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An ergodic approach towards an equidistribution
result of Ferrero—Washington

par JUNGWON LEE et BHARATHWAJ PALVANNAN

RESUME. Un ingrédient important de la preuve de Ferrero et Washington
de la nullité de l'invariant cyclotomique p pour les fonctions L p-adiques
de Kubota—Leopoldt est un résultat d’équidistribution qu’ils ont établi en
utilisant le critéere de Weyl. Le but de notre manuscrit est de fournir une
preuve alternative en adoptant une approche dynamique. L’une des idées clés
de notre méthode est 1’étude d’une application semi-directe ergodique sur
Zy, x [0,1], qui est ensuite identifiée de maniére appropriée comme un facteur
du décalage de Bernoulli bilatéral sur I'espace {0,1,2,...,p — 1}Z.

ABSTRACT. An important ingredient in the Ferrero-Washington proof of the
vanishing of cyclotomic p-invariant for Kubota—Leopoldt p-adic L-functions
is an equidistribution result which they established using the Weyl criterion.
The purpose of our manuscript is to provide an alternative proof by adopting
a dynamical approach. A key ingredient to our methods is studying an ergodic
skew-product map on Z, x [0,1], which is then suitably identified as a factor
of the 2-sided Bernoulli shift on the sample space {0,1,2,...,p — 1}2.

1. Introduction

Let p denote an odd prime. Let p®" denote the exact power of p dividing
the class number of Q(p,n+1). Iwasawa [10] has showed that there exists
constants A\, p and v (depending only on p) such that

en = An + up" + v, for all sufficiently large n.

Iwasawa further conjectured that the invariant p equals zero. A celebrated
result of Ferrero-Washington [7] established this conjecture.

Theorem 1.1 (Ferrero-Washington). pu = 0.
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Before detailing the motivations behind our present work and to better
place it in context, it will be helpful to first briefly highlight some of the
main ingredients involved in the proof by Ferrero-Washington.

Let us introduce a few notations for this purpose. For every « in Zj, we
can consider its p-adic expansion:

(1.1) a=to(a) +t1(a)p* +ta(@)p® + - + tn(@)p™ + tyrr (@)p™ ™ + ...,
along with its associated partial sums for each n > 1:

(1.2) sn(a) = to() + t1(a)pt + ta(a)p? + - - - + ta(a)p™.

Here, the digits t,,(«)’s belong to the set {0,1,2,...,p—1}. Notice that the
element p~""1s,(a) always belongs to the interval [0, 1).

The following proposition is the main criterion (originally due to Iwa-
sawa [9]) utilized by Ferrero-Washington in their proof of Theorem 1.1.

Proposition 1.2 (Iwasawa, Ferrero-Washington). The followings are
equivalent:
(1) p>0.
(2) There exists an odd integer 3 < d < p — 2 such that for alln >0
and o € Zyp, we have

(1.3) Z tp(an)n? =0 (mod p).

There are two main ingredients used to establish this proposition. The
first main ingredient is an application of the reflection theorem; this ingre-
dient is used to obtain the restriction to odd integers 3 < d < p — 2. The
second main ingredient is an application of the Stickelberger theorem; one
uses the fact that the Stickelberger element

(1.4) ) (2 s;ﬁi’l” anl) ol e QUZ/YY

u=1 'r]P_lzl
u=1 mod p

annihilates the minus part of the class group of Q(uyn+1). Here, o, and oy,
are the group ring elements in the group ring Q[(Z/p"*!)*] corresponding
to u and 7 in the group (Z/p"*t1)*.

The connection with p-adic L-functions arises since a compatible family
of Stickelberger elements can be used to construct the Kubota—Leopoldt
p-adic L-function (see Iwasawa’s book [11]). The explicit form of the Stick-
elberger element is what explains the presence of the digits t¢,’s in the
criterion given in equation (1.3).

To establish p = 0, Ferrero-Washington have to show that equation (1.3)
cannot hold. To do so, Ferrero-Washington use the following proposition.
It is the key equidistribution result required by them. It is also the equidis-

tribution result alluded to in the title of our manuscript.
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Proposition 1.3 (Ferrero-Washington). Let r > 1 be an integer. Let
{B1,...,B:} C Zy be a linearly independent set over Q. Consider the fol-
lowing subset of Z,:
[e.e]
{(p"  su(ap),...p " TsnlaBy)) }
(1.5)  Gr = €Ly s equidistributed in [0, 1]"
with respect to the standard Borel measure.

n=0

Then, Gy has full Haar measure in Z,.

The proof of Proposition 1.3 by Ferrero-Washington uses the Weyl cri-
terion. Our objective is to reprove this proposition from a dynamical per-
spective by utilizing the following fact: almost every point on a compact
space X is generic with respect to a continuous ergodic map 7" on X and
a measure on X that is T-invariant. See [6, Corollary 4.20]. The space X
in our set up will turn out to be an r-fold product of {0,1,2,...,p — 1}
equipped with the uniform probability measure, while the ergodic map T'
will turn out to be an r-fold product of the two-sided Bernoulli shift.

What we mean by a dynamical perspective is that the equidistributed
sequence in equation (1.5) will be obtained from the orbit {T(x)} of
a generic point for the action of the 2-sided Bernoulli shift 7" on X. We
expand on this point in Sections 1.2 and 1.3.

Remark 1.4. The equidistribution statement in equation (1.5) can also
equivalently be stated in terms of the standard Lebesgue measure as it is
the completion of the standard Borel measure.

Remark 1.5. Our main focus in this manuscript is the equidistribution
result of Ferrero-Washington [7]. We explain our motivations in the next
subsection. We simply refer the interested reader to their original article
on how one can deduce p = 0 from the equidistribution result. Ferrero—
Washington crucially use [7, Proposition 3] for this deduction step.

Although the implication from the equidistribution result to the u =0
result is not ergodic in essence, it nevertheless appears to be non-trivial.
In fact, there is a formal resemblance between [7, Proposition 3] and [17,
Proposition 3.1] that was used by Sinnott in his independent proof of p = 0.
See [22, Appendix].

1.1. Motivations. There are historical precedents to providing alternate
proofs of equidistribution results using approaches from ergodic theory. One
very well-known example of such a result is Furstenberg’s ergodic-theoretic
proof (see [8]) of the equidistribution in [0, 1] of the sequence {p(n)}°>,, for
any polynomial p(z) with an irrational leading coefficient. It was the ergodic
theoretic approach that led to Furstenberg’s famous xp, xq conjectures.

Another inspiration arises from works of Cornut and Vatsal [5, 18, 19] who
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successfully applied Ratner’s theorems to prove results in anticyclotomic
Iwasawa theory. Our first motivation is to follow these precedents.

One may reasonably question the necessity to provide an alternate proof
of Proposition 1.3 since the original proof is a simple one using the Weyl
criterion. The application of the Weyl criterion in [7], however, relies on
computing some explicit (although fairly elementary) bounds using prod-
ucts of exponential test functions. Our second motivation in considering
a dynamic set up is to avoid this explicit analysis so that the method is
more amenable to generalizations (where the test functions might be more
complicated to compute explicit bounds). One concrete generalization to
consider would be quotients of SLy(R) by Fuchsian groups (such as finite
index subgroups of SLy(Z)).

