
Jitendra BAJPAI et Subham BHAKTA

Lifting of vector-valued automorphic forms
Tome 36, no 3 (2024), p. 843-867.

https://doi.org/10.5802/jtnb.1298

© Les auteurs, 2024.

Cet article est mis à disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION – PAS DE MODIFICATION 4.0 FRANCE.
http://creativecommons.org/licenses/by-nd/4.0/fr/

C EN T R E
MER S ENN E

Le Journal de Théorie des Nombres de Bordeaux est membre du
Centre Mersenne pour l’édition scientifique ouverte

http://www.centre-mersenne.org/
e-ISSN : 2118-8572

https://doi.org/10.5802/jtnb.1298
http://creativecommons.org/licenses/by-nd/4.0/fr/
http://www.centre-mersenne.org/


Journal de Théorie des Nombres
de Bordeaux 36 (2024), 843–867

Lifting of vector-valued automorphic forms

par Jitendra BAJPAI et Subham BHAKTA

Résumé. Dans un article récent [2], le premier auteur a démontré que les
formes automorphes vectorielles admissibles admettent des relèvements ad-
missibles. Dans cet article, nous étudions le cas spécial des formes auto-
morphes vectorielles logarithmiques, en étudiant leurs relèvements et en don-
nant des calculs explicites de leurs coefficients de Fourier.

Abstract. A recent study by the first author [2] demonstrated that admis-
sible vector-valued automorphic forms have admissible lifts. In this article,
we study the specific case of logarithmic vector-valued automorphic forms,
exploring their lifts and providing explicit computations of their Fourier co-
efficients.

1. Introduction
Let G ⊂ PSL2(R) be a Fuchsian group of the first kind, and ρ : G →

GLm(C) be any finite-dimensional representation. A vector-valued auto-
morphic form (vvaf) of G of weight w ∈ 2Z is a Cm-valued meromorphic
function X(τ) on the complex upper half plane H which has a certain func-
tional and cuspidal behaviour with respect to ρ. For details and explanation,
see Section 2. The theory of vector-valued automorphic forms has many im-
portant applications not only in mathematics but also in physics. For more
details on the importance of their theory, see the introduction of [2, 5].

We call a representation ρ admissible if ρ(γ) is diagonalizable for every
parabolic element γ ∈ G. In that case, we call the associated vvaf an ad-
missible vvaf. Now if we take H to be a finite index subgroup of G, then any
representation ρ of H can be induced to a representation ρ̃ of G. It turns
out that, a vvaf X(τ) of H associated to ρ can also be induced to a vvaf
X̃(τ) of G associated to ρ̃, see Section 3.2. In short, vvaf X̃(τ), which is a lift
of vvaf X(τ) will be referred to as lifted form throughout the article. In [2],
the first author showed that the induction of an admissible representation
is admissible. Hence, the induced function X̃(τ) is also a weakly holomor-
phic admissible vvaf associated with the induced representation. We are
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primarily interested in the case when ρ is not admissible. We furthermore
assume that any eigenvalue of the image by ρ of a parabolic element is
unitary, a technical condition that will be explained in Section 1.2. Vector-
valued automorphic forms satisfying both of these conditions are called
logarithmic vector-valued automorphic forms. Knopp and Mason [6, 7] and
Gannon [5] studied this case when G is the modular group. Recently, the
authors studied them for any Fuchsian group of the first kind in [3].

In this article, we discuss what happens to logarithmic vector-valued
automorphic forms after lifting them. We shall work with the Fuchsian
groups of the first kind G, and group G ⊂ SL2(R), where G denotes the
image of G by the natural map SL2(R) → PSL2(R). We provide a quick
example of a logarithmic vvaf to prepare for further discussions.
Example 1.1. An elementary example of logarithmic vvaf is X(τ) = ( τ

1 )
of weight −1 for the full modular group SL2(Z) =

〈
s =

( 0 −1
1 0

)
, t = ( 1 1

0 1 )
〉
,

with respect to the defining representation ρ : SL2(Z) → GL2(C).
1.1. Fuchsian groups. Let H be the upper half plane and H∗ = H∪R∪
{∞} be the extended upper half plane. It is well known that, PSL2(R) acts
on H∗. For any γ =

(
a b
c d

)
∈ PSL2(R), the action of γ is defined by the

Möbius action γ · τ = aτ+b
cτ+d .

A Fuchsian group is a discrete subgroup G of PSL2(R) for which G\H is a
Riemann surface with finitely many punctures. Because of the discreteness,
a fundamental domain exists for the action on H. When it has a finite area,
the corresponding Fuchsian group is of the first kind.

An element γ ∈ PSL2(R) is called a parabolic element, if |tr(γ)| = 2.
A point τ ∈ H∗ is said to be a fixed point of γ ∈ PSL2(R) if γ · τ = τ.

If γ =
(

a b
c d

)
is a parabolic element then its fixed point τ = a∓1

c when
a + d = ±2 and c ̸= 0, in addition τ = ∞ when c = 0. Moreover, we
call an element

(
a b
c d

)
∈ SL2(R) parabolic, if the corresponding element(

a b
c d

)
∈ PSL2(R) is parabolic.

Let G be a subgroup of PSL2(R). A point τ ∈ H∗ is called a cusp of G
(equivalently, of G) if it is fixed by some nontrivial parabolic element of G
(equivalently, of G). Let CG denote the set of all cusps of G and we define
H∗

G = H ∪ CG to be the extended upper half plane of G. For example: if
G = SL2(R) then CG = R ∪ {∞} and if G = SL2(Z) then CG = Q ∪ {∞},
is the G-orbit of cusp ∞.

For any τ ∈ H∗
G, let Gτ = {γ ∈ G | γ · τ = τ} be the stabilizer subgroup

of τ in G. For any c ∈ CG, Gc is an infinite order cyclic subgroup of G. If
c = ∞ then G∞ is generated by

( 1 h∞
0 1

)
, for a unique real number h∞ > 0,

which is called the cusp width of the cusp ∞. Throughout the article, we
shall denote t∞ =

( 1 h∞
0 1

)
. In case of c ̸= ∞, Gc is generated by Ac

( 1 hc
0 1

)
A−1

c

for some smallest real number hc > 0, called the cusp width of the cusp c,
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where Ac =
(
c −1
1 0

)
∈ SL2(R) so that Ac(∞) = c. For rest of the article,

we shall denote tc = Ac
( 1 hc

0 1
)
A−1

c . The reader may note that the stabilizer
subgroup of any cusp c in G is not cyclic. This is essentially because, the
stabilizer group Gc contains both tc and −tc, and in particular, −I ∈ Gc.
This is not possible because −I is a non-trivial element of finite order.

1.2. Results.

Theorem 1.2. Let G ⊆ SL2(R) be any group, and H be any finite index
subgroup of G. Suppose that −I ∈ H, and H, G are Fuchsian groups of the
first kind. Let ρ : H → GLm(C) be any finite dimensional representation,
c be any arbitrary cusp of G and {ci | 1 ≤ i ≤ nc} be a set of inequivalent
cusps of H for which

G · c =
nc⋃

i=1
H · ci.

Then we have the following.
If ρ(ti) is not diagonalizable for some i, then ρ̃(tc) is not diagonalizable,

where ti is a stabilizer of cusp ci such that ti is the generator of the stabilizer
subgroup of the cusp ci in H.

Corollary 1.3. Let G,H, ρ as in Theorem 1.2, and X(τ) be a weakly holo-
morphic logarithmic vvaf associated with ρ. Then the lifted form X̃(τ) is a
weakly holomorphic logarithmic vvaf, associated with the induced represen-
tation ρ̃ of the same weight as X(τ).

The first author [2] showed that if all of the ρ(ti) are diagonalizable, then
ρ̃(tc) is also diagonalizable. The author achieved this by explicitly writing
down the eigenbasis of ρ̃(tc), in terms of the eigenbasis of all the ρ(ti)s.

