F.

Hence S is an infinite set and locg(c;) # 0 for any 1 < i < 4 and q € S.
Since the image of 7¢g in Gal(H,/K) is trivial, we have (S\ S(F)) c P. O

Corollary 5.5. Let c1,co,c3 € HY(K,T) be non-zero elements. Then there
are infinitely many primes q € P satisfying locq(c;) # 0 for any 1 <i < 3.

Proof. First, we note that dimp,(H'(K,T)) = co. Hence, when
dimp, (Fscq1 + Fzca + Fses) > 2,
there exists an element ¢ € H'(K,T) satisfying
dimp, (Fgcq + Fsca + Facg + Fse) > 3.
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When dimp, (Fscq + Fzca + Faes) = 1, we may assume, without loss, that
c1 = cg = c3. One can take elements ¢, € H'(K,T) such that

dim]FS (Fgcl + Fgc + Fgc/) = 3.

The corollary follows from Lemma 5.2. O

6. Connectedness of the graph X°
Throughout this section, suppose that

e F is cartesian with x(F) = 1 and residually coisotropic.
Following [17, Definition 4.3.6], we define the graph X% := X°(F) as follows:

e the vertices of X are square-free ideals 0 € A/ with A*(d) = 0,
e for any vertices 0,0q € A° with q € P, we join 0 and 9q by an edge
in X0 if and only if Hjl?(a)(K, T)# H; ® (K,T).
q

In this section, we prove the connectedness of the graph XY which is one of
the most important facts in the theory of Kolyvagin systems. In the case
that char(F) = p > 5 or Homg, ¢, (T, Tv(l)) = 0, this fact is proved by
Mazur and Rubin in [17, Theorem 4.3.12].

The following lemma follows easily from Theorem 3.1.

Lemma 6.1. Let 0 € N be a square-free ideal and q € P a prime with
q190. Then the following claims are valid.
(1) [AM0) = A(dq)| < 1.
(2) |A*(d) — A*(0q)| < 1. In particular v(d) > X*(1) if \*(d) = 0.
(3) If Hjl?(b) (K,T)# Hx (a)(K, T), then A*(0q) < 2\*(0).
q
1 7 1 al _ _
(4) If Hf*(a)(K’ T) # H(f*)q(a)(K’ T), then Adq) = A(d) — 1 and
A*(0g) = () — 1.

Proof. Claims (1) and (2) follow from [17, Lemma 4.1.7 (i)].
Suppose that Hjl?(a)(K, T) # Hx (a)(K’ T). Since H} (K4, T) = F, ap-
q

plying Theorem 3.1 with F; = F4(0) and F2 = F(0), we see that

1 _ gl 1
Hf*(a)(K,T) = H(f*)q(a)(K,T) D Hf*(aq)(K’T)’
which implies claim (3).
Since F is residually coisotropic, the assumption that H ]1?* (a)(K JT) #
1 0 1 0 1 0 :
H(f*)q(a) (K,T) proves that Hf(a)(K’ T) # qu(b)(K’ T). Hence claim (4)
follows from [17, Lemma 4.1.7 (iv)]. O

The following two lemmas follow from exactly the same arguments as
in [17, Lemma 4.3.9] and [17, Proposition 4.3.10], respectively. In the proofs
of these propositions, [17, Proposition 3.6.1] is used, which does not hold
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true in our case. However, the arguments are still valid if we use Corol-
lary 5.5 instead of [17, Proposition 3.6.1].

Lemma 6.2 ([17, Lemma 4.3.9]). For any vertices 0,0q € X° with q € P,
there is a path in X° from 0 to 0q.

Lemma 6.3 ([17, Proposition 4.3.10]). For any vertez 0 € X° with v(d) >
N*(1), there is a vertexr ¢ € X° with v(¢) < v(d) such that there is a path in
X0 from o toe.

Lemma 6.4. For each integer i € {1,2}, we take a vertex d; € X° and a
prime q; € P satisfying q; | 0;. Suppose that v(01) = v(d2) = A*(1) and
q1 # q2.

Then there are infinitely many primes q € P with q 1 0102 such that there
is a path in X0 from 0; to 0;q/q; for each integer 1 < i < 2.