As we explain in Section 1.2, the connection with Bernoulli shifts stems
from two observations:

(i) the space {0,1,2,...,p — 1}? is measurably isomorphic to
(1.6) Z[1/p]\ (Qp X R).

(ii) Under this identification, the shift map corresponds to multiplica-
tion by 1/p map. The space in equation (1.6) is the so-called “p-adic
solenoid”. The x1/p map could be viewed as an analog of the “ Hecke
map”, e.g. consider on SLa(Z[1/p])\ (SL2(Q,) x SL2(R)), the p-adic

extension of SLg(Z)/SLa(R), the right-multiplication by {pgl 2]

The advantage of using a dynamical model is that we have more ergodic
tools at our disposal. It will be interesting to translate these ergodic prop-
erties to new concrete results in Iwasawa theory. For example, in the set
up involving quotients of SLo(R) by Fuchsian groups, we have the ergodic-
ity of geodesic and unipotent flows at our disposal. In this case, there is a
concrete connection to symbolic dynamics via the Bowen—Series coding [4].

Beginning with the connection between geodesic flows and continued
fractions, this topic has a long and rich history following numerous authors
such as Adler—Flatto, Artin, Bowen, Hedlund, Hopf, Katok, Martin, Man-
ning, Series, etc. Our third motivation, in our setting, lies in identifying
the connection between Bernoulli shifts (more generally, symbolic dynam-
ics) and Iwasawa theory. The theory of Bernoulli shifts is classical and has
been very well-studied. For this reason, we hope that this connection will
be both fruitful and of independent interest.

Our approach involving ergodic theory is rooted in the principle of trans-
ferring dynamics from the real to the p-adic side. This principle has been
applied with great success in ergodic theory. For an application of this prin-
ciple in a setting similar to ours, see, for example, Lindenstrauss’s work [13].
In our situation, this principle allows us to concretely reduce from the gen-
eral » > 1 case to the r = 1 case. See Propositions 1.8 and 1.9. This
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reduction step suggests (at least to us) that the r = 1 case entirely encap-
sulates the ergodic nature of the problem at hand. Our fourth motivation
involves emphasizing the r = 1 case, which seems important, especially
in light of conjectures of Mazur—Rubin [14] on residual equidistribution of
rational modular symbols. See [12, Conjecture B(3)].

One can compare this with [20, Section 2.1], where a similar reduction
step, in the spirit of ergodic theory, is suggested via analogy with Kro-
necker’s classical result by considering maps from the 1-dimensional space
to the general r-dimensional space. However, for the precise statement in-
volving full Haar measure in Proposition 1.3, it seems to us that we would
need to instead consider maps from the general r-dimensional space to the
1-dimensional space. This reduction step, seems to us, to be group theoretic
(or representation theoretic) in its essence, rather than involving genuine
inputs from ergodic theory.

1.2. The p-adic solenoid and Bernoulli shifts. In our setting, there
are five spaces (labeled Xy, X7, X5, X3 and X4) on which we can consider
dynamics. These five spaces are all measurably isomorphic; so choosing
which space to work with boils down to the perspective the reader is most
comfortable with.

e The first space X arises as a p-adic extension to the cirlce Z\R. We
have the following natural inclusion map:

Z]1/p) — (@, x R),

(17) r— (—x, 7).

Endow R and Q, with the usual archimedean and p-adic topologies
respectively. Under the inclusion given above, Z[1/p] sits inside Q, xR
as a discrete lattice. We will be interested in the quotient space

Xy :=Z[1/p]\ (Qy x R),

which is also often called the p-adic solenoid. See [15, Appendix to
Chapter 1] for more details on the p-adic solenoid. The space X; is
compact. We let v; be the Haar measure on X7, normalized so that it
is a probability measure. We have the x1/p-map on X; given below:

(1.8) T Xy — Xy,
(a,z) — <oz, x> .
pp

The self-map 77 is measurable with respect to vy.

e Under the inclusion given in equation (1.7), we see that Z sits as a
discrete lattice inside Z, x R. One can also consider the corresponding
quotient space

Xo =7\ (Zp x R).
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For every (3 in @, there exists an unique element in Z,, denoted [5],
such that 5 — | 3] belongs to Q and satisfies

0<p-[8l <L

Using this observation, it is not hard to see that the natural inclusion
Zp x R — Qp, x R induces the following isomorphism of topological
spaces:

Xo = X,

Let 5 be the induced measure on Xs under this isomorphism, which
coincides with the Haar measure normalised to be a probability mea-
sure. Under this isomorphism, the self-map on Xs induced by T} can
be described as follows:

(1.9) Ty : Xo — Xo,

(0, 2) —> (a —]t?o(a)’ x —i-]t?o(a))

The self-map 715 is measurable with respect to vo.
e We will consider the inverse limit Xy := Ygln ]% of topological groups,

given by the natural surjections p%RZ — 1%' We have the follow-

ing natural isomorphism of topological groups (see [15, Appendix to
Chapter 1]):

Xy =5 Xo,

(671‘) — (.T, T+ t0(5)7 cee, X + t()(ﬁ) + -+ tn—l(ﬂ)pn717 B )

The measure 1y on Xy will be the pushforward of the measure 1o
under this isomorphism. The map Ty : Xg — Xy, associated via this
isomorphism, to 75 is given below:

(2, @ +10(B), -2+ Lo(B) + - + b1 (A",

. (x tho(8) | wtte(B)+- +tn1(6)p"—1’_”>

PRI

p p

e We also consider the space
(1.10) X3 :=7Zp x [0,1].

as a choice of a “fundamental domain” for X; and X5. We equip X3
with the measure vy X VHaar, Which we denote v3. Here,vg,, is the
standard Borel measure on [0, 1], while vfa,; is the usual Haar measure
on Zj,. While the descriptions of X7 and X arise naturally in theory,
X3 will turn out to be the space that is the most transparent to work
with.
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There is a natural continuous surjection
(111) Xg —» Xo.

It is straightforward to check that under this surjection, the pushfor-
ward measure of 3 on X5 coincides with the measure v5. Furthermore,
it is also straightforward to check that this surjection is an isomor-
phism outside a set of measure zero. We have a measurable self-map

T32X3 —>X3,

which is given by the same formula as in equation (1.9) and hence is
compatible with 75 and the surjection in equation (1.11). This map is
often referred to as a skew-product map.

e Lastly, we have the following space on which the two-sided Bernoulli
shift acts:

(1.12) X4:={0,1,2,...,p—1}2.

Every element in X, is of the form (...,b_p,...,b_1]bo,...,bn,...).
We view X4 as a Bernoulli scheme (as in [6, Example 2.9]), equipped
with the probability measure (denoted vy4) corresponding to the uni-
form probability vector (1/p,...,1/p) on the sample space {0,...,
p—1}.