We demonstrate that the converse of [2, Thm. 4.2] holds true in Theo-
rem 1.2. Our approach diverges, opting for a simpler method that circum-
vents the necessity of explicitly deriving the eigenbasis. Instead, we prove
that a certain power of ρ̃(tc) adopts a block diagonal structure, with at
least one block remaining nondiagonalizable.

Yet, using the methodology outlined in [2], we carry on the task of writ-
ing down the eigenvalues of ρ̃(tc) and explicitly compute their multiplicities,
in Lemma 6.1. The result at Lemma 6.1 for admissible representations re-
covers [2, Cor. 4.7]. Although Theorem 1.2 could theoretically be derived
from Lemma 6.1, we leverage this stronger outcome to facilitate the ex-
plicit derivation of the Fourier coefficients of the lift, as presented later in
Theorem 1.4.

For any even integer w, it has been shown in [2] that there exists a
bijection between the set of all admissible vvaf of weight w associated to ρ
and the set of all admissible vvaf associated to ρ̃ of weight w. In this article,
we shall define this isomorphism as a lift and work with this. Furthermore,



846 Jitendra Bajpai, Subham Bhakta

we also have an analogous isomorphism for the logarithmic vector-valued
automorphic forms, and we note this in Proposition 4.2.

As a consequence of the lifting result for admissible vector-valued auto-
morphic forms, the first author showed the existence of weakly holomor-
phic admissible vector-valued automorphic forms. In the same spirit, we
shall discuss the existence of weakly holomorphic logarithmic vector-valued
automorphic forms associated with certain logarithmic representations, as
presented in Proposition 5.3 and Corollary 5.4. Some technical assumptions
are imposed on the representations in Proposition 5.3. Proposition 4.2 fur-
ther demonstrates that these assumptions are necessary, provided we are
working with induced representations.

In the second half of the article, we study the relations between the
Fourier coefficients of X(τ) and its lift X̃(τ). To get a Fourier expansion
of X(τ) at the cusps of H, we need to assume that ρ(γ) has only unitary
eigenvalues for every parabolic element γ in H. In particular to have Fourier
expansion of X̃(τ) at the cusps of G, we need to ensure that ρ̃(γ) has only
unitary eigenvalues for every parabolic element γ of G. This requirement
stems from the fact that the presence of non-unitary eigenvalues implies a
non-polynomial growth of ρ, as discussed in [3, Sec. 6]. On the other hand,
the necessity of such polynomial growth is demonstrated in [3, Thm. 1.2].
Moreover, the first author explicitly described them in the case of admissi-
ble vector-valued automorphic forms. Here we do the same for logarithmic
vector-valued automorphic forms, and as a consequence, we deduce the
following.
Theorem 1.4. Let H,G and ρ be as in Theorem 1.2 with index [G : H] = d.
Let X(τ) be a weakly holomorphic vector-valued automorphic form associ-
ated to (H, ρ) of weight 0 and X̃(τ) be the lifted form associated to (G, ρ̃).
Then there exists a family of weakly holomorphic vector-valued automor-
phic forms {X(i)(τ) | 1 ≤ i ≤ d} associated to some SL2(R) conjugates of
(H, ρ) with the following property: let X(i)[n] be the nth Fourier coefficient
of X(i)(τ), and X̃[n] be the nth Fourier coefficient associated to the lifted
form X̃(τ). Then there exists a set of rationals {mi, ni, ri | 1 ≤ i ≤ d}, such
that

X̃[n] =
(
riX(i)[min+ ni]

)t

1≤i≤d
.

Furthermore, the quantities {mi, ni, ri | 1 ≤ i ≤ d} depend only on H,G and
ρ, but not on the associated vvaf X(τ).
1.3. Overview of the article. In Section 1.1, we recall the basic notions
and discuss some key facts from this vast area. In Section 2, we discuss
some properties of vector-valued automorphic forms in the settings of both
admissible and logarithmic. These two sections are kind of expository and
serve as preliminary for our work. In Section 3, we recall the results of [2]
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along with the techniques involved, and in Section 4, we use it to study
the lift of logarithmic vector-valued automorphic forms. We discuss their
existence and provide some examples in Section 5. Following this, Sec-
tion 6 explicitly presents the eigenvalues, eigenvectors, and multiplicities of
the induced representation at parabolic elements. Finally, in Section 7, we
compute the Fourier coefficients of the lifted forms.

1.4. Notations. We denote SL2(R) to be the group of all 2×2 real matri-
ces with determinant one, and PSL2(R) to be SL2(R)/{±I}. For any integer
m ≥ 1, Im is denoted to be the identity matrix in GLm(R). We shall write
τ = x+iy a point in H, and im(τ) be the corresponding imaginary part. For
any unitary λ, we always denote µ(λ) to be the unique real number such
that λ = exp(2πiµ(λ)) and 0 ≤ µ(λ) < 1. Unless otherwise specified, every
constant appearing in the draft depends on the Fuchsian group. We write
f ≪ g for |f | ≤ c|g| where c is a constant irrespective of the domains of f
and g. Given a vector v := (v1, v2, . . . , vm) in Cm, we shall always denote
vt to be its transpose, that is the column vector

v1
v2
...
vm

 .

2. Vector-valued automorphic forms
This section reviews the basics of vector-valued automorphic forms that

we need to understand and prove the main results of the article. In [2]
and [3], the authors studied vector-valued automorphic forms of even weight
associated with Fuchsian groups of the first kind.

Given an element γ =
(

a b
c d

)
∈ G, we denote j(γ, τ) = cτ +d. However, if

we take an element γ =
(

a b
c d

)
∈ PSL2(R), we can not define j(γ, τ) in this

way because of one possible sign factor. In [2] and [3], this sign factor was
redundant as the authors worked with even weight vector-valued automor-
phic forms, and therefore, it always comes with even power. Therefore, the
even weight is necessary to define j( · , · ). In this article, we shall mainly
work inside SL2(R). This will allow us a slight improvement, i.e. we can
work with any integer weight, not just the even ones. Our treatment of
vector-valued automorphic forms in this section closely follows [5].

Definition 2.1 (Stroke operator). If X : H → Cm is a vector-valued mero-
morphic function, γ ∈ SL2(R) and w be a complex number, we define
a vector-valued meromorphic function X|wγ on H by setting X|wγ(τ) =
j(γ, τ)−kX(γτ), where j(γ, τ) = cτ + d when γ =

(
a b
c d

)
.
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It is needless to mention that the function j(γ, τ)w is well defined because
j(γ, · ) : H → C is a non-vanishing function. One can show that the Stroke
operator induces a right group action of SL2(R) on the space of vector-
valued meromorphic functions on H. For this article, we shall restrict to
integer w. We are interested in the vector-valued meromorphic functions
with finite order poles at the cusps. More precisely, let us first make the
following definition.

Definition 2.2. Let X : H → Cm be a vector-valued meromorphic function.
• We say that X(τ) has moderate growth at ∞ when there exists
c ∈ R and Y > 0 such that ∥X(τ)∥ < exp(cy) when y > Y , where
y = im(τ).

• we say that X(τ) has moderate growth at c ∈ R with respect to
w ∈ Z when X|wAc has moderate growth at ∞.

Furthermore, we shall refer to the composition of X(τ) with the projec-
tion map to each coordinate of Cm as the components of X(τ). To introduce
vector-valued automorphic forms, we first discuss the representations of G.
For us, these representations are divided into two types. Namely, admis-
sible and logarithmic (non-admissible) ones. Let us describe them in the
following form.

Definition 2.3. Consider a representation ρ : G → GLm(C) such that for
every parabolic element γ ∈ G, the eigenvalues of ρ(γ) are all unitary. We
say that ρ is an admissible representation of G if ρ(γ) is diagonalizable for
every parabolic element γ ∈ G, and ρ is a logarithmic representation. if
ρ(γ) is non-diagonalizable for some parabolic element γ ∈ G.