Remark 6.5. In the case that char(F) = p > 5 or Homg ¢, (T, Tv(l)) =
0, this lemma is proved by Mazur and Rubin (see the proof of [17, Proposi-
tion 4.3.11]). However, in their proof, they takes advantage of the existence
of a localization map that simultaneously maps any four non-zero cohomol-
ogy classes to non-zero elements ([17, Proposition 3.6.1]). As explained in
Remark 5.3, this fact does not hold true in our case.

Proof. Take an integer ¢ € {1,2} and put ¢; = 0;/q;. Since v(e;) = v(0;) —
1 =X(1)—1and \*(9;) = 0, Lemma 6.1(2) and the fact that A(e;) —
A*(e;) = 1 show that

A(e;)) =2 and A*(e;) = 1.
By the coisotropy F C F, we have

1
Hf*(ei)(

By [17, Lemma 4.1.6 (iii)], we have

) _
K,T)c Hx (K, T).

: 1 7 1 B
dimg (o (K, T)/Hp, (K. T))
+ dimg(HL. (K, T)/HL (K, T))=1.

(e0) Fiyled)

The facts that A*(e;) = 1 and A\*(d;) = 0 imply that Hjl?qi (K,T) =

(e5)

1 7 .
Hf(ei)(K’ T). In particular,
1 7 1 7
HE, (K, T) C H: (K, T).
Since A*(d;) = 0, we have
1 7 1 7 1 7\
Hye o (K. T) N By (K,T) € Hpe (K, T) = 0.
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Hence the facts that A(e;) = 2 and A(0;) = A*(¢;) = 1 show that

1 7\l = 1 _
Hy (K.T)=Hg, (K. T)® Hz  (K,T).

Take non-zero elements cgi) € HL( _)(K7 T) and cg) € HL( )(K T) Let us

show that there are mﬁmtely many primes ¢ € P such that locq( ) # 0 for
any i,7 € {1,2}. If 02 §Z f( )( T), then the existence of such primes
q € P follows from Lemma 5.2 since

dimp, (Fscgl) +Facs) + Fad® + F3c§2)) > 3.

Suppose that 052) € Hjl_-(el)(K, T), that is, cg) = acgl) + bcgl) for some
a,b € F. Take a prime v € E(F). Then by the choice of cgl) and 052), we
have

loct(cgl)) =0= loct(cg)).
(1))

In particular, 0 = loc(cs loct(acgl) + bcgl)) = loct(acg )) Moreover,
Lemma 3.11 shows that loc.c(c1 ) # 0 and hence

a=0.

Therefore, we may assume that cé ) = 0(2) Then by Corollary 5.5, there are
infinitely many primes q € P such that locq( ) # 0 for any 7,7 € {1,2}.

Let us prove that the primes q are the demred ones. Lemma 6.1 (3) and the
fact that locq( )Y 0 imply 0 < A*(d;q) < A*(d;) = 0, that is, 0,4 € X°.
Since locq(c2 ) # 0, we have

1 8 1 B
Hp ET)# He (K. T).

Hence Lemma 6.1 (4) shows that A\*(e;q) = A\*(¢;) — 1 = 0, that is, ¢;q € X0,
Since 9;,0;q, ¢;q € XY, Lemma 6.2 shows that there is a path in X° from 9;
to e;q. O

Corollary 6.6. For any vertices 01,09 € X° satisfying v(01) = v(02) =
(1), there is a path in X° from 1 to 0s.

Proof. Using Lemma 6.4, this proposition can be proved by exactly the
same induction argument with respect to A*(1) — v(ged(91,02)) as in the
proof of [17, Proposition 4.3.11]. O

Since A*(1) < v(d) for any vertex 0 € X, Lemma 6.3 and Corollary 6.6
imply the connectedness of the graph X°:

Theorem 6.7. The graph X° is connected.
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7. Proof of main theorem
As in the previous section, we assume that F is cartesian with x(F) =1
and residually coisotropic.
7.1. Stark systems. In this subsection, using Stark systems, we prove
the surjectivity of the R-homomorphism

KS1(T, F) — Hyq)(K,T) ®z Go

for any square-free ideal @ € N with A*(9) = 0 (which is part of Theo-
rem 4.4(1)).
For any R-module M and integer r > 0, we define

M* := Homp(M, R) and () M := (/\RM)

Since R is an injective R-module, the R-dual functor M — M™* is exact.
Hence, an R-homomorphism ¢: M — F, where F is a free R-module of
rank s < r, induces a natural R-homomorphism

d)m ﬂ M — det(F ®Rﬂ ker
Namely, ¢(") is the R-dual of the R-homomorphism
r r+1
det(F*) @ /\} ker(o)* — A7 M*

defined by f*®@ (z7 A Axk) — f*AZ]A--- AT, where T} is a lift of x,
with respect to the surjection M* — ker(¢)*.