For every z in [0, 1], we can consider an expansion in base p:

_a(z)  as(z) an(®)
(1.13) P T I

Here, each of the a;(z)’s belong to the set {0,1,...,p—1}. We have a
natural continuous surjection

X4 — X3,

TR N tan)
(...,a_n,...,a_l‘to,...,tn,...)»—> Ztipz,z ‘J+1
i=0 par

This map X4 — X3 is essentially obtained from the map Z, —
[0, 1] sending a p-adic expansion to a p-ary expansion. It is this map
that furnishes the connection to symbolic dynamics. For this reason,
although it is fairly elementary and may be well-known to experts,
we show in Section 2 that under the X; — X3, the pushforward of
v4 on X3 coincides with the measure v3. This map turns out to be a
bijection outside a set of measure zero (corresponding to the rational
numbers whose denominators are powers of p). We can consider the
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FiGure 1.1. The p-adic solenoid can be visualized as the
inverse limit ... & % LN % 2, % In this figure, we consider
p = 3. The color , dark slate gray and white represent
the digits 0, 1 and 2 respectively. Here, the unit circle is used
to represent R/Z. Here, the node ® represents the point

exp (27r x +312X3)) on the unit circle.

following measurable self-map, which is often called the Bernoulli shift
map:

(1.14) T42X4—>X4,
(...,b_n,...,b_l‘bo,...,bn,...)i—>(...,b_n,...,bo‘bl,...,bn,...).

The maps 73 and T, are compatible with the surjection Xy —» X3.
The map T} is ergodic with respect to v4. See [6, Proposition 2.15].
In fact, the Bernoulli-shift map Ty is mixing and as a result, for each
r > 1, the r-fold product T} is also ergodic. See [6, Exercise 2.7.9 and
Theorem 2.36].

To summarize, we have the following commutative diagram of measurable
spaces:

1R
IR

(X4, 1/4) — (Xg, I/3) — (XQ, VQ) — (Xl, 1/1) —» (Xo, 1/0)

| E | | E

(X4, 1/4) — (Xg, Vg) — (Xg, VQ) —_— (Xl, 1/1) — (Xo, 1/0)

1R
1R

Let r > 1 be an integer. For each i € {0,1,2,3,4}, we can consider the
product measure v; on X, along with the natural extensions to the maps
T; as follows:

0 XT — XU,
(1,...xp) — (Ti(z1), ..., Ti(zy)) .
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The self-map 77" is measurable with respect to v;. We have the following
commutative diagram of measurable spaces:

1%
Il

(X1, vp) — (X5, 03) —» (X3, 15) — (X1, 1) — (Xg, 1)

T T TR T

(X1, v) — (X3, 08) — (X5, 1) — (X7, v]) — (Xg, )

R
R

Since the spaces X are all measurably isomorphic to each other and
since Ty is ergodic, each of the maps T is ergodic. See, for example, [6,
Exercise 2.3.4]. We also have the following related self-map which is mea-
surable with respect to the Haar measure on Zj:

T3 Zy — 7y,
a1 —to(al) (6% —to(ar))
» e ) :
Remark 1.6. Given a triple (X, T,v), a point = € X is said to be generic
for the map T if its orbit, given by the set {x, T'(x), T?(z),. .., }, is equidis-
tributed with respect to the measure v. In [7], a generic point (y1,...,7)

for the map 73 is called jointly normal. A generic point v for the map T3
is also simply called normal.

(1.15)

(al,...,ar)»—><

Remark 1.7. Just as the map T3 is analogous to the 2-sided Bernoulli shift,
the map 73 is analogous to the 1-sided Bernoulli shift on {0,1,...,p — 1}.
That is, (Zp, T3, VHaar) is measurably isomorphic to the 1-sided Bernoulli
shift on {0,1,...,p— 1}N equipped with the probability measure induced
by the uniform probability vector (1/p,1/p,...,1/p) on the sample space
{0,1,...,p — 1}. In fact, we have a homeomorphism of topological spaces.
The one-sided Bernoulli shift map and its r-fold products are also ergodic.
See Exercise 2.3.4 along with Proposition 2.15 in [6].

1.3. Proof of the equidistribution result. In this subsection, we show
how Proposition 1.3 follows from Propositions 1.8 and 1.9. The proofs of
Propositions 1.8 and 1.9 are later given in Sections 3 and 4. We follow the
notations of Proposition 1.3.

Proposition 1.8. The following statements are equivalent:

(1) For every (x1,...,2) in [0,1]", the element ((y1,21),- .., (Y, @r))
in X5 is a generic point for Ty .

(2) ((71,0),...,(v,0)) in X% is a generic point for Tj.

(3) (715---,7) is a generic point for T3 .

(4) For every (x1,...,z,) in R", the element ((vi,21),..., (9, @) in
X3 is a generic point for T5.

(5) For every (x1,...,z,) in R", the element ((v1,21),..., (¥, @r)) in
X7 is a generic point for 17 .
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(6) ((71,0),...,(v,0)) in X5 is a generic point for Ty.
(7) ((1,0),...,(%,0)) in X{ is a generic point for T}.

Throughout, we assume that {f1,...,5,} is a linearly independent set.
Consider the following countable subset in Z,:

(1.16) V:={mfr1+---+myBr €Z, : (mq,...,my) €Z"\ (0,...,0)}.

Since {f1,...,0,} is a linearly independent set, observe that for each
(my,...,my) € Z"\ (0,...,0), the linear combination m15; + ... m, [, is
never equal to 0. For each such a linear combination o, we can write o as
pval(@)q,  for a unique element u, in Z; and a non-negative integer val(co).

Proposition 1.9. Let o be an element of Z,,. The following statements are
equivalent.

(1) (afr,-..,aB) is a generic point for Ty .
(2) For every o in 'V, the element o« is a generic point for Ts.

1.3.1. Propositions 1.8 and 1.9 —> Proposition 1.3. We now
proceed to prove Proposition 1.3 assuming that Propositions 1.8 and 1.9
hold. Consider the following set:

(1.17) H, ={a €Zy : ((ap1,0),...,(aB,0)) is a generic point for 73 } .

If n > 0 is an integer, observe first that
(T?T)[n—i_l] ((717 0)7 SRR (’77‘7 0))
. 71— Sn(71) Sn(71) Yr = 5n(Vr) Sn(vr)
- pn+1 ’ pn+1 1t pn+1 ’ pn—i-l :

If ((71,0), (72,0), ..., (7,0)) is a generic point in (Z, x [0,1])" for the map
T3, then the sequence

{@)((3,0),.., (3, 0) }

is equidistributed in (Z, x [0,1])" with respect to 4. Let @ denote the

[e.9]

n=1

natural continuous surjection (Z, x [0,1])" — [0,1]". Since the measure v/}
equals (VHaar X VBor)” on (Z, x [0,1])", the pushforward measure w*(v})
coincides with vf . As a result, for any continuous function f : [0,1]" — R,
we have (see, for instance [3, Theorem 3.6.1], a standard result relating
integrals with respect to pushforward measures)

Jwromas = [ 1.

These observations let us conclude that the sequence

{(pinilsn(’yl)a e 7pin713n(7r))}

[e.9]

n=1
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must then be equidistributed in [0, 1] with respect to the Borel measure.
Using this observation, one can conclude that

(1.18) H, CG,.