Any parabolic element in G is power of tc, for some cusp c ∈ CG. In partic-
ular, any parabolic element in G is power of ±tc. Note that ρ(−I) is always
diagonalizable. Therefore, we are really talking about diagonalizability and
the unitary condition at the finitely many parabolic elements {tc}c∈CG . We
shall now separately treat the vector-valued meromorphic functions associ-
ated with them.

Definition 2.4. Let G be a Fuchsian group of the first kind, w be an
integer, ρ : G → GLm(C) be an admissible representation, and X : H →
Cm be a vector-valued meromorphic function. Then, we say that X(τ) is
a weakly holomorphic admissible vvaf of weight w with respect to ρ if it
satisfies the following properties.

• It is a holomorphic function on H, with moderate growth at any
cusp of G,

• It has finitely many poles in the closure of a fundamental domain
of G, and

• X|wγ(τ) = ρ(γ)X(τ),∀ γ ∈ G.
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Remark 2.5.
(a) If there exists a non-zero X(τ) satisfying X|wγ(τ) = ρ(γ)X(τ),

∀ γ ∈ G, then we must have that ρ(I) = e−iπwρ(−I).
(b) Of course, a representation ρ satisfies ρ(−I) = eiπwρ(I), only if w is

an integer. Moreover, ρ can be considered a representation of G if
and only if ρ(−I) = ρ(I). Equivalently when the associated vvaf has
even weight. In other words, only a vvaf of even weight is associated
with G, is a vvaf of even weight associated with G. Therefore we
are studying the problem in a bit more generality, even in the case
of admissible forms.

(c) If ρ is any irreducible representation, it turns out that ρ(−I) must
be one of the ±I. This is a simple fact from linear algebra.

Recall that tc ∈ PSL2(R) (up-to conjugation) generates Gc. Since ρ is
admissible, we can write ρ(tc) = Pc diag (λ1,c, λ2,c, . . . , λm,c)P−1

c for any
cusp c of G. To get the Fourier expansion around the cusps, we denote

q̃c =

e
2πiA−1

c
τ

hc if c ∈ CG , c ̸= ∞
e

2πiτ
h∞ if c = ∞.

Following [3, Prop. 3.11], at the cusp ∞ we have the following Fourier
expansion

X(τ) = P∞q̃
ΛP−1

∞

∞∑
n=−M∞

X[n]q̃
n.

For any other cusp c ̸= ∞, consider Y(τ) = X|wAc(τ), and then

X(τ) = Y|wA−1
c (τ) = (c − τ)−wX0(A−1

c τ).

Following this, we have the Fourier expansion

(2.1) X(τ) = (τ − c)−wPcq̃
Λc

c P−1
c

∞∑
n=−Mc

X
c

[n] q̃
n

c
, X

c

[n] ∈ Cd,

where we denote q̃ Λc
c to be the diagonal matrix (q̃µ(λ1,c), q̃µ(λ2,c), . . . ,

q̃µ(λm,c)). In particular, note that the Fourier coefficients do not depend
on the choice of the diagonalizing matrix. Note that X(τ) is a weakly holo-
morphic admissible vvaf if Mc is always finite.

A weakly holomorphic admissible vvaf X(τ) of weight w is called holo-
morphic if it has no poles in H and, for any cusp c of G, the function
X|wAc(τ) is bounded in some half-plane (contained in H), that is to say
simply that X(τ) is holomorphic everywhere in H∗

G. It is called a weight
w cusp form if, for any cusp c, the function X|wAc(τ) approaches to 0 as
y → ∞. This is same as saying that X(τ) is a holomorphic admissible vvaf
if Mc ≤ 0, and an admissible cusp form if Mc < 0 for any cusp c of G.
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We are interested in the representation ρ of G, which is not admissible. In
other words, ρ(γ) is not diagonalizable for some parabolic element γ ∈ G.
We call such a representation logarithmic. In this case we can write ρ(tc)
in the Jordan canonical form as

Pc


Jm(λ1,c),λ1,c

Jm(λ2,c),λ2,c

. . .
Jm(λk,c),λk,c

P−1
c ,

for any cusp c of G, where the Jordan block Jm,λ is defined to be
λ

λ
. . .
. . . . . .

λ λ


m×m

,

which is conjugate to the canonical Jordan block. We also set R(tc) to
be the collection of the eigenvalues of ρ(tc), which may not necessarily be
pairwise distinct.

Let X : H → Cm be a vector-valued meromorphic function, and ρ : G →
GLm(C) be a logarithmic representation. Suppose that for some integer
w, X(τ) satisfies

• X|wγ = ρ(γ)X, ∀ γ ∈ G,
• ρ(I) = eiπwρ(−I).

Now, let c be any arbitrary cusp of G. Then for each eigenvalue λ of ρ(tc)
there are q̃c-expansions

(2.2) hλ,j,c(τ) = Pcq̃
µ(λ)
c P−1

c

∞∑
n=−Mc

Xc[λ, j, n]q̃n
c , 0 ≤ j ≤ m(λ) − 1

such that, at the cusp ∞

(2.3) X(τ) =
∑

λ∈R(tc)

m(λ)−1∑
j=0

(log q̃)jhλ,j,∞(τ),

and at the cusp c( ̸= ∞),

(2.4) X(τ) = (τ − c)−w
∑

λ∈R(tc)

m(λ)−1∑
j=0

(log q̃c)jhλ,j,c(τ),

where m(λ) is the size of one of the Jordan blocks associated with the
eigenvalue λ.

Definition 2.6. Let X : H → Cm be a vector-valued holomorphic function
and suppose there exists an integer w such that X(τ) satisfies (2.3) and (2.4)
above with respect to a logarithmic representation ρ : G → GLm(C). Then,
we say that X(τ) is a weakly holomorphic logarithmic vvaf of weight w,
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if for any cusp c of G, all of the q̃c-expansions hλ,j,c(τ) start from some
finite n.

In particular, we say that X(τ) is holomorphic at the cusp ∞ when
M ≤ 0, and holomorphic at the cusp c when X|wAc(τ) is holomorphic
at the cusp ∞, or equivalently when Mc ≤ 0. If X(τ) is holomorphic at all
cusps, then we say that X(τ) is a holomorphic logarithmic vvaf. In addition,
we say that X(τ) is a logarithmic vector-valued cusp form if Mc < 0 for
every cusp c of G.

3. Properties of lifted vector-valued automorphic forms
In this section, we shall recall the induction of representations and in-

troduce vvaf associated with them. We closely follow [2] throughout this
section and develop the main tools required to establish the results of this
article.

3.1. A special choice of the representatives. Let us first recall the
usual setup: G ⊆ SL2(R) be any group, and H be any finite index subgroup
of G. Suppose that the index is d, −I ∈ H, and H, G are Fuchsian groups of
the first kind. Fix any cusp c ∈ ĈG and let c1, . . . , cnc be the representatives
of the H-inequivalent cusps which are G-equivalent to the cusp c, so we
have G · c =

⋃nc
i=1 H · ci. In particular, one can write

G · c =
nc⋃

i=1
H · ci,

since two cusps are H-equivalent, if and only if, they are H-equivalent.
Therefore, for each i we get an Ai ∈ G with Ai(c) = ci. Let us denote kc

be the cusp width of c in G and hci be the cusp width of ci in H. Then
a set of coset representatives of H in G can be taken to be gi,j = tjcA

−1
i

for all 1 ≤ i ≤ nc and 0 ≤ j < hi, where hi = hci
kc

∈ Z. It turns out
that,

∑
1≤i≤n∞ hi = d. Setting ti = Ait

hi
c A

−1
i , note that any element of the

stabilizer group Hci can be written as power of ±ti.
Let ρ be a representation of rank m associated to H, and denote ρ̃ :=

IndG
H(ρ) to be the induction of ρ. With the choice of coset representatives

{gi,j} of H in G as described above, we can write ρ̃(tc) in the block diagonal
form, where each block is of size mhi ×mhi, ∀ 1 ≤ i ≤ nc. Moreover, these
blocks are in the lower diagonal form whose right top block is ρ(ti), and all
other blocks are in the lower diagonal entry is Im×m. More precisely, it is
of the form 

0 ρ(ti)

I
. . .
. . . . . .