Definition 7.1. For any square-free ideal 0 € N and r > 0, we set
Wa = @ H/lur(Kq7 T)*,
qfo
Xy (T, F) = ﬂmj( )HP(K T) @ g det(Wy).
For any divisor ¢ of 0, the exact sequence of R-modules
0 — Hy(K,T) — Hpo (K, T) — @ H),,(K,, T)
alg

induces a natural R-homomorphism

r+v(0) r+uv(e)
N,  HrpET) — (),  Hr(KT)ogdet(W;),)

as described earlier. Hence we obtain an R-homomorphism

Qoo X (T, F) — X (T, F)
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(see [22, Definition 2.3]). If | ¢ | 9, then we see that ®y5 = P 0 Do
(see [22, Proposition 2.4]), and we can define the module of Stark systems
of rank r to be

8S,(T, F) := lim X7 (T, F).
eN

Theorem 7.2. For any square-free ideal 0 € N with H(lf*)a (K,T) =0,
the projection map

SS1(T, F) — X3 (T, F)
is an isomorphism. In particular, the R-module SS1(T, F) is free of rank 1.

Proof. Since we assume that F is cartesian with x(F) = 1, the first asser-
tion follows from [22, Theorem 4.7]. As x(F) = 1, the R-module H3 (K, T)
is free of rank 1 + v(d) by Lemma 3.7(2) and the R-module X3 (T, F) is
free of rank 1. The latter assertion follows from this fact. O

Since we have two R-isomorphisms
o Hiy (K, T) = Hj\\ (K, T) @2, Gy and  Hy (Ko, T) = H}y, (K, T)
for each prime q | 9, we obtain the exact sequence of R-modules
0 — Hyo)(K,T) — Hpo (K, T)

1 ~
— @H/U'(KWT) = @H/lur(KChT) 7z Gq7
afo qlo
and this exact sequence induces a natural R-homomorphism

1
o: Xy (T, F) — (), Hr@) (K, T) ©7 Go = Hy) (K, T) @7 Go.

Moreover, Burns and Sano showed in [2, Proposition 4.3] (see also [18,
Proposition 12.3]) that for any Stark system (€y)oen € SS1(7, F), we have

Reg; ((@)oen) = ((=1)"VTh () Joen € KSi(T, F).
Proposition 7.3.

(1) The R-homomorphism Reg; is injective
(2) For any square-free ideal @ € N with A*(d) = 0, the R-homom-
orphism KSq (T, F) — H]l_-(b) (K,T) ®z Gy is surjective.

Proof. Note that by the definition of the R-homomorphism Reg;, for any
square-free ideal 9 € N, we have the commutative diagram

SSi(T, F) ——— X3(T, F)

(7.1) Regll J/(_l)u(a)l‘[a(ea)
KSi(T, F) —— Hz ) (K, T) @z G-
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If \*(d) = 0, then H]l_-*(a)(K, TV(1)) = 0 by Lemma 3.4. Hence applying
Theorem 3.1 with F; = F(9) and F» = F°, we obtain an exact sequence
of R-modules

0 — Hyo) (K, T) — Hpo (K, T) — @ H} (K, T) — 0.
qfo

Moreover, Lemma 3.7 shows the R-modules HZ,(K,T) and H]l_-(a) (K,T)

are free of rank 1 4 v(0) and 1, respectively. Hence in this case, Il is
an isomorphism. Therefore, Theorem 7.2 together with the commutative
diagram (7.1) shows that Reg; is injective and the projection map
KSq(T, F) — H]l_-(o) (K, T) ®z Gy is surjective. O

7.2. Proof of Theorem 4.4.

Lemma 7.4. For any prime q € P, the fized injection T — T induces
an R-isomorphism H/lur(Kq, T) = H/lur(Kq, T)[mg].
Proof. By the definition of P, we have natural R-isomorphisms
HY (Ky, T)2T/(Fry—1)T =F and H..(K,,T)=T/(Fry—1)T = R.
Hence the fixed injection T < T induces an R-isomorphism
H&r(KmT) — H&r(KmT)[mR]-