To prove Proposition 1.3, it is enough to show that H, has full Haar
measure in Zj,.

Let o be an element of V. As argued earlier, since ¢ is non-zero, we write
o as p"@(@y,, for a unique element wu, in Z, and a non-negative integer
val(o). Consider the following commutative diagram:

XUgy

Loy —— Loy,
(xuz ')oTz0(Xuq) J/Ts
Y/

R Ly
XUy

and the following set:

(1.19) D,, ::{QGZp : {(u;lofgou(,)[”](a)}oo

n=0

is equidistributed in Zp}.

]

Notice that the map (u,! o T30 ug)[”} equals u_ ! o 73[" o u,. As a result,

we have

(1.20) D, = {oz €Ly : {u;l 0’75[”] ou(,(a))}:io is equidistributed in Zp}.

-1
Notice also that since u, is a unit, the maps Z, Lo, Ly, and Zy, Lo, Ly,
are continuous topological isomorphisms. As a result, for every continuous
function f : Z, — R, the functions fou, : Z, — Rand fou;':Z, — R are

-1
also continuous functions. Since the maps Z, Loy Zy, and Zj, Lo, Zy, also
preserve the Haar measure, using the integration-by-substitution method,
we see that

[ dvttaas = [( 0 w) Wttaas = [(7 0 057) Wit

These observations let us conclude that a sequence {x,,} is equidistributed
in Z, if and only if the sequence {usxy} is equidistributed in Z, if and
only if the sequence {u;'z,} is equidistributed in Z,. As a result, we can
conclude that

(1.21) D, = {a €EZLyp: {75["] (uooz))}zozo is equidistributed in Zp}.

Observe that 7§[n] (ugr) = 75[n+val(a)](aa). Since equidistribution for a
sequence is an asymptotic property, we can conclude that the sequence
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o

{7'3[n] (oa)} >, is equidistributed in Z, if and only if {E[n}(uga)}nzo

equidistributed in Z,. As a result, we have

(122) Dy, ={aez,: {7 (0a))}
Using the implication (2) <= (3) of Proposition 1.8, one has the follow-

ing alternative description of H,:

(1.23) H, ={a€Z,: (api,...,ap,) is a generic point for 73 }.

Using Proposition 1.9, we have that (afi,...,af,) is a generic point for
T4 if and only if for all o in V, the element o« is a generic point for 73.
That is,

(1.24) H, = () Du,-
oeV

is

o0

is equidistributed in Zp}.

—1

Since the maps Zj, oy Ly, and Zy, Loy Z,, preserve the Haar measure,
one can directly check from the definition of an ergodic map, that since
Ts : Z, — Zy is an ergodic map, the map u ! o T3 0uy : Zy — Zy is also
ergodic.

A simple application of Birkhoff’s pointwise ergodic theorem given in [6,
Corollary 4.20] lets us conclude that ergodicity of a self-map implies that
almost every point is generic. Thus, using [6, Corollary 4.20], we can con-
clude that D, has full Haar measure (that is, has measure equal to 1) in
Zyp. A countable intersection of sets with full Haar measure also has full
Haar measure. As a result, the set H, also has full Haar measure in Z,,.
Proposition 1.3 follows.

Remark 1.10. Proposition 1.8 involves establishing various equivalent
characterisations of generic points for the self-maps of the p-adic solenoid
and its fundamental domain. There are two main non-trivial characteri-
sations. The first non-trivial characterisation of the proposition involves
describing generic points solely from the dynamics on the p-adic side. This
part of the proposition is described in Section 3.1. The main ingredient is
Lemma 3.1 where a statement analogous to Proposition 1.8 is established
for the symbolic space characterising generic points for the 2-sided Bernoulli
shift space in terms of generic points for the 1-sided Bernoulli shift space.
Note that the 1-sided Bernoulli shift space is identified with the p-adic side
using p-adic expansions of p-adic integers.

On the other hand, equidistribution in a dynamical system encodes
both topological and measure-theoretic information. An equidistributed se-
quence in our setting, being countable, is a measure zero set. Although
ultimately the symbolic space, the fundamental domain and the p-adic
solenoid only differ by a measure zero set, we must be careful not to exclude
any equidistributed sequences while characterising generic points involving
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measurably isomorphic systems. The second non-trivial characterisation is
described in Section 3.2; the main point of that section is to characterise
the generic points for the ergodic self-map on the fundamental domain in
terms of the generic points for the ergodic self-map on the p-adic solenoid.

2. Compatibility of measures

Recall that the set X4 equals {0,1,...,p — 1}%. For each finite subset I
of Z and amap b : I — {0,1,...,p — 1}, we can consider the set I(b) =
{z € Xy|xz; = b(j)}. This set I(b) is called a cylinder set. The topology
on X, is generated by these cylinder sets forming a basis of open sets, as 1
varies over all finite subsets of Z and b varies over all maps I — {0,1,...,
p—1}. The sigma algebra on X} is the smallest sigma algebra containing all
of the open sets generated by this topology. The measure v4 on the Bernoulli
scheme is given by the uniform probability vector (1/p,1/p,...,1/p) on the
sample space {0,1,...,p — 1}. As a result, the value of the measure v4 on

I(b) is given by (1/p)|]‘.
Proposition 2.1. Consider the following natural map:

Xy —» X3,

00 00

. a_;

(...,a_n,...,a_l to,tl,...,tn,...)l—> ZtipZ7 pr]]
=0 j=1

The following statements hold:

(1) The map 7 is a continuous surjective map.
(2) The pushforward measure 7 (v4) on X3 coincides with the measure
v3 on Xs.

Proof. Consider the following sets:
Yy :={0,1,...,p—1}220, Zy:={0,1,...,p—1}%<0,

We shall assign topologies on Y, and Z; generated by the cylinder sets
I(b) forming the basis of open sets, as I varies over finite subsets of Z>
(and Z<¢ respectively) and b varies over all maps I — {0,1,...,p — 1}.
One can also consider the smallest sigma algebras on Y and Z4 generated
by these topologies. As earlier, the corresponding measure vy on Yy (and
vy on Z4 respectively) assigns the value (1 /p)'I | to these cylinder sets.
As earlier, this assignment corresponds to the uniform probability vector
(1/p,1/p,...,1/p) on the sample space {0,1,...,p — 1}. Note that as a
topological space and as a measurable space, X, is naturally isomorphic to
the product Z4 x Yj.
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FIGURE 2.1. Cylinder sets and open intervals

Consider the maps 7z : (Z4,vz) — ([0, 1], vBor) and my : Y4 — (Zp, Viaar)
of topological and measurable spaces given by

[o¢] o

a_; 4

Tz (oo oy a ) — E F.], and my @ (to, ..., tn,...) —> E tip.
= i=0

To prove the proposition, it is enough to show that (i) both 7y and
Tz are continuous surjective maps, and that (ii) the pushforward measures
7y (vy) and 7% (vz) coincide with viaay and vpe, respectively.

For the fact that 7z is a continuous surjective map, see [15, Section 2.3,
Theorem]. Every element of [0,1] has a unique p-ary expansion, except
for the rational numbers whose denominators are powers of p; each such
rational number has precisely two p-ary expansions (see [16, Problem 44 in
Chapter 1]). For the fact that 7y is a continuous surjective map, see [15,
Section 2]. In fact, 7y is an isomorphism of topological spaces.