I 0


mhi×mhi

.
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For a more detailed discussion on the coset representatives gi,j , and the
block diagonal form of ρ̃(tc), we refer the reader to [2, Lem. 4.5] and [2,
Thm. 4.2]. Here we are pointing out the similar facts over their pullbacks
in SL2(R).

Remark 3.1. Note that the description in [2, Eq. (4.3)] states that
ρ(g−1

i,j tcgk,l) = I when i = k and j ̸= hi − 1. Additionally, we would like to
point out to the reader that it is also necessary to have that l = j− 1. This
can be derived immediately from the definition gi,j = tjcA

−1
i .

3.2. Lifting of vector-valued automorphic forms. Let H,G and ρ be
as in the previous section, and X(τ) be a weakly holomorphic vvaf asso-
ciated to (ρ,H). Now one may ask for a lifted form X̃(τ), which is also a
weakly holomorphic vvaf associated with ρ̃. Fix a cusp c of G and let {gi,j}
be the set of coset representatives of H in G, as described earlier. We then
define the induced function X̃(c) : H → Cdm by setting,

τ 7−→
(
X(g−1

i,j τ)
)t

1≤i≤nc
0≤j<hi

.

The reader can note that, given any cusp c of G, we are uniquely lifting
the vvaf X(τ) to X̃(c)(τ), because gi,j are well defined. Of course, X̃(c)(τ) is
just a vector-valued holomorphic function on H right now, because X(τ) is a
weakly holomorphic vvaf. To make sure that X̃(c)(τ) is a weakly holomorphic
vvaf (be it admissible or logarithmic), we first need to check the functional
equation with respect to the induced representation ρ̃. Note that,

X̃(c)(γτ) =


X(γ−1

1 γτ)
X(γ−1

2 γτ)
...

X(γ−1
d γτ)

 =


X(γ−1

1 γγj1γ
−1
j1
τ)

X(γ−1
2 γγj2γ

−1
j2
τ)

...
X(γ−1

d γγjd
γ−1

jd
τ)



=


j(γ−1

1 γγj1 , τ)wρ(γ−1
1 γγj1)X(γ−1

j1
τ)

j(γ−1
2 γγj2 , τ)wρ(γ−1

2 γγj2)X(γ−1
j2
τ)

...
j(γ−1

d γγjd
, τ)wρ(γ−1

d γγjd
)X(γ−1

jd
τ)

 ,

where {γi, γji |1 ≤ i, ji ≤ d} is the set {gi,j |1 ≤ i ≤ nc, 0 ≤ j < hi}, and the
unique association i 7→ ji is defined by [2, Eq. (4.1)].

To satisfy the functional equation property, we need that
j(γ−1

i γγji , τ)w = j(γ, τ)w, ∀ 1 ≤ i ≤ d, γ ∈ G.
We can make sure this if r2(γ−1

i γγji) = r2(γ), ∀ 1 ≤ i ≤ d, γ ∈ G, or
simply if the weight w = 0. Here, for any g ∈ G, we denote r2(g) to be the
second row of matrix g. Of course, it is unlikely that r2(γ−1

i γγji) = r2(γ),
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∀ 1 ≤ i ≤ d, γ ∈ G would always hold. So to be safe, we stick to the weight
w = 0 case to make sure that the functional equation is satisfied. Before
discussing the moderate growth condition, let us first define a suitable lift
for any arbitrary weight case. For this, let us first recall a process of reducing
a given modular form to a lower-weight modular form used in [2]. The idea
is to find a scalar-valued cusp form ∆G(τ) of non-zero weight, which is
holomorphic on H∗

G and nonzero everywhere, except at ∞. For instance if
G is given by the modular group SL2(Z), then one can take

∆G(τ) = (η(τ))24 = q
∏
n≥1

(1 − qn)24,

where η(τ) is the Dedekind eta function. For the existence of such scalar-
valued cusp form ∆G(τ) in the general case, the reader may look at the
exposition in [2, Sec. 4].

Now given a weakly holomorphic admissible or logarithmic vvaf X(τ) of
weight w, let us denote X0(τ) = ∆−w/wH

H (τ)X(τ), where wH is the weight of
∆H(τ). It is clear that X0(τ) is a weakly holomorphic vvaf of weight 0 asso-
ciated to the representation ρ⊗ ν−w

H , where νH is the rank 1 representation
associated to ∆1/wH

H (τ). One can then consider a reduction to a weight 0
automorphic form by X(τ) 7→ X0(τ). In particular, we now have a recipe
to lift to a vvaf of arbitrary weight by considering the map

X(τ) 7−→ X0(τ) 7−→ X̃0
(c)

(τ)∆w/wG
G (τ) := ∆w/wG

G (τ)
(
X0(g−1

i,j τ)
)t

1≤i≤nc
0≤j<hi

.

Note that X̃0
(c)

(τ)∆w/wG
G (τ) satisfies the functional equation with re-

spect to the representation (ρ̃⊗ νH)−w ⊗ νw
G = ρ̃. Therefore, we refine our

definition of lift by setting

X̃(c)(τ) := X̃0
(c)

(τ)∆w/wG
G (τ).

If ∞ is a cusp of G, then we set X̃(τ) := X̃(∞)(τ) as the definition of lifted
form. If not, we pick any cusp c of G and set X̃(τ) := X̃(c)|wAc(τ), which
satisfies the required functional equation with respect to the representation
A−1

c γAc 7→ ρ̃(γ).

3.3. Preservation of the cuspidal properties. Before studying the be-
havior at the cusps, we first need to have a better understanding of the rep-
resentatives of H in G. Suppose that ∞ is a cusp of G and {ci | 1 ≤ i ≤ n∞}
are the cusps of H lying under ∞, and {gi,j} be the set of coset represen-
tatives of H in G as described before, with the important property that
gi,j(ci) = ∞. The following lemma is about a comparison with the set of
all coset representatives {gi,j | 1 ≤ i ≤ n∞, 0 ≤ j < hi} inside G and the set
{Aci | 1 ≤ i ≤ n∞} inside SL2(R).
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Lemma 3.2. There exists ai,j and αi,j ∈ R such that

gi,jτ = a2
i,jA

−1
ci
τ + jh∞ + αi,j , ∀ τ ∈ H.

Proof. Recall that, gi,j = tj∞A
−1
i where Ai(∞) = ci. We also know that

Aci(∞) = ci, in particular, A−1
i Aci(∞) = ∞. On the other hand, A−1

i Aci ∈
SL2(R). In particular, A−1

i Aci =
( a α

0 1/a

)
for some a, α ∈ R. We then have,

gi,jτ = tj∞A
−1
i τ = tj∞

( a α
0 1/a

)
A−1

ci
τ = a2A−1

ci
τ + jh∞ + αa.

This completes the proof by taking ai,j := a and αi,j := αa. □

We recall that any classical holomorphic modular form does not have
weight 0, unless it is a constant function. In those cases, the representation
under consideration has a finite image. However, the same may not be true if
the representation does not have a finite image. Consider the representation
I0 : SL2(Z) → GL2(C), given by γ 7→ γ, and the holomorphic function Y :
H → C2 given by τ 7→ (τ, 1). Note that Y(τ) is a holomorphic logarithmic
vvaf of weight −1 associated with I0. In particular, Y′(τ) := Y(τ)∆(τ)

1
12 is

a non-constant holomorphic logarithmic vvaf of weight 0 associated to the
representation ρ′ := I0 ⊗ νSL2(Z). In fact, following [5], we know that the
space of holomorphic logarithmic vvaf is a free module of rank two over the
polynomial ring C[E4, E6], generated by Y′(τ) and its modular derivative.