This lemma follows from the fact that we have the finite-singlular isomor-
phisms (see [17, Lemma 1.2.3], and the definition of P and (H.2))

Hy, (K, T) = H/lur(KCI?T) ®z Gq
and  Hy, (K, T) = H), (Kq, T) ®z Gq. O
Lemma 7.5. The fived injection T — T induces an R-isomorphism
KSy (T, F) — KS1(T, F)[mg].
Proof. This lemma follows from Lemmas 3.7 and 7.4. U

Proposition 7.6 (Theorem 4.4(1)). Suppose that

o T satisfies the hypotheses (H.1), (H.2), (H.3), and (H.SD) in Sec-
tion 2,
o F is cartesian with x(F) =1 and residually coisotropic.

For any square-free ideal € N with \*(9) = 0, the canonical projection
KS1(T, F) — Hyq)(K,T) ®z Gy

is an isomorphism. Moreover, the R-homomorphism Reg,: SSi(T, F) —
KSq(T, F) is also an isomorphism.
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Proof. Let 9 € N be a square-free ideal with A*(d) = 0. By Proposi-
tion 7.3 and the commutative diagram (7.1), we only need to prove that
KS(T,F) — H}E(D)(K, T) ®z G is injective. Moreover, by Lemma 7.5, we
may assume that R = F and T = T. In this case, the connectedness of the
graph X° implies the injectivity of the F-homomorphism KS; (T, F) —
H]l_-(a) (K,T)®z Gy (see the case 3 in the proof of [17, Theorem 4.4.1] or the
proof of [23, Theorem 3.17]). O

Proposition 7.7 (Theorem 4.4(2)). Suppose that

o T satisfies the hypotheses (H.1), (H.2), (H.3), and (H.SD) in Sec-
tion 2,
e F is cartesian with x(F) =1 and residually coisotropic.

For any square-free ideal @ € N and basis (k¢)een € KS1(T, F), we have
In(re) = Fitth(H k. ) (K, TV(1))").

Proof. By Proposition 7.6, there is a Stark system (e ).enr € SS1(7, F) such

that

Reg; ((€)een) = (Ke)een
Note that, since (k¢).en is a basis of KS;(T, F), the Stark system (€,)ecn

is also a basis of SS; (7', F). By Corollary 5.5, there is a squeare-free ideal
f € N satisfying 0 | f and H(1 *)f(K, TV(1)) = 0. Applying Theorem 3.1

with F; = F(9) and F, = FJ, we obtain an exact sequence of R-modules

(7.2) 0 — Hr)(K,T) — Hp(K,T) — U & Ty
— H}:*(a)(K7 Tv(l))v — 0.

Here Uy/y := @, ; H/lur(Kq,T) and Ty := @y H/ltr(Kq,T). Note that, by
Lemma 3.7, the R-modules H}f(K, T) and U/, @ Ty are free of rank 1+v/(f)

and v(f), respectively. The R-homomorphism
Bo: X{ (T, F) — Hyq)(K.T) ®2 Gy

obtained by the exact sequence (7.2) combined with the finite-singular iso-
morphisms can be decomposed by F;, = Il o ®;,. Hence by the definition
of Stark systems, we have Pjy(e5) = Il o ®55(€5) = Ih(en) = (—1)"@ .
Since ¢ is a basis of Xfl(T7 F) by Theorem 7.2, this proposition follows
from [22, Lemma 4.8]. O

8. Kolyvagin systems of rank 0

The author of the present paper developed in the paper [24] the theory
of Kolyvagin systems of rank 0 in the same setting that was considered by
Mazur and Rubin in [17]. In this section, we briefly explain that the theory
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of Kolyvagin systems of rank 0 for a residually self-dual Selmer structure
works also in our setting.