To show that the pushforward measure 7% (vz) coincides with vpo,, con-
sider the following collection of open intervals in [0, 1]:
¢ = {(a a;j), for all n € Z>p and 0 < a < p", with ged(a,p) = 1},

pn’

along with the following collection of singleton sets of [0, 1]:
¢y = {{CZ}, foralln € Z>gand 0 < a < p”}.
P >

We let € equal €; U €, U {0}. We will show that € is a separating class
(in the sense of Billingsley’s book [1]) and hence, it is enough to check
that 75 (vz) coincides with vpo, for all the elements of €. Although the
arguments are fairly elementary, we provide some details for the reader’s
convenience.

Firstly, we show € is a 7-system (in the sense of Billingsley’s book [2]).
That is, we claim that € is closed under finite intersections. To see this,
since €, is a collection of singleton sets, it is enough to show that the
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intersection of two open intervals of the form (-%

ps’ p?

L “;;1) and (&, Y1) also

belongs to €.

If ﬁn = z%’ then a = b and p™ = p®; these two intervals must be
equal to each other and hence their intersection belongs to €.
Without loss of generality, we may assume that 1% < z%' In this

case, if 4t < L then the intersection of the two intervals would

equal the empty set, which also belongs to €.
a b at+

The last case to consider is o < pr < e In this last case, we
cannot have n > s, since otherwise we would get a < p" %b <
a + 1. However, there are no integers strictly between a and a + 1.
Therefore, in this last case, we must have 0 < n < s. As a result, we
must then have p*"a < b < p* "(a+1). Since s —n is at least one,
the difference p°*~"(a+1) — p* "a must be at least p. Consequently,
we must have p*"a < b+ 1 < p* "(a + 1). In other words, in this

last case, we have
a b b+1 a+1
<

p* p? p* "
The intersection of the two intervals (1%, “p%;l) and (;z%’ bptl) must
equal (1%’ b;;l) and hence also belong to €.

Secondly, we claim that the sigma algebra ¢ generated by the elements
of € coincides with the Borel sigma algebra of [0, 1]. Since € is a collection of
open intervals and closed (singleton) sets in [0, 1], the Borel sigma algebra
of [0, 1] contains X¢. To show that reverse inclusion, we must show that the
sigma algebra ¢ contains all the open sets of [0, 1]. It will be sufficient to
show that every open set can be written as a union of sets of €, since €
itself is a countable collection of sets of [0, 1]. Let U be an open set in [0, 1].
We must show that for every x in [0, 1], there exists a set V' in € such that
reVCcuU.

Consider a point z in [0,1]. If  is of the form % for some n € Zxg
and 0 < a < p", then we may choose V' to be the set {z}, since {z}
belongs to €.

Consider a point z in [0, 1] which is not of the form i as above.
The p-ary expansion of x is then unique and the p-ary expansion
does not end with the repeating sequence 0, 0,0, ..., or the sequence
p—1,p—1,p—1,.... Furthermore, since U is open, there exists an
integer n such that (i) (z — #, T+ Z%) C U and (ii) the n-th digit in
the p-ary expansion of x is not zero. For such an n, we let ﬁ denote
the truncation of the p-ary expansion of z at the n-th digit. Observe
that since the n-th digit is not 0, the numerator a is co-prime to p.
Since the p-ary expansion does not end with the repeating sequence
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0,0,0,...,, we have x > ]%. Since the p-ary expansion does not end
with the repeating sequence p—1,p—1,p—1,..., we have x < a“
Combining these observations, we have

a a+1 1

In other words, z € ( atl) ¢ (z - Lo+ in) C U. In this case,

we may take V to be (—n, o

By combining these two claims and applying [3, Lemma 1.9.4], to show
that the pushforward measure 7% (vz) coincides with vpey, it is enough to
check that these probability measures agree on the sets in €. It is not hard
to check that singleton sets in the Bernoulli scheme Yy, for the uniform
probability vector (1/p,...,1/p), are closed and have measure zero. As a
result, the two measures 7% (vz) and vpo, agree on all the sets in € (and
are equal to zero).

Consider an interval (I% inl) in €;. Consider also the p-ary expansion
of & -

P

a  a_1 a_n

Let I be the finite subset {—1,—2,..., —n} of Z¢. Let b be the assign-
ment that sends each i in I to a; in {0, 1,...,p—1}. Let 21, 22 be the elements
(...,0,0,a_p,a—pt1,...,a-1) and (...,p—1,p—1l,a_p,a_pi1,...,a_1)
respectlvely The preimage of (%, ap—“) under 7wz equals

I(b) — {2’1, 2’2}.

Combining these observations, we can directly verify that the values of the
measures 7y (vz) and vpey coincide on (p‘il , “:1) and are both equal to 1/p™.
Therefore, the measures 77 (vz) and vpo, agree.

The computation to show that the pushforward measure 7y (vy) coin-
cides with vgaa, is almost exactly similar to the discussion above. We skip
it for the sake of brevity. It would be enough to that these two measures
coincide for the open metric balls in Z,, since (i) these open metric balls
generate the sigma algebra for the Haar measure on Z, and (ii) these open
metric balls form a m-system because, in the non-archimedean metric, two
metric balls are either disjoint or one of them is contained in the other. [

3. Transferring dynamics to the p-adic side: Proof of
Proposition 1.8
The implications (1) = (2), (4) = (6) and (5) = (7) of Proposi-
tion 1.8 is clear.
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Just as in Section 1.3.1, the implication (2) = (3) of Proposition 1.8
follows by observing that the measure vy, on Zj, coincides with the push-
forward measure of (Vfaar X VBor)” under the natural continuous projec-
tion map (Z, x [0,1])" — Z; and then applying [3, Theorem 3.6.1]. The
implication (1) = (4) follows by a similar reasoning by considering the
natural map X5 — Xj. The implication (4) <= (5) and (6) < (7)
are also straightforward because the natural topological (and measurable)
isomorphism Xj = X7 commutes with the ergodic maps 75 and 77. To
complete the proof of Proposition 1.8, see the proof of implications given
in Sections 3.1 and 3.2.

3.1. The implication (3) = (1). To see the implication (3) = (1) of
Proposition 1.8, consider the following commutative diagram of measurable
spaces:

X5 o= ({0,100 = 11%) —— (2 % [0,1))", (Vhtaar X Vor)" )

| J

YZ = ({O, 1,...,p— 1}ZZO)T —_— (Z;M VICIaar)

Recall that on the left hand side of the commutative diagram, the two-sided
and the one-sided Bernoulli schemes

{0,1,....p— 112 5 40,1,...,p— 1}%,
(0,1,...,p— 11720 T 10,1, ... p— 1}%0,

are both equipped with the probability measures induced by the uniform
probability vector (1/p,1/p,...,1/p) on the sample space {0,1,...,p—1}.