Moreover, the representation ρ′ : SL2(Z) → GL2(C) indeed have infinite
image, because∥∥ρ′(tn)

∥∥ =
∥∥I0 ⊗ νSL2(Z)(tn)

∥∥ = ∥I0(tn)∥ = n,

which follows from the explicit description of νSL2(Z), see [2, p. 7]. Gan-
non in [5] gave an explicit description of the logarithmic representations of
rank 2, associated to SL2(Z), and they all differ from ρ′ by some character
of SL2(Z).

We now prove the required cuspidal properties of the lifted forms.

Lemma 3.3. Let c be an arbitrary cusp of G and {ci | 1 ≤ i ≤ nc} be the
set of all inequivalent cusps of H lying under c. Then we have the following.

(i) If X(τ) has moderate growth at all the cusps {ci | 1 ≤ i ≤ nc} , then
the lifted form X̃(c)(τ) has moderate growth at c as well.

(ii) If X(τ) is holomorphic (or vanishes) at all the cusps {ci | 1 ≤ i≤ nc},
then the lifted form X̃(c)(τ) has same properties at the cusp c, pro-
vided that the weight of X(τ) is 0.

Proof. For both of the parts, it is enough to prove that X̃(c)(τ) satisfy the
required cuspidal properties at the cusp ∞.

Let us first prove part (i). It is clear that X0(τ) has moderate growth at
all the cusps {ci|1 ≤ i ≤ n∞} , because any power of ∆H(τ) has the same
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property. Now we shall show that all the components of X̃0(τ) have mod-
erate growth at ∞. Let Y(τ) := X0(g−1

i,j τ) be such a component. Since
X0(τ) has moderate growth at all the cusps {ci|1 ≤ i ≤ n∞} there exists a
constant c ∈ R such that ∥X0(τ)∥ ≪ |e2πicA−1

ci
τ | as im(τ) → ∞. It follows

from Lemma 3.2 that, ∥Y(τ)∥ ≪ |e2πic′τ |, for some constant c′ ∈ R, as
im(τ) → ∞. This shows that, X̃0(τ) has moderate growth at ∞. On the
other hand, any power of ∆G(τ) has moderate growth at ∞ as well, and
this completes the proof of part (i).

Let us now prove part (ii). To show that X̃(τ) is holomorphic (or vanishes)
at the cusp ∞, we need to show that all the components are bounded
(or vanishes) as im(τ) → ∞. The constant c′ appearing in the previous
paragraph is 0 when X(τ) is holomorphic and negative when X(τ) is a
cuspform. Moreover, it can also be seen from Lemma 3.2 that the constants
c and c′ from the previous paragraph are a positive multiple of each other.
Therefore X̃(τ) has the similar cuspidal properties as X(τ). This shows that
the lifted form also shares the same cuspidal properties when the weight
is 0. □

4. Lifting of logarithmic vector-valued automorphic forms
In [2], the first author proved that the induction of an admissible rep-

resentation is admissible. In this section, we shall study the induction of
non-admissible, i.e., logarithmic representations, and explore the relation-
ships between logarithmic vector-valued automorphic forms and their lifts.

4.1. Proof of Theorem 1.2. Let us start with considering the coset
representatives {gi,j} of H in G from Section 3.1. We first claim that,
for any pair (i, j), some non-trivial power of γi,j = g−1

i,j tcgi,j is in H. To
prove this, we start by noting that there exists ni,j,1 and ni,j,2 such that
g

ni,j,1
i,j H = g

ni,j,2
i,j H. This is because H has a finite index in G. In particular,

for each pair (i, j), there exists some integer ni,j such that g−1
i,j t

ni,j
c gi,j ∈ H.

Let us now consider n = lcm {ni,j | 1 ≤ i ≤ nc, 1 ≤ j ≤ hi}. In particular,
g−1

i,j t
n
c gi,j ∈ H for each pair (i, j). Therefore, ρ̃(tnc ) is a block diagonal ma-

trix where each block is of the form ρ(g−1
i,j t

n
c gi,j). Note that g−1

i,j t
n
c gi,j ∈ H

and fixes the cusp ci, hence it is some non-trivial power of ti. Let us write
g−1

i,j t
n
c gi,j = tmi , where m ̸= 0 is an integer. By the assumption, there ex-

ists some i for which ρ(ti) can be written in Jordan normal form, with a
Jordan block, say Jλ, of size greater than 1. In particular, ρ(tmi ) can be
written in a block diagonal form, where one of the blocks is Jm

λ , which is
not diagonalizable for any integer m ̸= 0. This completes the proof. □

Remark 4.1. It is clear that ni,j ≤ d, for each pair (i, j), where d is the
index of H in G. In other words, n is crudely bounded by dd. However,
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if H is normal in G, one can always take ni,j to be d. In particular, one
can take n = d. In fact, the discussion in Section 3.1 allows us to take
n = lcm {hi | 1 ≤ i ≤ nc} .

4.2. Proof of Corollary 1.3. Since ρ is a logarithmic representation, we
can select a cusp ci of H such that ρ(ti) is not diagonalizable. Now ci is a cusp
of G, with ci itself lying under it as a cusp of H. It follows from Theorem 1.2
that ρ̃(tci) is not diagonalizable. Consequently, the induced representation
ρ̃ is logarithmic. The proof is then completed by incorporating part (i) of
Lemma 3.3. □

4.3. Space of the lifted vector-valued automorphic forms. Let RG
be the ring of weakly holomorphic scalar-valued automorphic forms asso-
ciated with G. Define M!

w(ρ) (resp. Mw,hol(ρ) and Mw,cusp(ρ)) be the set
of all weakly holomorphic logarithmic vvaf (resp. holomorphic logarithmic
vector-valued automorphic forms and logarithmic vector-valued cusp forms)
of weight w, associated to representation ρ of G. It is clear that RG acts on
these spaces through the map (f,X) 7→ fX, for any f ∈ RG and X(τ) from
one of these spaces. Consequently, we have the following.

Proposition 4.2. Let G, H, ρ be as in Theorem 1.2 and w be an integer.
Then there is a RG-module isomorphism between the following spaces.

(i) M!
w(ρ) and M!

w(ρ̃),
(ii) M0,hol(ρ) and M0,hol(ρ̃), and
(iii) M0,cusp(ρ) and M0,cusp(ρ̃).

Proof. Given a weakly holomorphic vvaf X(τ) from one of the M!
k(ρ),

M0,hol(ρ) or M0,cusp(ρ), we consider its lift X̃(τ). It follows from Theo-
rem 1.2 and part (ii) of Lemma 3.3 that, indeed, this map is a possible
candidate for the isomorphism in any of the parts (i), (ii) or (iii). Clearly
this is an injection. On the other, consider a vvaf Y := (Y1,Y2, . . . ,Yd)
in one of the spaces M!

k(ρ̃),M0,hol(ρ̃) or M0,cusp(ρ̃). Consider the weight 0
form Y0(τ) := ∆−w/wG

G (τ)Y(τ). Without loss of generality, we may assume
that the weight of Y(τ) is 0, if not, we can simply work with Y0(τ).

Let us now fix an element γ ∈ G. For each i, there exists a unique
j := ji such that Yi(γτ) = ρ(γ−1

i γγj)Yj(τ). Moreover, any such γ−1
i γγj is

in H. In particular, if γ1 = 1 and γ ∈ H, then γj1 = 1 and we have that
Y1(γτ) = ρ(γ)Y(τ). This implies that, Y1 ∈ M!

k(ρ),M0,hol(ρ) or M0,cusp(ρ).
On the other hand if we take γ = γi, then we must have that ji = 1,
and hence Yi(τ) = Y1(γ−1

i (τ)). Therefore, Y(τ) = Ỹ1(τ). This gives the
required isomorphism between the given spaces. □
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5. Existence of logarithmic vector-valued automorphic forms
In this section, we shall discuss the existence of vvaf associated with a

given representation. To begin with, let us first recall [2, Sec. 4] the scalar-
valued cusp form ∆G(τ) of non-zero weight, which is holomorphic on H∗

G
and nonzero everywhere, except at ∞. Moreover, let νH be the rank 1
representation associated to ∆1/wH

H (τ).