We first recall the definition of Kolyvagin systems of rank 0 ([24, §5]). In
order to define rank 0 Kolyvagin systems, we fix an R-isomorphism

H/lur(KCHT) =R
for each prime q € P (see the isomorphism that appears at the beginning
of Section 4). Then we obtain a pair of R-homomorphisms
vg: H'(K,T) — H),,(K,,T) = R,
oy H'(K,T) — HJ (K, T) ®2 Gq = R®z Gy
(see the homomorphisms that appears just before Definition 4.1).
Definition 8.1 ([24, Definition 5.1]). We set
M:={(d,q9) e N xP|qfo}.
A Kolyvagin system of rank 0 is an element
(Foa)oem € [ Hrop) (K, T) @z Gs
(@,q)eM

satisfying the following relations for any elements (9, q), (9,t), (9q,t) € M:

Vg(Koqe) = g (Foyo),

e (Kog,e) = —SDES(KM)»

vg(K1,9) = Ve(K1,e)-
We write KSo(T', F) for the module of Kolyvagin systems of rank 0. For
any Kolyvagin system  := (ko q),q)em € KSo(T', F) and square-free ideal
0 e N, we put

d(K)o = vq(ko,q) € R®z Gy.

Note that §(k)p does not depend on the choice of the prime q € P with
q1o.

Definition 8.2. We say that the Selmer structure F is residually self-dual
if F=F, that is, Hx(Ky, T) = Hx.(K,, T) for any prime q € S(F).

Remark 8.3. If F is residually self-dual, then x(F) = 0 by definition.

Lemma 8.4. For any prime q € P, the Selmer structure F9 is cartesian
with x(F%) = 1 and residually coisotropic.

Proof. Since F = F, we have (F')* = (F)q = Fq C F. By Lemma 3.7 (1),
the Selmer structure F9 is cartesian with y(F%) = 1. O
By Lemma 8.4, we can use Theorem 4.4 (or Propositions 7.6 and 7.7)

for F9. Hence from the same arguments of the proofs of [24, Theorem 5.5,
Proposition 5.6, and Theorem 5.8], we obtain the following result:
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Theorem 8.5. Suppose that F is cartesian and residually self-dual.
(1) The R-homomorphism Regy: SSo(T,F) — KSo(T,F) defined in

[24, Lemma 5.4] is an isomorphism.
(2) For any square-free ideal ® € N with H(l]_-*)q(a)(K, TV(1)) = 0, the
projection map

KSo(T, F) — Hyqq)(K,T) @z R

is an isomorphism. Moreover, the R-module KSo(T,F) is free of
rank 1.

(3) Let k € KSo(T,F) be a basis. For any square-free ideal ® € N, we
have

Tr((k)o) = Fitth(H k. o) (5, TV(1))").

9. Applications

We first note that the set-up in the opening portion of this section is in
effect for the entirety of this section.

Let a be a non-negative integer and K/Q a finite abelian 3-extension.
We set

R = Z3/3%73]Gal(K/Q)],

which is a zero dimensional Gorenstein local ring with residue field F3. Let
FE be an elliptic curve over Q. Suppose that

e the image of pps~: Gg — Aut(T3(F)) = GL2(Z3) contains
SL2(Z3). Here T3(E) is the 3-adic Tate module associated with the
elliptic curve E q.

Remark 9.1. Note that by [27, p. 8 and 9], the condition im(pg g~) D
SLy(Zs3) is equivalent to that im(pg9: Gg — GL2(Z/9Z)) D SLa(Z/9Z).
We also note that the image of the mod 3 Galois representation pg 3: Gg —
GL2(Z/3Z) have been classified by Reverter and Vila in [20] and elliptic
curves with surjective mod 3 but not mod 9 representation have been clas-
sified by Elkies in [11].

We define an R[Gg|-module T' by
Go o
T := Indg2 (E[3%).

Note that the residual representation T of T' is E[3]. Then it is easy to see
that the assumptions (H.1), (H.2), (H.3), and (H.SD) are satisfied (see the
proof of [21, Proposition 3.5.8] for the assumptions (H.2) and (H.3)).
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9.1. Canonical Selmer structure.

Definition 9.2. We define the canonical Selmer structure Fc,, on 1" to be
with the following data:

o S(Fean) = {3,00} U Shad(E) U Spam (K/Q),

HL(QeT) if£#3,
° 1 — ur
Hz...(Q: T) {Hl(Qg,T) if ¢ =3.

Here, Spaq(FE) is the set of rational primes at which F has bad reduction
and Sram(K/Q) is the set of rational primes at which K/Q is ramified.
Note that these conditions are different from those in [17], and this dif-
ference is accounted by the Tamagawa numbers (see Lemma 9.3 and [21,
Lemma 1.3.5]).

Lemma 9.3. Suppose that

o E(Q)[3] =0 for any prime £ € Sram (K/Q) U {3},
e the Tamagawa factor of E;qg at € is coprime to 3 for any prime

{e Sbad(E).