As observed in the proof of Proposition 2.1, the bottom horizontal map
Y/ = Zy, is an isomorphism of topological and measurable spaces. The maps
T; and T}, on X} and Y, respectively, along with the maps 73 and 73,
on (Zy x [0,1])" and Z;, respectively, are compatible with the maps in the
commutative diagram given above. Consequently, we make the following
observations:

e (y1,...,yr) is a generic point for 77 if and only if its image, under
the bottom horizontal map, is a generic point for 73"

e Using Proposition 2.1, we can conclude that the pushforward of the
measure v coincides with (Vpaar X VBor)”. By applying [3, Theo-
rem 3.6.1], we can conclude that if the element ((z1,y1), ..., (zr, yr))
is a generic point for 7}, then its image, under the top horizontal
map of the commutative diagram, is a generic point for 73.

As in Proposition 2.1, we let Z; denote {0,1,...,p — 1}%<0, One can use
these observations to conclude that, to prove the implication (3) = (1)
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of Proposition 1.8, it suffices to work with Bernoulli schemes and use the
implication of (3) = (1) of Lemma 3.1. The key observation is that we
are working with a left Bernoulli shift.

Lemma 3.1. The following statements are equivalent:

(1) For every (z1,...,2) in Z}, the element ((z1,11), ..., (2r,yr)) is a
generic point for Ty .

(2) There exists a (z1,...,2r) in Z; such that the element ((z1,v1), ...,
(2r,yr)) is a generic point for Ty .

(3) (y1,-..,yr) is a generic point for T, .

Proof. The implication (1) = (2) is clear.

To prove the implications (2) = (3) = (1), we will first show that
the finite product of cylinder sets for the Bernoulli schemes, along with the
empty set, form a separating class (in the sense of Billingsley’s book [1]).
Observe that the collection of (a finite product of) cylinder sets is countable.
To see this, one simply needs to use the fact that the collection of finite
subsets of a countable set is countable. Since the topology and the sigma
algebra on the Bernoulli schemes are generated by the product of cylinder
sets, it is enough to show that the cylinder sets form a m-system (in the
sense of Billingsley’s book [2]).

It is enough to consider the case r = 1. To see that the intersection of
two cylinder sets is again a cylinder set, we let I1(b;) and I2(bs) denote two
cylinder sets. If there exists an i € I N Iy, such that bj(i) # ba(i), then
the intersection of the I1(b;) and I2(be) is the empty set. Otherwise, the
intersection of I1(b1) and I2(b2) equals the cylinder set J(c), where J is the
union of the finite sets I; and I, and the function ¢: J — {0,1,...,p— 1}
is defined to be b1 (7) if i € I; and b (i) if i € Is.

Observe that the inverse image of product of cylinder sets under the
map X; — Y, is again a product of cylinder sets. Combining the obser-
vations in the previous paragraph and applying [3, Lemma 1.9.4], one can
conclude that the pushforward of the Bernoulli measure v} coincides with
the Bernoulli measure on Y.

Observe that the product of cylinder sets is given by the inverse image
of a continuous map from Xj (and Y, respectively) to a finite discrete
set. Consequently, the product of the cylinder sets must be both open and
closed in X} (and Y] respectively). As a result, the boundary of a product
of the cylinder sets is the empty set. The product of the cylinder sets is
thus a P-continuity set, in the sense of Billingsley’s book [1, Section 2].

To prove the implication (2) = (3), assume that there exists a
(21,...,2r) in Z] such that the element ((z1,41),...,(2r,yr)) is a generic
point for Tj. In other words, the set {(T})"(((z1,y1),---,(2r,yr)))}, is

n
equidistributed in X}. Let w denote the natural projection map Xj — Y.
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Just as in Section 1.3.1, applying [3, Theorem 3.6.1] lets us conclude that
the set {(w o )" (((21,91);-- -, (2r,9r))) },, 18 equidistributed in Y;. Using
the following commutative diagram

Ty
Xp—— X3

|,k

Y§ ——= Y/
we have

(@ o TP (((z1,01), - - (zry90))) = (T (w1, -, w0)).

That is, the set {(T;)™((y1,...,%r))}n is equidistributed in Y. In other
words, (y1,...,Yr) is a generic point for 7, . This proves the implication
(2) = (3).

To prove the implication (3) = (1), consider the following equation:

(3.1) lim —Zf Zn) / f(z)dvx

Here, X € {X], Y/} and {z,} is a sequence of points in X. The following
statements are equivalent:

(1) Equation (3.1) holds for all continuous functions f : X — [0, 1].
(2) Equation (3.1) holds for the indicator function

Lr b)xeoox (b)) * X — [0,1],
for all cylinder sets I1(b1), ..., I.(b,) in X, with
b : I; — {0,...,])—1}.

The implication (1) = (2) follows by an application of the Portman-
teau theorem ([1, Theorem 2.1]) since the product of cylinders sets is a
P-continuity set. The reverse implication (2) = (1) follows by ([1, The-
orem 2.2]) since products of cylinder sets form a m-system class and since
there are only a countable collection of such products.

Suppose (y1,...,yr) is a generic point for 7. That is, for all cylinder
sets Ji(c1), ..., Jr(¢cr), we have

(3.2) lim — Z Ly er)xx i (er) ((ﬂ)[ ](yl,...,yr ) - 1:[( >J|

M—oo M —1
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Bernoulli Shift
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FiGure 3.1. Visualizing the cylinder sets

We show that for every (z1,..., z,) in Zj, the element ((z1,y1),--., (zr,yr))
is a generic point for 7. That is, for all cylinder sets in X4, we need to
show

M—o0

: 1 M T\ [T
(3.3)  lim i Z L7 (by)xex 1o (1) ((T4)[ ]((21,y1)7-~-,(2r,yr)))
n=1

Let a := min{x € [, for 1 < i < r}. For each 1 < i < r, we define
Ji to be the set {x + «, for all x € I;}. We define ¢; to be the function
¢i(y) = bi(y — a). Note that

(3.4) L] = i

Since we are working with left Bernoulli shifts, for each point ¢ in X}, we
have

(3.5) L1, et o) ((TDE)) = 1,01y en) (9):
By our choice of «, each of the sets J; is a finite subset of Z>g. We may

view each of these cylinder sets in Y, view the natural projection map
X} — Y, As a result, we have

(3.6) Ly, (ey) s x T (er) (5> =11 (c1) 5 xJn(er) (w o 5)-
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By specializing § to be of the form (T§)"™ ((z1,11), .. -, (2, %)) and com-
bining equations (3.5) and (3.1), we obtain the following equality:

(37) ]lh(b1)><~--><lr(br) ((Tl)[m-i—a} ((Zlv yl)a SRR (Zr‘a y?")))