Lemma 5.1. Let G be any Fuchsian group of the first kind, and k be any
integer. There exists a weakly holomorphic logarithmic vvaf of weight w,
associated with some representation of G.

Proof. Consider the representation I : G → GL2(C) given by γ 7→ γ. Now
consider the vector-valued holomorphic function X0 : H → C2 given by
τ 7→ (τ, 1). Note that

X0

(
aτ + b

cτ + d

)
= (cτ + d)−1X0(τ), ∀

(
a b
c d

)
∈ G, τ ∈ H.

Of course, we can not conclude about the weight if c = 0 and d = 1 for
every element in G. However, that is not the case because G is a Fuchsian
group of the first kind. Therefore, X(τ) is a weakly holomorphic logarithmic

vvaf of weight −1 associated with I. Then Xk(τ) := X0∆
w+1
wG

G (τ) is a weakly
holomorphic logarithmic vvaf of weight w associated with the representa-
tion ρ := I ⊗ νw+1

G . □

Now one may naturally ask if given any representation ρ : G → GLm(C)
can we find a non-trivial weakly-holomorphic vvaf associated to ρ whose
components are linearly independent? Of course, the interesting question is
when the components are linearly independent; otherwise, one could take a
zero function. The first author confirmed this for admissible representations
having a finite image, and in [1, Chap. 5], the same is confirmed for any
admissible representations with rational exponents1, associated with any
genus zero Fucshian group of the first kind. Furthermore, in [1, Chap. 6],
explicit generators are produced for the rank 2 case when the Fuchsian
group is a triangle group. An extension to rank 3 for the modular group is
done by Candelori et. al. in [4].

The main goal of this section is to study this for logarithmic vector-valued
automorphic forms. More precisely, we consider the following question.

Question 5.2. Let G be any Fuchsian group of the first kind. Given a
logarithmic representation ρ of G, can we find a non-trivial logarithmic
vvaf associated with ρ whose components are linearly independent?

1In other words, all the eigenvalues of the image of any parabolic element has a finite order
in C∗.
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For the logarithmic representations associated with the modular group,
the existence could be deduced from [5, Thm. 3.1]. Gannon remarked that
a similar result could be deduced for any genus 0 Fuchsian group of the
first kind.

Before proving our main result of this section, let us quickly recall the
result of [2]. As mentioned, the author assumed that the image of ρ has a
finite image and all the eigenvalues of ρ(γ) are unitary for any parabolic
element γ ∈ G. In this case, we must have that, µ(λ) is rational for any
eigenvalue λ of any such ρ(γ).

Now for the logarithmic case, we do not have the luxury to assume that
the representation has a finite image. If ρ is not admissible, then there exists
some parabolic element γ ∈ G such that ρ(γ) has at least one non-trivial
Jordan block, say Jλ. Suppose this block is of size m(λ) ×m(λ). Since it is
non-trivial, we may assume that 1 < m(λ) ≤ m. If ρ has finite image, then
the set {Jn

λ }n∈N must also be finite. Note that,

Jn
λ = λn(Im(λ) +N)n = λn

∑
0≤i≤m(λ)

(
n
i

)
N i,

where N is the corresponding nilpotent matrix. In particular, for any large
n, we note that there is an entry in Jn

λ of modulus ≫
( n

m(λ)
)
. Therefore, we

can not assume that the representation has a finite image for the logarithmic
case. Here we would like to give a partial answer to Question 5.2.

Proposition 5.3. Let H,G and ρ be as in Theorem 1.2. Suppose that ψ
be a representation associated to G such that ρ̃ = ψ. Then there exists a
weakly holomorphic logarithmic vvaf X̃(τ) associated to (ψ,G) with linearly
independent components if and only if there exists a weakly holomorphic
logarithmic vvaf X(τ) associated to (ρ,H) with linearly independent compo-
nents.

Proof. It is enough to work with only weight 0 forms because multiplication
by a scalar-valued non-zero function does not change the linear indepen-
dence. Suppose that there exists (ρ,H) with an associated weakly holomor-
phic logarithmic vvaf X(τ). It follows from Corollary 1.3 that X̃(τ) is a
weakly holomorphic logarithmic vvaf for IndG

H(ρ) = ψ. We are now done
for the if part, provided that the set

{
X(g−1

i,j τ)
∣∣ 1 ≤ i ≤ n∞, 0 ≤ j < hi

}
is a linearly independent set. If not, we fix a point τ0 ∈ H such that g−1

i,j τ0

are pairwise distinct, and denote mi,j = ordτ=τ0(X(g−1
i,j (τ)). Let f be any

non-constant modular function for H. For a set of positive integers {ni,j}
to be specified later, let us consider the function,

F (τ) =
n∞∏
i=1

hi−1∏
j=0

(
f(τ) − f(g−1

i,j τ0)
)ni,j

.
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Note that F (τ) is a modular function for H, with

ordτ=τ0 F (g−1
i,j τ) =

∑
ni,j ordτ=τ0 f(g−1

i,j τ).

Now we choose {ni,j} in such a way, so that mi,j + ordτ=τ0 F (g−1
i,j τ) are

pairwise distinct, and then ordτ=τ0 FX(g−1
i,j τ) are pairwise distinct. Conse-

quently, the set
{
FX(g−1

i,j τ)
∣∣ 1 ≤ i ≤ n∞, 0 ≤ j < hi

}
is linearly indepen-

dent. In particular, now FX(τ) is a weakly holomorphic logarithmic vvaf
for H associated to ρ and X̃(τ) := F̃X(τ) is a weakly holomorphic logarith-
mic vvaf associated to ρ̃ := ψ, with linearly independent components, as
desired.

On the other hand, let X̃(τ) be a weakly holomorphic logarithmic vvaf
for (ψ,G) with linearly independent coefficients. In this case, the proof
immediately follows from part (i) of Proposition 4.2. □

We record the following consequence by combining Lemma 5.1 and
Proposition 5.3.

Corollary 5.4. Assume that ρ lies in the following set of representations,{
Ĩ ⊗ vw

G

∣∣∣w ∈ Z, H ⊆ G, [G/H] < ∞
}
.

Then we may find a logarithmic vvaf associated with ρ, whose components
are linearly independent.

6. Eigenvalues of the induced representations
In Section 4, we established that the induction of a logarithmic repre-

sentation remains logarithmic. In this section, we shall briefly compute the
eigenvalues, eigenvectors, and multiplicities of the induced representations
at the parabolic elements. While this information can indeed be used to
prove Theorem 1.2, our primary objective here is to employ it to prove
Theorem 1.4.

Let us first recall the usual setup. Fix a cusp c in G, and consider the
decomposition

G · c =
nc⋃

i=1
H · ci.

If we know all the eigenvalues of ρ(ti), then what do we know about the
eigenvalues of ρ̃(tc)? The first author studied this when ρ is an admissible
representation and explicitly described the corresponding eigenspaces. Of
course, the question arises if ρ is not admissible. In other words, if one of
the ρ(ti) is not diagonalizable. We shall answer this in the following lemma.

Lemma 6.1. Let c be any arbitrary cusp of G, and {ci | 1 ≤ i ≤ nc} be the
set of inequivalent cusps of H lying under c. Let {λ(i,k) | 1 ≤ k ≤ ei} be the
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set of distinct eigenvalues of ρ(ti) for each 1 ≤ i ≤ nc. Then, the following
statements are true.

(i) The eigenvalues of ρ̃(tc) are precisely{
ζλ

1/hi

(i,k)

∣∣∣ 1 ≤ i ≤ nc , 1 ≤ k ≤ ei , ζ ∈ Rhi

}
,

where ei is the number of distinct eigenvalues of ρ(ti), and Rhi
is

the set of all hth
i root of unity.

(ii) If there is a Jordan block of size m(λ(i,k)) in ρ(ti) associated to the
eigenvalue λ(i,k), then there is a Jordan block in ρ̃(tc) of size

m
(
ζλ

1/hi

(i,k)

)
:= m(λ(i,k)), ∀ 1 ≤ i ≤ nc , 1 ≤ k ≤ ei , ζ ∈ Rhi

.