Then Fean s cartesian with X(Fean) = 1 and residually coisotropic. More-
over, E(Fecan) = {3}.

Proof. Let ¢ be a rational prime. First, suppose that ¢ € Sam (K/Q) and ¢ #
3. Since H°(Qy, E[3]) = 0 by assumption, the fact that F[3] = E[3]V(1) as
F3[G i]-modules together with local Tate duality shows that H2(Qy, E[3]) =
0. Hence, the local Euler characteristic formula implies that

#H"(Qq, E[3]) = #H°(Qq, E[3]) - #H*(Qu, E[3]) = 1.

Since we have the natural isomorphism RI'(Qy, T) @5 F3 — RI'(Qy, E[3]),
we conclude that H'(Qy, T) = 0. In particular, Fe., is cartesian at £, that
is, the R-homomorphism H/l]? (Qu, E[3]) — H/l]_-Can (Qg, T) is injective,
and we have H% (Qu, E[3]) = H% (Qy, E[3]).

an

We asuume that ¢ = 3. The same argument for the case where ¢ €
Sram(K/Q) and ¢ # 3 yields H%(Qs, E[3]) = 0. Since the cohomolog-
ical dimension of Gg, is 2, the natural homomorphism H'(Qs,T) —
H'(Q3, E[3]) is surjective. Hence H-  (Qg, E[3]) = H*(Q3, E[3]), and Fean

an

is cartesian at 3. Moreover, H %* (Qs, E[3]) = 0 and

an

dimg, (Hy (Qs, B[3])) = dimg, (E[3]) = 2

by the local Euler characteristic formula. In particular, 3 € E(Fcan).
Suppose that ¢ € Sphaa(E) \ (Sram(K/Q) U {3}). Note that this case
relies critically on the triviality of the 3-parts of the Tamagawa numbers.
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Since K/Q is unramified at ¢, the fact that the cohomological dimension of
Z = Gal(Q}y*/Qg) is 1 imply that
HL (Qu E[3]) = HY,(Qu, B[3)).
Hence the proof of [25, Proposition 2.9] shows that Fca, is cartesian at .
Moreover, since E[3] = E[3]V(1) as F3[Gg]-modules, we have
H_lf* (Qfa E[?)]) = H&r(@f? E[B])l ) H&r(@ﬁa EB])a

can

dime, (H (@, B13])) = dime, (H(Qy, B[3])) = 5 dime, (H' (@, B[3).
These facts imply HJI? (Qe, E[3]) = HJIFC (Qg, E[3]). O

can an

Remark 9.4. Under the assumptions in Proposition 9.5, one can show that
the dual Selmer module H}-C*an (Q,TV(1)) coincides with the strict 3*-Selmer
group Selst, (K, E[3%]) associated with the elliptic curve E g, that is,

HE. (Q.TY(1)) = ker <Se1<K,E[3a1> — @Hl(Kp,EB“D) ,
pI3
where p runs over the primes of K above 3 (see [25, Lemma 2.6 and Re-
mark 2.7]).

Let
(2£*°)rea € [ H'(L, T3(E))
LeQ

denote the Kato’s Euler system (see [12, Example 13.3]), where (2 is the set
of finite abelian extensions of Q unramified outside Spaq(E)\{3}. The coho-
mology class z52% is related to the L-values L(E, x, 1) for x: Gal(K/Q) —
C* via the dual exponential map (see [12, Theorems 6.6 and 9.7]).

Mazur and Rubin showed in [17, Theorem 3.2.4] that one can construct
a Kolyvagin system (of rank 1) from an Euler system. Applying this result
to the Kato’s Euler system (21%%°)req € [I1eq H' (L, T3(E)), we obtain a
Kolyvagin system

(H%(ato)bef\f € KSi(T, Fean)
such that
R%(ato — Z[Igato mod pa

via the R-isomorphism H'(Q,T) = H'(K, E[p®]) induced by the Shapiro’s
Lemma. Therefore, the main result of the present paper (Theorem 4.4)
combined with Lemma 9.3 implies the following proposition.