- ]1J1(61)><---><Jr(cr) ((72")[7”} (yl') s e ﬁ%))-

Since equidistribution is an asymptotic property, one can discard finitely
many terms in a sequence. Establishing Eq.(3.3) is equivalent to establish-
ing the following equality:

(3.8)  lim — Z L7, by)x- XIT(bT)((TZ)[n}((Zlayl)v---7(Zr7yr)))

M—oo M ——t
2 1]\_/[[ (1>|Ii|
i=1 \P

By letting m = n — «, establishing equation (3.8) is equivalent to establish-
ing the following equality:

(3.9)  lim — Z L7y by)x-x I (by) ((TZ)[m+a]<(zl7y1)7---a(zrayr»)

M—o0o0 M
11]‘_/[[(1>|1i|
i=1 \P

Combining equations (3.4) and (3.7), we can assert that establishing equa-
tion (3.9) is equivalent to establishing the following equality:

1 Mo [m] - 3 A
(3:10) Jim — 5" Lo (Do) =H(p) .
=1 i=1

~

Equation (3.10) follows from equation (3.2) since (y1,...,Yy,) is a generic
point for 7;. This concludes the proof of the implication (3) = (1) and
hence the proof of Lemma 3.1. This also concludes the proof of the impli-
cation (3) = (1) in Proposition 1.8. O

3.2. The implication (7) = (2). We begin with a general setup. Let
X, Y be two compact topological spaces. Consider two dynamical systems
(X, mx,Ty) and (), my,Ty) along with a continuous surjection w : X —
Y such that the following diagram is commutative:

Lk

y—
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We assume that this setup satisfies the following additional conditions:

e measures my and my are probability measures defined on the
1) Th d my babilit defined on th
Borel sigma algebras of X and Y respectively.
(2) The measure my equals the pushfoward measure @w*(my).
(3) There exists sets Xy, Yo inside X, ) respectively satisfying the
following hypotheses:
(a) Xy, Vo are closed in X, ) respectively. Both of them have
measure zero.
e map w : — Y§ is a homeomorphism. We le enote
b) Th p XS —Y§isah phism. We let ¢ denot
the continuous inverse.
c e transformations Ty, preserve an respectively.
The transf tions Tx, Ty AS and )§ tivel
That is, we have maps

Tx: X5 — X5, Ty:Y5 — 5.

Here, A§, V§ denote X'\ Xp and Y\ )y respectively. It is not hard to see
using the conditions (3b), (3c), that the commutative diagram (3.11) can
be extended to the following commutative diagram:

T
X§ —5 XS

(3.12) Vs —25 VS
c Tx c
G > g

Lemma 3.2. Suppose that A is a P-continuity set in X. Then, w(ANXf)

is a P-continuity set in Y. Furthermore, mx(A) equals my(w(A N Xf)).

Proof. 1t will be easier first to prove the second statement about measures.
For any set B in ), a straightforward verification would tell us that we
have the following equality of sets:

w Y (B)N XS = (BN Y°).

As a result, if B is a measurable set in ), one can use the fact that Xy is a
zero measure set to verify that

(3.13) my(B) = ma(w (B)) = ma(w ' (B) N X§) = mx(p(B N V).

Since w maps X§ to ), note that w(A N Xf) is a subset of ). Setting
B = w(ANAS) in equation (3.13) then tells us that

my (w(ANAG)) =mx (AN Xy) = ma(A).

To show that w(A N Af) is a P-continuity set, we need to show that the
measure of the boundary 0(w(A N X§)), with respect to my, equals zero.



An ergodic approach towards an equidistribution result of Ferrero—Washington 827

Setting B equals 0(w(ANAXS)) in equation (3.13), it is suffices to show that
©(0(w(AN X§)) NY§) has zero measure in X. We will show that

(3.14) o(0(=(A 0 X5)) N %) & a(A).

This is sufficient for our purposes since A is a P-continuity set in X and
hence the measure my(9(A)) equals zero.

To show the inclusion in equation (3.14), consider a point x in the LHS
of equation (3.14). This point x is of the form ¢(y), for some element y in
I(w(ANAS)) NYS. Since y is in the boundary of w(A N Xf), there exists
a sequence {y,} inside w(A N Af) such that y = limy,. If there existed
any infinite subsequence of this sequence {y,} that lied entirely in ), then
the limit point of that subsequence must also lie in )y since the set )y
is closed. By assumption, however, y belongs to ). As a result, we may
assume without loss of generality, that the y,’s all belong to ). Let z,
denote ¢(yy,). Since z is in the image of ¢, it must belong to X§. Since X
is an open subset of X, it is straightforward to check that x = lim z,,. Since
the y,,’s belong to w(A N Xf), the x,,’s belong to AN A, and hence belong
to A. This shows that = is a limit point in A. To establish the inclusion
in equation (3.14), we need to show that x is not an interior point of A.
Suppose, for the sake of contradiction, that x was an interior point of A.
There must be an open set U, of X such that z € U, C A. Since x belongs
to X§ and since Xj is an open set in &X', the set U, N A is also an open set
in X§ containing x. That is, z € U, N Xy C AN A§. Applying w to these
inclusions, we obtain

y = wl(oW) = w(@) € @ (U N X5) C w (AN X5) C V5.

Since )§ is an open set of } and since the restriction of w to Af is
a homeomorphism, we must have that w (U, N A§) is an open set of )
containing y and contained in @ (A N Af). This observation lets us conclude
that y must be an interior point of w (AN AX§). This contradicts the fact
that y is in the boundary of w(A N Af), and hence not an interior point
of w(A N X§). This establishes the inclusion in equation (3.14) and thus
proves that w(A) is a P-continuity set. The lemma follows. O

Lemma 3.3. Let x be an element of X. In addition to the conditions (1),
(2) and (3), suppose that the following conditions hold:

(4) The set {’7'3[7] (w(x))} is equidistributed in Y.

(5) There exists an m such that the element T/\[gm](x) lies in Xf.
Then, the sequence {7}[(”] ()} is equidistributed in X.
Proof. Since Ty preserves A, the condition (5) implies that for all n > m,
the element 7')[("] (x) lies in X§. Since equidistribution for a sequence is an
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asymptotic property, without loss of generality, we may assume that m =0

and that for all n > 0, the elements 7}[?] (x) lie inside Af§. In particular,
we may assume without loss of generality that the point x itself lies in the
set A§. By the Portmanteau Theorem ([1, Theorem 2.1]), to prove that the

sequence {7:—\[4"] (x)} is equidistributed in X, it is enough to show that for all
P-continuity sets A in X', we have

1 [n]
(3.15) lim — " 1 A (TH@)) = ma ().

Here, 1 4 is the indicator function for the set A. By our assumption, each

of the points 7}[(”] () belongs to the set A§. As a result, for each term in
the summand on the LHS of equation (3.15), we have

(3.16) T (7}[("] (36)) = Tanxe (T;[(n}(l“)) :

Note that the restriction of @ to Af is a homeomorphism, and in partic-
ular, a bijection onto its image. As a result, an element z in X belongs to
AN Af if and only if its image w(z) belongs to w(AN Af). In other words,

]lAmfg(Z) = ]lw(Ang)(W(Z))-
Applying this observation to the element T)[(n} () and using the commutative

diagram in equation (3.11), we get

(317) Lanas (T27(@)) = Lopanrg (T3 (=()))

Using equations (3.16) and (3.17) along with Lemma 3.3, establishing the
equation (3.15) reduces to establishing

M
(318)  lim 3" dopanag (7 (@(@)) = my (@(AN AF))
n=1

By Lemma 3.3, the set w(ANXf) is a P-continuity set. Equation (3.18) now
follows by an application of the Portmanteau Theorem ([1, Theorem 2.1])

since the set {73[,n] (w(x))} is equidistributed in ). The lemma follows. O

To complete the proof of the implication (7) = (2), we will special-
ize the general setup to the situation we are interested in and verify the
conditions (1),(2),(3a),(3b),(3c),(4) and (5). We set

X :=(Z,x[0,1])", Xo:=(Z,x{0,1})", Tx=T5, mx =vj.
Z, x R\" Ly X Z\"
in(pZ )7 y01=(pZ >7 Ty =1T;, my=uvs.