Before proving Lemma 6.1, we need to discuss generalized permutation
matrices. These matrices are square matrices where each row and column
contain precisely one non-zero entry. Unlike classical permutation matrices
where the non-zero entry must be 1, in generalized permutation matrices,
this entry can take any non-zero value. Any invertible generalized permu-
tation matrix can be expressed as the product of an invertible diagonal
matrix and a permutation matrix. In fact, the group of all such matrices in
GLh(R) is isomorophic to Sh ⋊ ∆h(R), where Sh is the symmetric group,
and ∆h(R) be the set of diagonal matrices in GLh(R). The semidirect prod-
uct above is defined by the natural action of Sh on ∆h(R) by permuting
coordinates. With this identification, or simply by matrix multiplications,
the reader may note that

0 a

1
. . .
. . . . . .

1 0


h

h×h

= aIh, ∀ a ∈ R \ {0}.

Similarly, we have the following for any non-zero matrix A ∈ GLm(R).

(6.1)


0 A

Im

. . .

. . . . . .
Im 0


h

hm×hm

= AIhm.

Proof of Lemma 6.1. Let v(i,k) be an eigenvector of ρ(ti) associated to the
eigenvalue λ(i,k). Let us recall from Section 3.1 that ρ̃(tc) is in a block
diagonal form, where each block is of the form

(6.2)


0 ρ(ti)

Im

. . .

. . . . . .
Im 0


mhi×mhi

.
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This shows that there exists a set of vectors
{
v(i,k,ζ)

∣∣1 ≤ k ≤ ei, ζ ∈ Rhi

}
,

whose ith block is of the form
(
λ

1−1/hi

(i,k) ζ−1v(i,k), λ
1−2/hi

(i,k) ζ−2v(i,k), . . . , v(i,k)
)t

,
and all other entries are zero, satisfying that

ρ̃(tc)(v(i,k,ζ)) = ζλ
1/hi

(i,k)v(i,k,ζ), ∀ 1 ≤ i ≤ nc, 1 ≤ k ≤ ei, ζ ∈ Rhi
.

This shows that the set of eigenvalues of ρ̃(tc) contains{
ζλ

1/hi

(i,k)

∣∣∣ 1 ≤ i ≤ nc , 1 ≤ k ≤ ei , ζ ∈ Rhi

}
.

On the other hand, if λ′ is any eigenvalue of such a block as in (6.2), we
can derive from (6.1) that (λ′)hi = λ(i,k) for some 1 ≤ k ≤ ei. This provides
the comprehensive description of the eigenvalues of ρ̃(tc), as intended.

To prove (ii), consider h = h1h2 . . . hnc . From (6.1), it follows that ρ̃(thc )
is in block diagonal form, where each block is precisely ρ(ti)h/hi for all
1 ≤ i ≤ nc. Additionally, each such block appears hi times.

On the other hand, it is a known result that for any non-trivial Jordan
block J , and for any integer h ̸= 0, Jh is also a non-trivial Jordan block of
the same size as J .2 This completes the proof. □

7. Fourier coefficients of the lifted forms
In Section 3, we discussed the cuspidal properties of the lifted automor-

phic forms. In this section, we shall study their Fourier coefficients and
prove Theorem 1.4.

7.1. On the growth of the Fourier coefficients. In [3], the authors
studied the growth of holomorphic vvaf associated with Fuchsian group of
the first kind H. More precisely, they proved that there exists a constant α
(depending on the associated representation) such that ∥X[n]∥ ≪H,ρ n

w+2α,

where X(τ) is a holomorphic vvaf of weight w ∈ 2Z associated with a
representation ρ of H. Moreover, the constant α depends only on H and
the exponent w+ 2α can be divided by 2 for cuspforms. In this section, we
shall not only work with H but also with H, and study the effect on the
exponent under lifting.

In general, we show that the constant α is multiplied by, at most, the
index of H in G. In particular, the exponent does not change when α = 0.
In [3], it was remarked that α can be taken to be 0 when ρ is a unitary
representation. To prove the main result of this section, let us start with
the following.

2For proof, the reader may refer to the answer given by Oscar Cunningham at https://math.
stackexchange.com/questions/1849839/jordan-form-of-a-power-of-jordan-block.

https://math.stackexchange.com/questions/1849839/jordan-form-of-a-power-of-jordan-block
https://math.stackexchange.com/questions/1849839/jordan-form-of-a-power-of-jordan-block
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Lemma 7.1. Let G,H and ρ be as in Theorem 1.2 such that ∥ρ(h)∥ ≪H
∥h∥α , ∀ h ∈ H. Then the induced representation ρ̃ has the growth
∥ρ̃(γ)∥ ≪ρ,G ∥γ∥α , ∀ γ ∈ G.

Proof. It follows from the definition of induced representation that,

∥ρ̃(γ)∥ ≤ max
1≤i,j≤d

γiγγ−1
j ∈H

∥∥∥ρ(γiγγ
−1
j )

∥∥∥ .
On the other hand, it follows from the assumption on ρ, and the semi
multiplicative property of ∥ · ∥ that ∥ρ(γiγγ

−1
j )∥ ≪ρ,G ∥γ∥α . □

Let us now recall from Lemma 3.3 that if X(τ) is a holomorphic vvaf
of weight 0, then the lifted form X̃(τ) is a holomorphic vvaf as well. As a
consequence of Lemma 7.1, we deduce the following.

Corollary 7.2. Let G,H and ρ be as in Theorem 1.2, and X(τ) be an ad-
missible holomorphic vvaf associated to (H, ρ) of weight 0. Then there exists
a constant α depending only on H and ρ such that the Fourier coefficients
of the lifted holomorphic vvaf X̃(τ) have the following growth∥∥∥X̃[n]

∥∥∥ ≪ nα.

In particular, the growth of the Fourier coefficients of the lifted vector-valued
automorphic forms does not depend on G. However, if X(τ) is a holomor-
phic logarithmic vvaf, then the exponent increases by at most rank(ρ̃) :=
rank(ρ)|G/H|.

Proof. When ρ is admissible, it follows from [3, Lem. 4.1] that

∥ρ̃(h)∥ ≪H ∥h∥α , ∀ h ∈ H,

for some constant α depending on H and ρ. In particular, Lemma 7.1 implies
that

∥ρ̃(γ)∥ ≪ρ,G ∥γ∥α , ∀ γ ∈ G.

Since X(τ) has even integer weight, it is evident that ρ(I) = ρ(−I). There-
fore, ρ can be considered as a representation of H. Consequently, ρ̃ can be
viewed as a representation of G. The proof for the admissible case then
follows from [3, Thm. 1.1]. □

Remark 7.3. For the logarithmic case, one can essentially follow the ar-
gument in [3, p. 21]. The increase in the exponent is coming because of
the extra logarithmic terms in the Fourier expansion, and they come with
power at most rank(ρ̃), which is precisely rank(ρ)|G/H| = md.
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7.2. Computations of the Fourier coefficients. In this section, we
shall study the relationship between the Fourier coefficients of a weakly
holomorphic vvaf and its lift.

Let us start by recalling the coset representatives
{
gi,j

∣∣ 1 ≤ i ≤ n∞,

0 ≤ j < hi
}

of H in G from Section 4. Let X(τ) be a weakly holomorphic
vvaf of weight 0, then by definition

X̃(τ) =
(
X(g−1

i,j τ)
)t

1≤i≤n∞
0≤j<hi

.