Proposition 9.5. Suppose that

e E(Qy)[3] =0 for any prime £ € Spa (K/Q) U {3},
e the Tamagawa factor of E at £ is coprime to 3 for any prime { €

Shad(E).
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Then we have
Tr(25™° mod p®) C Fitt%(Sels (K, E[3%])"),
where R = 73/3*Z3[Gal(K/Q)].
For notational simplicity, we put

R = Z3[G&1(K/Q)]a

HE, (K. T3(E)) = lim H},_(Q.IndG2 (E[3])) C H'(K, T3(E)).
a>0

Then we have the ideal I5(252) of R defined by

Ia(2°) = {f(z§"°) | f € Homp(HF, (K, T3(E)), R)}.
Corollary 9.6. Suppose that

o E(Qy)[3] =0 for any prime £ € Sram (K/Q) U {3},
e the Tamagawa factor of E at { is coprime to 3 for any prime £ €

Sbad(E)'
Then we have

IR(z[IEatO) C Fitt%(SelStr(K, E[3°°])Y).

Proof. This corollary follows from Proposition 9.5 and Lemma 9.7 below.
O

Lemma 9.7. Let S be a complete Gorenstein local ring of Krull dimen-
sion 1. Let x € S be a regular element. Put Sg := S/xPS for each positive
integer 5 > 0. Let M be a finitely generated S-module and take m € M.
Let mg € M/:L‘ﬁM be the image of m under the natural homomorphism
M — M/xPM. Then we have

Is(m) = lim I, (mg).
B8>0

Proof. Since we have a natural homomorphism
Homg(M, S) — Homg(M, S5) = Homg, (M/2° M, Sg),
we see that Ig(m) C @6>0 Is,(mg). Let us show the opposite inclusion.
Since z is a regular element, we have an exact sequence of S-modules
8
0— S 5% S8 — S5 —0.

Applying the functor Homg(M, —) to this exact sequence, we obtain an
exact sequence of S-modules

0 — Homg(M, S) ®g S5 — Homg(M/x” M, Sp)
— Exty(M, S)[z"] — 0.
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Taking the inverse limits, we get an exact sequence of S-modules

0 — Homg (M, S) — lim Homg (M /2" M, S5) — lim Ext§(M, S)[2”],
8>0 >0
where the transition map Ext (M, S)[z°*!] — Ext§(M, S)[2P] is the mul-
tiplication by z. Since the S-module [z~ Ext (M, S)[2] is finitely gener-
ated, there is a positive integer v such that
U Ext} (M, S)[zP] = Exty (M, S)[z7].
£>0

Hence we see that @ﬁ>0 Extt (M, S)[z?] = 0 and
Homg (M, S) = Jim Homg (M /2" M, Sg).
B8>0
Consider the following commutative diagram

Homg (M, §) —— lim 5o Homs (M /2P M, S5)
f=f(m) l(evmﬁ : ferfa(ma))p>o0
Is(m) @6>0 Is;(mg).

The Sg-homomorphism evy,,: Homg(M/z®M, Sg) — Is,(mg) is surjec-
tive by definition. Since the Krull dimension of S is 1, the S-length of
ker(evi,) is finite for any 8 > 0, and hence the family {ker(evin,)}s=o
forms a Mittag—Leffler sequence. Therefore the right vertical arrow of the
above commutative diagram is indeed surjective, and this fact implies that

Is(m) = lim _ I, (ms). O

9.2. Classical Selmer structure.
9.2.1. Definition of classical Selmer structure.

Definition 9.8. We define the classical Selmer structure F; on T to be
the following data:
° S(]:C]) = {3, OO} U Sbad(E)a
HL(Qp,T if ¢ +# 3,
° H}:I(QE, T) = (QZ ) ) . 7&
c im(E(K ®g Qs) — H'(Qs,T)) if £=3.
Note that these conditions are different from those in [17, Example 2.1.3],

and this difference is accounted by the Tamagawa numbers (see Lemma 9.9
and [21, Lemma 1.3.5]).

Lemma 9.9. Suppose that

e E has a good ordinary reduction at 3 and E(F3)[3] =0,
e E(Qy)[3] =0 for any prime £ € Spaa(E),
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e the Tamagawa factor of E)qg at € is coprime to 3 for any prime
l e Sbad(E).
Then Fe is cartesian and residually self-dual.