The map w is the natural map X35 — X3 = X7 described in the intro-
duction. Conditions (1), (2), (3a) can be directly checked. Condition (3b)
follows from [15, Appendix to Chapter 1, Proposition 1]. Condition (3c)
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follows from the observation that if there exists an integer 0 <ty < p—1
and a real number 0 < z < 1, then we have 0 < ””J;Tto < 1. Condition (4)
follows from the hypotheses of (4).

By the hypothesis in (4), the set {TQ[n] (1:21), -+, (v, ) } is equidis-
tributed in X3. Under the continuous surjection X5 — (R/Z)", the image
of this set must also be equidistributed in (R/Z)" with respect to the Borel
measure. If a sequence {z,} is equidistributed in (R/Z)", then there must
be infinitely many n such that z, ¢ Z.

Using these observations, one can conclude that there must be at least
once m such that the element TQ[m]((’Yl,xl), ooy (9, ) does not belong
to Xp := (Z, x {0,1})". This establishes condition (5) and completes the
proof of the implication (4) = (1).

Remark 3.4. The idea for proving the implication (1) <= (2) in Propo-
sition 1.8, when dealing with skew product maps and Haar measures, can
be traced back to a result of Furstenberg. See [6, Proof of theorem 4.21].

4. Reduction to the » = 1 case: Proof of Proposition 1.9

The main result in this section is Proposition 4.1. By setting (y1,...,7)
to equal (afy,...,afl,) and using the implication (3) <= (6) of Proposi-
tion 1.8, we see that statement (1) of Proposition 4.1 is equivalent to state-
ment (1) of Proposition 1.9. Once again, by using the implication (3) <=
(6) of Proposition 1.8, we see that statement (2) of Proposition 4.1 is equiva-
lent to statement (2) of Proposition 1.9. The proof of Proposition 1.9 would
follow from Proposition 4.1.

Proposition 4.1. The following statements are equivalent:
(1) The element ((71,0),...,(7,0)) in X5 is a generic point for Tj.
(2) For every (m1,...,m;) € Z"\{(0,...,0)}, the element (Z mivi, 0)
in X9 is a generic point for Th.

Proof. For each mi = (m1,...,m,) in Z"\{(0,...,0)}, we consider the map
wa - Xg — Xo given by

,
(41) ((7171'1)7"'7(77"7'7;7“)) '—>Zmz(%$z)
i=1

Such a map is furnished since the map (R x Q,)" — (R x Q,)" given by
equation (4.1) preserves the lattice (Z[1/p])". Observe that the continuous
map wy : X5 — Xo must be surjective since 7 is a non-zero vector.
The measures v5 and vy are the unique probability Haar measures on the
compact topological groups X5 and Xy respectively. Using the fact that
there exists a unique probability Haar measure on a compact topological
group and the fact that the map w,; : X5 — X2 is a continuous surjective
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map, it is straightforward to imitate the argument in [21, p. 20, point (4)]
to conclude that the pushforward measure w? (v5) on X must coincide
with the Haar measure v». The implication (1) = (2) follows, just as in
Section 1.3.1, by applying [3, Theorem 3.6.1].

To prove the reverse implication (2) = (1), observe that, by considering
the real and imaginary parts of a complex-valued function, a sequence {z,}
is equidistributed in X3 if and only if for all complex valued functions
f: X5 — C, we have

M
(4.2) 1m1:1§:f@w:5/fd%.
n=1

M—oco M
Since X9 = X = 1&1]1%/ p™Z, we can also consider the natural projection
map i; : Xo — R/p!Z. Finally, we will also consider the group isomorphism

et R/p'Z = 6! given by the exponential map. Here are some preliminary
observations:

€1 01t O Tm = €4 014 O W_pp,
(43) €t+1 © it+1 (e} wpm =€t 0 ’it O W,
(€t 04t 0 Wi, ) (€ 01 © Wiy ) = €4 0 1t © Winy +my-

Consider the following collection of complex-valued functions on X3:

(4.4) S = {co + Zcmi-gpm,t : X5 — C,where co, ¢3¢ € (C} ,

m

where we consider finite linear combinations in the summation given above
in equation (4.4) and where the map ¢y, : X5 — C* is the one described
below:

X5 : » CX,

(4.5) wml T

Xy LS R/pHZ S STy CX

Using the observations in (4.3), it is straightforward to verify that
the hypotheses of the complex-form of Stone-Weierstrass theorem [6, The-
orem B.7] is applicable to the set S. Hence, the functions in S are dense
in the set of complex-valued functions on Xj. Therefore, to etablish (1),
i.e. to show that the sequence {(75)"((v1,0),(72,0),...,(7,0))} is
equidistributed in X3, it is enough to verify equation (4.2) for the functions
@5+~ Consider the RHS of (4.2). Since the pushforward measure @, (v3) on
X, coincides with the Haar measure v, applying [3, Theorem 3.6.1] gives
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us the following equality:

(46) /(ﬁm’t dyg = /6t o it O Wy dl/g = /et o) it dVQ.

Since the maps 75 on X4 and 75 on X3 is given by the multiplication by
1/p map, we immediately have the following commutative diagram:

Xr 73 Xr
2 2

| I

Xy —25 Xo.

Consider each term appearing in the summation on the LHS of (4.2). We
have

(4.7) (et 0t 0 ) (T5)M((11,0), ..., (3, 0))

= (er oit) <(T2)[n] (i mi'7i70>> :

=1

The desired equation in equation (4.2) for the functions ¢y ; now follows
by using equations (4.6) and (4.7) along with the hypotheses (2). This
proves the reverse implication (2) = (1) and completes the proof of the
proposition. [l

Remark 4.2. The possibility of this reduction itself is also briefly indicated
in the original work of Ferrero-Washington [7]. In the reduction step from a
general r to the r = 1 case, it seems to us that one cannot completely avoid
using “test functions” in some form. However, in our proof, the exponential
function is “only” used as a group homomorphism to identify R/p'Z with
S! inside C*. What we really need is the existence of these test functions
that separate points and preserve the group structure. What we want to
emphasize is that this approach allows us to adopt a more abstract per-
spective where we can avoid any explicit computations of bounds involving
test functions.

Remark 4.3. We would like to highlight the contrast between working
with the symbolic space X, verus working with the arithmetic description
of the p-adic solenoid (as in X, X7 or Xy). While the ergodic nature of
the situation is captured by the symbolic space, as we remarked earlier,
the reduction step is group-theoretic (or representation-theoretic) which
necessitates working with the group structure of the p-adic solenoid.
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