To get the Fourier coefficients of X̃(τ), say, at the cusp ∞, we need to study
the Fourier expansion of each component X(g−1

i,j τ) at ∞.
Let G,H be as in Theorem 1.2 and ρ be an admissible representation of

H. Let ∞ be a cusp of G and {ci|1 ≤ i ≤ n∞} be the set of all inequivalent
cusps of H lying under ∞. For each such i, we write ρ(ti) = PiJiP

−1
i ,

and ρ̃(t∞) = P∞J∞P
−1
∞ , where Ji and J∞ are the corresponding diagonal

matrices. It follows from [2, Thm. 4.2] that we can write P∞ in a block
diagonal form diag(P ′

1, P
′
2, . . . P

′
n∞), where each block P ′

i is of the size mhi×
mhi, which can be described by the proof of [2, Thm. 4.2]. In particular,
when Pi are all trivial, then all the entries of any such block P ′

i either 0 or
λ1−j/hiζj , for some ζ ∈ Rhi

.
When ρ is a logarithmic representation, Ji are in a Jordan normal form.

Even in this case, we can write each Pi in a block diagonal form as before.
This follows from the proof of Lemma 6.1.

7.3. Proof of Theorem 1.4.

Admissible case. In this case, X̃[n] denotes the nth Fourier coefficient of
X̃(τ) at ∞, which is a md× 1 vector. For any cusp ci of H lying under ∞,
write ρ(ti) = Pie

2πiΛciP−1
i and

ρ̃(t∞) = P∞ diag
(
e

2πi Λci +j

hi

)
1≤i≤n∞,
0≤j<hi

P−1
∞ .

It follows from [2, Cor. 4.7], equation (2.1), and the discussion in the pre-
vious paragraph that, for each 1 ≤ i ≤ n∞, we can write(

X(g−1
i,j τ)

)t

0≤j<hi

= P ′
i diag

(
q̃

Λci +j

hi

)
0≤j<hi

P ′−1
i

 ∞∑
n=−Mi,j′

X̃i,j′ [n]q̃n

t

0≤j′<hi

,

where each X̃i,j′ [n] is a m× 1 vector.
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Denoting
(
X̃′

i,j [n]
)t

0≤j<hi

= P ′−1
i

(
X̃i,j′ [n]

)t

0≤j′<hi

, and using the identity
that hci = hih∞, we have

P ′−1
i

(
X(g−1

i,j τ)
)t

0≤j<hi

=

q̃ Λci +j

hi

∞∑
n=−Mi,j

X̃′
i,j [n]q̃n

t

0≤j<hi

(7.1)

=

e 2πiτ
h∞

Λci +j

hi

∞∑
n=−Mi,j

X̃′
i,j [n]e

2nπiτ
h∞

t

0≤j<hi

=

e 2πiτ
hci

Λci

∞∑
n=−Mi,j

X̃′
i,j [n]e

2(nhi+j)πiτ
hci

t

0≤j<hi

.

On the other hand, X|wg−1
i,j (τ) := X|0g−1

i,j (τ) = X(g−1
i,j τ) is a weakly holo-

morphic vvaf associated to Hi,j := gi,jHg−1
i,j , with respect to the repre-

sentation ρi,j := gi,jγg
−1
i,j 7→ γ. Moreover, ∞ is a cusp of Hi,j because

g−1
i,j (∞) = ci, and ci is a cusp of H. In other words, gi,jtig

−1
i,j is the gener-

ator of the stabilizer subgroup of ∞ in Hi,j with ρi,j(gi,jtig
−1
i,j ) = ρ(ti) for

any pair (i, j). Therefore, we can write

P−1
i X(g−1

i,j τ) = e
2πiτ
hci

Λci

∞∑
n=−M ′

i,j

X′(i,j)[n]e
2nπiτ

hci , ∀ j ≤ hi,(7.2)

where X′(i,j)[n] = P−1
i X(i,j)[n].

Combining (7.1) and (7.2), we have the following equality for each 1 ≤
i ≤ n∞

(7.3)

 ∞∑
n=−M ′

i,j

X′(i,j)[n]e
2πiτ
hci

(n)
t

0≤j<hi

= Qi

 ∞∑
n=−Mi,j′

X̃′
i,j′ [n]e

2πiτ
hci

(nhi+j′)
t

0≤j′<hi

,

where Qi is the mhi ×mhi matrix given by Qi = P−1
i P ′

i .
Now, recalling that

X′(i,j)[n] = P−1
i X(i,j)[n],

(
X̃′

i,j [n]
)t

0≤j<hi

= P ′−1
i

(
X̃i,j′ [n]

)t

0≤j′<hi

,

it finally follows from (7.3) that, for any 0 ≤ j < hi,

(7.4) X̃i,j [n] = X(i,j)[nhi + j
]
.
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Logarithmic case. Suppose that X(τ) is a weakly holomorphic logarith-
mic vvaf associated with a logarithmic representation ρ of H. Let {λ(i,k)|1 ≤
k ≤ ei} be the set of eigenvalues of ρ(ti) for each 1 ≤ i ≤ n∞, where ei

is number of distinct eigenvalues of ρ(ti). From Lemma 6.1, we have an
explicit description of the eigenvalues (with multiplicity) of ρ(t∞), in terms
of the λ(i,k).

The argument to prove Theorem 1.4 for this logarithmic case is essen-
tially the same as in the admissible case; therefore, we shall omit some
details. Following (2.3), and recalling the identity from Lemma 6.1 that
m(λ) = m(ζλ1/hi), we can write the following for each 1 ≤ i ≤ n∞,

(7.5)
(
X(g−1

i,j τ)
)t

0≤j<hi

= P ′
i

∑
ζ∈Rhi

∑
λ∈R(ti)

m(λ)−1∑
j′=0

(log q̃)j′
hj′

i q̃
µ(λ)

×
∞∑

n=−Mλ,j′

X̃′[ζλ1/hi , j′, n]q̃nhi+j(ζ),

where we denote X̃′[ζλ1/hi , j′, n] = P ′−1
i X̃[ζλ1/hi , j′, n], j(ζ) to be the nu-

merator of µ(ζ), and q̃ = e
2πiτ
h∞ , as in (7.1).

On the other hand, realizing X(g−1
i,j τ) as a weakly holomorphic vvaf as-

sociated to Hi,j , we can write the following for each 0 ≤ j < hi

X(g−1
i,j τ) = Pi

∑
λ∈R(ti)

m(λ)−1∑
j′=0

(log q̃)j′
q̃µ(λ)

∞∑
n=−M ′

λ,j′

X′(i,j)[λ, j′, n]q̃n,(7.6)

where we denote X′(i,j)[λ, j′, n] = P−1
i X(i,j)[λ, j′, n], and q̃ = e

2πiτ
hci , as

in (7.2).
Comparing (7.5) and (7.6) in a similar manner as in the admissible case,

we have hiMλ,j′ = M ′
λ,j′ . Furthermore, for any positive integer n and j′

such that 0 ≤ j′ < m(λ), we have

(7.7) X̃[ζλ1/hi , j′, n] = h−j′

i X(i,j)[λ, j′, nhi + j
]
,

where j = j(ζ).
Therefore, the proof of both admissible and logarithmic cases follows by

setting all the ri,mi, and ni appropriately as per the requirements in (7.4)
and (7.7). □
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Remark 7.4.
(a) One can also recover Lemma 3.3 from Theorem 1.4.
(b) More generally, let w be an arbitrary integer and X(τ) be a weakly

holomorphic vvaf of weight w. Recall that,

X̃(τ) := X̃0
(∞)

(τ)∆w/wG
G (τ),

where X0(τ) = ∆−w/wG
G (τ)X(τ). In the proof of Theorem 1.4, we

basically saw how to compute the Fourier coefficients of X0(τ). By
the same argument, the Fourier coefficients of X̃(τ) can be written
in terms of the coefficients of {X0g

−1
i,j (τ)}1≤i≤nn∞

0≤j<hi

and ∆G(τ).

(c) In certain cases, it turns out that Ai = Aci . In those cases, we look
at the expansion at the cusp ci while considering the vvaf X|wAci .
For example, if G = Γ(1) and H = Γ0(2), then one of the cusps of H
is 0 and in this case Ai is precisely s =

( 0 −1
1 0

)
. However, in general,

it may not always be possible that any Aci is in G. In those cases,
they differ by an element of the form

( a α
0 1/a

)
, as already explained

in the proof of Lemma 3.2.
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