Proof. Thanks to Lemma 9.3, we only need to show that F.j is cartesian
at 3 and H1 (Qg, [3]) = HL* (Qg, [3]). The cartesian property of F at

3 follows from [25, Corollary 2. 15]
Let us show the self-duality of F at 3. In the proof of Lemma 9.3, we
show that dimp, (Hl(Q3, E[3])) = 2. Moreover, since E(F3)[3] = 0, we have

B(Q3)/38(Qs) — Hx (Qs,E[3)).
By the definition of the Weil pairing, we see that

HL (Qs, E[3)) € HY (Qs B3)",
which implies Hjl? 1(@3, E[3]) = H]? l((@3, E[3])* since

dimg, (H'(Qs, E[3])) =2 and  dimg, (Hx (Qs, E[3])) = 1. O

Remark 9.10. Under the assumptions in Lemma 9.3, using the fact in
Remark 9.4, one can show that the dual Selmer module Hjl_-*l (Q, TV(1)) co-
incides with the 3*-Selmer group Sel(K, F[3“]) associated with the elliptic
curve E .

9.2.2. Mazur—Tate modular element. Suppose that E has a good or-
dinary reduction at 3 and E(F3)[3] = 0. Let fr denote the newform of
weight 2 associated with the elliptic curve E/q. Take a square-free integer
d € N. For any integer a with (a,d) = 1, we write o, € Gal(Q(uq)/Q) for
the field automorphism satisfying o,(¢) = ¢ for any ¢ € pg. We then set

[a/d] = 271'\/7/ z)dz.

—1oo

Since the image of Gg — Aut(T3(F)) = GLa(Zs3) contains SLa(Z3), we
have Re([a/d])/Q}, € Zs (see [15, Theorem 3.5]). Here 2} is the Néron
period of the elliptic curve E. Define the Mazur-Tate modular element

QQ(M) by

d
Goy = S 2el “/ W 5, € 25]Cal(Qua) Q)]

a=1
(a.d)=1

Then one can construct an Euler system (of rank 0)

{€r}rea € ] Zs[Gal(LQ¥*/Q)]

LeQ



944 Ryotaro SAKAMOTO

from the Mazur-Tate modular elements 5@(#4) (see [14, p. 324] or [25, §3.1]).

Here Q¢ is the cyclotomic Zs-extension. Note that the element EQ coin-
cides with the ordinary p-adic L-function up to the multiplication by a unit
in Z3[Gal(Q%¢/Q)]. Moreover, exactly the same argument as in [25, §3.4]
shows that one can construct a Kolyvagin system

kg = (kEp)en € KSo(T, Fa)

from the Euler system {EL}Leg. Note that §(kg); is the image of E@ in R
and that the argument in [25, §4.1] shows that for any square-free integer
d € N we have

d
6(“E)d mod mp = + Z Hlogge Oq ®®g€

E Lld Lld
(a d)

Here g, € Gal(Q(u)/Q) is a generator and log,,: Gal(Q(ue)/Q) —
Z](t —1)Z — F3; gj — a mod 3.

Following Kurihara’s terminology, we say that d € AN is d-minimal if
0(kg)g Z 0 (mod mp) and 6(kg)e = 0 (mod mp) for any positive proper
divisor e of d. Then Lemma 9.3 and Theorem 8.5 combined with the ar-
guments of the proofs of [25, Corollary 4.3 and Theorem 4.8] show the
following theorem:

Theorem 9.11.

(1) The following claims are equivalent.
(a) The Iwasawa main conjecture for E,q holds true.
(b) The Kolyvagin system kg is a basis of KSo(T, Fe1).
(¢) There is a 0-minimal integer.
(2) In the case that p = 3, the conjecture of Kurihara [14, Conjec-
ture 2] holds true, that is, for any §-minimal integer d € N the
F3-homomorphism

Sel(Q, E[3]) — 6P E(Qr)/3E(Qy)

¢ld
is an isomorphism.

Remark 9.12. When p > 5, the conjecture of Kurihara [14, Conjecture 2]
is proved by the author in [25] and Chan-Ho Kim in [13], independently.

Remark 9.13. Skinner and Urban proved in [26] that if there exists a
prime ¢ # 3 such that ord,(Ng) = 1 and E[3] is ramified at ¢, then the
Iwasawa main conjecture for E/q is valid. Here N is the conductor of Eq.

Theorems 8.5 and 9.11 have the following corollary:
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Corollary 9.14. For any square-free integer d € N' we have

I(8(kp)a) C Fittfy(H. () (Q, TV(1))"),

with equality if the Twasawa main conjecture for E,q holds true.
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